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Enhanced Smith-Purcell radiation based on quasibound states in the
continuum in dimers aligned in a chain
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In this work we theoretically investigate the radiation from electrons passing along a periodic chain of
dimers—the particles consisting of two coupled subwavelength parts. High-quality resonances can be excited in
dimers due to interaction between the constituent particles, making quasibound states in the continuum. We show
that at the resonant frequencies, the intensity of Smith-Purcell radiation increases sharply. Although numerical
analysis is performed for the dimers consisting of two equal-coupled particles, the theory constructed is valid
for more general binary objects consisting of two different subwavelength-coupled particles of arbitrary form
and dielectric properties, and we have formulated the analytical conditions describing this effect. We prove that
there is a wide range of the parameters for which Smith-Purcell radiation can be boosted by up to two orders
of magnitude. Apparently, the effect can be even stronger with an appropriate choice of parameters. A resonant
mechanism of enhancement of Smith-Purcell radiation paves the way to the novel and very effective radiation
source based on metasurfaces made of resonant elements.
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I. INTRODUCTION

Bound states in the continuum (BICs) are known from the
pioneering research of von Neuman and Wigner [1]. Their
work, being for that moment a pure mathematical abstraction,
can be called a play of the intellect: in quantum mechanics,
to choose the form of the potential so that the eigenmodes of
the energy spectrum would lay in the region of the continuous
spectrum of the propagating modes of the neighboring space.
That is, the bound states must be inside a zone forbidden to
them. BICs do not interact with any of states of the continuum
spectrum (i.e., cannot emit or absorb any wave). Such states
characterized by an infinite quality factor cannot be observed.
In reality, however, the “spoiled” BICs, or quasi-BICs, can
describe high-quality resonances in a continuous spectrum.
Since BICs (and quasi-BICs) have a wave nature, they take
place not only in quantum mechanics, but also in photonics
[2–4] and other areas of physics [4–6].

Recently, BICs became the object of study in physics of
radiation by free electrons, where they are considered a way
of increasing of radiation intensity. In general, the standard
way to increase the intensity of radiation from a beam of
Ne electrons is to implement a coherent mode so that the
radiation intensity will be proportional to N2

e . The most fa-
mous example of this kind is free-electron lasers (FELs).
Today, the European x-ray FEL and the FEL of the Linac
coherent light source are the brightest radiation sources cre-
ated by humankind. However, the question arises: are there
other mechanisms of radiation amplification in addition to the
coherent one? And here, the idea of using quasi-BICs opens
new horizons.

*tishchenko@mephi.ru

Back in 1994, Zhevago and Glebov [7] semiqualitatively
considered the problem of radiation amplification for a single
particle in the form of a protrusion—a hemisphere on the
surface of a metal. In Ref. [8], the effect of amplification of
the field acting on average on an individual film particle (the
so-called local field) surrounded by similar particles was con-
sidered. It was demonstrated that the amplification caused by
the local field effect can be of almost two orders of magnitude.
Actually, though in Refs. [7] and [8] the term BIC was not
used, high-quality resonances were considered there, and are
now considered in terms of quasi-BICs.

The next step has been made just recently. Yang et al. [9]
demonstrated that the contribution of quasi-BICs can be so
significant that nonrelativistic electrons can achieve stronger
Smith-Purcell radiation (SPR) than relativistic ones (they even
called it “a new operation regime”). Song et al. [10] came to
a similar conclusion about slow electrons when considering
Cherenkov radiation [10]. In a recent series of papers, Chen
et al. also considered the effect of enhancement of SPR near
quasi-BIC resonances, both for plain [11] and cylindrical grat-
ings [12,13]. Similar to other modern papers on this problem
(with the exception of Ref. [9]), research is being conducted
using computer simulations with minimal (quantitative) theo-
retical basis, and for nonrelativistic electrons only.

In this work, we propose a new type of a grating for
generating SPR that can produce more intense radiation due
to resonant interaction between grating elements inside small
two-particle clusters: dimers. The grating consists of pairs
of coupled small particles that are arranged periodically in
a plane (see Fig. 1). The particles can be either metallic or
dielectric to avoid strong absorption by metals.

The Coulomb field of a moving electron acts on the grating
exiting SPR. By fabricating the grating in a special way, it
becomes possible to make the particles interact at a frequency
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FIG. 1. Pairs of coupled particles arrange a grating that radiates
while an electron moves along it.

that coincides with the SPR diffraction order. The resulting
enhancement of a separate diffraction order can reach 10 to
100 times in the presence of a resonance. Here we call the
pairs of coupled particles dimers. The increase in intensity
is achieved because of the superposition of radiation from a
grating and resonant effects caused by interactions in a dimer.

II. RADIATION FROM A BINARY DIMER CONSISTING
OF TWO DIFFERENT PARTICLES

When an electron moves near a couple of small particles,
the small particles emit radiation due to induced dynamic
polarization of the material caused by the Coulomb field. The
smallness means that the size of the particles r1, r2 is much
less than the wavelength of radiation λ:

r1, r2 � λ. (1)

Two particles in such a dimer interact not only with the
electron, but also with each other. The layout of generation
of the radiation by an electron from a dimer is shown in
Fig. 2. The coordinate system is chosen so that an electron
moves along the x-axis at a constant distance h from the plane
z = 0, in which the dimer is placed. Here we designate the
parameters of the particle having the polarizability α1(ω) with
the index 1, and the parameters related to the particle having
the polarizability α2(ω) with the index 2. Vectors R1 and R2

define the positions of the particles.

FIG. 2. An electron moving close to a dimer of coupled particles
emits radiation. The green arrows indicate the interaction between
particles.

This section is based on the results from Ref. [14], and
here we give the final formulas only for the convenience of
the reader. The field of radiation of a dimer in Fig. 2 is

Ed(r, ω) = −α1(ω)
eikr

r
e−ik·R1 (k × {k × [E0(R1, ω)

+ E2(R1, ω)]}) −α2
eikr

r
e−ik·R2 (k ×{k

× [E0(R2, ω) + E1(R2, ω)]}), (2)

where r is the distance to the point of observation; k = nω/c
is the wavevector, with ω being the radiation frequency, c
being the speed of light in vacuum; and n being the unit
wavevector. E0 is the Coulomb field of the moving electron:

E0(r, ω) = − ie

πv
ei ω

v
x ω

vγ

[
1

γ
K0

(
ω

vγ
L

)
ex +i

L
L

K1

(
ω

vγ
L

)]
,

(3)

where L = yey−hez, ey and ez are the base vectors, K0 and
K1 are the modified Bessel function of the zero and the first
orders, e is the electron charge, v is its velocity, and γ is the
Lorentz factor of the electron. Note that Eq. (3) is not general.
It is correct in the plane z = 0, as, indicated earlier, the dimer,
including its constituent particles, lays in the plane z = 0. The
field E1(R2, ω) [or E2(R1, ω)] is the field of radiation emitted
by the first (or second) particle at the point R2 (or R1). The
explicit forms of the sth component for these fields read

E2s(R1, ω) = −eiRkα2(ω)V −1t (1)
s j E0 j (R2, ω)

+ e2iRkα1(ω)α2(ω)V −1t (2)
s j E0 j (R1, ω) (4)

and

E1s(R2, ω) = −eiRkα1(ω)V −1t (1)
s j E0 j (R1, ω)

+ e2iRkα1(ω)α2(ω)V −1t (2)
s j E0 j (R2, ω), (5)

where we have designated

t (1)
s j = Bδs j − α1(ω)α2(ω)e2iRkAB(A + B) + A

W

RsRj

R2
, (6)

t (2)
s j = B2δs j − A(A + 2B)

W

RsRj

R2
, (7)

V = 1 − α1(ω)α2(ω)e2iRkB2, (8)

W = α1(ω)α2(ω)e2iRk (A + B)2 − 1, (9)

A = (k2 R2 + 3ikR − 3)
/

R3, (10)

and

B = −(k2 R2 + ikR − 1)
/

R3, (11)

where R ≡ |R| = |R2 − R1| and δs j is the Kronecker delta.
The distance R between the particles is the parameter that
most determines the interaction and, consequently, the reso-
nant effects.
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III. FIELD OF RADIATION FROM A FLAT ARRAY

Being periodically placed along the electron trajectory,
the identical pairs of coupled particles arrange a grating (see
Fig. 1).

At far distances from the, grating the total field of radiation
E(r, ω) is defined by the Fourier-transformed total current
density j(k, ω) :

E(r, ω) = i(2π )3

ω

eikr

r
{k2j(k, ω) − k[k · j(k, ω)]}. (12)

According to the superposition principle, the total radiation
field is the sum of the radiation fields from every single par-
ticle. So, the grating of dimers can be considered two chains
along the trajectory in which the particles with the same order
number interact. This means that the total current density is a
sum of current densities associated with each chain,

j(k, ω) = − iω

(2π )3

N−1∑
m=0

p(R1 + dmex, ω)e−ik·R1 e−idmkx

− iω

(2π )3

N−1∑
m=0

p(R2 + dmex, ω)e−ik·R2 e−idmkx ,

(13)

where N is the number of dimers in the grating or the number
of particles in a chain, m is the order number of a particle in
a chain, d is the period of the grating, p is a dipole moment
induced in a particle, and ex is the basis vector. The dipole
moment of a particle is defined by the Coulomb field of the
moving electron and the field of radiation from the particle
with the same order number from another chain:

p(R1 + dmex, ω) = α1(ω)E0(R1 + dmex, ω)

+ α1(ω)E2(R1 + dmex, ω). (14)

The formula for p(R2 + dmex, ω) is written in a similar
way. Then, the problem of obtaining E2,1(R1,2 + dmex, ω) is
solved in the same way as it was done in Sec. II, taking into
account dmex in positions of the particles. The result is

E1(R2 + dmex, ω) = E1(R2, ω) exp (idmω/ v),

E2(R1 + dmex, ω) = E2(R1, ω) exp (idmω/ v). (15)

Using Eqs. (12)–(15) we obtain the total field of radiation
in the form

E(r, ω) = Ed(r, ω)
N∑

m=1

exp

[
i

(
ω

v
− kx

)
dm

]
, (16)

where Ed(r, ω) is the field of radiation from a single dimer
defined by Eq. (2).

IV. GEOMETRICAL APPROACH

There is another way to calculate the radiation field of a
grating consisting of dimers. Knowing the radiation field of a
pair of interacting particles [Eq. (2)], it is possible to use the
geometric approach, which we briefly describe here.

As the field of radiation from each pair is the same, the
total field of radiation is a sum of fields from all pairs, taking

into account the phase shift:

� = k · �r − ω�t . (17)

Here, �r is the vector defining the difference in positions
of pairs; when the electron moves along the periodicity of
the grating, it is �r = dex, �t defines the time of delay in
the moments of radiation, i.e., it is �t = �r/v = d/v, which
gives us

� = d
ω

c
(nx − β−1), (18)

where β = v/c and nx is the component of the unit wavevector
n. The total field of radiation is defined as

E(r, ω) =
N∑

m=1

Ed(r, ω)e−i(m−1)�, (19)

which exactly coincides with Eq. (16). Meanwhile, Eqs. (15),
(16), and (19) are in complete agreement with the Floquet
theorem.

V. RESONANT CONDITIONS

Knowing the total field of radiation at a far distance, we
can calculate the energy radiated per unit solid angle per unit
angular frequency:

dW (n, ω)

dωd

= cr2|E(r, ω)|2. (20)

Or, in the considered case
dW (n, ω)

dωd

= c

|V |2 F |[k × (k × P)]|2, (21)

where

F = sin2
[
N d

2

(
ω
v

− kx
)]

sin2
[

d
2

(
ω
v

− kx
)] , (22)

P = α1(ω)T2E0(R1, ω) + α2(ω)T1E0(R2, ω)

+ α1(ω)α2(ω)A

W
eiRk R

R2
{[T2 − α2(ω)eiRkT1(A + B)]

× (R · E0(R2, ω)) + [T1 − α1(ω)eiRkT2(A + B)]

× (R · E0(R1, ω))}, (23)

T1 = e−ikR2 − α1(ω)e−ikR1 eiRkB,

T2 = e−ikR1 − α2(ω)e−ikR2 eiRkB, (24)

where denominators V and W are defined by Eqs. (8) and
(9), respectively. The formula for the spectral-angular distri-
bution of radiation from noninteracting particles can easily be
obtained from Eqs. (21)–(24), provided V = 1 and W = −1,
which formally occurs if A = B = 0.

To obtain the ratio of the squared sines in Eq. (22), we use
the formula for the finite sum of a geometric progression. This
ratio gives a common dispersion relation of SPR,

λl = d (β−1 − cos θ ), (25)

where θ is the angle between the wavevector k, and the elec-
tron’s trajectory, i.e., nx = cos θ , l is a positive integer.

From the denominators |V |2 and |W |2 in Eq. (21), there
follow the conditions defining the interaction between the
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particles in a dimer:

|V |2 = |1 − α1(ω)α2(ω)e2iRkB2|2 = min (26)

and

|W |2 = |1 − α1(ω)α2(ω)e2iRk (A + B)2|2 = min . (27)

Note that |V |2 and |W |2 in the right parts of Eqs. (26)
and (27) are minimal but never equal zero. These conditions
contain the wavelength of radiation through k and do not
contain the Lorentz factor of the electron and the angles of
radiation. The latter does not seem evident because a dimer
is not symmetric and it has a preferential direction: along a
line connecting the centers of two particles. However, this is a
consequence of measuring the radiation in a far zone, where a
dimer looks like a point particle.

VI. POLARIZABILITY

For further analysis, the polarizability is taken in the
Raleigh form correct within long-wave approximation [15],

α1,2(ω) = r3
1,2

ε(ω) − 1

ε(ω) + 2
, (28)

where ε(ω) = ε′(ω) + iε′′(ω) is a function of dielectric per-
mittivity of the particles’ material. The most known form for
ε(ω) in the long-wave approximation is the Drude model,
which reads

ε(ω) = 1 − ω2
p

ω(ω + i
)
, (29)

where ωp is the plasma (or Langmuir, or plasmon) frequency
and 
 is the damping frequency characterizing the width,
or inverse relaxation time characterizing excited states in the
conduction band, i.e., plasmons [16]. The parameters ωp and

 are phenomenological. For example, the complex function
of permittivity in the form of the Drude model is determined
experimentally in the terahertz range in [17,18].

THz frequencies are far from the plasma frequency defined
earlier. However, it is known that the Drude model can over-
estimate absorption in the profile wings, see Ref. [19] and
references there. Consequently, there are some suggestions on
wing correction in the Drude model [18]. Yet the corrections
touch the amplitude but not the functional behavior. On the
other hand, ε(ω) in our formulas presents only in the polariz-
ability, which is just a coefficient that we can use to analyze
the unmodified Drude model.

If the particles are metal, their properties are mainly deter-
mined by conductivity electrons, and the contribution of the
electrons bound near ion cores [16] is usually considered to
be insignificant [20]. Yet even for metals, the part of dielectric
function related to the ion cores and bound electrons can
sometimes contribute much. For example, for silver, this high
contribution at 4 eV leads to shift in frequency of surface
plasmons [16,20]. A similar situation occurs for copper at
2 eV, but the contribution is not high enough to shift the
frequency of surface plasmons. In any case, considering the
THz range, we can use Eq. (29), as mentioned discrepancies
are at higher frequencies. Besides, there is some experimental

research where the Drude model was proved to be suitable for
the far-infrared THz range [17,18,21–23].

VII. ENHANCEMENT OF RADIATION

For further analysis, it is useful to note two points. First, as
typical values of ωp are 5 to 10 eV, which exceeds consider-
ably the frequencies in THz range, the effects discussed next
weakly depend on the material. That is, using the example of a
concrete metal, we can demonstrate all the general character-
istics of the radiation. For example, we can use the parameters
for copper: 13 eV for plasma frequency ωp and 0.25 meV
for 
. These parameters are extracted from a comparison of
Eq. (29) with experimental data [17] and fit well, at least at
0.5 to 3 THz.

Second, between the two conditions in Eqs. (26) and (27),
the first one is usually more influential as it comes from a
denominator common for all the summands in the field of
radiation, while the second one is caused only by the denom-
inator in the last summand in Eq. (23). Besides, Eq. (26) can
be simplified as

|V |2 = (aRe − 1)2 + a2
Im + 4 sin (kR)[aRe sin (kR)

+ aIm cos (kR)], (30)

with aRe and aIm being the real and imaginary parts of
α1(ω)α2(ω)B2. This form shows that |V |−2 is an oscillating
function of the wavelength of radiation and the distance R.
For kR � 1, the function |V |−2 goes to unity, which means
that SPR will not be enhanced.

The value |V |−2 as a function of R for fixed wavelength
is shown in Fig. 3. The axes originate from the value of the
diameter of a particle rather than zero, as two particles are
farther apart from each other than at the particle’s diameter.

Let us suppose that the oscillation of |V |−2 is defined
mostly by sin(kR). Then, |V |−2 should have its maxima close
to kR = πs, where s is an integer. For the parameters of
Fig. 3(a), we obtain Rs: R2 = 533.4 µm, R3 = 800.1 µm,

R4 = 1066.8 µm, and so on. These values are close to the
positions of the maxima in Fig. 3, so for a rough estimation,
we can use this assumption.

To estimate an enhancement of radiation, we should choose
the reference grating. Let this grating be a chain of the same
number N of single particles and with the same period d . To
keep the symmetry of the problem, let the particles be placed
in the same plane straight under the electron trajectory, i.e.,
have their positions defined by R̃m = (m−1)dex, with m =
1, ..., N. Placing the particles this way, we change the distance
between the particle and the electron. Actually, for a reference
grating, this distance is h, while for the grating of dimers, it
is heff =

√
h2 + (R/2)2 > h. This fact leads to changing the

radiation intensity.
To eliminate this effect of impact parameter, we keep the

inequality R/2 � h satisfied for further analysis. Note that
this inequality is useful for comparison and does not restrict
the generality of the theory. Also, as the total intensity of the
radiation is proportional to the particle’s volume, the particles
of the reference grating must have doubled in volume to keep
the same volume of the radiating material. This grating is
shown in Fig. 4. Getting ahead, we note that such a reference
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FIG. 3. The value |V |−2 as a function of R, which is the distance
between two identical copper particles with a radius of 150 µm
forming a dimer. Here, (a) λ = 0.53 mm and (b) λ = 0.57 mm.

grating is equivalent to the grating of dimers without taking
into account interaction between the particles, and all the
distributions of these gratings are the same.

Figure 5 shows the wavelength dependence of the spectral-
angular distribution of SPR for two gratings: a chain of dimers
consisted of two interacting particles (red curves) and the
reference grating (black curves) for different parameters. In
Fig. 5(a), the black curve is multiplied by a factor of 40. A
doubling of the volume is required to keep the amount of
radiating material constant. Choosing the distance between
two particles in a dimer according to Eqs. (25) and (26), it
becomes possible to enhance a certain diffraction order of
SPR due to the particles’ interaction. For the parameters in
Fig. 5(a), the second diffraction order becomes 81.7 times

FIG. 4. The reference grating.

FIG. 5. Spectral-angular distributions of SPR from the reference
grating made of ten single copper particles (black curves) with a
radius of 189 µm and from a grating made of ten dimers of interacting
identical copper particles with a radius of 150 µm (red curves). Here,
γ = 50 and ϕ = 0. (a) The black curve is multiplied by a factor of 40,
d = 6mm, R = 517.8 µm, h = 2 mm, and θ = 34.7◦. (b) d = 7 mm,
R = 552.7 µm, h = 3 mm, and θ = 47.7◦. (c) Same as in Fig. 5(b)
for R = 907 µm; (d) same as in Fig. 5(b) for R = 990 µm.
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higher, while the first diffraction order becomes 1.5 times
lower.

Figure 5(b) shows the same as in Fig. 5(a) for other pa-
rameters of the gratings. Here, the fourth diffraction order
becomes 13 times higher, the fifth diffraction order becomes
two times lower, and the third diffraction order almost does
not change its height. Choosing another R value and keep-
ing all other parameters, it is possible to enhance another
diffraction order. For example, for the parameters in Fig. 5(b),
choosing R = 907 µm, we find [see Fig. 5(c)] that the fifth
diffraction order becomes 10.5 times higher, while the fourth
one becomes two times lower and the third one stays almost
the same height. Figure 5(d) shows the same as Fig. 5(b)
and (c), but for another value of R (R = 990 µm). This value
is out of resonant condition, so we see that the impact of
the presence of dimers on the radiation spectra is almost
negligible.

The resonant conditions considered here realize quasi-
BICs, and it is precisely quasi- rather than real BICs, because,
as we see, these conditions describe essentially radiative phe-
nomena.

VIII. LONGITUDINAL INTERACTION

The previous theory does not include the influence of the
interaction between the particles from different dimers, i.e.,
the interaction in the direction longitudinal to the electron’s
trajectory. Taking this interaction into account is a separate,
intricate problem. Placing dimers far from each other, i.e.,
choosing a large period of the grating, does not help one
avoid interdimer interactions, as the field of radiation from
interacting particles harmonically depends on the distance
between them with the period close to kd . The period chosen
for plotting Fig. 5 suppresses the influence of the longitudinal
interaction at enhanced maxima in order to show the pure
effect. However, the longitudinal interaction is not necessarily
a negative effect, as it can cause the highest degree of enhance-
ment of radiation.

In the formulas obtained in Sec. II, the particular positions
of the particles are not specified. Indeed, they contain the
radius vectors R1 and R2, which allow one to consider differ-
ent configurations defining R1 and R2 explicitly. In order to
investigate the influence of the longitudinal interaction on the
radiation properties, let us consider two particles placed along
the electron trajectory, i.e., let the distance between them be
d , the y coordinate for both of them to be equal to R/2,

which means they are shifted to one side from the trajectory’s
projection. The field of radiation emitted in this case is defined
by Eq. (2), while the spectral-angular distribution of radiation
is defined by Eq. (20) for m = 1 (a single dimer).

Figure 6 demonstrates the wavelength dependence of the
spectral-angular distribution of radiation. The black curves
are plotted as if there is no longitudinal interaction, while the
red curves take it into account. The curves in Fig. 6(a) and
6(b) are plotted for the parameters used in Fig. 5(a) and 5(b),
respectively. The vertical dashed lines mark the positions of
Smith-Purcell diffraction orders; the gray areas correspond to
their width. The longitudinal interaction is seen to contribute
around 1

6 to 1
8 compared with unity, and therefore in the first

FIG. 6. The influence of longitudinal interaction. The wave-
length dependence of the spectral-angular distribution of radiation
from two particles with (red curves) and without (black curves) tak-
ing into account the interaction for the parameters of (a) Fig. 5(a) and
(b) Fig. 5(b). The particles are placed along the electron trajectory.
The vertical dashed lines mark the positions of SP diffraction orders;
the gray areas correspond to their width.

approximation can be neglected for such periods d and a THz
frequency range.

IX. SPECTRAL AND ANGULAR DISTRIBUTIONS

The previous formulas describe the spectral and angular
distributions of radiation. These distributions bring the most
detailed information about the intensity of radiation. Using
them, we can obtain some other distributions.

Using the asymptotic formula

sin2
[
N d

2

(
ω
v

− kx
)]

sin2
[

d
2

(
ω
v

− kx
)] N�1→ 2πN

∑
s

δ

[
d

(
ω

v
− kx

)
− 2πs

]
,

(31)

where s is an integer and δ is the Delta function, we obtain

dW (ϕ, ω)

dωdϕ
= λ

d
Nc

π∫
0

dθ

s2∑
s=s1

sin θ

|V |2 |[k × (k × P)]|2

× δ(cos θ − β−1 + sλ/d ), (32)
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where θ is the angle between the wavevector k and the x-axis
(nx = cos θ ), and the limits of the sum are defined as

s1 = ceiling[(β−1 − 1)d/.λ],

s2 = floor[(β−1 + 1)d/.λ], (33)

with floor [x] being the greatest integer less than or equal to x
and ceiling [x] being the smallest integer greater than or equal
to x. These values come from a limitation of cosine and the
fact that s must be an integer. So, after integration, we have

dW (ϕ, ω)

dωdϕ
= λ

d
Nc

s2∑
s=s1

1

|V |2 |[k × (k × P)]|2cos θ→β−1−sλ/d .

(34)

The Delta function in Eq. (31) works also for determining
the angular distribution of enhanced SPR. There are frequen-
cies that give additional sharp maxima in spectral-angular
distribution due to interaction, and they must be taken into
account (for a description of how it works in detail, see, for ex-
ample, Ref. [24]). Interestingly, however, under the condition
of a resonance, i.e., when the frequency of separate Smith-
Purcell diffraction orders coincides with that of interactions
between particles, these additional frequencies will be taken
into account automatically. Thus, we have

dW (n)

d

= 2πc

d (β−1 − nx )
Nc

ω2∫
ω1

dω

s2∑
s=s1

|[k × (k × P)]|2

× 1

|V |2 δ

[
ω − 2πsc

d (β−1 − nx )

]
, (35)

where the limits of the sum are defined as follows:

s1 = ceiling[(β−1 − nx )d
/
λ1],

s2 = floor[(β−1 − nx )d
/
λ2], (36)

where λ1,2 = 2πc/ω1,2,, and we have used Eq. (31). So, after
integration in Eq. (35) over frequencies, we finally obtain

dW (n)

d

= 2πc

d (β−1 − nx )
Nc

s2∑
s=s1

∣∣∣∣ (k × (k × P))

V

∣∣∣∣
2

ω→ω∗
, (37)

where ω∗ = 2πsc/[d (β−1 − nx )].
Figure 7 shows the spectral and angular distributions of

SPR from a grating with the parameters corresponding to
those in Fig. 5(a) (red curves, dimers) and the reference grat-
ing (black curves, chain).

While the spectral distribution of SPR from the reference
grating monotonously decreases, the one from a grating of
dimers has a maximum at the wavelength of interaction be-
tween particles in a dimer. Thus, the spectral distribution may
become an additional source of information about the charac-
ter of particles’ interaction and, consequently, the grating or
the dimer parameters.

On the contrary, the angular distributions of SPR from the
gratings differ only in the amplitude, but not in the form. Note
that the aliasing of all the curves in Fig. 7(a) originates from
finite limits of integration. For example, integration in Eq. (35)
over all frequencies would result in a smooth curve for SPR
from the reference grating.

FIG. 7. (a) The spectral [see Eq. (34)] and (b) the angular
[Eq. (35)] distributions of SPR. The parameters are the same as in
Fig. 5(a). The black curve in Fig. 7(b) is multiplied by a factor of ten.

Figure 7(b) shows a very clear enhancement of the intensity
of radiation in a spectral domain due to implementing quasi-
BIC resonance—actually, about two orders of magnitude.

X. RANGE OF VALIDITY

In this section, we summarize all used approximations and
the restrictions on parameters necessary for the theory to be
correct.

The theory given previously is formulated in the dipole
approximation, i.e., it is valid for small particles with the
characteristic sizes r1,2 much smaller than the wavelength of
radiation:

r1, r2 � λ. (38)

The general restriction for effective emitting SPR follows
from the effective radius of the electron’s Coulomb field
γ βλ/2π . The impact parameter h should be smaller or of the
order of this radius:

h� γ βλ
/

2π. (39)

Also, there is an evident limitation. The distance between
the centers of two spherical particles R cannot be less than the
sum of their radii:

R � r1 + r2. (40)

Besides that, the minimal distance between the particles is
limited to the possibility of classical consideration. When the
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particles are at only a subnanometer distance, the quantum
effects of tunneling take place, which leads to considerable
changes in the electromagnetic properties of dimers [25,26].

When talking about enhancement, we compare the grating
of dimers with the reference grating of single particles with
greater volume. To avoid enhancement due to the shortening
of the impact parameter, we considered the case when

h � R/2. (41)

The period of the grating was chosen such that the lon-
gitudinal interaction between the particles is suppressed.
However, in practice, this limitation as well as that given by
Eq. (41) is not necessary. Violation of these limitations could,
in principle, lead to enhancement in the radiation intensity, but
it needs additional calculations, which, possibly, would also
require consideration of plasmons running along the chain,
which goes beyond the scope of this work, although our qual-
itative estimates in Sec. VIII can be considered a first step in
constructing the analytical theory of this class of phenomena.

Electron velocity was taken to be constant, which re-
sponses the small losses on radiation compared with the
kinetic energy of the electrons. It is usual limitation in the
problems of polarization radiation, correct when electrons are
fast enough, and it allows considering both ultra- and nonrel-
ativistic electrons.

XI. CONCLUSION

We have constructed a theory describing the generation of
electromagnetic radiation occurring when a chain of resonant

dimers is excited by the Coulomb field of electrons traveling
along it. These resonances realize a particular case of BICs.
We proved that the interaction between constituent particles
of the chain leads to significant enhancement of Smith-Purcell
radiation at resonant frequencies, and we have obtained the
conditions describing this effect.

As was demonstrated, there is a wide range of parameters,
for which it is possible to enhance individual SPR maxima up
to two orders of magnitude. Apparently, the effect can be even
stronger with the appropriate choice of parameters.

The parameters of the considered gratings are feasible.
They can be produced, for example, by the electroplating
method followed by direct laser imaging and etching. (In
Ref. [27], we manufactured and explored a similar grating, but
it was not resonant and it was arranged as a two-dimensional
grating rather than the one-dimensional grating presented
here.) As the spectral widths of the maxima defining the inter-
action are large enough (from 20 µm for chosen parameters),
there is no need in high-accuracy placement of the particles
constituent for the dimers to observe the enhancement of the
radiation due to the interaction. Also, for the analysis, the
dimer was constructed using two identical particles. Taking
particles with different polarizabilities or different sizes, it is
possible to control the resonant frequency and, thus, separate
radiation peaks.
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