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Modeling interlayer interactions and phonon thermal transport in silicene bilayers
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We develop an accurate interlayer pairwise potential derived from the ab initio calculations and investigate
the thermal transport of silicene bilayers within the framework of equilibrium molecular dynamics simulations.
The electronic properties are found to be sensitive to the temperature with the opening of the band gap in the
� → M direction. The calculated phonon thermal conductivity of bilayer silicene is surprisingly higher than
that of monolayer silicene, contrary to the trends reported for other classes of two-dimensional materials like
graphene and hBN bilayers. This counterintuitive behavior of the bilayer silicene is attributed to the interlayer
interaction effects and inherent buckling, which lead to a higher group velocity in the LA1/LA2 phonon modes.
The thermal conductivity of both the mono- and bilayer silicene decreases with temperature as κ ∼ T −0.9 because
of the strong correlations between the characteristic timescales of heat current autocorrelation function and
temperature (τ ∼ T −0.75). The mechanisms underlying phonon thermal transport in silicene bilayers are further
established by analyzing the temperature induced changes in acoustic group velocity.
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I. INTRODUCTION

Silicene is an intriguing two-dimensional (2D) material
with a unique in-plane atomic configuration analogous to
graphene and out-of-plane structural similarities with other
classes of 2D materials [1–3]. The structural uniqueness
inherent to silicene offers several distinguishable physical
and electronic properties [4]. Silicene has garnered tremen-
dous interest in the past decade due to the existence of
remarkable flexural phonon scattering [5], electro-optic ef-
fects [6], quantum anomalous Hall effect [7], spin-orbit
couplings [8], giant magnetoresistance [9], and tunable band
structure [10]. The flexural phonon scattering in silicene limits
the thermal conductivity to low values, opening new av-
enues for technological applications such as thermoelectric
devices. More interestingly, the structural and compositional
superiority makes silicene compatible with silicene based
electronics [11] and state-of-the-art semiconductor fabrication
technologies [12].

The bilayer silicene poses interesting challenges for tech-
nological applications [13–16] and, therefore, understanding
the underlying physical mechanisms is essential. A major-
ity of the investigations carried out so far focused on the
electronic properties of bilayer silicene [17–20]. Despite sig-
nificant progress in elucidating the electronic properties of
mono- and bilayer silicene 2D materials, the phonon ther-
mal transport and the underlying fundamental heat transport
mechanisms are poorly understood [21]. Specifically, while
there exist only a few computational works reporting the
thermal conductivity of monolayer silicene, there is little
work [22] on the thermal conductivity of the bilayer.
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Understanding the thermal transport mechanisms in unique
2D materials like silicene has fundamental importance from
both the scientific and the technological points of view [23].
Technological application of these 2D materials in ther-
mal interfacing applications, thermoelectric devices require
thorough understanding of phonon transport at higher tem-
peratures [24]. As a result, both theoretical and experimental
efforts have been undertaken to understand the thermal trans-
port in these materials. Thermal conductivity of monolayer,
bilayer, and twisted bilayers of graphene, h-BN, etc. have
been studied extensively with monolayer graphene showing
the highest thermal conductivity. Similarly, many works have
focused on the dependency of thermal conductivity with the
external factors like strain, temperature, twist, etc. The ther-
mal conductivity in silicene and the interplay of interactions
is not well understood due to the challenges involved in mod-
eling these materials [24,25].

The computational studies of monolayer silicene focused
on the thermal conductivity and its dependency on temper-
ature [26], strain [27,28], vacancy [29], and substrate [30].
The first principles based calculations estimated the thermal
conductivity of silicene to be 9.4 W/(m K) at room tem-
perature, mainly due to the in-plane vibrations [31]. Using
the reactive force field (ReaxFF) model, molecular dynamics
(MD) study found the silicene monolayer to be thermally
stable up to a temperature of 1500 K [32]. Earlier work based
on the Tersoff bond order potential [33] based MD simulations
estimated the thermal conductivity to be 20 W/(m K) [34],
but failed to reproduce the buckled structure of silicene. Sim-
ilarly, the modified embedded atom model (MEAM) potential
incorrectly predicts the buckling height (twice the reported
value) in silicene [35]. Stillinger-Weber (SW) potential pa-
rameters modified by Zhang et al. [36] could reproduce the
buckling of silicene monolayer in agreement with experi-
ments and first principle density functional theory (DFT)
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studies. The modified SW potential parameter set produces
the thermal conductivity of the monolayer to be in the range
5–15 W/(m K) at 300 K, employing both equilibrium and
nonequilibrium molecular dynamics (EMD and NEMD) ap-
proaches [36].

Despite the above, there is no consensus on how the
thermal conductivity of monolayer silicene scales with tem-
perature and the corresponding phonon mechanisms. More
importantly, the investigations on phonon thermal properties
of multilayered silicene suffer a serious lack of the avail-
ability of a suitable interlayer potential. In this work, we
optimize the Lennard-Jones (LJ) pairwise interaction potential
to accurately capture the interlayer interactions using the ab
initio DFT calculations. The optimized interlayer LJ potential
model is used for studying the structure and thermal transport
properties of the silicene bilayer. Specifically, we study the
effect of temperature on the structural, electronic, and thermal
conducting properties of the silicene bilayer. Moreover, we
compare the thermal transport of the silicene bilayer to that of
the monolayer. The thermal conductivity results of silicene are
explained through the calculation of mode dependent phonon
properties of the bilayer and monolayer systems. The phonon
characteristic timescales associated with the heat current auto-
correlation functions and the phonon dynamics are thoroughly
analyzed to examine the origins behind the power-law scaling
relation between thermal conductivity and temperature.

The rest of the paper is organized as follows. Section II
presents the theoretical formalism and computational details
followed in the paper. Section III presents the results obtained
in the study, followed by a discussion, and Sec. IV summa-
rizes the key results of the paper. We present the structural
information in Sec. III A and the optimization of LJ parame-
ters is detailed in Sec. III B. The effect of temperature on the
structural configurations is described in Sec. III C followed
by the calculations of thermal conductivity in Sec. III D.
Section III E explains the thermal conductivity by analyzing
phonon modes.

II. THEORETICAL BACKGROUND
AND COMPUTATIONAL DETAILS

We use the ab initio density functional theory framework
as implemented in QUANTUM ESPRESSO [37,38] to predict
the ground-state interlayer separation between silicene layers.
The exchange-correlation (XC) energy was estimated using
the Perdew-Burke-Ernzerhof (PBE) functional [39] of the
generalized gradient approximation (GGA). It is noteworthy
to mention that the GGA-PBE functional commonly leads
to an underestimation of the van der Waals (vdW) interac-
tions in layered materials like graphene and h-BN, where
the π -bonding network plays a critical role in determining
their properties. However, the interactions in bilayer or mul-
tilayered silicene materials are predominantly governed by
strong covalent bonds that disrupt the π -bonding network
between the layers and, therefore, integrating the empirical
vdW correction schemes into our DFT calculations is un-
necessary (more details are available in the Supplemental
Material [40]; see also Refs. [41–43] therein). The projec-
tor augmented wave (PAW) [44] method for pseudopotential
is used to address the electron core interactions. For our

calculations, plane waves with a kinetic energy cutoff of
110 Ry for wave function and 880 Ry for charge density
have been used with a Monkhorst-Pack [45] k-point grid
of 32 × 32 × 1. We have minimized the Hellmann-Feynman
forces acting on the atoms to 5 × 10−4 eV/Å and the total
energy convergence threshold is 10−6 eV.

The molecular dynamics simulations have been carried out
in the large-scale atomic/molecular massively parallel sim-
ulator (LAMMPS) [46]. In our approach, we have employed
SW [47] potential to describe the intralayer interactions,
while the interlayer interactions are modeled using the LJ
potential. Specifically, the atoms within a given layer interact
exclusively through the SW potential and the atoms of differ-
ent layers interact solely via the LJ potential. The parameters
governing the SW potential have been adopted from Zhang
et al. [36], while the parameters for the LJ model are subject
to refinement within the scope of this study. The Hamiltonian
used in our classical physics calculations is given by

H = K.E. + �intra + �inter, (1)

where the terms on the right-hand side represent the kinetic
energy, intralayer interaction potential, and interlayer inter-
action potential of the system, respectively. The term �intra

takes the following form:

�intra =
∑

i

∑
j>i

∑
l

φ2(ri jl )

+
∑

i

∑
j �=i

∑
k> j

∑
l

φ3(ri jl , rikl , θi jkl ). (2)

In the above equation, ri jl represents the distance between the
ith and jth atom of the lth layer and θi jkl represents the angle
between the ith, jth, and kth atom of the lth layer. The terms
φ2 and φ3 are respectively given by

φ2
(
ri jl

) = Ai jlεi jl

[
Bi jl

(
σi jl

ri jl

)pi jl

−
(

σi jl

ri jl

)qi jl
]

× exp

(
σi jl

ri jl − ai jlσi jl

)
(3)

and

φ3(ri jl , rikl , θi jkl ) = λi jklεi jkl [cos θi jkl − cos θ0i jkl ]
2

× exp

(
γi jlσi jl

ri jl − ai jlσi jl

)

× exp

(
γiklσikl

rikl − aiklσikl

)
. (4)

Here, a, λ, γ , cos θ0, A, B, p, q are the force field parameters
defining the interaction potential terms, taken from Zhang
et al. [36]. The interlayer potential, �inter is of the Lennard-
Jones form:

�inter =
∑
i∈L1

∑
j∈L2

φ(ri j ), (5)

where

φ
(
ri j

) = 4ε

[(
σ

ri j

)12

−
(

σ

ri j

)6
]
, ri j < rc. (6)
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Here, σ and ε are the parameters of the potential and ri j

is the distance between ith and jth atoms of different lay-
ers. The global cutoff for LJ is chosen to be rc = 20 Å,
which is more than five times σ . For optimization of the
LJ parameters for bilayer silicene, we have calculated the
binding energy using the equations EDFT/MD

b = EDFT/MD
bilayer −

EDFT/MD
layer1 − EDFT/MD

layer2 , where EDFT
b and EMD

b are the binding
energy from DFT and MD calculations, respectively. Here,
EDFT

bilayer, EDFT
layer1, and EDFT

layer2 are the total energies of the bi-
layer and the monolayers from DFT calculations and EMD

bilayer,
EMD

layer1, and EMD
layer2 are the total energies of the bilayer and the

monolayer from MD simulations. We minimize the following
objective function to get the optimized σ and ε:

χ2 = 1

W

∫ ∞

0

∣∣EDFT
b (r) − EMD

b (r)
∣∣2

w(r)dr (7)

≈ 1

W

rcut∑
ri

∣∣EDFT
b (ri ) − EMD

b (ri)
∣∣2

w(ri ), (8)

where r specifies the interlayer separation between two sil-
icene layers and w(ri ) is the weight function, defined as

w(r) = exp

[
−

(
r − r0

ζ

)2
]
, (9)

where r0 is the minima of LJ potential and ζ controls the
amplitude of w(r) around the minima. We note that the choice
of w(r) is not unique and a relevant weight function can
be chosen so that the significant part of the LJ potential is
represented correctly.

We have applied the periodic boundary condition (PBC) in
all three directions. To create aperiodicity and to prevent the
interactions between the bilayer system and its images in the
z direction, we have created 50 Å of vacuum in the simula-
tion cell. Energy minimization using the conjugate gradient
(CG) [48] and steepest descent (SG) algorithms have been
conducted with energy tolerance of 10−8 and force tolerance
of 10−8 eV/Å. The minimized structures have been equili-
brated in the isothermal-isobaric (NPT) ensemble at different
temperatures starting from 300 K to 1000 K and at 0 bar
pressure for 300 ps. The Nosé-Hoover thermostat [49,50] and
the Nosé-Hoover barostat [51] with a temperature coupling
constant of 0.1 ps and pressure coupling constant of 1 ps
have been used for maintaining a constant temperature and
pressure, respectively. The systems are then equilibrated in
a canonical (NV T ) ensemble for 300 ps. The Verlet algo-
rithm [52] with time step 1 fs has been used to integrate the
equation of motion.

For the generation of production trajectories for the
calculations of thermal conductivity, we simulated larger tra-
jectories in an NV T ensemble. A total of 30 independent
trajectories are generated using uncorrelated initial condi-
tions. Each independent trajectory of length 2 ns is generated
using a time step of 0.1 fs.

We have used the Green-Kubo (GK) relation based on
the fluctuation-dissipation theorem to calculate the thermal
conductivity of the systems using the following relation:

κ(T ) = 1

V kBT 2

∫ ∞

0
〈S(0) · S(t )〉dt, (10)

where V is the volume, kB is the Boltzmann constant, and
T is the temperature of the system. The ensemble average
〈S(0) · S(t )〉 represents the autocorrelation function of the
heat current operator S(t ), which is calculated from the simu-
lation data as

S(t ) = d

dt

∑
i

riẼi, (11)

where ri is the position vector concerning the ith atom and
Ẽi = Ei − 〈Ei〉 represents the fluctuation in total energy with
respect to the mean energy. S(t ) is numerically computed in
the following way:

S(t ) =
∑

i

Ẽivi + 1

2

∑
i< j

[F i j · (vi + v j )] ri j, (12)

where F i j is the force between atom i and atom j, vi is the
velocity, and ri j is the displacement of ith and jth atoms.

The phonon density of states (DOS) of the systems are
calculated at different temperatures using the velocity auto-
correlation function (VACF) as follows:

D(ω) = 1

3NkBT

∫ ∞

0

〈v(0) · v(t )〉
〈v(0) · v(0)〉eiωt dt, (13)

where 〈v(0) · v(t )〉 defines the VACF, ω is the angular fre-
quency, and N is the number of atoms in the system. Notably,
a simulation trajectory of 250 ps with a finer time step of 0.05
fs and a saving frequency of 0.2 fs is used for the NV T run
to capture higher resolution in VACF and obtain a smoother
DOS. The trajectory is recorded at a time interval of 0.2 fs.

We use the equilibrium statistical mechanics formalism
based on the fluctuation-dissipation theorem to construct the
dynamical matrices [53] of phonon wave vector using the
following equation:

Dkα,k′β (q) = (mkmk′ )−
1
2 �kα,k′β (q). (14)

Here, the force constant coefficient �kα,k′β (q) at phonon wave
vector q is obtained from

�kα,k′β (q) = kBT G−1
kα,k′β (q). (15)

If the displacement of the kth basis atom in the unit cell in the
α direction is

ukα (q) =
∑

l

ulka exp(iq · rl ), (16)

then the Green’s function coefficient can be given as

Gkα,k′β (q) = 〈ukα (q) · u∗
k′α (q)〉. (17)

To calculate the phonon dispersion, we have used a post-
processing tool, PHANA [54], along with the fix-phonon
package [55] as implemented in LAMMPS. The group velocity
is calculated as follows:

vg(qν) = ∇qω(qν) = ∂ω(qν)

∂q

= 1

2ω(qν)

∂[ω(qν)]2

∂q

= 1

2ω(qν)
〈e(qν)|∂D(q)

∂q
|e(qν)〉. (18)
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FIG. 1. (a) Crystal structure [36] and the snapshot of equilibrated
monolayer silicene displaying out-of-plane corrugations in vacuum
at 300 K (b) crystal structure and the snapshot of equilibrated bilayer
silicene displaying out-of-plane corrugations at 300 K. Due to the
substratelike effect on the silicene as a result of interlayer interac-
tions, we observe suppressed spatial fluctuation on the bilayer system
compared to the monolayer.

Here, e(qν) is the phonon eigenvector at a frequency ν at
q. We have used PHONOPY [56,57] interfaced with PHONO-
LAMMPS for calculating the group velocity at different
temperatures.

III. RESULTS AND DISCUSSION

A. Structural configuration

We consider the low-buckled geometry of monolayer sil-
icene, which is the most stable structure of silicene [21]. The
hexagonal lattice with a lattice constant of 3.81 Å and Si-Si
bond length of 2.24 Å with a buckling height of 0.427 Å
is taken for our calculation as per previous reports [36]
[Fig. 1(a)]. The unit cell follows symmetry operations as
followed by the C2/m space group. We extend this unit cell to
create a 32 × 32 × 1 supercell with 2048 Si atoms [Fig. 1(b)]
for subsequent MD simulations. We use the SW2 potential
parameters provided by Zhang et al. [36] to describe interlayer
interactions. The parameter set is based on the acoustic part
of the phonon dispersion curve responsible for the maximum
contribution to thermal conductivity. The optimized geometry
obtained using the SD and CG minimization protocols agrees
well with the lattice parameters reported. Our DFT calcula-
tions confirm the electronic band structure with the Dirac cone
at 0 K point and the nonmagnetic nature of the monolayer in
the ground state [21]. To construct the bilayer, we align one
layer on top of the other monolayer so that an AA stacking
is obtained. Since no known suitable and accurate interlayer
interaction potential exists for bilayer silicene, we develop the
LJ potential model. The additional degree of freedom unique
to silicene results in a multitude of stacking possibilities,
encompassing various buckling and lattice constants. These
include AA-planer, AA-buckled, AA′, AB, AB′, and A′B′,
which were explored theoretically to comprehend electronic
properties [13,42,43]. Our forthcoming work will focus on de-
veloping manybody interlayer interaction potentials tailored

FIG. 2. Binding energy with interlayer separation for bilayer sil-
icene. The black curve is the reference DFT data used for deriving
LJ parameters. The optimized parameters are used for all subsequent
MD simulations. The red-colored curve is the binding energy curve
obtained using the optimized LJ parameters (ε = 0.0346 eV and
σ = 2.586 Å).

for silicene, enabling an understanding of thermal transport
in multilayer buckled silicene structures. In the present study,
we employ the pairwise potential for the AA-stacked bi-
layer silicene to study thermal transport, acknowledging the
complexity of more comprehensive many body potentials for
diverse stackings.

B. Optimization of the force field parameters

Developing an appropriate potential for modeling the in-
terlayer interactions is a challenging yet crucial task. In the
past, many interlayer potentials such as DRIP, KC, and ILP
have been developed for graphene and other similar 2D ma-
terials [58–60]. Though robust and effective in modeling
complex geometry such as twisted bilayers and multilayers,
simulations with these potentials are computationally highly
expensive. Here, we aim to explore the pristine bilayer sys-
tem without twisting or rotational asymmetry. As such, for
simplicity, we develop the pairwise LJ potential to model the
interactions between two silicene layers. The reference force
field parameters ε and σ are based on the unified force field
(UFF) model of Rappe et al. [61] and a global cutoff rc =
20 Å, which is more than five times σ is taken. Previously,
in many studies concerning silicene, Si-Si interactions are
modeled using the UFF parameters. However, the interlayer
separation (d) produced by these parameters is inaccurate.
Using the UFF LJ parameters, molecular mechanics mini-
mization produces an interlayer separation of 3.95 Å, which
we plan to optimize by tuning ε and σ . However, our DFT
calculations with PBE-GGA density functional show the bind-
ing energy is minimum at an interlayer separation of 2.79 Å
compatible with previous studies [42,43]. Therefore, we op-
timize the LJ parameters by taking the UFF as the starting
approximation. We have plotted the binding energy curve as
a function of the interlayer separation in Fig. 2. It is clear
that the UFF model parameters are far off from our DFT
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TABLE I. Crystal structures of the monolayer and bilayer sil-
icene in the ground state (0 K) used in our calculations.

a (Å) � h (Å) Space group

Monolayer 3.812 0.427 C2/m
Bilayer 3.794 0.460 P-3m1

calculation and the literature [42,43]. We obtain the min-
imized ε and σ by optimizing the χ2 function [Eq. (8)]
following the simplex algorithm developed by Nelder and
Mead [62]. The developed force field parameters for the LJ
potential are ε = 0.0346 eV and σ = 2.586 Å using weight
function parameter ζ = 0.3 Å. Here, we have introduced the
weight function parameter to model the minimum of the
binding energy curve accurately. Based on this optimized in-
terlayer potential and the intralayer SW potential, the unit cell
of the bilayer considered in this work follows the symmetry
operations of the P-3m1 space group. Using the developed LJ
force field parameters, the obtained lattice constant is 3.7941
Å, the buckling height is 0.460 Å, and the bond length is 2.238
Å. In Table I, we summarize the structural information of the
systems used in our study. Clearly, there is a slight increase in
the buckling height while the lattice constant decreases by a
bit. We observe that the optimized LJ parameters obtained by
us produce the interlayer separation as well as lattice param-
eters and buckling height of bilayer silicene consistent with
the first-principles DFT calculations and in agreement with
the literature [42,43] at 0 K. Our DFT calculations with both
ferromagnetic and antiferromagnetic orderings reveal that the
bilayer is most stable in the nonmagnetic state. Further details
on the validity of our potential is given in the Supplemental
Material [40] (see also Refs. [17,58,59,63] therein). Despite
satisfactorily reproducing the structural features of bilayer
silicene correctly, we note that the optimized LJ potential in
this work has limited capabilities in the sense that it is most
accurate only for the AA-stacked silicene, which it is based
on.

C. Effect of temperature on structural features

Because of the buckled topology and structural complexity,
silicene is expected to show high sensitivity to temperature.
In this section, we discuss the results of structure, electronic,
and phononic properties as a function of temperature. We use
a molecular dynamics trajectory of 500 ps in the isothermal-
isobaric ensemble to calculate the structural parameters for the
bilayer system at all temperatures. Prior to that, we equilibrate
the system in the canonical ensemble for 500 ps at the re-
spective temperatures. The results of temperature dependency
of interlayer separation, buckling height, and the change in
lattice constant are explored in Fig. 3. We observe a mono-
tonic increase in the interlayer distance between the layers as
the temperature is increased [Fig. 3(a)]. This results from the
repulsion between layers due to the increased thermal motion
of the atoms at high temperatures. However, a sharp decrease
in buckling height is observed with temperature till 500 K due
to the fact that the lattice constant is increasing [Fig. 3(b)].
The buckling height is apparently a constant in the range of
500–750 K and slightly increases till 1000 K. Compared to

FIG. 3. Variation of structural parameters with temperature:
(a) interlayer separation, (b) buckling height, and (c) percentage
deviation of the lattice constant with respect to the corresponding
value at 0 K. (d) The electronic band structure and (e) the phonon
dispersion along the � → K → M → � symmetry directions. The
solid black line represents the Fermi level in the electronic band. The
solid curve represents 0 K and the dashed curve represents 300 K
temperature for both band structures.

the monolayer, the buckling height is less sensitive to tem-
peratures beyond 500 K. We find that there is little change in
the lattice constant with the temperature in bilayer compared
to the monolayer. In Fig. 3(c), we plot the % deviation of the
lattice constant with respect to the value at 0 K. The maximum
observed deviation in the lattice constant is only 0.8% at an el-
evated temperature of 1000 K. Counterintuitively, we observe
that the lattice constant increases with temperature till 300 K
and shows a decreasing trend till 500 K. This is not the case in
the monolayer silicene, indicating interlayer interactions and
changes in buckling height might collectively result in the
unusual trends for the lattice constant. In Fig. S2(a) (in the
Supplemental Material [40]), we find that, as the temperature
increases, there is a monotonic decrease in the lattice constant
from ∼3.81 to ∼3.71 Å as the temperature is increased from
0 K to 1000 K. However, it is well known that the lattice ther-
mal expansion of 2D materials varies widely with the choice
of interatomic potentials [64–67]. An accurate description of
these properties will require the use of ab initio molecular
dynamics simulations (AIMD). We will address the behavior
thermal expansion of bilayer silicene with accurate AIMD in
future communication. As expected, we observe significant
corrugations in the monolayer and bilayer silicene (Fig. 1)
at finite temperatures. The degree of corrugations is slightly
suppressed in bilayer silicene compared to its monolayer
counterpart. In the case of the bilayer, one layer of silicene
acts as the substrate stabilizing the other layer, compatible
with previous studies on silicene based heterostructures [68].

The electronic structure and phonon properties exhibit
pronounced sensitivity to structural changes induced by tem-
perature variations. To investigate the effect of temperature,
we employ DFT to calculate the electronic band structure
along the � → K → M → � direction [Fig. 3(d)] for the
structures predicted by classical simulations at 0 and 300 K.
Surprisingly, our calculations indicate the presence of a Dirac
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cone at 0 K, contrary to previous findings [69]. This difference
highlights a significant issue with the structures predicted by
classical molecular mechanics. It serves to emphasize that the
SW+LJ model, even after refinement in our study, is inad-
equate for predicting structures intended to be subsequently
used when performing electronic structure calculations using
DFT.

We also calculate the temperature effects on phonon dis-
persion in the same high symmetry direction as the electronic
band structure in the q space [Fig. 3(e)]. We observe that
both the optical and acoustic branch of the phonon spectrum
undergoes redshifting as the temperature is increased with
a higher redshift in the optical phonon branch compared to
the acoustic branch. More details about the phonon modes
and the effect of temperature are discussed in Sec. III E. In
summary, we see significant and unconventional changes in
the structural, electronic, and phononic behavior of the bilayer
compared to the monolayer counterpart with the increase in
temperature. In the following section, we shed light on how
the above results affect thermal transport in the bilayer system.

D. Thermal conductivity of bilayer silicene

The thermal transport properties of a material are charac-
terized by thermal conductivity. Using the EMD simulations,
we calculate the thermal conductivity of the silicene bi-
layer. The equilibrium approach uses the Greek-Kubo relation
[Eq. (10)], which integrates the heat current autocorrelation
function (HCACF) to calculate the thermal conductivity. In
Fig. 4(a), we calculate the normalized HCACF of bilayer
silicene as a function of correlation time or lag time, τ . We
observe that the correlation function decays exponentially
with oscillations till ∼50 ps, beyond which there is a negli-
gible contribution to thermal conductivity. For calculating the
thermal conductivity, we simulated 30 independent trajecto-
ries with a length of 1 ns with a trajectory saving frequency
of 0.02 fs. We note that the choice of the number of inde-
pendent trajectories strictly depends on the convergence of
the system and the desired accuracy. Figure 4(b) shows the
thermal conductivity calculated from individual runs and the
average thermal conductivity based on 30 independent runs as
a function of the upper limit of the GK integral. The thermal
conductivity converges after about ∼20 ps of correlation time
for 300 K. For higher temperatures, κ converges faster, which
can be attributed to the lower lifetime of phonons at higher
scattering. However, to reduce errors, we have taken 100 ps
as the cutoff correlation time, based on the decay of the heat
current autocorrelation function for estimating the thermal
conductivity.

Our calculations show that the thermal conductivity of the
silicene bilayer is 14.8 ± 0.3 W/(m K) at room temperature,
much lower than planar 2D materials such as graphene and
h-BN. We see an unusual increase in the thermal conductivity
of about ∼15% in bilayer silicene compared to the monolayer
system. This is contrary to previously reported trends for
graphene and h-BN [70,71]. A further understanding of this
result requires a detailed analysis of phonons conducted in
Sec. III E. We notice a monotonic decrease in the thermal
conductivity of both the mono- and bilayer systems with tem-
perature [Fig. 4(c)], similar to other 2D materials. We attribute

FIG. 4. (a) Averaged (over 30 independent runs) normalized
HCACF as a function of correlation or lag time at 300 K, (b) the
thermal conductivity calculated using 30 independent trajectories
(dashed black curve) and the average thermal conductivity (solid
black curve) with the upper limit of the Green-Kubo integral
[Eq. (10)] at 300 K, and (c) the thermal conductivity of silicene
mono- and bilayer as a function of temperature. The filled-in circles
and the solid line represent the simulation data and the fit to power
law κ ∼ T −0.93 for the monolayer system, respectively. The open
circles and the dashed line represent the simulation data and the
fit to power law κ ∼ T −0.88 for the bilayer system. The power-law
fitting shows the decreasing trend of the thermal conductivity with
temperature for both the monolayer and bilayer. The bilayer silicene
system shows a higher magnitude of thermal conductivity than the
monolayer.

this decrease in thermal conductivity to phonon-phonon umk-
lapp processes. At higher temperatures, the umklapp process
increases significantly, thus reducing the thermal conductivity.
Since the thermal conductivity is ideally found to be inversely
proportional to temperature, we fit κ to a power law and obtain
κ ∼ T −0.93 for monolayer and κ ∼ T −0.88 for bilayer silicene,
with an overall trend to be κ ∼ T −0.9. The deviation from
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FIG. 5. (a) Characteristic timescales associated with short-range
(τ1) and long-range (τ2) correlations as a function of temperature.
The filled-in symbols and solid lines represent the simulation data
and the power-law fit for the monolayer system, respectively. The
open symbols and the dashed lines represent the simulation data and
the power law fit for the bilayer system. Short-range characteristic
timescales are shown in diamonds and the long-range characteris-
tic timescales are shown in circles. (b) Thermal conductivity as a
function of the long-range characteristic timescales. Other legends
are the same as that of Fig. 4. It is evident that the temperature has
the same effect on τ as it has on κ , which explains convincingly that
κ ∼ T −0.93.

the ideal scaling of T −1 for both systems is only marginal.
This deviation from ideal T −1 law might be to the quasi-
harmonic nature of the scattering resulting from higher order
effects [72].

To further understand the deviation from ideal κ ∼ T −1

law, we fit the correlation functions with two exponential
functions such that

〈S(0) · S(t )〉
〈S(0) · S(0)〉 = a0 exp(−t/τ1) + (1 − a0) exp(−t/τ2).

(19)
The fitting gives two characteristic times—a short-range char-
acteristic time, τ1, and a long-range characteristic time, τ2.
We find that τ1 is less than τ2 signifying a faster decay at a
lower correlation time (below ∼5 ps). Further, both the τ1 and
τ2 decrease with the increase in temperature [Fig. 5(a)]. This
indicates a lower phonon mean free path with the increase in
temperature [72]. The lowering of the phonon mean free path
contributes to the decrease in thermal conductivity at higher
temperatures. We analyze the correlation between character-
istic times and temperature in Fig. 5(a) and, by fitting to a
power law, we see that for both the monolayer and bilayer
systems scale as τ1 ∼ T −0.75 and τ2 ∼ T −0.77. To investigate
the existence of any scaling relation between the character-
istics times and the thermal conductivity, in Fig. 5(b), we
compare κ and τ2, the long-range characteristic time, as it con-
tains more intricacies of phonons. It is found that the thermal
conductivity has a linear relation with the characteristics time
(κ ∼ τ2) qualitatively. Although this simple analysis provides
a significant outlook, to further understand the behavior of

bilayer silicene compared to other 2D materials, we explore
the dependency of phonon modes in systems with temper-
ature in the subsequent section. We note that the quantum
corrections are not incorporated in our calculations due to the
unreliable estimate of the quantum effects using these tech-
niques. No classical counterpart of zero point energy exists;
hence every quantum correction is deemed unreliable [73].
Since the main goal of this work is to compare and understand
the effect of temperature and interactions on thermal transport,
our classical results are valid for all considerations.

E. Phonons in bilayer silicene

To understand the effect of interlayer interactions and
temperature on thermal conductivity, we have systematically
analyzed the phonon dynamics in the silicene systems. The
phonon density of states provides insights into how the
phonon modes contribute to the thermal conductivity of the
systems. We calculate the phonon density of states and the
phonon partial density of states to understand how the phonon
density is influenced by the in-plane and out-of-plane motion
of the atoms. The phonon density of states, calculated from
the MD simulations, is simply a Fourier transform of the
VACFs. We plot the normalized VACF and the contribution
of the out-of-plane component to the VACF as a function of
the correlation or lag time in Fig. S3(a) (in the Supplemental
Material [40]). We find that the VACF decays to zero after
∼10 ps of correlation time. Hence the maximum time limit
for the integration in Eq. (13) is taken as 50 ps, which is more
than sufficient for all the fluctuations to die out. Interestingly,
the out-of-plane component shows lesser fluctuations over
the whole range of correlation time. We plot the rescaled
phonon DOS for the silicene bilayer and monolayer system in
Fig. 6(a). We note that the acoustic mode density blueshifts
in the bilayer, which results in an increased thermal con-
ductivity of the bilayer silicene compared to the monolayer.
The flexural component of the DOS contributes to total DOS
at lower frequencies but decays to zero at the optical fre-
quencies. Nevertheless, both the acoustic and optical modes
are blueshifted for the bilayer system. For understanding the
effect of temperature on phonon DOS, the total phonon den-
sity of states for the bilayer is plotted at 300 K, 500 K, and
1000 K temperatures in Fig. 6(b). It is explicit that there
is a monotonic decrease in intensity in the phonon disper-
sion curve with temperature. The redshift in the peak on the
phonon DOS [Fig. S3(b) in the Supplemental Material [40]]
directly correlates to the decrease in thermal conductivity with
temperature for both the silicene systems [74]. This softening
of the phonon modes with temperatures is, in fact, due to the
increase in the interatomic and interlayer separations.

In Fig. 7(a), we have plotted the group velocity of the
bilayer system at 300 K. From the calculations, it is found that
the flexural ZA1/ZA2 phonon modes have less group velocity
than the other acoustic modes, i.e., TA1/TA2 and LA1/LA2.
This observation points to the fact that, due to the inherent
buckling, the flexural modes are prone to higher scattering
than the in-plane modes and, thus, possess lower group veloc-
ity. Naturally, the thermal conductivity due to flexural modes
is expected to be limited, unlike in the cases of graphene and
h-BN [70]. However, in silicene, the LA modes contribute the
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FIG. 6. (a) Phonon DOS as a function of the angular frequency
of vibration for monolayer (solid black curve) and bilayer (solid red
curve) silicene. The absolute value is rescaled to better represent the
dependency on the interactions. Flexural contribution is plotted with
dashed lines (black and red for monolayer and bilayer, respectively).
(b) Dependency of phonon DOS on temperature for bilayer silicene.
Black, red, and blue curves represent 300 K, 500 K, and 1000 K,
respectively. The intensity of the phonon density of state decreases
with temperature due to increased phonon scattering rate at high
temperatures.

most to the thermal conductivity [30]. Among the acoustic
modes, the LA1/LA2 modes have higher group velocity in
bilayer silicene [Fig. 7(a)]. We observe a blueshift of phonon
branches apparent in the bilayer compared to the monolayer

FIG. 7. (a) Phonon group velocity with angular frequency in
bilayer silicene at 300 K, (b) variation of the group velocity for the
bilayer at 300 K, 500 K, and 1000 K temperatures, (c) variation of the
group velocity for monolayer (black circles) and bilayer (red circles),
and (d) comparison of phonon band structure for monolayer (black
curve) and bilayer (red curve) at 300 K. The acoustic branches are
represented with solid curves while the optical branches are repre-
sented with dashed curves. We observe that group velocity decreases
with increased temperature, leading to reduced thermal conductivity.
However, LA1/LA2 mode velocities are increased in the bilayer
compared to the monolayer leading to higher thermal conductivity.

system [Fig. 7(b)], similar to the blueshift seen in the phonon
DOS. Overall, it is found that the bilayer phonon modes have
higher group velocities compared to the monolayer system.
Although bilayer silicene is found to possess lower flexural
group velocity [Fig. 7(b)], the much higher magnitude of the
group velocity of the LA1/LA2 modes explains the unusually
higher thermal conductivity of the bilayer silicene compared
to the monolayer counterpart. With temperature, there is a
monotonic decrease in the group velocity of the bilayer sys-
tem, shown in Fig. 7(c). As the temperature is raised, the
scattering probability of phonons increases, leading to higher
collisions which decrease the group velocity. The reduced
group velocity leads to a lowered thermal conductivity of
the systems, as discussed in the previous section. Clearly,
the redshifting of phonon modes directly correlates with the
decrease in thermal conductivity.

We use the classical molecular dynamics trajectories to
calculate the phonon dispersion of the monolayer and bilayer
systems. This approach of calculating the phonon dispersion
agrees well with the phonon dispersion for the monolayer
calculated using the density functional perturbation theory
(DFPT) [Fig. S4(a) in the Supplemental Material [40]] and
the phonon spectral energy density (SED) method [Fig. S4(b)
in the Supplemental Material [40]] in the � → M direction.
Since our method with the classical potentials reproduces the
results of quantum calculations within a reasonable limit for
uncertainties [Fig. S4(a) in the Supplemental Material [40]],
we use the classical mechanics based techniques for simplic-
ity. The phonon dispersion curve calculated for the bilayer
[Fig. S4(c) in the Supplemental Material [40]] and the mono-
layer systems [Fig. S4(a) in the Supplemental Material [40]]
shows a similar trend. We notice a blueshift in both the op-
tical and the acoustic branches of the bilayer compared to
the monolayer, which directly corresponds to the increase
in the thermal conductivity in the bilayer [Fig. 7(d)]. It is
found that the in-plane and out-of-plane modes are strongly
coupled in monolayer silicene due to inherent buckling [36].
The flexural acoustic modes also experience a dampening
effect due to the increased buckling induced out-of-plane scat-
tering. However, because strong interlayer interactions exist
between the silicene layers, the bonding leads to the genera-
tion of high-velocity LA1/LA2 elastic waves. Generally, this
is observed in the case of substrate layer interactions, where
increasing the interaction strength leads to higher thermal
transport [75,76]. This high velocity of the LA1/LA2 modes
contributes the most to the thermal conductivity of silicene,
thereby increasing the thermal conductivity of the bilayer
compared to the monolayer system. To examine the effect of
interaction strength on the group velocity of silicene bilayers,
we have carried out a few simulation experiments by manually
changing essentially the interaction parameter ε appearing in
the LJ interaction potential. To implement this, we introduced
a scaling parameter λ in the LJ potential such that φ(ri j ) =
4λε[( σ

ri j
)12 − ( σ

ri j
)6]. We have calculated the group velocities

associated with the LA phonon modes of the bilayer silicene
systems for two different values of λ (i.e., 0.5 and 1.5), to
change the strength of interaction by 50% weaker and 50%
stronger with respect to the value of interaction parameter ε

optimized in this work. In short, we observe that the group
velocities of LA phonons have a positive correlation with
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the strength of interaction in the studied range of interaction
strength (Fig. S5 in the Supplemental Material [40]). Fur-
ther, the thermal conductivity also exhibits similar changes
with a reduced thermal conductivity of 12.9 ± 0.4 W/(m K)
for λ = 0.5, consistent with the changes observed for the
group velocities. Thus the enhancement of LA1/LA2 phonon
group velocities induced by stronger interlayer interactions ul-
timately contributes to unusually higher thermal conductivity
in the bilayer silicene.

IV. CONCLUSIONS

In summary, we developed accurate parameters of pairwise
LJ potential for modeling interlayer interactions between sil-
icene layers and investigated the phonon thermal transport of
mono- and bilayer silicene with the Green-Kubo approach.
The developed set of parameters correctly predicts the inter-
layer separation between the layers and phonon band structure
in agreement with the ab initio DFT calculations [17].

The interlayer interactions and temperature play a major
role in determining the thermal transport properties of the
silicene layered materials. Notably, the behavior of ZA1/ZA2

modes in bilayer silicene exhibits a reduction in group ve-
locity when compared to the monolayer silicene systems.
However, intriguingly, the thermal conductivity in bilayer sil-
icene is found to be higher than that in monolayer silicene
at any given temperature, which is attributed to the enhance-
ment in group velocity of LA1/LA2 modes arising due to
strong covalent interactions. Furthermore, the temperature-
dependent variation of silicene’s thermal conductivity follows
a power-law relationship, consistent with the trends observed
in other two-dimensional materials. This decrease in ther-
mal conductivity follows a scaling trend of κ ∼ T −0.9, which

diverges from the typically reported κ ∼ T −1 scaling, owing
to the quasiharmonic nature of phonon scattering at elevated
temperatures.

Our investigation has revealed insights into the intricate
phonon transport mechanisms inherent in bilayer silicene, fa-
cilitated by the development of interlayer pairwise interaction
potential parameters. Specifically, our analysis establishes that
the phonon thermal conductivity correlates excellently with
the underlying relaxation timescales associated with the de-
cay of heat current autocorrelation functions. In addition to
understanding the phonon mechanisms in slicene systems,
our study may pave forward their potential utility in thermal
interfacing devices and thermoelectric applications. We pro-
pose further experimental as well as theoretical studies at the
first-principles level to further establish the complete nature
of thermal transport in silicene.
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