
PHYSICAL REVIEW B 108, 165143 (2023)

Slowly decaying zero mode in a weakly nonintegrable boundary impurity model
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The transverse field Ising model (TFIM) on the half-infinite chain possesses an edge zero mode. This work
considers an impurity model: TFIM perturbed by a boundary integrability-breaking interaction. For sufficiently
large transverse field, but in the ordered phase of the TFIM, the zero mode is observed to decay. The decay is
qualitatively different from zero modes where the integrability-breaking interactions are nonzero all along the
chain. It is shown that for the impurity model, the zero mode decays by relaxing to a nonlocal quasiconserved
operator, the latter being exactly conserved when the opposite edge of the chain has no noncommuting per-
turbations so as to ensure perfect degeneracy of the spectrum. In the thermodynamic limit, the quasiconserved
operator vanishes, and a regime is identified where the decay of the zero mode obeys Fermi’s golden rule. A
toy model for the decay is constructed in Krylov space and it is highlighted how Fermi’s golden rule may be
recovered from this toy model.
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I. INTRODUCTION

The transverse field Ising model (TFIM) with open bound-
ary conditions hosts Majorana zero modes [1]. These zero
modes are also known as strong zero modes where the edge
mode is associated with an operator that commutes with the
Hamiltonian in the thermodynamic limit and anticommutes
with a discrete Z2 symmetry [2–18]. Thus, the existence of a
strong zero mode implies a doubly degenerate spectrum, with
an observation of the zero mode not tied to the ground-state
sector. How perturbing away from the TFIM affects the strong
zero mode is an essential question, as it concerns practical
applications where the experimental setup is only approxi-
mately a TFIM. Understanding this is also important from a
conceptual point of view as it addresses how thermalization
times are affected by quasiconserved quantities.

After the Jordan-Wigner transformation, the TFIM maps
to a one-dimensional (1D) model of spinless fermions with
nearest-neighbor hopping, with the Z2 symmetry correspond-
ing to fermion parity. A standard way to perturb away from
this model is to include four fermion interactions [6,7,10–
15,18]. Here we study numerically the effect of a weaker
perturbation, where the four fermion interactions exist only
at the boundary. This work aims to explore whether such
a boundary integrability-breaking term can destroy the zero
mode, and if so, what is the signature of the decay of the zero
mode in the dynamics. The boundary perturbation we con-
sider is not equivalent to the family of integrability-preserving
boundary conditions of the TFIM [19]. It breaks the integra-
bility of the spin chain. The Majorana excitations incident
at the boundary might be reflected as a single Majorana or
a triplet of Majoranas, according to the field theory model
considered in Ref. [20]. Our focus here is the effect of the

boundary integrability breaking on the existence of the strong
zero mode.

It is not easy to establish numerically whether bound-
ary perturbations can cause the zero mode to decay. This
is because, even for the TFIM, where a zero mode can be
analytically constructed, a finite system size L causes the zero
mode to decay. This decay comes about because of tunneling
processes that hybridize the zero modes at the two ends of the
chain, leading to a lifetime that is exponential in the system
size. In the presence of perturbations, typically, one needs
to park oneself at some parameter regime where the decay
becomes L independent, and only then one can safely claim
that the boundary perturbation destroys the zero mode.

In this paper, we study the system using a combination
of three different methods: (i) exact diagonalization (ED) (up
to system sizes of L = 14), (ii) Trotterized time evolution of
Haar random states (up to L = 22 and t = 104/Jx, Jx being
the strength of the Ising interaction in the TFIM), which ap-
proximates the real dynamics up to exponential times and with
exponential precision in space, (iii) Krylov space dynamics,
which allows us to construct an approximate model for the
zero mode decay in the thermodynamic limit.

The paper is organized as follows. In Sec. II we outline the
model and explain how the zero mode is detected numerically.
In Sec. III, we construct a quasiconserved quantity, which
becomes exactly conserved when noncommuting couplings
at one end of the chain are switched off. We highlight the
role that the quasiconserved quantity plays in the decay of
the zero mode. In Sec. IV, we park ourselves in a region
of parameter space where the decay is entirely due to pro-
cesses that are second order in the integrability-breaking term,
deriving the Fermi golden rule (FGR) decay rate, and compar-
ing it with numerics. We present our conclusions in Sec. V.
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In Appendix A we outline how the zero mode can be studied
using Krylov space methods. We derive an effective model for
the zero-mode decay and highlight how FGR is recovered in
Krylov subspace. In Appendix B, we present examples of the
quasiconserved quantities in short spin chains. In Appendix C,
we outline the numerical method of Haar random average
and judicious Trotter decomposition, while in Appendix D we
provide details in the derivation of the FGR decay rate.

II. MODEL

We study the TFIM of length L with open boundary con-
ditions and perturbed by a boundary impurity. The latter
is modeled as an integrability-breaking exchange interaction
acting only on the first two sites of the chain. Thus, the
Hamiltonian is

H = Jx

L−1∑
i=1

σ x
i σ x

i+1 + g
L∑

i=1

σ z
i + Jzσ

z
1σ z

2 , (1)

where σ
x,y,z
i are Pauli matrices on site i, g is the strength of

transverse field, and Jx,z is the strength of the Ising interaction
in the x, z directions, with Jz being nonzero only on the first
link. We will set Jx = 1 in the paper.

For Jz=0, the Hamiltonian is the TFIM, H0 = H |Jz=0,
which is in the topological phase with an edge zero mode
for |g| < 1. The zero-mode operator ψ0 anticommutes with
the Z2 symmetry, D = σ z

1 . . . σ z
L of the system: {ψ0,D} = 0.

In the thermodynamic limit of a semi-infinite chain, the zero
mode commutes with the TFIM, [ψ0, H0] = 0. Because of this
property, the edge zero mode has an infinite lifetime in the
thermodynamic limit.

On adding integrability-breaking perturbations, the com-
mutation relation between the zero mode and the Hamiltonian
no longer holds. However, one can still observe a long-
lived quasistable edge zero mode for boundary integrability
breaking. A useful quantity to probe this object is the infinite-
temperature autocorrelation of σ x

1 ,

A∞(t ) = 1

2L
Tr
[
σ x

1 (t )σ x
1

]
, (2)

where t is the time measured in units of 1/Jx. This is a good
measure of the zero-mode lifetime in the presence of interac-
tions since the zero mode is localized on the edge with O(1)
overlap with σ x

1 , Tr[ψ0σ
x
1 ]/2L ∼ O(1) [1,3]. In the language

of Majorana fermions, σ x
1 is the Majorana fermion on the first

site, and the edge mode is a superposition of Majoranas, with
the largest weight being on the Majoranas on the first few sites
at the boundary.

Figure 1 shows examples of the autocorrelation function
for g = 0.3 and two different models. The top panel shows
autocorrelation functions for the boundary impurity (1). For
comparison, the bottom panel presents the autocorrelation
functions of the chain with a Jz perturbation on all sites,
Jz
∑L−1

i=1 σ z
i σ z

i+1. The bottom panel shows that after an initial
transient, the autocorrelation decays into a long-lived zero
mode which lasts for a long time, as shown by the constant
value of the autocorrelation function. The overlap of the plots
for L = 12, 14 in the bottom panel suggests that the eventual

FIG. 1. Infinite-temperature autocorrelation function for bound-
ary impurity (top panel) and perturbation on all sites (bottom panel)
with g = 0.3 and Jz = 0.2. For the boundary impurity (top panel),
the edge zero mode survives for long times and does not show
saturation of lifetime with system sizes up to L = 14. The model with
perturbations on all sites (bottom panel) also shows a long-lived edge
zero mode, but with a shorter lifetime that has saturated at L = 12.

decay of the autocorrelation to zero is due to interactions
rather than finite system size.

In contrast, the boundary impurity model (top panel)
shows a much longer lifetime due to the weaker nature of
the integrability-breaking perturbation (Jz nonzero only on
the first link). In particular, the autocorrelation does not show
saturation of lifetime when system size increases up to size
L = 14 in contrast to the bottom panel. The top panel seem-
ingly suggests an exact zero mode instead of a quasistable
zero mode for the impurity model. However, this appears to be
a finite system size effect, and that for the given parameters,
we simply do not have access to large enough L to be in a
regime where the decay is dominated by interactions. This
is supported by the fact that as one increases the transverse
field, the autocorrelation shows a tendency to saturate with
increasing system size. But, interestingly, even in this regime
of eventual L-independent decay, there is still a qualitative
difference in the decay mechanism of the zero mode for the
impurity model and that for the model where Jz �= 0 on all
links.
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FIG. 2. Infinite-temperature autocorrelation function for the
boundary impurity with g = 0.5 and Jz = 0.4. Unlike Fig. 1 which
was for a smaller g, Jz, the autocorrelation shows a plateau region
before decaying to zero (see, e.g., the range of t between 103 and
104 for the L = 14 plot). The height of the plateau decreases as the
system size increases.

In Fig. 2 we identify three steps in the decay of the auto-
correlation function for a finite-size impurity model: (i) after
an initial transient (see t < 101) the autocorrelation decays
into the local zero mode of the original nonperturbed Hamil-
tonian H0 ( see t < 102 for L = 14), (ii) the system decays
from this local zero mode to another quasiconserved operator,
reflected by a second plateau from t = 103–104 for L = 14,
(iii) it finally reaches zero due to the interaction (t > 104 for
L = 14). The plateau value at the end of step (ii) decreases
with system size, indicating the existence of some nonlocal
quasiconserved operator. This effect was not observed for
the model with perturbations on all sites, a fact which will
be highlighted further later. In the thermodynamic limit, the
plateau value goes to zero, and step (iii) disappears eventually.
We expect that in the thermodynamic limit, the decay rate
is dominated by step (ii), and we will show that, in certain
regimes, this decay can be captured by perturbation theory in
Jz.

In the following section, we will demonstrate the existence
of the nonlocal quasiconserved operator and highlight its role
in the decay of the zero mode.

III. QUASICONSERVED OPERATOR

To construct the quasiconserved operator, we follow the
argument by Fendley [3] on the commutation relation between
the zero mode and the Hamiltonian. The zero mode of an in-
tegrable model such as the TFIM [3], XY chain [11], or XYZ
chain [3] does not commute with the integrable Hamiltonian
at any finite system size, but only in the thermodynamic limit.
However, for finite system size, the zero mode commutes with
almost the whole Hamiltonian except for the interaction terms
on the last site [3,11]. For example, for the TFIM

H0 =
L−1∑
i=1

σ x
i σ x

i+1 + g
L∑

i=1

σ z
i , (3)

the corresponding zero mode localized on the first site is given
by the following superposition of Majoranas up to an overall
normalization:

ψ0 ∝
L∑

l=1

gl−1a2l−1, (4)

where the Majoranas are defined as follows:

a2l−1 =
l−1∏
j=1

σ z
j σ

x
l ; a2l =

l−1∏
j=1

σ z
j σ

y
l . (5)

The commutation between the zero mode and the Hamilto-
nian is nonzero due to the transverse field on the last site,
[ψ0, H0] = [ψ0, gσ z

L] �= 0. However, since the zero mode is
localized on the first site, this commutation is exponentially
small in L and becomes zero in the thermodynamic limit.

Based on the above argument, one can numerically con-
struct a conserved operator Oc in the following way. Let us
take the TFIM as an example. Consider first the TFIM with
the last-site transverse field turned off, H̃0 = H0 − gσ z

L . Now,
ψ0 exactly commutes with H̃0, as does σ x

L , and these two
operators commute with each other [ψ0, σ

x
L ] = 0. The Hamil-

tonian H̃0 has an exactly twofold degenerate energy spectrum
for any finite system size. In particular, H̃0 splits into two
sectors labeled by the eigenstates of parity D, but with both
σ x

L and ψ0 flipping between the states of two different parities.
Since σ x

L , ψ0 precisely commute with H̃0, this ensures an exact
double degeneracy.

Given such a double degeneracy of the spectrum, one may
construct a conserved operator which is odd under Z2, and has
nonzero matrix elements between opposite parity eigenstates
of H̃0. In addition, one may choose this operator to overlap
with σ x

1 . Such a conserved operator Oc is the long-time limit
of the operator σ x

1 (t ) (up to an overall normalization)

Oc ∝ lim
T →∞

1

T

∫ T

0
dt σ x

1 (t ). (6)

Numerically, the conserved operator Oc can be constructed by
eliminating the terms oscillating in σ x

1 (t ). In the eigenbasis of
H̃0, σ x

1 (t ) is represented by

〈ñ|σ x
1 (t )|m̃〉 = 〈ñ|σ x

1 |m̃〉ei(Ẽn−Ẽm )t , (7)

where the matrix elements are not oscillating as long as Ẽn =
Ẽm. In numerics, one is only required to construct matrix
elements with Ẽn = Ẽm,

〈ñ|Oc|m̃〉 =
{

〈ñ|σ x
1 |m̃〉 if Ẽn = Ẽm,

0 else.
(8)

Finally, Oc is normalized with a norm equal to one,
Tr[O†

cOc]/2L = 1. In the example of the TFIM, the conserved
operator Oc happens to be the same as the zero mode ψ0 (4).
Still, they may be different in generic models possessing zero
modes. For constructing the zero mode in generic models,
it is proposed to apply commutant algebra, and this may be
achieved both analytically and numerically (see [21,22]).

The physical reason behind the conserved quantity Oc is
that for the TFIM, there are two Majorana modes, one on
the left end and the other on the right end of the chain. The
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lifetime comes from the two modes coupling via tunneling
processes, with the tunneling amplitude ∝gL. However, when
g is made zero on the last site, the two zero modes, one related
to σ x

1 and the other related to σ x
L , no longer hybridize. Thus,

the zero mode on the left end does not decay and is exactly
conserved.

In general, the method of constructing the conserved oper-
ator Oc described above can be applied to any spin system
as long as the twofold degeneracy of the energy spectrum
can be achieved by turning off interactions on the last site.
Moreover, one should choose an appropriate seed operator to
numerically generate the conserved operator; e.g., we choose
σ x

1 as the seed operator since Jx = 1 is the largest coupling,
and σ x

1 is the first Majorana in the convention (5). However,
once the interaction on the last site is restored, the conserved
operator may become quasiconserved, or may even imme-
diately die out, if the commutation with the interactions on
the last site does not approach zero in the thermodynamic
limit. In Fig. 3, we demonstrate the autocorrelation with g =
0.5, Jz = 0.4 for both cases: the boundary impurity model and
the model with nonzero perturbations on all sites. Also plotted
are the autocorrelations with no interactions on the last site
except σ x

L−1σ
x
L . For comparison, the numerically constructed

zero mode from (8) is also plotted as red dashed lines. The
agreement between the plateaus (solid black lines) and this
numerically constructed zero mode (dashed red lines) is ex-
cellent.

In the case of perturbations on all sites (bottom panel in
Fig. 3), the autocorrelation already saturates at small system
sizes L = 10. When the interaction is turned off on the last
site, the autocorrelation approaches a nonzero constant value
(solid black lines) which corresponds to the conserved oper-
ator (6). The decrease of the plateau height with increasing
system size indicates that the conserved operator becomes less
localized on the first Majorana. Note that this plateau forma-
tion happens at times longer than the decay time for the model
where Jz is nonzero along the chain. As the interactions on the
last site are restored, the conserved operator immediately dies
out due to interactions.

In contrast, for the impurity model where the perturbation
is present only at the boundary (top panel in Fig. 3), it is
clearly seen that the late-time plateau comes from the con-
served operator. Once the last-site interaction is restored, the
operator becomes quasiconversed so that the autocorrelation
persists for a long time before it eventually decays. The qua-
siconserved operator is nonlocal as shown by the decrease of
the plateau value as L increases, going to zero in the thermo-
dynamic limit.

The different behaviors of the autocorrelation between the
two models, perturbations on all sites, and the boundary im-
purity model are due to the different bulk properties of the
two models; the former is nonintegrable, while the latter is
free in the bulk. One can also capture the difference between
the two autocorrelation functions by mapping the dynamics of
σ x

1 to single-particle dynamics in Krylov space. The Krylov-
space Hamiltonian is a tridiagonal Hamiltonian, where the
off-diagonal elements have some universal features [23] that
clearly distinguish between the two models. Moreover, decay
rates can be derived by further coarse graining the Krylov
Hamiltonian and mapping it to a Dirac model with a spatially

FIG. 3. Infinite-temperature autocorrelation function for the
boundary impurity model (top panel) and for model with pertur-
bations on all sites (bottom panel) with g = 0.5 and Jz = 0.4. The
autocorrelation with interactions switched off on the last site (i.e.,
g = 0 on the last site in the top panel and g = 0, Jz = 0 on the last site
in the bottom panel) are plotted as well (solid black lines) and show
the existence of a conserved operator at late times. This is consistent
with the numerically constructed zero mode in (8), highlighted with
red dashed line for late times. When the interactions on the last site
are restored, the conserved operator immediately disappears for the
case of all-site perturbation (bottom panel) but becomes quasistable
for the boundary impurity model (top panel). The plateaus in the top
panel are the remnant of the conserved operator.

inhomogeneous mass (in Krylov space) (see discussion in
Appendix A).

Note that we consider Oc as a time average of σ x
1 in the

discussion. In principle, one can construct Oc by solving
the commutation relation [H̃, Oc] = 0 directly. However, this
is only feasible for small system sizes. In Appendix B, we
present analytic solutions for small system sizes and also show
the equivalence between [H̃ , Oc] = 0 and the time-averaged
method.

Here we summarize the physical picture for the boundary
impurity model to emphasize the three steps involved in the
decay of the zero mode. (i) The autocorrelation decays into the
local zero mode ψ0 of the original nonperturbed Hamiltonian
H0 after an initial transient. This accounts for the presence of

165143-4



SLOWLY DECAYING ZERO MODE IN A WEAKLY … PHYSICAL REVIEW B 108, 165143 (2023)

the “first plateau” (t ∼ 10 in top panel in Fig. 3). (ii) The local
zero mode ψ0 decays to another quasiconserved operator Oc.
This corresponds to the transition to the plateau at late times
(t ∼ 103 for L = 14 in the top panel in Fig. 3). This plateau is
a finite system size effect because the plateau height decreases
as L increases. (iii) The autocorrelation finally decays to zero
due to interactions. This paves the way to the next section,
where we focus on the decay in step (ii), i.e., the decay from
ψ0 to Oc, where the existence of Oc is a finite system size
effect. The step (ii) decay becomes the decay of the zero mode
in the thermodynamic limit, as in this limit the plateau due to
Oc vanishes.

IV. FERMI’S GOLDEN RULE DECAY RATE

This section considers sufficiently large transverse fields
where one can obtain system-size-independent results. More-
over, this choice places us in a regime where Fermi’s golden
rule (FGR) approximation for the decay rate is valid. We will
derive and compare the FGR decay rate with numerics.

Let us start by presenting a numerical method that allows
us to compute the autocorrelation for system sizes beyond L =
14.

Due to the limitations of computational resources, ED
can only be applied up to L = 14. Therefore, numerically
approximate methods for computing the autocorrelation are
required for accessing larger system sizes. Here we outline
one such approximation. First, one approximates the trace
by the average of a Haar random state φ: Tr[. . . ]/2L ≈
〈φ| . . . |φ〉. The average of the Haar random state consists
of two parts: diagonal and off-diagonal matrix elements in
the eigenbasis representation (see Appendix C). The diago-
nal part corresponds to the trace that one wants to compute.
The sum of the off-diagonal parts is essentially a sum-
mation of random numbers, which is typically ∼1/

√
2L

and negligible as long as the system size is large, and
the sum of diagonal parts is an O(1) number. Therefore,
one can calculate autocorrelations up to O(1/

√
2L ) preci-

sion without performing ED. Second, the unitary evolution
is approximated by Trotter decomposition with finite time
step dt : U (dt ) ≈ exp(−iHxxdt ) exp(−iHzdt ) exp(−iHzzdt ),
where Hxx, Hz, and Hzz correspond to the three parts of the
Hamiltonian (1). Physically, we have replaced the continuous-
time evolution with a discrete-time (Floquet) one. One
recovers continuous-time dynamics in the high-frequency
limit dt � 1. Setting dt = 0.2, the heating time of such a
Floquet system is estimated to be ∼e2π/dt ∼ 1013. Here, we
choose g = 0.6 so that the autocorrelation almost decays by
t = 104 for Jz between 0.15–0.5, while at the same time, this
timescale is much smaller than the heating time. Combining
these two approximations, the autocorrelation can be mas-
saged into the average of a Haar random state at different
times. Computationally, one only requires to perform the time
evolution of a state. This costs significantly less resources
than ED so that one can probe larger system sizes. However,
it is inefficient for calculating long-time behavior since the
computation time is proportional to the number of time steps
fixed by the Trotter decomposition; see details of numerical
methods and discussion in Appendix C. This is the main
reason why a larger transverse field strength g = 0.6 is chosen,
allowing us to study system sizes up to L = 22.

FIG. 4. The infinite-temperature autocorrelation function for the
boundary impurity model (top panel) at g = 0.6 and Jz = 0.2 and
the corresponding results with zero transverse field g on the last site
(bottom panel). For large transverse fields, the plateau is blurred and
becomes a slowly decaying tail in the top panel. The FGR result
is computed numerically and found to be � = 0.16J2

z . It matches
the decay of the edge zero mode (solid black line) after the initial
transient but fails when the quasiconserved operator comes in at
late times. Note that the effect of the latter becomes smaller with
increasing system size.

We now explain why FGR is valid in the regime of g = 0.6.
Notice that the transverse-field strength g controls the band-
width of the bulk quasiparticle spectrum εk ∈ [1 − g, 1 + g].
The boundary impurity can be written as a four Majorana
interaction Jzσ

z
1σ z

2 = −Jza1a2a3a4. The limiting case for the
resonance condition in second-order perturbation, and there-
fore for FGR to hold, requires an energy-conserving process
where an edge zero mode and one quasiparticle at the top
of the band are annihilated and two quasiparticles at the
bottom of the band are created, 2(1 − g) = 1 + g. From this
argument, the second-order perturbation cannot match the
resonance condition for g < 1

3 . Thus, g = 0.6 clearly places us
in a regime where second-order perturbation theory is valid. In
Appendix D, we show that the FGR decay rate is

� = 1

2L

∫ ∞

0
dt Tr[ψ̇0(t )ψ̇0(0)], (9)

where ψ0 is the zero mode of the TFIM (4), we define
ψ̇0 = i[Jzσ

z
1σ z

2 , ψ0] and ψ̇0(t ) evolves with the unperturbed
Hamiltonian H0.

Figure 4 shows the autocorrelation of the boundary im-
purity (top panel) and the boundary impurity with zero
transverse field on the last site (bottom panel). An exponential
in time behavior with the FGR decay rate is plotted in both
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FIG. 5. The infinite-temperature autocorrelation function for
L = 18 (top), 20 (middle), and 22 (bottom) with g = 0.6 and differ-
ent strengths of the integrability-breaking term Jz. As Jz decreases,
the lifetime increases. Each data set is fitted (solid black line) with
an exponential function C exp(−t�fit ) where the decay rate is de-
termined from the average �fit = (�90% + �50%)/2, where �x% is the
inverse time at which the autocorrelation is 0.0xC. The decay rate is
in units of Jx = 1.

panels, where we numerically compute the FGR decay rate to
be � = 0.16J2

z for g = 0.6. This decay rate captures the decay
of the autocorrelation function after the initial transient. At
late times, the decay of the autocorrelation slows down due

FIG. 6. �Fit vs Jz on a log-log scale for L = 18, 20, 22. The decay
rate from FRG gives �Fit = 0.16J2

z for small Jz (dashed red line). The
system size effect becomes larger for small Jz as the autocorrelation
is strongly influenced by the quasiconserved operator in Fig. 5. The
decay rate is in units of Jx = 1.

to the presence of the quasiconserved operator. Since we now
study a larger transverse field g = 0.6, the presence of plateau
is not as clear as in Fig. 2. Nevertheless, the bottom panel
of Fig. 4 shows that as L increases, the conserved operator
becomes more and more delocalized, and FGR depicts the full
decay in the thermodynamic limit.

We explore the autocorrelation function with Jz between
0.15–0.5 and for system sizes L = 18, 20, 22. The results are
summarized in Fig. 5, with a numerical fitting to an exponen-
tial decay also shown. The fitted decay rate is compared with
FGR results in Fig. 6. For small Jz, the decay rate follows
the prediction of FGR. The increase of error bars comes from
the enhancement of oscillations in the autocorrelation and the
late-time slowing down of the decay as Jz decreases. This is
a finite system size effect. In particular, as Jz decreases, the
quasiconserved operator becomes more localized and more
similar to the zero mode ψ0. Therefore, one has to increase
the system size further to separate them. In Appendix A,
we connect the decay of the edge zero mode to a tunneling
process of a 1D particle from the edge to the bulk in Krylov
space. We show how FGR can be recovered in Krylov space.

In Appendix A, we also highlight a qualitative difference
between how the Krylov hopping parameters scale for the im-
purity model and the more standard nonintegrable model with
nonzero Jz everywhere. In particular, although both models
are nonintegrable, the Krylov parameters scale as a square root
for the impurity model, while they scale linearly for the model
where Jz is nonzero everywhere.

V. CONCLUSIONS

The TFIM is one of the most basic models that hosts an
edge zero mode. Understanding the stability of the zero mode
to perturbations is important both for practical realizations,
as well as for a fundamental understanding of nonequilib-
rium dynamics. This paper has studied the effect of a weak
boundary integrability-breaking perturbation. We have com-
pared this perturbation to the conventional one, where
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integrability-breaking perturbations are uniformly included all
along the chain. We showed a qualitatively different behavior
in the dynamics of the zero modes for these two cases.

In particular, for the impurity model, the zero mode decays
much more slowly than for the case where the perturbations
are nonzero all along the chain. The slow decay arises because
the zero mode has an overlap with a quasiconserved quantity.
We explicitly identified this quasiconserved quantity by a trick
that involves local modifications of couplings at the end of the
spin chain to enforce the exact degeneracy of the spectrum for
any finite system size. We showed that in the thermodynamic
limit, the overlap between the zero mode with the quasicon-
served quantity becomes smaller, approaching zero as L →
∞. In addition, we showed that for large enough transverse
fields and in the thermodynamic limit, the zero-mode decay
could be captured by FGR.

While we have a quantitative understanding of the zero
mode decay for g � 1

3 , an important open question is the
fate of the zero mode for small g. We do not expect FGR to
hold below g < 1

3 . How the decay rate changes as g becomes
smaller is left for future studies. The analytic construction of
the quasiconserved quantities presented in Appendix B might
help these studies. In addition, the Krylov method, generalized
to systems in the thermodynamic limit, employed here to
recover FGR (see Appendix A), may also be helpful. Last, it
is worth mentioning that the impurity model can be simulated
in a noisy intermediate scale quantum device, as was done for
the kicked Ising model with open [24,25] and duality twisted
boundary conditions [26].
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APPENDIX A: OPERATOR GROWTH IN KRYLOV SPACE

Aside from the direct study of the autocorrelation function
to determine the decay rate of a given operator O1, there is
another approach for extracting decay rates. This involves
studying how the operator evolves and spreads in operator
space. First, the Heisenberg time evolution of the operator O1

under the Hamiltonian H is

O1(t ) = eiHt O1e−iHt =
∞∑

n=0

(it )n

n!
LnO1, (A1)

where we define LO = [H, O] for any operator O. In operator
space, we treat the operator O1 as a vector |O1), and L is
called the superoperator since it is an operator which acts
on operators. In this new notation, the time evolution of O1

becomes

|O1(t )) = eiLt |O1), (A2)

where L plays the role of a “Hamiltonian” as it is the generator
of time evolution for the operators. The operator space is
spanned by the set of operators generated by L acting on |O1):
{|O1),L|O1),L2|O1), . . .}, and is called the Krylov space.
The inner product between two operators A and B is defined
as

(A|B) = 1

2L
Tr[A†B]. (A3)

To construct an orthonormal basis, we apply the Lanczos
algorithm. Starting from a normalized operator |O1), one can
generate a new basis element |O2) via L|O1) = b1|O2) with
b1 =

√
|L|O1)|2, the norm of L|O1). The remaining basis

elements are computed from the iterative relation for n � 2,

L|On) = bn|On+1) + bn−1|On−1), (A4)

where bn =
√

|L|On) − bn−1|On−1)|2. Finally, one can repre-
sent L as a tridiagonal matrix in this basis:

L =

⎛
⎜⎜⎜⎝

0 b1

b1 0 b2

b2 0 . . .
. . .

. . .

⎞
⎟⎟⎟⎠. (A5)

In the following, we refer to this tridiagonal matrix as the
Krylov Hamiltonian.

There are two kinds of representations in the numerical
computation of the off-diagonal elements {bn}: matrix repre-
sentation or Pauli strings. In the matrix representation, |O1)
is a 2L × 2L matrix. It is usually sparse if |O1) is some local
operator, e.g., σ x

1 . After some iterations, one begins to gener-
ate nonsparse matrices |On), and the computation is limited
by the memory to store such matrices. The nonsparsity of the
basis |On) is a property both for integrable and nonintegrable
models unless, for the former, a suitable Majorana basis is
available to perform the expansion.

The idea behind the Pauli string representation is to over-
come the nonsparsity of the matrix representation, and below
we summarize the discussion in [23]. For spin systems, a Pauli
string is a series of tensor products of Pauli matrices on each
site as follows:

iδ (−1)ε
(
σ z

1

)v1
(
σ x

1

)w1 ⊗ · · · ⊗ (
σ z

L

)vL
(
σ x

L

)wL
, (A6)

where δ, ε, vn,wn ∈ {0, 1}. Thus, one only requires to store
2L + 2 numbers and each of them is either 0 or 1, for a given
Pauli string. Since σ xσ z = −iσ y and the identity corresponds
to setting v = w = 0, the Pauli string representation indeed
exhausts all possible combinations of local spin operators.
For two given Pauli strings σ and σ ′, labeled by {δ, ε, �v, �w}
and {δ′, ε′, �v′, �w′}, the new Pauli string generated from the
commutation σ ′′ = [σ, σ ′] obeys the algebra rules

δ′′ = δ + δ′ mod 2, (A7)

ε′′ = ε + ε′ + δδ′ + �w · �v′ mod 2, (A8)

�v′′ = �v + �v′ mod 2, (A9)

�w′′ = �w + �w′ mod 2. (A10)
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FIG. 7. Off-diagonal matrix element bn of the Krylov Hamilto-
nian for the seed operator σ z

1 and for the transverse-field Ising model
with different perturbations. Without perturbations, bn is dimerized.
For the boundary impurity Jzσ

z
1 σ z

2 , bn’s follow a square-root growth.
With perturbation on all sites Jz

∑
i σ

z
i σ z

i+1, bn’s grow linearly.

For an operator represented by Pauli strings, there are over-
all (2L + 2) × N numbers, where N is the number of Pauli
strings since it requires another N-dimensional vector to store
the coefficients of each Pauli string. As long as N is much
smaller than 2L × 2L, the Pauli string representation is ef-
ficient in the memory cost. However, it is time consuming
to add or subtract operators which consist of many Pauli
strings because one has to scan through all the Pauli strings
of each operator to determine if the two operators contain
the same Pauli string. Addition and subtraction are much
simpler operations in matrix representation. Therefore, one
may choose either the matrix or the Pauli string representation
in numerical computation depending on how fast the number
of Pauli strings grows and how many off-diagonal elements bn

one needs to compute.
In Fig. 7, we show the system-size-independent results of

{bn} generated by |O1) = σ x
1 . Numerically, we calculate {bn}

with increasing system size until {bn} is independent of system
size. We employ the matrix representation for the model with
perturbations on all sites, and we employ the Pauli string rep-
resentation for the boundary impurity and the free case. The
growth of {bn} reflects the integrability of the system. Without
any perturbation, the system is free and {bn} are perfectly
dimerized, which allows for an exactly conserved zero mode
localized on the first site. In particular, (A5) becomes a Su-
Schrieffer-Heeger (SSH) model with topologically nontrivial
dimerization. However, the perfect dimerization is altered by
interactions and it is argued [23] that a linear growth appears
when the system is chaotic, e.g., perturbations on all sites of a
chain in Fig. 7. When integrability is broken at the boundary,
we observe a square-root behavior of {bn}. The square-root
behavior is also seen in the integrable interacting model of
the XXX chain (see [23]). In what follows, as suggested by
the numerics in Fig. 7, we assume a square-root growth of
the bn for the boundary impurity model superimposed on a
nonzero dimerization, and we use this property for building a
toy model.

To understand how {bn} is related to the decay rate of
edge zero mode, we follow and summarize the discussion in
Refs. [11,13]. First, one can write the Schrödinger equation of
the operator from (A2) and (A5),

−i∂t
n = bn
n+1 + bn−1
n−1, (A11)

where 
n are the coefficients of the operator 
 expanded
in Krylov space, |
) = ∑∞

n=1 
n|On). Since for the nonin-
teracting case the bn are perfectly dimerized, we proceed by
decomposing 
n and bn into two parts


n = in[αn + (−1)nα̃n], (A12)

bn = hn + (−1)nh̃n, (A13)

where hn depicts the average growth of bn and h̃n senses the
dimerization of bn. The Schrödinger equation then becomes

− i∂t [αn + (−1)nα̃n]

= i[(hnαn+1 − h̃nα̃n+1 − hn−1αn−1 − h̃n−1α̃n−1)

+ (−1)n(h̃nαn+1 − hnα̃n+1 + hn−1α̃n−1 + h̃n−1αn−1)].

(A14)

Since (−1)n is rapidly oscillating, the Schrödinger equa-
tion can be solved by equating the terms with and without
(−1)n on both sides. Now, we assume αn, α̃n, hn, and h̃n are
slowly varying and smooth functions of n. In the continuous
limit of n, we expand hn±1 ≈ h(n) ± ∂nh(n) and the same
expansions for h̃n±1, αn±1 and α̃n±1. In addition, we only keep
terms up to one derivative. One obtains

−i∂t

(
α

α̃

)
= i

(
∂nh + 2h∂n −2h̃ + ∂nh̃

2h̃ − ∂nh̃ −∂nh − 2h∂n

)(
α

α̃

)
. (A15)

The diagonal terms can be massaged into simple linear spatial
derivatives. First, by rescaling fields (α α̃)T = χ/

√
h, ∂nh is

canceled. Then, absorbing 2h into n via the change of vari-
ables

X =
∫ n

0

dn′

2h(n′)
, (A16)

one finally arrives at

−i∂tχ = [−iσz∂X + σym(X )]χ, (A17)

where m(X ) = 2h̃ − (∂X h̃)/2h. Essentially, we have approx-
imated the generalized SSH model in Krylov space as a
continuous 1D Dirac equation with spatially nonuniform mass
that contains information about the dimerization of bn. In the
following, we first extract the information from numerical
results and then apply the above toy model to compute how
the decay rate is influenced by the boundary impurity.

Figure 8 shows the system-size independent bn up to n =
100 with g = 0.6 and Jz = 0.2, and determines hn and h̃n from
the bn as follows:

hn ≈ bn + bn+1

2
, (A18)

h̃n ≈ (−1)n bn − bn+1

2
. (A19)
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FIG. 8. Off-diagonal matrix element bn (left panel). hn (middle panel) and h̃n (right panel) are generated according to (A18) and (A19). As
bn’s follow square-root growth, both hn and h̃n are plotted on the

√
n scale. hn describes the average growth of bn and is fitted with a

√
n + b.

h̃n illustrates the dimerization of bn, which only survives up to
√

n ∼ 6. Also plotted is the moving seven-sites average 〈h̃n〉7 as a smooth
approximation for the h̃n.

Here we present hn and h̃n in
√

n scale since the bn follow a
square-root growth. One can approximate hn (middle panel) as
hn ≈ a

√
n + b and the new spatial coordinate X from (A16)

is

X =
√

n

a
− b ln(1 + a

√
n/b)

a2
. (A20)

For h̃n and its seven-site moving average 〈h̃n〉7 (right
panel), the dimerization only survives up to

√
n ∼ 6, and

therefore the edge zero mode has to decay eventually. The
moving average 〈h̃n〉7 mimics the slowly varying continuous
h(n) in the toy model. In the new coordinate X , h̃n and 〈h̃n〉7

are presented in Fig. 9. To determine the mass of the toy model
and perform analytic calculations, we first approximate the
mass by m(X ) ≈ 2h̃(X ). This is because the moving average
〈h̃n〉7 is rather smooth and h grows with X , so that (∂X h̃)/2h
can be dropped. Then, we fit 〈h̃n〉7 with a step function pro-
file M0θ (X0 − X )/2 for analytic simplicity. Thus, the mass is
approximated to be m(X ) ≈ 2h̃(X ) ≈ M0θ (X0 − X ).

FIG. 9. h̃n vs coordinate X . The seven-sites moving average 〈h̃n〉7

is fitted with the step function M0θ (X0 − X )/2, where M0/2 is fitted
from the value of the first 〈h̃n〉7 or the maximum of 〈h̃n〉7. In this
case, they happen to be the same, giving one fitting result. X0 is fitted
by extrapolating the 〈h̃n〉7 data to find the smallest X0 where 〈h̃n〉7

becomes M0/4.

For a given mass distribution, one can solve the Green’s
function of the toy model (A17), and from that extract the
decay rate of the edge zero mode from the pole of the Green’s
function on the positive imaginary axis in the complex plane.
To find the pole of the Green’s function, one can solve the
scattering problem because the transmission and reflection
coefficients share the same poles as the Green’s function. The
scattering solution for an incident wave coming from X = ∞,
with a step function mass distribution, for X < X0 is

χ (X < X0) = eiEt

[
A1e−κX

( −iM0

iκ + E

)
+ A2eκX

( −iM0

−iκ + E

)]
,

(A21)

and for X > X0 is

χ (X > X0) = eiEt

[
eiE (X−X0 )

(
0
1

)
+ Be−iE (X−X0 )

(
1
0

)]
,

(A22)

where κ =
√

M2
0 − E2. The coefficients A1, A2, and B are

determined by boundary conditions at X = 0 and X0. In
the original discrete Schrödinger equation (A11), the bound-
ary condition at n = 0 is 
0 = α0 + α̃0 = 0. In terms of
the toy model, one obtains the boundary condition at
X = 0: σxχ (0) = −χ (0). At X = X0, the wave function is
continuous: χ (X → X −

0 ) = χ (X → X +
0 ). From these two

conditions, the coefficients can be solved for and they share
the common factor in the denominator. The poles are the value
of E at which the common denominator vanishes:

κ cosh(κX0) − m sinh(κX0) + iE sinh(κX0) = 0. (A23)

For the decay rate of edge zero mode, one is looking for the
solution E = i� of the above equation. In the limits �/M0 �
1 and M0X0 � 1, the solution is the WKB approximation

� ≈ 2M0e−2M0X0 . (A24)

We compare the numerical results of the poles with the WKB
formula in Fig. 10, and find that they are in good agreement at
M0X0 > 2.

Although we have performed a crude approximation to
establish the toy model and extract information from hn and
h̃n, the underlying physical picture is quite simple. The de-
cay of the edge zero mode can be realized as a tunneling

165143-9



HSIU-CHUNG YEH et al. PHYSICAL REVIEW B 108, 165143 (2023)

FIG. 10. Comparison between decay rates from the pole of the
Green’s function (A23) and from WKB (A24). Although WKB is
typically valid when M0X0 � 1, the numerical results already show
a good agreement for M0X0 > 2.

event. Without integrability-breaking perturbations, the sys-
tem has perfect dimerization and X0 → ∞ so that the zero
mode has an infinitely long lifetime. With perturbations, the
dimerization terminates at some finite X0 and the edge zero
mode becomes unstable as it can now tunnel through the
finite potential barrier M0. When one gradually turns off the
perturbation Jz, approaching the free limit, X0 strongly de-
pends on Jz as X0 → ∞ with Jz → 0, but M0 stays around
some O(1) number. Therefore, the J2

z dependence in the FGR
region is expected to arise from the exponential factor of
the WKB result, i.e., we expect M0X0 ∝ − ln Jz, where the
Jz dependence primarily comes from X0. Figure 12 shows
results from the two different fittings of Fig. 11. It shows
the trend M0X0 ∝ − ln Jz, supporting the FGR argument in
the main text. One advantage of Krylov space is that one
can probe the small-Jz region more easily than calculating the
autocorrelation function. We take Jz to be as small as Jz = 0.1
in Figs. 12 and 11, but this regime is rather unfeasible for
the autocorrelation function which shows strong system-size

FIG. 12. M0X0 vs Jz. The results come from fitting M0 from
Fig. 11 in two different ways. In fit 1, M0 equals the first 〈h̃n〉7

while in fit 2 M0 equals the maximum of 〈h̃n〉7. The plot shows
M0X0 ∝ − ln Jz, in agreement with a decay rate ∝ J2

z .

dependence. However, the decay rate from the toy model is
sensitive to the way the fitting is done, as shown in Fig. 12. As
the oscillations of 〈h̃n〉7 become stronger for small Jz, fitting
M0 and X0 from a step function is rather ambiguous. A more
careful analysis of the numerical data is required for small Jz.
For the region of g, Jz we have explored, we conclude that the
decay rate obeys FGR.

APPENDIX B: QUASICONSERVED OPERATOR
FOR FINITE SPIN CHAINS

The analysis of the edge spin autocorrelation function in
Sec. III revealed the existence of a nonlocal quasiconserved
operator Oc responsible for the observed plateau at interme-
diate times. Here we give the explicit construction of this

FIG. 11. hn (top panels) and h̃n (bottom panels) for g = 0.6 with different boundary impurity strengths Jz. hn is fitted with a
√

n + b. The
seven-sites moving average 〈h̃n〉7 is fitted with the step function M0θ (X0 − X )/2, where M0/2 can is fitted from the value of the first 〈h̃n〉7 or
by its maximum value. X0 is fitted by extrapolating the 〈h̃n〉7 data to find the smallest X0 where 〈h̃n〉7 becomes M0/4. This leads to two different
fitting results.
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operator from the commutation algebra of a finite spin chain.
We consider the two Hamiltonians

H̃A
L =

L−1∑
i=1

σ x
i σ x

i+1 + g
L−1∑
i=1

σ z
i + Jzσ

z
1σ z

2 , (B1)

H̃B
L =

L−1∑
i=1

σ x
i σ x

i+1 + g
L−1∑
i=1

σ z
i + Jz

L−2∑
i=1

σ z
i σ z

i+1. (B2)

Above, the first Hamiltonian (B1) is the TFIM perturbed
by boundary interactions, and with g = 0 on the last site.
The second Hamiltonian (B2) has interactions on all sites,
except the last site where both g = Jz = 0. It is clear that
both Hamiltonians commute with the Z2-symmetry (parity)
operator D = σ z

1σ z
2 . . . σ z

L .
One can attempt to find a conserved operator Oc satisfying[

H̃A,B
L , OA,B

c

] = 0,
{
D, OA,B

c

} = 0. (B3)

One way to proceed is to expand Oc as a power series

Oc =
∞∑

n=0

Jn
z

( ∞∑
m=0

gmO(n,m)
c

)
, (B4)

starting from O(0,0)
c = σ x

1 , similar to the approach in [3,27].
As shown in these references, Eq. (B3) can be solved at any
order in g, Jz, though the series has to be truncated due to the
rapid growth in the number of terms.

In the following, we outline another procedure for solving
for Oc, which is mathematically equivalent to the time-
average construction in Sec. III. For a given system size L,
Oc is a 2L × 2L matrix and can be expressed as a linear
combination of 2L × 2L orthonormal Pauli string operators,

Oc = α1σ
x
1 + α2σ

y
1 + α3σ

z
1σ x

2 + α4σ
z
1σ

y
2 + · · · . (B5)

To determine the coefficients {α}, one has to solve a homoge-
neous equation

LH̃ |Oc) = 0, (B6)

where LH̃ |Oc) = [H̃, Oc] and |Oc) is a vector with 2L × 2L

coefficients {α}. By setting H̃ = H̃A
L or H̃ = H̃B

L , one can
solve for the corresponding Oc in these two models. The
solution of |Oc) is the linear combination of eigenvectors in
the zero eigenvalue sector of LH̃ . In Sec. III, Oc is defined as
the time average of σ x

1 (t ). In the vector representation of the
operator, |σ x

1 (t )) = exp [iLH̃ t]|σ x
1 ). Therefore, the time aver-

age can be realized as the projection onto the zero eigenvalue
sector of LH̃ ,

Oc ∝ lim
T →∞

1

T

∫ T

0
dt eiLH̃ t

∣∣σ x
1

) =
N∑

j=1

|λ j )
(
λ j

∣∣σ x
1

)
, (B7)

where {|λ j )} are orthonormal eigenvectors of LH̃ with zero
eigenvalue and N is the size of this sector. The terms with |σ x

1 )
projected onto nonzero eigenvalue sectors oscillate in time
and will vanish in the time average. According to (B7), one
obtains another equivalent construction of Oc.

Brute force diagonalization of LH̃ is much less efficient
than time averaging for large system sizes. Although (B6)
can be reduced to a smaller vector space by the constraint
of anticommutation with Z2 parity, e.g., a single σ z

1 operator
actually does not contribute in (B5), this reduction is still
limited. Nevertheless, the homogeneous equation (B6) can be
solved analytically for small system sizes via symbolic com-
putation in Mathematica, which might bring the insight to the
construction of zero mode to generic models. In the algorithm,
(B6) is first simplified by Gaussian elimination, which leads
to constraints on the coefficients {α}. Since we are only inter-
ested in solutions with nonzero overlap with σ x

1 , we require
that α1 �= 0 in (B5), and we denote the n linearly independent
solutions as {Oc;1, Oc;2, . . . , Oc,n}. Note that these n linearly
independent solutions are not orthonormal. One first normal-
izes {Oc;1, Oc;2, . . . , Oc,n} to obtain {oc;1, oc;2, . . . , oc;n} and
then performs a Gram-Schmidt algorithm to obtain orthonor-
mal eigenvectors {|λ1), |λ2), . . . , |λn)}. Initially, we set |λ1) =
|oc;1). Iteration for j > 1 follows:

|λ′
j ) = |oc; j ) −

j−1∑
i=1

|λi)(λi|oc; j ), (B8)

|λ j ) = |λ′
j )√

(λ′
j |λ′

j )
, (B9)

where the inner product is defined as (A|B) = Tr[A†B]/2L.
Note that the distinct strings of spin operators form an or-
thonormal basis with respect to this inner product. Also,
the number n of orthonormal eigenvectors could be smaller
than the size of the zero eigenvalue sector N in (B7) since
only the eigenvectors with nonzero overlap with σ x

1 are in-
cluded in the algorithm. Finally, one may construct Oc based
on (B7).

In the following, we present explicit expressions for the
linearly independent solutions {OA;L

c; j } and {OB;L
c; j } of H̃A

L and
H̃B

L for small system sizes. For L = 3, H̃A
3 = H̃B

3 and therefore
OA;3

c; j = OB;3
c; j . There are two independent solutions,

OL=3
c;1 = σ x

1 + gσ z
1σ x

2 + g2σ z
1σ z

2σ x
3 − Jzσ

y
1 σ

y
2 σ x

3

+ Jzg
(
σ z

1 + σ z
2

)
σ x

3 , (B10)

OL=3
c;2 = g2σ x

1 − gJzσ
x
1 σ z

2 + g
(
g2 − J2

z

)
σ z

1σ x
2

+ gJz
(
1 + g2 − J2

z

)
σ z

2σ x
3 + Jz

(
g2 − J2

z

)
σ x

1 σ x
2 σ x

3

+ gJz
(
g2 − J2

z

)
σ z

1σ x
3

+ g2
(
g2 − J2

z

)
σ z

1σ z
2σ x

3 , (B11)

where the superscripts A and B are omitted. Interestingly,
these two operators are distinct for Jz > 0 but reduce to the
zero mode of the TFIM (4) as Jz → 0,

OL=3
c;1,2 → ψ0 ∝ σ x

1 + gσ z
1σ x

2 + g2σ z
1σ z

2σ x
3 . (B12)

A particular consequence is that, after normalization, the
overlap of OL=3

c;1,2 with σ x
1 is of O(1) in Jz. By expressing

OL=3
c;1,2 in terms of Majoranas, the interactions lead to the
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three-Majorana terms (terms with Jz)

OL=3
c;1 = a1 + ga3 + g2a5 − iJza2a3a5 − igJza3a4a5

− igJza1a2a5, (B13)

OL=3
c;2 = g2a1 + g

(
g2 − J2

z

)
a3 + g2

(
g2 − J2

z

)
a5

+ igJza1a3a4 − iJz
(
g2 − J2

z

)
a1a4a5

− igJz
(
g2 − J2

z

)
a3a4a5

− igJz
(
1 + g2 − J2

z

)
a1a2a5. (B14)

For chain length L = 4, H̃A
4 �= H̃B

4 , and indeed OA
c and

OB
c are different. For the impurity model H̃A

4 , there are four
linearly independent solutions OA;L=4

c;1,...,4 with nonzero overlap
with σ x

1 , but the overlap vanishes as Jz → 0. However, this
seems to be an artifact of the L = 4 case as we have checked
different system sizes up to L = 7. For the model with inter-
actions on all sites H̃B

4 , there are five linearly independent
solutions OB;L=4

c;1,...,5 with nonzero overlap with σ x
1 . Of these,

three of them have O(1) overlap with σ x
1 and the other two

have O(Jz ) overlap. Explicitly, the simplest operator is

OB;L=4
c;1 = 3a1 + 3ga3 + 3g2a5 + 3g

(
g2 + J2

z

)
a7

− iJza1a3a6 − 3iJza2a3a5 − igJza3a6a7

− igJza1a4a7 − 3igJza3a4a5 − 4igJza4a5a7

− 4igJza2a3a7 − 4igJza1a2a5

− 5ig2Jza5a6a7 − 6ig2Jza3a4a7

+ i(1 − 5g2)Jza1a2a7 − ga1a3a4a6a7

− ga1a2a3a5a6 − g2a2a3a5a6a7 − g2a1a2a4a5a7

− g2a1a2a3a4a5 + g
(
1 − g2 − J2

z

)
a1a2a5a6a7

+ g
(
1 − g2 − 4J2

z

)
a1a2a3a4a7

− g
(
g2 + 4J2

z

)
a3a4a5a6a7. (B15)

For Jz → 0, note that OB;L=4
c;1 → ψ0 + (five Majorana terms),

which indeed gives an O(1) overlap with a1 = σ x
1 . For L =

5, 6, 7, one can also find conserved quantities OA,B;L
c , with

overlap of O(1) with σ x
1 , i.e., a1. Since there are too many

solutions of the quasiconserved operators, we simply show the
overlap of a full set of linearly independent OA,B;L

c;i with a1 for
L = 5 in Fig. 13.

The square norm of a1 projected on the vector space
spanned by {|λ j )} is defined as

P(a1)2 =
n∑

j=1

|(λ j |a1)|2. (B16)

This accounts for the value of the late-time plateau of the auto-
correlation function according to (B7). As we show in Fig. 14,
the projected norm decreases with the size of the chain L, and
is expected to approach the values of the plateaus in Fig. 3
upon extrapolation to L = 10. We can understand the decrease
of the norm of this operator as due to its delocalization. As we
noted in Eqs. (B13)–(B15), for a longer chain the conserved
operators Oc involve longer Majorana strings and the number
of possible strings increases exponentially. Figure 14 shows

FIG. 13. A basis of the conserved operators OA,B
c which overlap

with a1 = σ x
1 for size L = 5 . We plot the overlap as a function of Jz.

We see that for both the impurity model H̃A
5 (top panel) and the model

with interactions on all sites H̃B
5 (bottom panel) there are conserved

quantities with an overlap of order 1 for small Jz. For the impurity
model there are also conserved quantities with overlap of order Jz.

that the number of terms involving longer strings of Majoranas
indeed increases very rapidly, which leads to the Oc becoming
less localized on the first site. Note also that, while the number
of terms increases at the same rate for both the impurity model
and the model with interactions on all sites, in the impurity
model the weight of the longer strings is smaller, which is
consistent with this model displaying higher plateaus (Fig. 3).

APPENDIX C: RANDOM STATE APPROXIMATION
AND TROTTER DECOMPOSITION

Due to the limitations of ED, a different numerical method
is needed in order to explore autocorrelation functions for
large system sizes. The autocorrelation of σ x

1 (2) is explicitly
written as

A∞(t ) = 1

2L
Tr
[
U †(t )σ x

1 U (t )σ x
1

]
, (C1)

where U (t ) is the unitary evolution operator. One can re-
place the last σ x

1 by (σ x
1 + I), where I is the identity matrix,

since Tr[σ x
1 ] = Tr[σ x

1 (t )] = 0 so that the autocorrelation stays
the same. Moreover, with (σ x

1 )2 = I, one derives the iden-
tity (σ x

1 + I) = (σ x
1 + I)2/2. By cyclic permutation in the
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FIG. 14. Top panel: Squared norm of the projection of the edge
spin σ x

1 = a1 onto the subspace of operators spanned by {|λ j )}.
For both models, this projection becomes smaller for a larger chain,
signaling that the resulting plateau observed in the autocorrelation
function becomes smaller. Bottom panel: Number of terms as a func-
tion of string length in the conserved operator OA,B;L=7

c with largest
overlap with the edge spin. The rapid increase in the number of terms
is responsible for the delocalization of the conserved quantities.

trace, the autocorrelation function has the following symmet-
ric form:

A∞(t ) = 1

2L
Tr

[(
σ x

1 + I
)

√
2

U †(t )σ x
1 U (t )

(
σ x

1 + I
)

√
2

]
. (C2)

Now, we approximate the trace by average over a Haar random
state |φ〉 up to O(1/

√
2L ) corrections

A∞(t ) ≈
〈
φ

∣∣∣∣∣
(
σ x

1 + I
)

√
2

U †(t )σ x
1 U (t )

(
σ x

1 + I
)

√
2

∣∣∣∣∣φ
〉
. (C3)

This approximation can be justified by the following ar-
gument. For a Haar random state expanded in eigenstate
bases, |φ〉 = ∑2L

n=1 cn|n〉, typically each coefficient cn has size
1/

√
2L with a random phase. For a given matrix M, the aver-

age over a Haar random state is

〈φ|M|φ〉 =
2L∑

n=1

|cn|2〈n|M|n〉 +
2L∑

n,m=1
n �=m

c∗
ncm〈n|M|m〉, (C4)

where the first term leads to Tr[M]/2L since |cn|2 ∼ 1/2L.
The difference between Haar random state average and the
trace comes from the second term. To estimate the size of the

second term, we take the square of it:

2L∑
n,m=1
n �=m

2L∑
k,l=1
k �=l

c∗
ncmc∗

k cl〈n|M|m〉〈k|M|l〉

=
2L∑

n,m=1
n �=m

|cn|2|cm|2|〈n|M|m〉|2 ∼ 1

2L

1

2L
Tr[M†M]. (C5)

Due to the randomness of the coefficients, only the terms with
n = l and m = k survive in the summation. In the last line,
|cn|2 ∼ |cm|2 ∼ 1/2L and the identity

∑
n,m |〈n|M|m〉|2 =

Tr[M†M] are used. Although the identity is only true when
the summation includes n = m terms, it does not matter here
since one only needs to estimate the order of magnitude of
this summation. In this paper, we focus on M = σ x

1 (t )σ x
1 and

Tr[M†M]/2L = O(1). Therefore, the Haar random state aver-
age gives a good approximation of the trace up to O(1/

√
2L )

corrections as we claim in (C3).
Based on (C3), we define a new time-evolving state

|φ̃(t )〉 = U (t )[(σ x
1 + I)/

√
2]|φ〉, and the autocorrelation be-

comes

A∞(t ) ≈ 〈φ̃(t )|σ x
1 |φ̃(t )〉. (C6)

This representation of the autocorrelation function has ad-
vantages for large system sizes. It costs much less memory
resources to evolve a state with 2L components than perform-
ing ED on a 2L × 2L matrix. However, the computation time
depends linearly on t as the number of time steps to evolve |φ̃〉
to |φ̃(t )〉 is proportional to t .

For a unitary evolution in time step dt , we apply Trotter
decomposition,

U (dt ) ≈ e−iHxxdt e−iHzdt e−iHzzdt , (C7)

where Hxx, Hz, and Hzz correspond to the three terms in the
Hamiltonian (1). The many-body state is represented in the σ z

basis so that e−iHzdt e−iHzzdt is diagonal. The nearest-neighbor
interaction terms in Hxx commute with each other so that
e−iHxxdt is a series product of nearest-neighbor unitary evo-
lution. The unitary evolution in one time step is explicitly
expressed as

U (dt ) ≈
⎡
⎣L−1∏

j=1

{
cos (dt ) − i sin (dt )σ x

j σ
x
j+1

}⎤⎦e−iHzdt e−iHzzdt ,

(C8)

where e−iHzdt e−iHzzdt is a diagonal matrix with 2L non-zero
elements and σ x

j σ
x
j+1 permutes different many-body states and

is a sparse matrix with 2L nonzero elements. Thus, these
objects are efficient in memory resources, but the overall
computation time increases with system size.

Figure 15 shows the comparison between ED and the
approximate method just described, with time steps dt =
0.1, 0.2 (top panel). dt = 0.1 is consistent with ED results.
However, to reduce the computation time, we take dt = 0.2
in the main text such that the key features of the autocorre-
lation function are still captured. We sacrifice some precision
in order to explore larger system sizes. The energy fluctua-
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FIG. 15. Top panel: Autocorrelation function calculated by ED
and by random state average with Trotter decomposition dt =
0.1, 0.2. For dt = 0.1, the approximate results agree well with ED.
With dt = 0.2, there are slight deviations from ED but still the key
features of ED are captured. Bottom panel: Energy fluctuations for
the random state average with Trotter decomposition. The energy
difference is measured from the initial energy at t = 0. The fluctu-
ations are larger for larger time step. Both dt = 0.1, 0.2 do not show
a steady heating, consistent with a high-frequency driving related to
2π/dt � 1.

FIG. 16. Energy fluctuations in the results of the random state av-
erage with Trotter decomposition dt = 0.2, and for different system
sizes. The energy difference is measured from the initial energy at
t = 0. As the system size increases, the energy fluctuations decrease.

tion in the bottom panel of Fig. 15 confirms that the system
is not heating because of the high-frequency drive (small
time step). The fluctuations become smaller for smaller time
steps as one expects energy conservation to be recovered
in the continuous-time limit. Figure 16 shows the energy
fluctuations for different system sizes. The fluctuations are
suppressed for larger system sizes.

APPENDIX D: FERMI’S GOLDEN RULE

We present the full derivation of the FGR decay rate of the
infinite-temperature autocorrelation of the zero modes. The
full Hamiltonian consists of two parts: the perturbing inter-
action V and the unperturbed Hamiltonian H0. The unitary
evolution up to time t is

U (t ) = e−i(H0+V )t . (D1)

The time evolution of the zero modes up to time t , ψ0(t ) =
U (t )†ψ0U (t ), can be expressed as

ψ0(t ) = ei(L0+LV )tψ0, (D2)

where the notations are as follows: L0ψ0 = [H0, ψ0] and
LV ψ0 = [V, ψ0]. The infinite-temperature autocorrelation is
given by

A∞(t ) = 1

2L
Tr[ψ0(t )ψ0]. (D3)

We will only expand up to second order in V and denote A∞,n

as the autocorrelation function to nth order in V . The time-
order expansion of ψ0(t ) up to second order in LV is

ψ0(t ) ≈ eiL0tψ0 +
∫ t

0
dt ′eiL0 (t−t ′ )(iLV )eiL0t ′

ψ0

+
∫ t

0
dt ′′

∫ t

t ′′
dt ′eiL0(t−t ′ )(iLV )eiL0(t ′−t ′′ )(iLV )eiL0t ′′

ψ0.

(D4)

At the zeroth order, one does not pick up any terms containing
LV , so that

A∞,0(t ) = 1

2L
Tr[{eiL0tψ0}ψ0] = 1, (D5)

where we have used the commutation relation of the
zero mode L0ψ0 = 0 and also employed the normalization
Tr[ψ0ψ0]/2L = 1. Note that while L0ψ0 is not exactly zero
for a finite system, it is exponentially small in system size and
negligible in the computation of decay rate.

At first order, LV appears once in the expansion

A∞,1(t ) = 1

2L

∫ t

0
dt ′Tr[{eiL0(t−t ′ )(iLV )eiL0t ′

ψ0}ψ0]. (D6)

With cyclic permutation within the trace, one can show that
Tr[{eiL0t O1}O2] = Tr[O1{e−iL0t O2}] for arbitrary operators
O1 and O2. Also, from the commutation relations, the first-
order expansion is further simplified as

A∞,1(t ) = 1

2L

∫ t

0
dt ′Tr[{(iLV )ψ0}ψ0] = 0, (D7)

which is traceless due to the cyclic property of trace:
Tr[{LV ψ0}ψ0] = Tr[ψ0{−LV ψ0}] = 0.
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FIG. 17. The infinite-temperature autocorrelation of ψ̇0, B∞ =
Tr[ψ̇0(t )ψ̇0]/2L . Jz is the boundary impurity strength and the results
are Jz independent after multiplying by 1/J2

z . The top panel shows a
fast decay that supports the approximation in (D12). The fluctuations
become large at a later time for L = 10, which is the revival effect
of a finite-size system. This can be clearly seen in the bottom panel,
where the revivals move to later times as the system size increases.
To take finite system size into account, we truncate the integral of t
in (9) up to the minimum value in the bottom panel. We obtain the
decay rate � = 0.16J2

z for g = 0.6.

Finally, for the second-order correction, LV appears twice
in the expansion:

A∞,2(t ) = 1

2L

∫ t

0
dt ′′

∫ t

t ′′
dt ′Tr[{eiL0(t−t ′ )(iLV )eiL0(t ′−t ′′ )

× (iLV )eiL0t ′′
ψ0}ψ0]. (D8)

As we have learned from the first-order expansion, eiL0(t−t ′ )

and eiL0t ′′
contribute an overall factor 1. Then, one associates

the first iLV with the last ψ0 by cyclic permutation. One
obtains

A∞,2(t ) = − 1

2L

∫ t

0
dt ′′

∫ t

t ′′
dt ′Tr[ψ̇0(t ′ − t ′′)ψ̇0]

= − 1

2L

∫ t

0
dt ′′

∫ t

0
dt ′θ (t − t ′ − t ′′)Tr[ψ̇0(t ′)ψ̇0]

= − t

2L

∫ t

0
dt ′
(

1 − t ′

t

)
Tr[ψ̇0(t ′)ψ̇0], (D9)

where we define ψ̇0 = iLV ψ0 and ψ̇0(t ) = eiL0t ψ̇0. In the
third line, we shift t ′ → t ′ + t ′′ and impose the Heaviside
theta function to preserve time order.

On combining the above results, the autocorrelation func-
tion up to second order in V is

A∞(t ) ≈ A∞,0(t ) + A∞,2(t ), (D10)

where

A∞,0(t ) = 1, (D11)

A∞,2(t ) = − t

2L

∫ ∞

0
dt ′Tr[ψ̇0(t ′)ψ̇0]. (D12)

Note that we approximate the upper bound of the integral t by
∞, and therefore the (1 − t ′/t ) in the summation is replaced
by 1. Since we study quantities where the lifetime is long, t is
chosen to be a large number. In addition, Tr[ψ̇0(t ′)ψ̇0] decays
fast with a timescale that is much smaller than t . Therefore,
we can simply replace t by ∞ in the integral.

The autocorrelation function with decay rate � can be
formulated as A∞(t ) = e−�t ≈ (1 − �t ). By comparing this
to the second-order expansion, we obtain the FGR decay
rate

� = 1

2L

∫ ∞

0
dt Tr[ψ̇0(t )ψ̇0(0)], (D13)

which is (9) in the main text.
Figure 17 demonstrates the numerical computation

of the infinite-temperature autocorrelation B∞(t ) =
Tr[ψ̇0(t )ψ̇0]/2L, and the decay rate derived from it based
on (9). The top panel validates the approximation in (D12)
where (1 − t ′/t ) is replaced by 1. The numerical time integral
is truncated at the minimum in the bottom panel to account
for finite system size effects.
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