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Phosphorene, a monolayer of black phosphorus, is a two-dimensional material that lacks a multivalley
structure in the Brillouin zone and has negligible spin-orbit coupling. This makes it a promising candidate for
investigating the orbital Hall effect independently of the valley or spin Hall effects. To model phosphorene,
we utilized a density-functional-theory-derived tight-binding Hamiltonian, which is constructed with the pseu-
doatomic orbital projection method. For that purpose, we use the PAOFLOW code with a newly implemented
internal basis that provides a fairly good description of the phosphorene conduction bands. By employing linear
response theory, we show that phosphorene exhibits a sizable orbital Hall effect with strong anisotropy in the
orbital Hall conductivity for the out-of-plane orbital angular momentum component. The magnitude and sign
of the conductivity depend on the in-plane direction of the applied electric field. These distinctive features
enable the observation of the orbital Hall effect in this material unambiguously. The effects of strain and of
a perpendicularly applied electric field on the phosphorene orbital Hall response are also explored. We show that
a supplementary electric field applied perpendicular to the phosphorene layer in its conductive regime gives rise
to an induced in-plane orbital magnetization.
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I. INTRODUCTION

The phenomenon known as the orbital Hall effect (OHE) is
characterized by the emergence of an orbital angular momen-
tum (OAM) current that flows transversely to the direction
of an applied electric field. Distinctly from the spin Hall
effect (SHE), the OHE does not require the presence of spin-
orbit interaction to occur. Despite being predicted nearly two
decades ago [1], the prospect of using the OHE to generate
OAM current in certain materials has recently sparked great
interest in the solid-state physics community [2–13]. OAM
currents can be produced in a wide range of materials, and
their intensities can exceed those of spin current. Furthermore,
they can be injected into adjacent elements to exert torque
on magnetic units, expanding their possible applications in
orbitronics [14,15].

As a matter of fact, light metals with weak spin-orbit
coupling are being explored as a means of generating or-
bital currents in three-dimensional metals [16]. Recently,
orbital torques have been realized in light metal/ferromagnet
heterostructures, providing indirect but robust experimental
evidence of the OHE [17–19].

The OHE has also been investigated in two-dimensional
(2D) materials that, in some cases, may host an orbital Hall

*tarik.cysne@gmail.com
†bechara@if.uff.br

(OH) insulating phase, characterized by a finite OH conduc-
tivity plateau located within the insulating band gap [20,21].
Recent studies have shed light on the fascinating properties
of the OH insulating phase in these materials, such as its
connection with higher-order topological phases [22] and the
encoding of nontrivial topology associated with OAM in an
orbital Chern number [23,24].

The difficulty in discerning the OHE from other angular
momentum transport phenomena has hindered its unequivo-
cal direct observation. For example, in some cases the spin
accumulation produced by the spin Hall effect may be hard
to distinguish from its orbital angular momentum counterpart.
The valley Hall effect (VHE) induced by a longitudinally ap-
plied electric field that occurs in noncentrosymmetric lattices
with multivalley structure in the Brillouin zone involves the
transverse flow of valley currents that may also carry magnetic
moment [23–26], which can be hard to dissociate from the
intra-atomic orbital Hall contribution.

Multiorbital 2D materials possess natural symmetry con-
straints that lead to various types of orbital hybridization,
which can maximize the OHE [22]. However, to single out
the OHE unequivocally, it is crucial to identify materials with
weak spin-orbit coupling that display no significant spin Hall
effect (SHE) and no VHE or magnetoelectric effects that may
mask the OHE.

In this paper, we suggest that phosphorene is a very suitable
material for directly observing the OHE in 2D materials. It is a
centrosymmetric semiconductor with a sizable direct band gap
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FIG. 1. Phosphorene crystal structure (a) top and (b) side views. (c) Band structure: DFT (solid black curve) and PAOFLOW (dashed red
curve). (d) and (e) Orbital Hall (OH) and spin Hall (SH) conductivities, respectively, calculated as functions of energy for electric fields applied
along the x̂ (red) and ŷ (blue) directions.

at the � point of the 2D Brillouin zone (BZ) [27–31] that does
not host a VHE. In the absence of reasonably strong electric
fields, applied perpendicularly to the layer, it behaves as an
ordinary insulator and shows no spin Hall effect (SHE) within
its band gap [32]. The spin-orbit interaction in phosphorene
is extremely weak [33,34], and consequently it also displays
negligible SHE in the metallic regime in comparison with the
OHE, as we shall see later. Symmetry prevents the appearance
of the magnetoelectric effect in phosphorene, even in the
presence of strain [35].

Here, we have performed density functional theory (DFT)
calculations combined with linear response theory to analyze
the OH response in phosphorene. Our calculations show that
phosphorene exhibits sizable anisotropic OH conductivities
that change sign for in-plane electric fields applied along the
armchair (x̂) and zigzag (ŷ) Cartesian directions depicted in
Fig. 1. These features persist in the presence of moderate
in-plane deformation and of electric fields applied perpendic-
ular to the monolayer, i.e., along ẑ. Furthermore, we show
that the presence of perpendicular electric fields may lead
to the appearance of a current-induced orbital magnetization
oriented parallel to the phosphorene layer.

II. DFT-DERIVED HAMILTONIAN

Phosphorene is a two-dimensional material composed of
a single layer of phosphorus atoms arranged in a distorted
honeycomb lattice structure [Fig. 1(a)], similar to graphene.
However, unlike graphene, the lattice structure of phos-
phorene is puckered, with a noncoplanar configuration as
illustrated in Fig. 1(b).

Our DFT calculations [36,37] were carried out with the
plane-wave-based code QUANTUM ESPRESSO [38] to compute
the band structure and eigenstates of phosphorene. The gen-
eralized gradient approximation (GGA) [39] was used to treat
the exchange and correlation potential, while fully relativistic
projector augmented wave (PAW) potentials [40,41] were em-
ployed to describe the ionic cores. To ensure accurate results,
we set the wave functions’ cutoff energy to 44 Ryd, and the
charge density cutoff energy is ten times larger. Our self-
consistent calculations (SCFs) were executed with a linear
density of k points of 12.0 k points/Å−1 in the 2D Brillouin

zone, and a minimum of 15 Å of vacuum is taken to avoid spu-
rious interactions. We included a static electrical field (along
the z direction) using a full SCF calculation via the modern
theory of polarization [42].

Figure 1(c) shows the band structure of phosphorene dis-
playing its direct band gap at the � point. Phosphorene’s
puckered crystalline structure is highly anisotropic, as ev-
idenced by its energy spectrum near �, which presents a
parabolic dispersion along the �-Y direction and a linear
behavior along �-X . Furthermore, the puckering of the lat-
tice has a notable impact on the mechanical and electronic
characteristics of phosphorene. It renders the material more
susceptible to strain, as deformation can significantly alter its
band gap and electronic transport properties [28].

To perform linear response calculations, we utilized the
pseudoatomic orbital projection method [43–46] implemented
in the PAOFLOW code [47,48]. This approach involves con-
structing an effective tight-binding Hamiltonian, with no
adjustable parameters, from the DFT calculations. In gen-
eral, we project the plane-wave Kohn-Sham orbitals onto
the compact subspace spanned by the pseudoatomic orbitals
(PAOs), which are naturally included in the PAW potentials.
The vast majority of cases can be accurately described by
this approach with an excellent agreement between the DFT
and PAOFLOW band structures. Nevertheless, occasionally the
PAO basis fails to reproduce the conduction bands, especially
when the unoccupied bands have a relatively strong character
of an orbital that is not included in the PAO base, as in the
case of phosphorene. Its conduction, and to a minor degree
the valence bands, are highly hybridized with d orbitals [49].
Since the pseudopotential used in the calculation (P.rel-pbe-n-
kjpaw_psl.1.0.0.UPF) is generated only with s and p orbitals,
this original approach fails. To circumvent this problem, we
used the recently implemented PAOFLOW internal basis, which
is constructed by solving the atomic DFT problem for an
all-electron configuration up to the desired orbital. Once the
atomic wave function is obtained, the DFT plane-wave wave
functions are projected as described in Ref. [46].

Figure 1(c) shows the effective tight binding and DFT
band structure calculations superimposed. This approach sig-
nificantly reduces the computational cost of performing large
k-space numerical integration. We have previously used this
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method to investigate distinct characteristics of different sys-
tems, such as spin dynamics [50,51], as well as transport
[52,53] and topological properties [54,55]. The orbital Hall
conductivity calculations were performed with a reciprocal
space sampling that is ten times larger than the one used in
our DFT-SCF calculations.

III. OHE CALCULATIONS

Within linear response theory, the current density of an-
gular momentum with polarization η, flowing along the μ

direction (J Xη

μ ), can be generically expressed in terms of the
angular momentum conductivity tensor by J Xη

μ = ∑
ν σ

Xη

μ,νEν .
Here, Eν symbolizes the ν component of the applied electric
field; η, μ, and ν label the Cartesian components x, y, z. Xη

represents the η component of either the orbital angular mo-
mentum operator (�̂η) or the spin operator (ŝη), depending on
the nature of the induced angular momentum that drifts. The
conductivity tensor is given by

σ
Xη

μ,ν = e

(2π )2

∑
n

∫
BZ

d2k fnk�
Xη

μ,ν,n(k), (1)

where the orbital (spin) Berry curvature

�
Xη

μ,ν,n(k) = 2h̄
∑
m �=n

Im

[ 〈un,k| jXη

μ,k|um,k〉〈um,k|vν,k|un,k〉
(En,k − Em,k + i0+)2

]
.

(2)

The ν component of the velocity operator may be obtained
by vν,k = h̄−1∂H(k)/∂kν , where H(k) represents the Hamil-
tonian in reciprocal space and k stands for the wave vector.
Here, |un,k〉 is the periodic part of the Bloch eigenstate of
H(k), associated with band energy En,k, and fnk symbol-
izes the Fermi-Dirac distribution function. The orbital (spin)
angular momentum current operator that flows along the μ

direction with orbital (spin) polarization in the η direction is
defined by jXη

μ,k = (Xηvμ,k + vμ,kXη )/2, where Xη = �̂η(ŝη ).
Our calculations are performed at zero temperature, but

they are expected to be valid at room temperature because the
energy band gap of phosphorene is relatively high (≈ 1 eV).

IV. RESULTS AND DISCUSSION

Figure 1(d) shows the orbital Hall conductivities σ
Lz
xy and

σ
Lz
yx , calculated as functions of the Fermi energy, for in-plane

electric fields applied along the ŷ and x̂ directions, respec-
tively. Both conductivities present a plateau inside the energy
band gap. These orbital Hall conductivity plateaus are robust
in the presence of disorder due to the lack of a Fermi surface
in this energy region [56,57]. Phosphorene has been proposed
to be a higher-order topological insulator [58,59], a type of
topological state that was recently connected to the orbital
Hall insulating phase [22]. We note that σ

Lz
xy is markedly dif-

ferent from σ
Lz
yx inside and close to the energy band gap, where

they have opposite signs. This reflects the high anisotropy of
the phosphorene lattice structure. The rectangular unit cell
of phosphorene illustrated in Fig. 1(a) indicates that x̂ and ŷ
directions are not equivalent. This is confirmed by Fig. 1(c),
which shows that the valence band dispersion relations along

FIG. 2. Orbital Berry curvatures summed over occupied bands
of phosphorene �Lz

yx (k) (a) and �Lz
xy (k) (b) calculated along high-

symmetry directions of the Brillouin zone.

the �-X and �-Y directions are markedly different. Hence the
carrier group velocities, their effective masses, and the orbital
current densities are expected to be different for electric fields
applied along the x̂ and ŷ directions. The crystalline symme-
try of phosphorene also ensures that in-plane electric fields
can only induce transverse currents of angular momentum
polarized along ẑ. This holds for both orbital and spin angular
momentum currents, because they are subjected to essentially
the same crystalline symmetry constraints [60]. In a crystal
with a given space group, the spin and orbital Berry curvatures
must be invariant under all symmetry operations of the group.
This means that if a given symmetry operation, such as rota-
tion, mirror reflection, or spatial inversion, changes the sign
of the spin or orbital Berry curvature, then the corresponding
component of the spin or orbital Hall conductivity is forbidden
by symmetry. The presence or absence of symmetries in the
crystal structure can dictate which components of the Hall
conductivity are allowed or forbidden (see Appendix).

It is instructive to inquire into the regions of the 2D Bril-
louin zone (BZ) that contribute most to σ

Lz
xy and σ

Lz
yx . For

this purpose we have calculated the orbital Berry curvatures
summed over the occupied bands of phosphorene, computed
as functions of the wave vector k along some high-symmetry
directions of the 2D BZ. The results are depicted in Fig. 2, and
they clearly show that the highest contributions to both σ

Lz
xy

and σ
Lz
yx come from the region around the Y symmetry point.

Correlating the orbital Berry curvature with the band structure
and the onset of the orbital Hall conductivity at energies below
the gap, one can notice that the main contribution to the orbital
Hall plateau originates from the transition from lower bands to
the higher valence band in the region around the Y symmetry
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FIG. 3. Orbital Hall conductivity σ Lz
yx (a) and σ Lz

xy (b), calculated
as functions of energy, for different strains (compressive and tensile)
along the x axis. The inset in (a) shows the strain-induced change in
the band-gap size.

point, at energies well below the top of the valence band,
which is located in �.

The change of sign in the phosphorene OH conductivity
may be experimentally verified by observing the induced or-
bital magnetic moment accumulations on the boundaries of
phosphorene samples, similar to SHE experiments [16,61–
64]. The small spin-orbit coupling and the topological triv-
iality of phosphorene, with respect to Z2, make the SHE
orders of magnitude smaller than the OHE [see Fig. 1(e)].
In addition, the electronic spectrum of phosphorene has no
multivalley structure in the 2D Brillouin zone and hence does
not host VHE. Thus phosphorene offers an ideal platform for
unambiguous observation of the OHE. We note that the OH
conductivity of phosphorene is of the same order of magnitude
as those predicted for monolayers of transition metal dichalco-
genides [20,22]. It is noteworthy that the OHE increases with
the number of layers [23,24,65], and so, thin films of black
phosphorus may be employed to enhance the OH signal in
such experiments. However, one must keep in mind that the
band gap decreases monotonically with the increase in the
number of layers, saturating at approximately 0.3 eV for suf-
ficiently large film thicknesses [32].

In general, the transport properties of 2D materials are
influenced by the substrate, which may cause strain and/or
alter the features of the sample’s surface in contact with it.
In some cases it is necessary to encapsulate the film to prevent
its deterioration from oxidation and also be able to control its
density of carriers with gate voltages. Therefore it is worth
investigating how strain and the presence of an auxiliary
perpendicular electric field would affect the orbital transport
properties of phosphorene.

A. Effects of strain

Figure 3 illustrates the effects of uniaxial strain (both
compressive and tensile) along the x̂ direction, on the OH
conductivity (OHC) components σ

Lz
xy and σ

Lz
yx .

When subjected to moderate in-plane uniform strain, the
unit cell of phosphorene maintains its rectangular shape, as
long as it does not undergo structural phase transitions, which
typically require high levels of strain [66,67]. Thus, with the
values of strain used in Fig. 3, the D2h group symmetry of
phosphorene is preserved, and hence only the Lz component
of the OHC remains non-null. Strain clearly affects the OH
conductivity of phosphorene. It modifies the electronic states
around the band gap [68] and may alter their orbital features

FIG. 4. Orbital Hall conductivity σ Lz
yx (a) and σ Lz

xy (b), calculated
as functions of energy, for different values of the perpendicularly
applied electric field E⊥.

and the orbital transport in general. It is noteworthy that the
plateau heights of σ

Lz
xy and σ

Lz
yx do not change significantly

under moderate deformations along the x direction, showing
that the OHE is reasonably robust to uniaxial strain within
the energy band gap of phosphorene. On the other hand, the
lengths of the OHC plateaus decrease (increase) under com-
pressive (tensile) strain, which is expected because the energy
band-gap size follows the same trend [69], as illustrated in the
inset of Fig. 3(a).

B. Effect of perpendicular electric field

1. Orbital Hall conductivity

We shall now examine how the OHC of phosphorene is af-
fected by an electric field �E⊥ = E⊥ẑ, applied perpendicularly
to its layer. The presence of �E⊥ reduces the phosphorene point
group D2h to C2v, which belong to the same Laue class mmm.
Since the Laue class determines the general form of the OHC
tensor [70,71], only the Lz component of the OHC remains
non-null in the presence of the �E⊥ (see Appendix).

Figure 4 shows σ
Lz
yx and σ

Lz
xy , calculated as functions of

energy, for different values of E⊥. We note that the OHC is
much more affected by E⊥ in some energy ranges outside the
band gap than within it. We recall that ultrathin films of black
phosphorus can switch to a topological insulating phase for
sufficiently high values of E⊥, as discussed in Ref. [32]. How-
ever, for phosphorene, this phase transition requires values of
E⊥ � 0.6 V/m, which is higher than the ones considered in
Fig. 4.

2. Orbital magnetoelectric effect

The noncentrosymmetric and polar C2v point group allows
the occurrence of the orbital magnetoelectric effect (OME)
mediated by Fermi-surface conducting states [65,72–76]. The
perpendicular electric field �E⊥ distorts the phosphorene’s
charge distribution, giving rise to a finite polarization �P =
Pzẑ perpendicular to its layer [35]. The driving field in the
phosphorene plane exerts a torque on the electric dipoles,
thereby inducing a net orbital magnetization �ML ∝ �P × �E
[65,73,77,78]. One may calculate �ML utilizing a scheme simi-
lar to the one described in Secs. II and III. Since time-reversal
symmetry is preserved, there are no interband contributions
to the orbital magnetoelectric effect in phosphorene. Thus, to
first order in the in-plane driving field and for finite values
of E⊥, the current-induced orbital magnetization per unit cell
area of phosphorene is given by mLη

= ∑
ν αηνEν [79,80],
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FIG. 5. Orbital magnetoelectric coefficients αyx (a) and αxy (b),
calculated as functions of energy, for different values of the perpen-
dicularly applied electric field E⊥.

where

αην = eμB

2�

∑
n

∫
BZ

d2k
(2π )2

∂ fn,k

∂E

×〈un,k| vν,k |un,k〉 〈un,k| �̂η |un,k〉 (3)

represents the matrix elements of the magnetoelectric tensor.
Here, μB is the Bohr magneton, and � is the energy scale
associated with the electronic relaxation time τe = h̄/2�. This
phenomenological parameter simulates effects of scattering
by inhomogeneities and thermal effects due to phonons. In
our calculations we have used � = 1.6 meV, which corre-
sponds to τe ≈ 200 fs [34]. Figure 5 shows αxy and αyx

calculated as functions of energy for different values of E⊥.
As expected, the OME clearly vanishes within the band-gap
energy range. However, in the conductive regime, it can reach
sizable values for both mLy and mLx , in response to electric
fields applied along the x̂ and ŷ directions, respectively. This
in-plane-induced orbital magnetization adds up to the orbital
angular momenta accumulated at the sample’s edges, due
to the OHE, transforming its original antiferromagneticlike
disposition into a noncollinear orbital magnetic arrangement.

In some energy ranges the OME varies appreciably with
E⊥, which may be used to control the OME intensity. In
order to roughly estimate the order of magnitude of the
in-plane OME, we consider an electric field with intensity
Ex = 105 V/m and a carrier density that leads to αyx = −2 ×
102 μB/(V nm). In this case, the induced orbital magneti-
zation mLy ≈ −0.3 × 10−2 μB/Au.c., where Au.c. = 0.152 nm2

represents the phosphorene unit cell area. This has the same
order of magnitude as the Edelstein effect estimated for
Bi/Ag(111) in Ref. [81] assuming a larger value of τe.

V. FINAL REMARKS AND CONCLUSIONS

To summarize, we argue that thin films of black phospho-
rus may provide suitable 2D platforms for direct observation
of the orbital Hall effect. To this end, we combine linear
response theory with density functional theory calculations
to investigate the orbital conductivity of phosphorene and
explore how it is affected by uniform strain and perpendicular
electric fields. We show that phosphorene displays a fairly
large OHC, with perpendicular orbital polarization, which is
orders of magnitude larger than the spin Hall conductivity
(SHC). This OHC is also highly anisotropic with respect to
the direction of the in-plane applied electric field, and may

even switch sign when the driving field direction is changed.
Inside the energy band gap, it exhibits an orbital Hall insu-
lating plateau that is robust under moderate uniform strain
and perpendicular electric fields. The latter breaks spatial-
inversion symmetry and may lead to the appearance of an
in-plane orbital magnetization, induced by an in-plane electric
current. This effect alters the antisymmetric profile of the
orbital magnetic moment induced by the orbital Hall effect
in the conducting phase. Our numerical calculations are com-
plemented by symmetry analysis.
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APPENDIX A: SYMMETRY CONSTRAINT ON ORBITAL
HALL CONDUCTIVITY

The crystal symmetry operations of phosphorene are E ,
τC2x, C2y, τC2z, P , τMx, My, and τMz [27]. Here, E repre-
sents the identity operation, C2μ is a 180◦ rotation around the
μ axis, Mμ denotes a reflection through a mirror plane that
is perpendicular to the μ axis, and P symbolizes the spatial-
inversion operation; τO designates the action of O followed
by a half-unit-cell translation �τ = (ax/2, ay/2), where ax and
ay represent the moduli of the unit cell lattice vectors. This set
of symmetries is isomorphic to the point group D2h, which
correspond to Laue group mmm [70]. Consequently, for a
phosphorene layer in the xy plane, only the Lz component of
the OHE is allowed [71]. It is possible to derive the constraints
to the OH conductivity tensor imposed by each symmetry
operation of phosphorene. They are summarized in Table I.

TABLE I. Constraints on the OHC of phosphorene imposed by
crystal symmetry. We assume that the phosphorene layer lies in the
xy plane, with the x̂ and ŷ axes oriented as illustrated in Fig. 1.
The constraints hold for both σ

Lη
xy and σ

Lη
yx , which are generically

represented here by σ
Lη

OH. The OHC components that are allowed
(forbidden) by symmetry are identified by © (×).

Symmetry σ Lx
OH σ

Ly
OH σ

Lz
OH

P © © ©
τMz, τC2z

a × × ©
τMx ,a τC2x × © ©
My,a C2y © × ©
aA crystal symmetry operation of phosphorene in the presence of �E⊥.
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TABLE II. Signs of the velocity and OAM operator component
acquired when transformed under the symmorphic part O of opera-
tions associated with the D2h point group of phosphorene. This table
can be used to determine the allowed components of the OHC tensor
presented in Table I.

Symmetry sO,vx sO,vy sO,Lx sO,Ly sO,Lz

P −1 −1 +1 +1 +1
Mz +1 +1 −1 −1 +1
Mx −1 +1 +1 −1 −1
My +1 −1 −1 +1 −1
C2z −1 −1 −1 −1 +1
C2x +1 −1 +1 −1 −1
C2y −1 +1 −1 +1 −1

In the presence of �E⊥ all symmetry operations that inter-
change z and −z are excluded, leaving just τC2z, τMx, My,
and E , which are identified with a footnote in Table I. In this
case, the point group is reduced from D2h to C2v. However,
since C2v and D2h belong to the same Laue class (mmm),
only the Lz component of the OHC can be nonzero when
phosphorene is subjected to �E⊥ [70,71].

In order to obtain the constraints on the OHC components
presented in Table I, we consider the action of τO on the
Bloch eigenstates ψn,k(r) associated with the eigenvalue En,k,
namely, τOψn,k(r) = exp (−i�τ · k)ψn,Ok(r) [82]. Since the
Hamiltonian is invariant under τO, En,k = En,Ok.

Let us examine, for example, �
Lη

yx,n(k). Inserting the iden-
tity (τO)†(τO) = 1 into the orbital-weighted Berry curvature
and using the above relations, we obtain

�
Lη

yx,n(k) = 2h̄
∑
m �=n

Im

⎡
⎣ 〈un,k|(τO)†(τO) jLη

y,k(τO)†(τO)|um,k〉〈um,k|(τO)†(τO)vx,k(τO)†(τO)|un,k〉
(En,k − Em,k + i0+)2

⎤
⎦. (A1)

The restrictions on the conductivity tensor depend on how the Cartesian components of the velocity and angular momentum
operators transform under the group symmetry operations. This information is contained in its character table, which shows
that, for the point group of phosphorene, they only acquire a sign sO,Â = ±1 [27] under such operations, as Table II illustrates.
Therefore

�
Lη

yx,n(k) = 2h̄
∑
m �=n

Im

⎡
⎣ 〈un,Ok|sO,v̂y sO,L̂η

jLη

y,Ok|um,Ok〉〈um,Ok|sO,v̂x vx,Ok|un,Ok〉
(En,Ok − Em,Ok + i0+)2

⎤
⎦

= sO,v̂x sO,v̂y sO,L̂η
�

Lη

yx,n(Ok). (A2)

The same expression holds for �
Lη

xy,n(k).
Since

∫
d2k = ∫

d2(Ok), it follows from Eq. (1) that

O : σ
Lη

OH = s̄η

OH(O)σ Lη

OH, (A3)

where s̄η

OH(O) = sO,vx × sO,vy × sO,Lη
. If s̄η

OH(O) = +1, the symmetry O does not impose a constraint on the OH conductivity.

However, if s̄η

OH(O) = −1, σ
Lη

OH = 0.
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Sławińska, S. Curtarolo, M. Fornari, D. Ceresoli, and M. B.
Nardelli, Advanced modeling of materials with PAOFLOW 2.0:
New features and software design, Comput. Mater. Sci. 200,
110828 (2021).

[49] M. G. Menezes and R. B. Capaz, Tight binding parametrization
of few-layer black phosphorus from first-principles calcula-
tions, Comput. Mater. Sci. 143, 411 (2018).

[50] M. Costa, M. B. Nardelli, A. Fazzio, and A. T. Costa, Long
range dynamical coupling between magnetic adatoms mediated
by a 2D topological insulator, arXiv:1808.00347.

[51] M. Costa, N. M. R. Peres, J. Fernández-Rossier, and A. T.
Costa, Nonreciprocal magnons in a two-dimensional crystal
with out-of-plane magnetization, Phys. Rev. B 102, 014450
(2020).

[52] M. Costa, G. R. Schleder, C. M. Acosta, A. C. M. Padilha, F.
Cerasoli, M. B. Nardelli, and A. Fazzio, Discovery of higher-
order topological insulators using the spin Hall conductivity as
a topology signature, npj Comput. Mater. 7, 49 (2021).

[53] J. J. Heath, M. Costa, M. Buongiorno-Nardelli, and M. A.
Kuroda, Role of quantum confinement and interlayer coupling
in CrI3-graphene magnetic tunnel junctions, Phys. Rev. B 101,
195439 (2020).

[54] M. Costa, G. R. Schleder, M. Buongiorno Nardelli, C.
Lewenkopf, and A. Fazzio, Toward realistic amorphous topo-
logical insulators, Nano Lett. 19, 8941 (2019).

[55] M. Costa, A. T. Costa, W. A. Freitas, T. M. Schmidt, M.
Buongiorno Nardelli, and A. Fazzio, Controlling topolog-
ical states in topological/normal insulator heterostructures,
ACS Omega 3, 15900 (2018).

[56] H. Liu and D. Culcer, Dominance of extrinsic scattering
mechanisms in the orbital Hall effect: graphene, transi-
tion metal dichalcogenides and topological antiferromagnets,
arXiv:2308.14878.

[57] O. V. Dimitrova, Spin-Hall conductivity in a two-dimensional
Rashba electron gas, Phys. Rev. B 71, 245327 (2005).

[58] M. Hitomi, T. Kawakami, and M. Koshino, Multiorbital edge
and corner states in black phosphorene, Phys. Rev. B 104,
125302 (2021).

[59] M. Ezawa, Minimal models for Wannier-type higher-order
topological insulators and phosphorene, Phys. Rev. B 98,
045125 (2018).

[60] H. Lee, B. Choi, and H.-W. Lee, Orientational dependence of
intrinsic orbital and spin Hall effects in hcp structure materials,
Phys. Rev. B 105, 035142 (2022).

[61] T. Jungwirth, J. Wunderlich, and K. Olejník, Spin Hall effect
devices, Nat. Mater. 11, 382 (2012).

[62] Y. Marui, M. Kawaguchi, S. Sumi, H. Awano, K. Nakamura,
and M. Hayashi, Spin and orbital Hall currents detected via
current induced magneto-optical Kerr effect in V and Pt,
arXiv:2306.09585.

[63] S. Kumar and S. Kumar, Ultrafast THz probing of nonlocal or-
bital current in transverse multilayer metallic heterostructures,
arXiv:2306.17027.

[64] I. Lyalin, S. Alikhah, M. Berritta, P. M. Oppeneer, and R. K.
Kawakami, Magneto-optical detection of the orbital Hall effect
in chromium, Phys. Rev. Lett. 131, 156702 (2023).

[65] T. P. Cysne, F. S. M. Guimarães, L. M. Canonico, M. Costa,
T. G. Rappoport, and R. B. Muniz, Orbital magnetoelec-
tric effect in nanoribbons of transition metal dichalcogenides,
Phys. Rev. B 107, 115402 (2023).

[66] J. Ribeiro-Soares, R. M. Almeida, L. G. Cançado, M. S.
Dresselhaus, and A. Jorio, Group theory for structural analysis
and lattice vibrations in phosphorene systems, Phys. Rev. B 91,
205421 (2015).

[67] T. Hu and J. Dong, Structural phase transitions of phosphorene
induced by applied strains, Phys. Rev. B 92, 064114 (2015).

[68] X. Peng, Q. Wei, and A. Copple, Strain-engineered direct-
indirect band gap transition and its mechanism in two-
dimensional phosphorene, Phys. Rev. B 90, 085402 (2014).

[69] D. Midtvedt, C. H. Lewenkopf, and A. Croy, Strain–
displacement relations for strain engineering in single-layer 2d
materials, 2D Mater. 3, 011005 (2016).

[70] M. Seemann, D. Ködderitzsch, S. Wimmer, and H. Ebert,
Symmetry-imposed shape of linear response tensors, Phys. Rev.
B 92, 155138 (2015).

[71] A. Roy, M. H. D. Guimarães, and J. Sławińska, Unconventional
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