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We formulate a generalized pseudospin formalism for multiband superconductors in the presence of an
external perturbing electromagnetic field. Our theory naturally captures the effects of quantum band geometric
quantities and is valid even for flat-band superconductors. As an interesting consequence of our theory, we show
that there is an interband pairing fluctuations induced by the external field and mediated by the quantum band
geometry. Surprisingly, this interband fluctuation is independent of the band gap, which can be understood from
the geometric nature of such novel fluctuations. We derive the generalized equation of motion for the multiband
pseudospin and the self-consistency equation. We present a formal solution to the pseudospin equation of motion
in powers of the perturbing electromagnetic field. As a simple illustration of our theory, we calculate the Leggett

modes for the two-band case.
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I. INTRODUCTION

The recent progress in twisted multilayered van der Waals
materials has placed the physics of multiple flat bands into
the limelight. The advent of such moiré materials gave
us unprecedented control over band geometry and carrier
concentration [1]. By tuning the twist between one of the
adjacent layers into a “magic” angle, one can create nearly
flat bands [2,3]. This in turn opens the exciting possibility
of studying the interplay between the band geometry and the
strong electronic correlations. Here, band geometry does not
merely mean band curvature, but the band Berry curvature
and quantum metric, which is captured by the full complex
quantum geometric tensor.

In the superconducting phase of the twisted bilayer
graphene [4], for example, many studies have shown that
the band quantum geometry plays a central role [5-9]. This
motivated the formulation of new theories incorporating the
effects of band geometry and the existence of multibands and
flat bands in a superconductor [10-12]. Indeed, the presence
of a multiband have been shown to have nontrivial effects such
as the enhancement of superfluid weight [7], breaking of time
reversal symmetry [13], and the existence of geometric Higgs
modes [14].

In our previous work [14], we have shown that the quan-
tum band geometry leads to novel effects for the collective
excitations. In particular, we have shown that the Higgs mode
can be excited by an external electromagnetic field even in
the flat-band superconductors by virtue of band-geometric
coupling. This can be relevant in the Higgs spectroscopy [15]
applications since this opens the possibility of using such tools
for these types of superconductors. Further, we have shown
in our previous work that there exists a second harmonic
generation, in contrast to the conventional third harmonic
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generation, and that the Higgs amplitude is lower bounded
by the band Chern number. In this previous work, however,
we did not formulate the general theory that is valid for
generic multiband superconductors. In our calculations, for
example, we eventually focused on the single-band projected
case for simplicity. The price paid for this limited scope is that
we missed the interesting interband effects. The aim of our
current work is to fully develop a general microscopic theory
of multiband pseudospin resonance. By formulating the gen-
eral multiband theory, we will show that there are geometric
interband pairing fluctuations and geometric Leggett modes
that can be excited even for flat or Dirac bands. We hope
that this general theory will be useful in understanding the
interplay of band geometry and superconductivity in multi-
band systems. This will be relevant as such systems are now
easily realized using moiré systems such as in twisted bilayer
graphene.

This paper is organized as follows. We start our discussion
with the multiorbital Hamiltonian in an external electromag-
netic field in Sec. II, along with the multiband Bogoliubov—de
Gennes—Nambu formalism. In Sec. III, we present a careful
expansion of the Bloch, pairing, and interaction matrices in
powers of the external field. The appearance of the quantum
band geometric quantities can be traced to these expansions.
In Sec. IV, we present the pseudospin formalism generalized
to multiband systems. We will derive the equation of motion
for the multiband pseudospin and provide the formal solution.
After a careful expansion of the interaction matrix in the previ-
ous section, we show the correct form of the self-consistency
equation in Sec. V. We do this by first separating the particle-
hole and band spaces. We then show the self-consistency
equation for arbitrary choice of the SU(2N) generators, where
N is the number of bands. To illustrate our multiband pseu-
dospin theory, we provide a sample calculation in Sec. VI,
where we calculate the interband pairing and Leggett mode
fluctuations. Lastly, we give the summary, conclusion, and
future outlook in Sec. VII.

©2023 American Physical Society


https://orcid.org/0000-0002-0795-8807
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.108.174504&domain=pdf&date_stamp=2023-11-13
https://doi.org/10.1103/PhysRevB.108.174504

KRISTIAN HAUSER A. VILLEGAS

PHYSICAL REVIEW B 108, 174504 (2023)

II. HAMILTONIAN
A. Kinetic term

Our starting point is the tight-binding Hamiltonian coupled
to an external field via Peierls substitution,

iA-(Fig
Hi =) ) oK g™ "8 55, )

io,jp o

where i and j label the lattice sites, & and 8 label the orbitals,
o denote spins, K, ;,; is the hopping amplitude, and A is
the vector potential. Here we used the natural units e = 1
and i = 1.

The Fourier transform K (k) of K7 jp can be diagonalized,

I?U (k) = gka [Eka gk(r’ (2)

where Eg, = diag(e,k,) is a diagonal matrix composed of
band dispersions &,x, and n labels the bands. The nth column
of the unitary matrix Gy, is the Bloch function of the nth band.

B. Interaction and mean-field BCS

We take the interaction relevant to the pairing to be of the
form

Hip = — ZV(k KDL rel el e wewp (3)
kk’

= —ZV(k K24 ef el e wewa. )
kk’

Here the first line is written in the orbital basis, while the
second line is written in the band basis. Note that we reserved
the Greek letters for the orbital basis and the Roman letters
for the band basis. When to raise and lower the indices will
become clearer later in Sec. II C when we express the mean-
field BCS Hamiltonian in the Nambu formalism.

The mean-field pairing Hamiltonian written in the orbital
space is

Hmf:_%Z( kaILaCIkﬂ"‘HC) o)
k

The pairing Hamiltonian has the same form in band space,
with the indices o and B replaced by band indices a and b.
The pairing potential must satisfy the self-consistent equation

=Y VK KDL o). (6)
k/

The self-consistent equation in band space again has the same
form and can be easily obtained by changing the orbital in-
dices to band indices.

C. Bogoliubov-de Gennes—Nambu formalism

We introduce the Nambu spinor generalized for multiband
systems,

G D

where 1, 2, ..., N label the bands. The above form is written
for singlet pairing. For triplet pairing, where the spins are
polarized, we can simply omit the spin indices.

1/fk = (Cl,kT‘v <.+ CN k% CT’_k¢9 e

It will be convenient for later calculations to adopt the
index notation in linear algebra and tensor analysis and write

{cikts - s CNK) = Cakps

t t i
{CLkts - s CN KD Clky>--eo CN,—k¢} = Cy -

That is, every time we write an operator with a band index
such as ¢, kt, we actually mean a list ¢y k4, ..., ¢y k. This
shortens our spinor notation to

Y = (Caxer p i)' (8)

where a labels the band components.
The conjugation raises the band indices,

wk = (CkT’ ¢ k¢) ®)

This will prove to be convenient later when we write matrix
multiplication, as we can simply use the Einstein summation
convention for the repeated covariant and contravariant in-
dices.

The Hamiltonian can now be written in the Bogoliubov—de
Gennes (BdG) form,

H ="y H (A, (10)
k

where the Bloch Hamiltonian matrix Hy (A ), upon introducing
a chemical potential u, is given by

1
Hx(A) = 5( +

T
gk+A Ak, orb Ok-a

Fka—u QE_AAk,orbgk-kA). (11

—(Ex4a — 1)

Here, Ak o is the pairing potential matrix in the orbital space.

Note that Eq. (11) is written as 2 x2 blocks in the electron-
hole space, and that the opposite charges of the electron and
hole give opposite signs to the external field A. For example,
the upper right block of Eq. (11), in terms of explicit matrix
elements, has the form

[Akband] = (G418 [Dko ] [Grrals- (12)

This is associated with the pairing c:;cik. In Nambu formal-

ism, c;i comes from the particle degree of freedom, while

cik comes from the hole degree of freedom. Consequently,

in Eq. (12), [Ak,orb]aﬂ transforms as a hole from the right, i.e.,
[Gk+al /é’, and as a particle from the left, i.e., [Qli_ Al - From
here on, we will omit the label “orb” and “band,” as the basis
that is used will be clear from the type of indices (Roman or
Greek) that appear.

II1. EXPANSION IN POWERS OF THE EXTERNAL FIELD

In this section, we will expand the pairing potential and the
interaction matrix in powers of the external electromagnetic
field. We will see that the geometric contributions appear due
to the deformation of the Bloch functions.

A. Gap function

We begin by expanding the Bloch matrix and the band
dispersion,

Gh =G £9,GNAT + La,0,60A4T + ... (13)
Ek+A = €k + 3jSkAj + %(Biajek)AiAf + - (14)
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Substituting Eq. (13) into the off-diagonal blocks of Eq. (11)
we have, up to second order,

(60 + 8"

Ak(A),” = (g,L — HGUAT + S0 jg,;A’A«f>

1 AN
+a®)” (gk + 9,GkA’ + Eaia,-gkA'A-')
B
(15)

Recall that lowercase Roman letters a, b, etc. are for band
indices, while Greek letters are for orbital indices.
We also expand the left-hand side of the equation above,

Ak(A)uh (0)b+ A(l)(A) + A(Z)(A) (16)

and equate Eqgs. (15) and (16), order by order.
The zeroth order is

ALY = @D (A0), G a7

which is just the usual transformation from the orbital to band
basis.
The first order is given by

= G4 (A"). GO
— B:GD, (), (G AT
+(GHA(A) LG Al a8

A(l)(A) b

To elucidate this further, we rewrite (Al((l))aﬁ and (Af(o))aﬁ
in the right-hand side of Eq. (18) in the band basis via

A = G0 (A0, @D (19)
(AD)F =G, (AY).“@Gh,”. (20)

Here, the subscript “dir” of (Ak d”) means the direct defor-
mation of the order parameter due to the external field that
must be calculated self-consistently. In contrast, there will
also be geometric contributions that come from the defor-
mation of the Bloch functions, as will be expounded more
below in the paragraph after Eq. (24). We introduce the Berry
connection Ay; = iglia,-gk, which is, in general, a matrix and
non-Abelian for degenerate bands.
We now get

. b i
AR = Al ), —i{a), Ag) AL @D

where the curly brackets mean anticommutator {A, B} =
AB + BA. Note that for general multiband systems, both A(O)
and Ay; are matrices.

It is convenient to factor out the explicit dependence on A’
by writing

A]((lzhr(A) b= [A{(It)dlr] hAi (22)
and
AP@),” = [al] "Ar. (23)
J
AWM, = GD.(82).S Gy

+ 1@8,0D.(A0).] Gy —

+[GDH.(a®),[ 0G0, —

Equation (21) now becomes

b b
[A{(Ii)]a = [A{(Ii,)dir]

Let us now discuss the meaning and the consequence of
Eq. (21) or Eq. (24) above. Its second term, which comes
from the second and third terms of (18), comes purely from
the deformation of the Bloch functions by the external field
0 Q]((‘)A’ This deformation gives rise to the geometric contri-
bution in first order via the Berry connection. Note that it gets
multiplied only by the zeroth-order gap A( This geometric
contribution therefore does not need to be calculated self-
consistently. Once we know the zeroth-order pairing potential
and the Berry connection, this contribution is completely de-
termined. In contrast, the first term of Eq. (21), which comes
from the first term of (18), does not involve derivatives of the
Bloch functions. That is, the Bloch functions serve only to
change from the orbital basis to the band basis. This means
that this contribution comes from the direct perturbation of
the gap function due to the external field and this is the reason
for the label dir in (21). This term must be calculated self-
consistently.

One interesting result of our current theory comes from
the second term of Eq. (21). To see this, consider the case
where the bands are well separated so that the zeroth-order
pairing occurs only in one band, call it band s, where the
chemical potential is located. The zeroth-order pairing can
then be written as

i1, A " (24)

Ag;) b~ SaXSSbAofk (no sum over s). (25)
Now even when the initial pairing is only on band s, note
that there are nonzero off-diagonal terms comlng from the
second term of (21). That is, in general, Z{A( ) , A} PAT# 0
and i{A”, Ay),°A’ # 0 for a, b # s. That is, there are in-
duced interband pairings that are independent of the band
gap. This is surprising as a large energy difference between
each electron in a Cooper pair leads to pair breaking in the
conventional theory. This band-gap independence can be un-
derstood as follows. The external perturbation A deforms the
Bloch function of the s band via (3;G, )A!. The resulting state
becomes a superposition of different Bloch states including
the other bands,

00 = Y WkaGs- (26)

where wy, are the complex amplitudes.

Hence, the single-particle state of one of the electrons
involved in the Cooper pair becomes a superposition of many
Bloch states, creating a band-gap-independent interband pair-
ing. This independence on the band energy scale also shows
the underlying geometric nature of this induced interband
pairing.

For the second order, we have the following expansion:

09,5 (A0). G 1A

20,6D),%(A).7 @G04 + 6D (AY),  B:0,60,/1447. @)
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The first term above comes from the fluctuations of the
order parameter due to the perturbation without the contribu-
tions from the deformation of the Bloch functions. Following
what we did for first order, we can call this Al(ffﬁr(A)ab. The
second term of (27) contains combinations of the contribu-
tions from the Bloch function deformations and first-order
corrections Af(l)(A). The second line in (27) is purely geo-
metric and comes from the second-derivative Bloch function
deformations. Note that the gap function appears only in
zeroth order. This means that the second line is completely
determined if the zeroth-order pairing and the Bloch functions
are known. That is, there is no need to calculate it from a
self-consistent equation.

Just like in first order, we express (27) purely in the band
basis. The result is

Af(z)(A)ab = Al((z,t)iir(A)ab - i{Al((l)’ ‘Aki}abAi

— [Aki/A;‘”Ak_, - %(Gk,i_,-/Aff’) + H.c.):| bA"Af,
(28)

where
(Gripa” = (3:0,G),%(G),"- (29)

The above quantity is related to the quantum metric g;;(k)
via

gij(k) = Tr[Gy ij — AxiAx;]. (30)

with the trace taken in the band space.

Similar to what we did for the first order above, it is
convenient to factor the external field components A’ and A/
explicitly. We have

AZA), = [Aki), A, (31)
where
[Axijl) = [Aﬁi,rij]ah — i{ i, Ak}’
— [Aab® A — 1 (Giiib® +He)], (32)
The presence of two subscripts i and j in [Ak’ij]ab and
[AR"1,” tells us that these are second-order contributions and

we do not have to put superscripts like the left-hand side
of (31).

B. Interaction

Note that the geometric contributions primarily come from
the transformation of the pairing potential matrix given by

J

Eq. (12) [16] and the expansion of the Bloch functions
Ok+a in powers of A. The complete form of this pairing
potential in turn must be solved from the self-consistent
equation (6), which involves the matrix components of the
effective electron-electron interaction V. This means that we
must also carefully treat the transformation and expansion of
the interaction matrix V.

Consider the transformation from the orbital basis to the
band basis of the interaction matrix in (3). Recall the mean-
field form and the self-consistent equation,

1
Hup == 5 ) (A6 iy +He), (33)
k

AS = ZV(k, KNS 2 (! i) (34)
k/

In going to the Nambu formalism (8), we observe that the
operators c:{"‘ and ci, in Eqgs. (33) and (34) above, respec-
tively, describe the electron degree of freedom. The « and p

indices of the interaction matrix V (K, K’ )ff should therefore
be transformed with [Q’E_ Al and [Gi_al 4. respectively. In

contrast, the operators CT_k and czk, in Egs. (33) and (34)
above, respectively, describe the hole degree of freedom. The
B and y indices of the interaction matrix V (k, k/)fyp should

therefore be transformed using [Gk1a] ﬁb and [Qli, + A]CV, re-

spectively. Note the opposite signs of A for the electron and
the hole degrees of freedom. The momenta k and k” must also
be assigned carefully.

To clearly track the electron and hole degrees of freedom,
we now adopt the convention that hole indices come with bars
on top: B, 7, b, ¢, etc.

With the observations above, we can now write the trans-
formation

Vk K, A) 1
=[G4 AL 1G) )TV KDL 1G AT MG -a, . (35)

We now use Eq. (13) and expand the interaction matrix in
powers of the external field.

The zeroth order is simply the transformation from the
orbital basis to the band basis,

VO K 1 = 16]1,716017V . K) S L 1G5 G,
=V(k k)L (36)

That is, there is no deformation of the Bloch functions due to
the external perturbation.
The first-order contribution is given by

VKK, AL = 18,601,100,V & K) LTG0k, /A7 + 1901, 186,17V (. KD L2 16 1G] A1

+ G G017V (KD L2 18,6510 AT — 1G]1,°190 1.7V (& KD L2 16 18G4 (3T)

It is convenient to express all the factors above in the band basis. In doing so, we will see the explicit appearance of the

quantum band geometric quantities. We do this by inverting (36). That is, we express V (k, k’)aB )-f’ in terms of V (k, k') 2., then

ac
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use the relations
At = i1G{1,°18,Gi1.. (38)
19,601,716, = — [G),°19;G],”. (39)
The result is
VO KD, = =il Al V 0 K), LA + i A1,V (6 KD, AAT =iV (kKD LA, PAT
iV K, A, AT (40)

Here we see that the external field changes the interaction matrix via the Berry connection.
Similar manipulations can be made to get the second-order expansion of the interaction matrix. We have

7
ac

V(z)(k, k/)aBEd — {V(k, K)

LA L LAY — VK KD, LA T AL+ VK, KD, S TAG] T Ak,

+ V&, K), AL LA — VKD, TR TA 1, + VK, KD, LAk, T AR 1,

a n

+ 3G VR KD+ LG DV R KD+ L (G (kKD A

+ 3GV (&, K, ATAT

where Gy ;; is defined in (29).

Equations (36), (40), and (41) will be useful when we solve
the self-consistent equation perturbatively in powers of the
external electromagnetic vector potential.

IV. THE PSEUDOSPIN FORMALISM

After laying down the Hamiltonian and the expansions of
the pairing and interaction matrices, we now proceed to the
main section of this work. Here, we will generalize Ander-
son’s pseudospin formalism [17] to include the multiband
systems. We will rewrite the BdG Hamiltonian in terms of
the multiband pseudospins formalism. We provide an explicit
formula for the pseudomagnetic field, then derive the equa-
tions of motion for the pseudospins. We then provide a formal
solution to the equations of motion using Laplace transforma-
tion and perturbation.

A. Equations of motion

We start with the generalized definition for the pseudospin
of a multiband system,

A = P T 42)
We note that at this stage, what we have is a pseudospin
operator. This will become a ¢ number later on when we take
the expectation value after we derive the equations of motion.
Here the vector components of T are the generators of
SU@2N), {[™} form =1, ...,4N? — 1, where N is the num-
ber of bands. The factor of two in SU(2N) comes from the
electron and hole degrees of freedom in the Nambu formalism.
Sometimes it is convenient to include the 2N x2N identity
matrix. In such a case, we will designate it as [0 = Doy yon-

Furthermore, it is standard to choose the generators that
satisfy the relations

Te[I"0"] = 6™, [, 1" =if"™", (43)
where f/™ are the structure coefficients of the Lie algebra
su(2N). We will assume that this is the case in this work.

a n m i

m ¢

(41)

In terms of the pseudospins, the Hamiltonian can be
written as

H(A)=2) " Bi(A)- Ay, (44)
k

where By (A) is the pseudomagnetic field, whose explicit com-
ponents will be solved below. For an N-band superconductor,
this pseudomagnetic field is a 4N? — 1-dimensional vector.
A comparison of the BAG Hamiltonian given by Eq. (10)
with the Hamiltonian given by Eq. (44) above gives us the
Bloch BdG Hamiltonian in terms of the pseudomagnetic field,

Hyg(A) = 2Bk (A),I". (45)

We can express the pseudomagnetic field in terms of this BAG
Hamiltonian matrix Hy(A) by multiplying Eq. (45) by [,
taking the trace, then using the relations (43) to get

Bk(A)" = Tr[["Hy (A)]. (46)

Hence, once the form of Hy (A) is known, we can calculate the
components of the pseudomagnetic field vector.

The pseudospin fluctuations due to the external elec-
tromagnetic field are usually solved using perturbation. To
prepare for this, let us expand the pseudomagnetic field in
powers of A. Using Egs. (13), (23), and (31), we can write
the BdG Hamiltonian as

Hy(A) = HO(k) + Hi(K)A + H;;(K)A'A/,  (47)

where
Ex — i AO
HO®) = 3 o K : (48)
Ak _[Ek + 2
0;lx Dy
1
H;(k) = 5( N _oF >, (49)
ki itk
15,0 F Ay
20i0j ij
H;;(k) = %( A CaaE | (50)
kij 2 0i0jk

Here, Ay; and Ay;; are defined in Egs. (24) and (32),
respectively.
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The nth component of the pseudomagnetic field up to sec-
ond order can then be written as

BO" = Tr(T"H ) k)], D
B = Tr["H,(K)JA' = B (K)A', (52)
B2 = Te[["H;(K)A'AY = Bj;(A'AT. (53)

The equations of motion can be calculated from the
Heisenberg equation,

WAy = i[H(A), Ay]. (54)

Note that even though we have rewritten the Hamiltonian in
terms of the pseudospin, in order for the commutator at the
right-hand side to make sense, the pseudospin must be an
operator at this stage. An alternative is to replace the com-
mutation relation by the Poisson bracket. The pseudospin can
then be immediately replaced by its semiclassical value.

To evaluate the commutator at the right-hand side of
Eq. (54), we first note that the multiband Nambu spinor (8)
obeys the anticommutation relations

W, ¥} = 8ael and {{i, Yae} = 0, (55)

where [ is now a 2N x 2N identity matrix.
Using the Hamiltonian (44), the Heisenberg equation (54)
becomes

AL =20 [Bl(A)Aw;, Ak (56)
k/

=2i Y Bl (A)Awj. Akl (57)
k/

We therefore need to evaluate the commutator between the
two pseudospin operators,

[Awj, Awil = [¥,, T ¥, ¥, Tive]. (58)

It is convenient to rewrite this in terms of the SU(2N) indices,
which we will denote by A, B, C, and D, and use the Einstein
summation convention,

[Awj, Akl = [Iﬁli/AFfAl/;k’Bv Iﬁ]icr,%l/;kD]
= IO [V s, I o)
= F?A Fi%( AE/A‘/Afk/Bl/;ECK&kD
— P Vot Ys). (59)

Now consider the second term inside the parentheses of
the last line in Eq. (59). We bring the factor WErAWk/B to the

left of 1&& ©xp by using the anticommutation relations for the
multiband Nambu spinor given by Eq. (55). The result is

[Akj, Akl = =Sy CA?CA_I,?A Yin + S Uiy FfAF,ﬁ)ﬂ&kD-
(60)

For the first term, we change the dummy indices C — A,
A — B, and B — D. Furthermore, because of the Dirac delta

S > We can replace the momentum subscripts of the Nambu
spinors, K" — k. The equation above then becomes

[Awj. Ail = S A (THT R — TR ) dn. (61

Note that the indices has the correct placing, i.e., paired up
and down and adjacent, so that we can rewrite the right-hand

side above as matrix multiplications. The difference then gives
the commutator

[Akj, Akl = 8kk"ﬁ]i[rj, I (62)

Now recall that I'; are the generators of SU(2N) and obeys the
Lie algebra

[Ty, Tl = ifjiln. (63)
Using this in Eq. (62), we have
[Akj, Akil = i FiinW Ttk = i FjinAxcn- (64)

Finally, substituting the result above into Eq. (57), we obtain
the equations of motion,

& Awi = 2f1jnBl(A) Ak (65)

We can now replace the pseudospin operators by the classical
values or take the expectation values as is done in the original
pseudospin formalism [17].

B. Formal solution

Having derived the equations of motion for the general
multiband pseudospin, we now provide its formal solution
using perturbation and Laplace transformation. Note that
the order matters: one must first expand in powers of A,
along with

Bi(A) =B + B + B + .. (66)
where the components are given by Eqs. (51)-(53) and
Ak=AL + AP + AP +- -, (67)

where the superscripts reflect the orders in powers of A.
The Laplace transformation must then be used to solve the
differential equation order by order. For zeroth order, we have

0=2f,, B (A" A" (68)

Since the structure coefficients are antisymmetric under the
exchange of the m and n indices, f,,' = —f,, ', this shows

nm °

that ALO)" x Bl((o)(A)” is a solution. Since we want the energy
to be minimized at the ground state, we choose the solution to
be antiparallel to the pseudomagnetic field,

A = —BO). (69)

This solution is reasonable as our Hamiltonian (44) is analo-
gous to a system of spin immersed in a magnetic field but in
higher dimensions.

Let us now deal with the higher-order equations of motion.
Unlike the zeroth-order Eq. (68), these higher orders contain
derivatives with respect to time and are therefore proper differ-
ential equations. We assume that the perturbing external field
vanishes in the far past A(f — —o0) = 0, so that we can take
the initial condition to be A?(t — —oc0) =0 fori > 1.

The Laplace transform of the first-order equation of
motion is

—SAI((I)Z — zfmn I[Bl((O)(A)mAl((l)n + B:(l)(A)mA]((O)n], (70)

where s comes from the Laplace transform, which trades off
t—s.
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This is just a system of algebraic equations (for [ =
1, 2’: ..,4N? — 1), which we can solve for each components
AV, giving

(1)j —1\J 4l
Ay T = _2(M0 )zf

1 0
mnBl(( )(A)MA{( )n’ (71)
where M !'is the inverse of the matrix M, whose elements are

given by

(Mo), =58 +2f" BO(A)™. (72)

Note that by the time we are calculating the first-order so-
lution (71), the zeroth-order solution is already known from
Eq. (69).

Once the first-order correction to the pseudospin is known,
the same steps can be done for the second order. This gives

A = =2(M5 ) B ()AL + B A A
(73)

Equations (69), (71), and (73) give us the formal solutions to
the pseudospin fluctuations up to second order in the external
field.

V. THE SELF-CONSISTENT EQUATION

In the previous section, we derived Egs. (69), (71), and (73)
and called them “formal solutions.”There is, however, a
caveat: this assumes that the pseudomagnetic field com-
ponents are known. In actuality, the pseudomagnetic field
depends on the pairing potential, which, in turn, is to be
calculated using the expectation value given by Eq. (6). The
complete system of equations to be solved therefore includes a
self-consistent equation in addition to the equations of motion
for the pseudospins.

In this section, we will show how to correctly write the
self-consistent equation in terms of the generalized multiband
pseudospin formalism. This is where our expansion of the
interaction potential matrix that we did in Sec. III B becomes
useful.

We start with the self-consistent equation analogous to
Eq. (6), but written in the band basis,

AA), == VKK AL ). (T4
k/

Recall from our discussion in Sec. III B that a bar on top of an
index denotes a hole degree of freedom.

We want to express the self-consistency condition (74) in
terms of the pseudospin. To do this, we write the interaction
as a matrix,

[V, K, A7 (75)
where ¢ and d label the elements of the matrix V(k, kK, A)ab
for fixed a and b. For example, [V (k, k', A)12]34 means the
third row and fourth column of the particular matrix labeled
bya=1andb=2.

We expand these matrices in terms of the generators of
SU(2N) (including the identity matrix) and write

d

[V K, A =V K, A7 [F], (76)

where

VK, A =Tr{TV(k k', A)}. 7
Note that the above equations are just the generalization of
the well-known expansion of any 2x2 matrix in terms of the
Pauli matrices, but with the Pauli matrices replaced by the
SU(2N) group generators. The components of V (k, k’, A}
are the just the number coefficients. We also clarify the possi-
ble confusion of notation here: V(k, K, A)ab is different from
V(k, K, A)a”. The former is defined via Eq. (75) and has a
matrix structure, while the latter is defined via Eq. (77) and
has a vector structure.
Using Eq. (76) in Eq. (74), we get

AA), == VK, A) (T fewa). (78)
"

Now not all of the generators enter into the self-consistent
equation above. To understand this, recall that in the single-
band case, only the x and y components of the pseudospin
appear in the right-hand side of the self-consistency equa-
tion [17,18],

A=UY (o +io}).
k

(79)

We follow this clue to determine the relevant generators that
enter into the right-hand side of the self-consistency equa-
tion in the multiband case. To do this, we first explicitly
separate the particle-hole degrees of freedom from the band
degrees of freedom. The particle-hole degrees of freedom can
be described by the set of 2 x2 matrices,

o ={0°, 5}, (80)

where o is the 2x2 identity matrix while the components of
o are the three Pauli matrices.

Similarly, the band degrees of freedom are described by the
N x N matrices,

o" = (e, &), 81
where 0 is an N xN identity matrix and the N> — 1 compo-
nents of ® are the generators of the SU(N) group.

The generators of the full SU(2N) group can then be as-
sembled via

MNP =o0% Q O, (82)
for « =0,...,3 and /L:O,...,Nz—l. One of these,
specifically A%, is of course just the 2N x 2N identity matrix.

With the particle-hole degrees of freedom explicitly “fac-
tored out” in the generators given by Eq. (82), we can now
follow Eq. (79) and write the self-consistency equation for the
multiband case as

AA),) ==V (k K, A)" (Y (0" — io”) @ Byn).
”
(83)

That is, the SU(2N) generators A" and A?*, for u =
0,...,N?>—1, are the generators that are involved in the
self-consistency equation.
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While the choice given by Eq. (82) makes it clear how
to write the self-consistency equation, most SU(2N) genera-
tors that are listed in the literature are not of this form. We
must then be able to relate {(6* — ic”?) ® @} with an arbitrary
choice of SU(2N) generators {[|i =0,1,2,...,4N%> — 1},
where, for brevity, we include the identity matrix in the set.
To do this, we expand

(0" —io”)® 0" = al'T", (84)
where
af =Tr{[;[(o" —io”) ® ©"]}. (85)
We can now write Eq. (83) as
AcA),” == " Vuk K, A) ol A, (86)
©

where A’ = (/") are the pseudospin components in
terms of the generators (rji=0,1,2,..., 4N? — 1}.

Equation (86) is our main result of this section. It expresses
the self-consistency equation in terms of the multiband pseu-
dospin in terms of arbitrary choice of generators. This and
the equations of motion for the pseudospin form a set of
equations that need to be solved. Lastly, anticipating that this
system of equations is to be solved perturbatively, we expand
the self-consistency equation in powers of the external field.
The zeroth, first, and second orders are, respectively,

AV ==Y VOK K, A) L el AV (8T)
k/

AYA)L ==Y VOK K A) L a/ A
-

=S VO K A) S ol AP (88)
k/
APA)L ==Y VOK K. A) Lol AP
m

_ (1) ’ b, J A ()i
> vk K, A) L ol A
k/

2 b i A (O
=Y VPK K. A) el AV (89)
k/
where the different orders of the interaction matrix and pseu-
dospins are given in the previous sections.

VI. EXAMPLE: GEOMETRY-INDUCED LEGGETT MODE

In this section, we provide a sample calculation of the
formalism that we outlined above. We leave the exploration
of more complex case, such as the twisted bilayer graphene
superconductor, for future work. Here we only focus on the
simple case and explore the first-order geometric contribution
by considering the specific case of the two-band Bernevig-
Hughes-Zhang model described by the Hamiltonian [19]

H = sinkco, + sinkyoy, + B(2 + M — cos k, — cosk,)o.
(90)

At the single-particle level, this model has a topological
phase transition, but is sufficiently simple, which makes
it ideal to use in investigating band geometric effects in
superconductivity.

We can write the zeroth-order pairing potential in the band
space and the Berry connection as

. Aq €A
Ak = (_eiaAlz eiﬁ AZZ) (91)
and
_ axi by +icy
At = <bki — ik dxi )’ ©2)

where Ay, Az, Ay, axi, bki, ki, and dy; are real numbers.
Note that the components of the Berry connection are depen-
dent on the parameters M and B, but for notational brevity
we omit such functional dependence and simply write ay;,
by, etc. The explicit expressions for the components of the
Berry connection are given in the Supplemental Material [20].
We further note that our starting point is a mean-field pairing
potential given by Eq. (91) for some suitable interaction ma-
trix that produces such intraband and interband pairing. Since
our aim here is to show that there are geometric interband
pairing fluctuations and Leggett mode at the first order, we
do not need to specify the microscopic source of the pairing
or the interaction matrix. We simply assumed that there is a
pairing potential at zeroth order. Such a pairing potential can
be intrinsic to the material studied or can come from some
bulk superconductor via the proximity effect. The angles «
and B are the phase differences between different band and
interband pairings and are therefore physical quantities. Note
that we have omitted the superscript zero of A since we will
not be concerned with higher-order corrections.

We can write the different elements of the second term
of (24),

i{ Ak, A} = 2A 1 cosack; + 2i(Ajax; + A sinacy;),

(93)
i{Ak, A}z = —Ajicki — App(dy — axi) sina
— A (b sin B + cxi cos B)
+ i[Anbg + Apa(dyi + axi) cosa
+ Agp(bxi cos f — c; sin B)], 94)

i{Ax, Ak} = 2A1¢k cos o — 2Axdy; sin B
+ 2i(Ajpcki sina + Agdgicos B).  (95)

To explore the effects of geometry further, we consider the
simpler case where the top band is empty and the pairing only
occurs in the bottom band so that, to zeroth-order, Aj; # 0
while Ay = Ay = 0. The equations above then reduce to

i{Ax, Ak it = 2iA11ak, (96)
i{Ax, Ax it = —Anc + iA by, 7
i{Ag, A} =0. (98)

We see that the induced fluctuation in Aj; pairing is purely
imaginary. Since the zeroth order Aj; is chosen to be real, an
imaginary fluctuation is a pure phase mode. This comes from
the expansion

(A +8A)e ~ A+ 8A +iASO, (99)
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FIG. 1. (a) Real (blue) and imaginary (orange) parts of the in-
duced interband pairing fluctuations. (b) Leggett modes Oy cgpet =
86011 — 861, for M = 0 (orange) and M = —2 (blue).

showing that the imaginary part comes from the phase
fluctuation. This will couple to the external field via the
Anderson-Higgs mechanism, but this is not our main interest.

The second equation in (97) describes the interband pairing
fluctuations induced by the band geometry. Note that in zeroth
order, we started with A, = 0. That is, there is no zeroth-
order interband pairing. In Fig. 1(a), we show the real and
imaginary components of the interband fluctuations using the
external pulse field,

A(t) = Agexp (—1* /1) sin(wt), (100)

with Ag = (0.1,0.1), tp = 10, and w = 2. The parameters
are M = —2, B=1, and k = (0.1, 0.0). At this point in the
Brillouin zone, the band gap is ~ 4 eV, which is much larger
than the typical pairing, A < 1073 eV. However, as can be
seen from the figure, there is a clear interband mode even if
the band gap is large. This can also be seen from the analytic
expression, i.e., Eq. (97), that shows no dependence on the
band gap. This contribution is purely geometric and is inde-
pendent of the energy scales of the system. While the phase
fluctuation of A is not a physical quantity, the fluctuation of
the relative phase between A and Ay, i.e., 86;] — 861, is a
physical quantity, which is the Leggett mode [21]. We show
this mode in Fig. 1(b) for different values of the parameter
M and k = (0.1, 0.0). There is a small band gap at this k

value for M = 0, where the band is gapless at k =0. In
contrast, the band gap atk = (0.1, 0.0) forM = —2is~ 4eV.
Consistent with the geometric nature of this Leggett mode,
its amplitude does not vanish even with the large band gap
(M = —2, blue curve). In addition, unlike the conventional
Leggett mode [21], the geometric Leggett mode that we found
here is not proportional to the Fermi velocity. We therefore
expect this geometric mode to persist even in the flat-band
superconductors.

VII. SUMMARY

Let us now summarize our results. We start with the gener-
alized Anderson pseudospin theory and the equations that are
needed to be solved in using this formalism. First, we have
the formal solutions for the pseudospin components given by
Egs. (69), (71), and (73):

AV = — BO(A), (101)
A =—2(My 1)jlf B (A" AL (102)

AP = = 27 £ [ AP AL + BAY AL,
(103)

Here we derived the results up to second order, but one can, in
principle, obtain the higher orders.

These formal solutions, however, are not yet the final so-
lutions, as the right-hand side of the equations above contains
the unknown order parameter AY) through the pseudomag-
netic field Bli’ ). This in turn can be calculated from Eq. (46)
and then expanded in powers of A as in Eq. (66). The differ-
ent orders of the pseudomagnetic field can be calculated via
Eqgs. (51)-(53).

The equations of motion for the pseudospin must be solved
self-consistently. This can be done by substituting the formal
solution for the pseudospin components above into the self-
consistency equation (86),

A(A),” == "Vu(k K, A), ol A
kl

(104)

We can also do this order by order by using Egs. (88)
and (89), with the expansion of the interaction matrix derived
in Sec. III B. Upon doing this, one ends up with a system
of equations with A{('fﬁr as the unknowns, where n labels the
order. Equations (24) and (32) then gives the first- and second-
order fluctuations to the pairing potential. These fluctuations
contain contributions that are purely geometric in nature. In
the special case where one projects to a single-band case,
these fluctuations were shown to survive even in the flat-band
limit [14]. At first order, we also saw that the geometric
contribution induces interband pairing fluctuations that are
independent of the band gap. Since these pairing fluctuations
are written in the band basis, the off-diagonal solutions give
the interband pairing fluctuations, while the diagonal terms
give the intraband fluctuations. When the zeroth-order pairing
matrix in the band basis is known, the fluctuations in magni-
tude or radial fluctuations will give us the Higgs mode, while
the fluctuations of the phases for different band pairings will
give us the Leggett modes.
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We provided a simple first-order calculation using the
Bernevig-Hughes-Zhang model. We have shown that the in-
terband pairing fluctuation and the Leggett mode persists even
when the band gap is larger than the energy scale of the
pairing.

It would be interesting to explore the consequences of
our theory to specific models of multiband superconductors,
such as the layered systems. A full calculation would require
solving the self-consistency equation and integrating either
over the Fermi surface or the entire band in the case of flat
bands. One may also study the interplay of dispersive and

flat bands in the interband pairing and the Leggett modes by
using other toy models that are known to have nontrivial band
geometry [22,23]. We leave all such detailed explorations for
future work.
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