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RKKY interaction in one-dimensional flat-band lattices
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We study the Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction between two classical magnetic impurities
in one-dimensional lattice models with flat bands. As two representative examples, we pick the stub lattice
and the diamond lattice at half filling. We first calculate the exact RKKY interaction numerically and then
compare our data to results obtained via different analytical techniques. In both our examples, we find that the
RKKY interaction exhibits peculiar features that can directly be traced back to the presence of a flat band in the
energy spectrum. Importantly, these features are not captured by the conventional RKKY approximation based
on nondegenerate perturbation theory. Instead, we find that degenerate perturbation theory correctly reproduces
our exact results if there is an energy gap between the flat and the dispersive bands, while a nonperturbative
approach becomes necessary in the absence of a gap.
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I. INTRODUCTION

Magnetic impurities embedded in a host material can in-
teract indirectly by coupling to the electron spin density
of the host. This so-called Ruderman-Kittel-Kasuya-Yosida
(RKKY) interaction [1–3] can result in a magnetic ordering
of the impurity spins, leading to a wide range of interest-
ing phenomena with potential applications in the fields of
spintronics [4,5], spin-based quantum computation [6–10], or
engineered topological superconductivity [11–21]. The exact
form of the RKKY interaction depends on the properties—in
particular, the band structure—of the underlying host material
and has been extensively studied for various types of systems
[22–54].

Conventionally, the RKKY interaction is calculated in
second-order perturbation theory assuming that the exchange
coupling between the impurity spins and the itinerant elec-
trons is small compared to the typical energy scale of the
latter. Recently, however, systems with so-called flat bands
have attracted significant attention [55,56]. The energy of
these bands is completely independent of momentum (see
Fig. 1) or, in a weaker sense, at least approximately constant
over a large range of allowed momenta. While the recent
interest in flat-band systems has mainly been fueled by signifi-
cant theoretical and experimental progress on moiré materials
such as twisted bilayer graphene [57–62], flat bands can also
emerge as Landau levels in two-dimensional electron gases
subjected to a strong magnetic field or in a variety of artificial
lattice models [63–69], some of which have successfully been
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realized in experiments using photonic lattices or cold-atom
setups [70–75].

In the presence of flat bands, the vanishing band width
and the large degeneracy make it questionable whether the
conventional perturbative approach to the RKKY interac-
tion is still applicable [76]. This issue was first touched
upon in the context of zigzag graphene nanoribbons, where

FIG. 1. (a), (b) Stub lattice. The unit cell (dashed rectangle) con-
sist of three sites (orange dots) labeled A, B, and C. Nearest-neighbor
sites are connected by a hopping term of strength t (black lines).
The flat band is spanned by a set of CLSs living on three sites each
(red and blue dots). The amplitudes of the unnormalized CLSs are
+1 (−1) for the red (blue) sites. The dispersive bands (green) are
separated from the flat band (cyan) by an energy gap Egap = t . (c),
(d) Diamond lattice. Here, the CLSs have support on two sites each.
The dispersive bands (green) linearly intersect the flat band (cyan).
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exact numerical studies of edge impurities revealed uncon-
ventional features of the RKKY interaction that had not
been captured by preceding analytical studies [33,77]. Later,
Ref. [78] found unconventional first-order contributions to
the RKKY interaction in partially filled graphene Landau
levels via degenerate perturbation theory. A few more recent
studies calculate the standard second-order contribution to the
RKKY interaction in two-dimensional flat-band lattice mod-
els (in particular, in the Lieb lattice) [79,80], while Ref. [81]
points out that this does not capture certain flat-band effects
in the Kondo-Lieb model. However, a more general under-
standing of RKKY effects in flat-band systems—including,
in particular, insights regarding the applicability and lim-
itations of perturbation theory—is still lacking. With this
motivation, we carefully study the RKKY interaction in
two simple one-dimensional (1D) flat-band systems at half
filling; see Fig. 1. We first calculate the exact RKKY in-
teraction numerically and then compare our data to results
obtained via different analytical techniques. In both our
examples, we find that the RKKY interaction exhibits pe-
culiar features that are not captured by the conventional
RKKY approximation based on nondegenerate perturbation
theory. Instead, we find that degenerate perturbation theory
correctly reproduces our exact results if there is an en-
ergy gap between the flat and the dispersive bands, while a
nonperturbative approach becomes necessary in the absence
of a gap.

II. MODELS

A unit cell of the stub lattice consists of three sites labeled
by l ∈ {A, B,C}; see Fig. 1(a). Neighboring sites are coupled
by a hopping element of strength t > 0, such that

Hstub = t
∑

n

(c†
n,Acn,B + c†

n,Acn,C + c†
n+1,Acn,B) + H.c. (1)

Here, c†
n,l (cn,l ) creates (destroys) a spinless electron on sub-

lattice l in the nth unit cell. Imposing periodic boundary
conditions on a chain with N unit cells, the Hamiltonian can
be rewritten in momentum space as Hstub = ∑

k �
†
kH(k)�k

with �k = (ck,A, ck,B, ck,C )T and

H(k) = t

⎛
⎝ 0 1 + eika 1

1 + e−ika 0 0
1 0 0

⎞
⎠, (2)

where a denotes the lattice spacing. The corresponding
bulk spectrum consists of two dispersive bands E±(k) =
±t

√
3 + 2 cos (ka) as well as one completely flat band

E0(k) = 0 that is separated from the dispersive bands by an
energy gap Egap = t ; see Fig. 1(b). The flat band is macro-
scopically degenerate and is spanned by a set of N linearly
independent states. These can be chosen to have support on
only three lattice sites each: |vn〉 = (|n,C〉 − |n, B〉 + |n +
1,C〉)/

√
3 for n ∈ {1, . . . , N} and where we identify N + 1 ≡

1 to simplify the notation. One of these so-called compact lo-
calized states (CLSs) [56,64] is visualized in Fig. 1(a). While
the CLSs are chosen such that they are strictly localized, they
are not mutually orthogonal. In order to construct a set of
mutually orthogonal basis states for the flat band, the strict
localization has to be traded in for exponential localization,

e.g., by changing to a basis of maximally localized Wannier
states.

A unit cell of the diamond lattice consists of three sites as
well; see Fig. 1(c). The Hamiltonian is given by

Hdia = t
∑

n

(
c†

n,Acn,B + c†
n,Acn,C

+ c†
n+1,Acn,B + c†

n+1,Acn,C
)+ H.c. (3)

In momentum space, this leads to Hdia = ∑
k �

†
kH(k)�k with

H(k) = t

⎛
⎝ 0 1 + eika 1 + eika

1 + e−ika 0 0
1 + e−ika 0 0

⎞
⎠. (4)

Again, the bulk spectrum consists of two dispersive bands
E±(k) = ±2

√
2t cos (ka/2) and a flat band E0(k) = 0; see

Fig. 1(d). Importantly, however, there is now no energy gap
separating the flat band from the dispersive bands. Rather,
the two dispersive bands linearly intersect the flat band at
ka = π . The flat band can again be described in terms of
a set of CLSs having support on two lattice sites each; see
Fig. 1(c). Explicitly, their wave functions are given by |vn〉 =
(|n,C〉 − |n, B〉)/

√
2. Both the stub and the diamond lattice

are bipartite lattices with one sublattice given by all A sites
and the other one by all B and C sites. Furthermore, we note
that the flat band of the stub lattice is topologically trivial, i.e.,
its 1D topological invariant (winding number) is zero, while it
is not meaningful to assign a topological invariant to the flat
band of the diamond lattice as it is not energetically isolated.

III. RKKY INTERACTION

We now consider a system of spinful electrons at zero
temperature with both spin species independently described
by Hstub or Hdia. Throughout this work, we set the chemical
potential μ = 0 and focus on the case of a half-filled flat band.
However, we have checked that our results do not depend on
the exact filling factor as long as the flat band stays partially
filled. Two magnetic impurities are placed in the unit cells
n1 and n2 at sublattice positions α and β, respectively. The
local exchange coupling between the impurity spins and the
itinerant electrons is described as H (1)

imp + H (2)
imp with

H (i)
imp = J̄i

2

∑
σ,σ ′

c†
ni,li,σ

[Si · σ]σσ ′
cni,li,σ ′ , (5)

where we have defined l1 = α and l2 = β. Compared to
Eqs. (1) and (3), the electronic creation (annihilation) opera-
tors c†

n,l,σ (cn,l,σ ) now carry an additional spin label σ∈{↑,↓}.
Furthermore, σ is the vector of Pauli matrices, Si are classical
impurity spins with Si = |Si| 	 1, and J̄i � 0 denotes the
exchange coupling between the impurity spin and the electron
spin density. For simplicity, we also define Ji = J̄iSi.

Since there is no spin-orbit interaction in our problem, the
indirect exchange interaction between the two impurity spins
is isotropic and can be written as

HRKKY = Jαβ

RKKYŜ1 · Ŝ2 (6)

with Ŝi = Si/Si. Here, the effective RKKY coupling constant
Jαβ

RKKY ≡ Jαβ

RKKY(R) depends on the sublattice position of the
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FIG. 2. Absolute value of the RKKY coupling |Jαβ

RKKY| in the stub
lattice in dependence on the interimpurity distance R, calculated via
ED and displayed on a logarithmic scale. For all sublattice configu-
rations, |Jαβ

RKKY| decays exponentially with R. Here, J1 = J2 = 0.2t .

impurities and on the interimpurity distance R = r2 − r1 > 0
with ri = nia. The exact RKKY coupling [76] can be obtained
from the exact ground state energies Eαβ

FM and Eαβ

AFM for the
ferromagnetic (FM) and antiferromagnetic (AFM) configura-
tion of the impurities with respect to an arbitrarily chosen spin
quantization axis, say, the z axis, such that Si = (0, 0,±Si ):

Jαβ

RKKY = (
Eαβ

FM − Eαβ

AFM

)/
2. (7)

The energies Eαβ

FM/AFM can be computed numerically via exact
diagonalization (ED) [33] or, alternatively, via the exact lattice
Green functions using the optimized algorithm presented in
Appendix F. This second approach allows us to study signif-
icantly larger system sizes while at the same time improving
the numerical accuracy of our results.

A. Stub lattice

We start by studying the RKKY interaction in the stub
lattice. Our numerical results show that Jαβ

RKKY decays expo-
nentially with R for all sublattice configurations; see Fig. 2.
For the AA configuration, this is not surprising since the
flat-band states do not have support on the A sublattice. As
such, we expect to recover the usual Bloembergen-Rowland
behavior found in conventional insulators [82]. In fact, for
all sublattice configurations involving at least one impurity
on the A sublattice, virtual transitions between the gapped
dispersive bands yield the dominant contribution to the RKKY
interaction. For configurations involving only the B and C
sublattice, on the other hand, the flat-band states give an
additional contribution that is responsible for the significantly
larger absolute value of Jαβ

RKKY in these cases (see also below).
However, the flat-band states are spatially localized (e.g., they
can be constructed as exponentially localized Wannier states),
such that their contribution is exponentially suppressed with
R as well. Furthermore, in accordance with the general result
for bipartite lattices at half filling [27], we find that the ground
state is FM (AFM) if the two impurities are located on the
same (on different) sublattices of the bipartition.

To gain further insight, we study Jαβ

RKKY in dependence
on one of the exchange coupling constants—say, J1—for
J1,2/t 
 1. We find that JAA

RKKY ∝ J1; see Fig. 3(a). This is the
functional dependence expected from the standard expression
for the RKKY interaction in second-order perturbation theory

FIG. 3. RKKY coupling Jαβ

RKKY in the stub lattice in dependence
on J1 calculated via ED (black) and lowest-order perturbation theory
(blue: first-order; red: second-order). The standard second-order ap-
proximation [Eq. (8)] gives the correct lowest-order approximation
for (a) JAA

RKKY, (c) JAB
RKKY, and (d) JBA

RKKY. The approximation in (d) is
worse than in the other cases since, as J1 increases, an unconven-
tional third-order term ∝J2

1 J2 originating from the flat band becomes
important. (b) JBB

RKKY shows an unconventional behavior due to a
first-order contribution originating from the flat band, see Eq. (9).
Here, J2/t = 0.05 and R/a = 5 [83].

at zero temperature [84],

Jαβ

RKKY = −J1J2

2π

∫ 0

−∞
dE Im

[
G(0)

αβ (R, E )G(0)
βα (−R, E )

]
, (8)

where G(0)
αβ are the retarded single-particle Green functions of

the unperturbed system for a single spin species [85]. Evalu-
ating Eq. (8) by using the analytical expression for G(0)

AA (see
Appendix A), we see that it reproduces the numerical result
very well; see Fig. 3(a). Indeed, since the flat-band states do
not have support on the A sublattice, there is no reason why
the standard RKKY approximation should not be valid. The
flat band does not contribute to the RKKY interaction at all
in this case, and the entire second-order contribution captured
in Eq. (8) comes from Bloembergen-Rowland transitions be-
tween the gapped dispersive bands.

In stark contrast to this, the BB configuration [see Fig. 3(b)]
exhibits a more complicated dependence that cannot be re-
produced by Eq. (8), which is in fact divergent in this case.
Instead, due to the large degeneracy of the flat band, degen-
erate perturbation theory (for J1,2/Egap = J1,2/t 
 1) has to
be used. This gives a nonvanishing first-order contribution to
JBB

RKKY that is responsible for the unusual J1 dependence in
Fig. 3(b) as well as for the significantly larger absolute value
of the RKKY coupling. This first-order contribution stems
entirely from intraband transitions within the flat band and
is therefore only present when both impurities are located on
either the B or C sublattice. To calculate this contribution,
we apply the Gram-Schmidt orthogonalization method to the
CLSs that span the flat band of the stub lattice. It is straightfor-
ward to see that we can always construct N − 2 orthonormal
basis states per spin sector that do not have support on the
impurity sites, such that the entire first-order contribution is
contained in an effective 2 × 2 Hamiltonian (per spin sector)
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FIG. 4. Absolute value of the RKKY coupling |Jαβ

RKKY| in the dia-
mond lattice in dependence on the interimpurity distance R displayed
in a log-log scale. The dots correspond to numerically calculated
data, while the solid lines are the asymptotic analytical expressions
given in Eqs. (12)–(14). For the AA configuration, we find the usual
1/R decay that is expected in 1D metals. For the AB (BB) configura-
tion, the flat band leads to an unusual asymptotic 1/R3 (1/R5) decay.
Here, J1 = J2 = 0.2t .

that results from projecting H (1)
imp + H (2)

imp onto the remaining
two basis states. For J1,2 � 0, we find that JBB

RKKY is, to first
order, given by

JBB
RKKY = −a(J1 + J2) +

√
a2
(
J1 + J2

)2 − bJ1J2 (9)

for real R-dependent coefficients a, b > 0 that can be ex-
pressed as overlap integrals of the participating flat-band basis
states; see Appendix B. We evaluate this expression numeri-
cally and display the result in Fig. 3(b). For small J1/t 
 1,
we get a good agreement with the exact result. As J1/t gets
larger, also the second-order contribution (not shown here)
should be taken into account to get a better match.

Finally, we find that Eq. (8) gives the correct lowest-order
approximation for the AB configuration (BA configuration);
see Figs. 3(c) and 3(d). As J1/t gets larger, an unconventional
third-order contribution (not shown here) proportional to J1J2

2
(proportional to J2

1 J2) originating from the flat band becomes
important, causing visible deviations between the numerical
results and the second-order approximation.

B. Diamond lattice

We now proceed to study the RKKY interaction in the
diamond lattice. Numerically, we find that the ground state
is again FM (AFM) if the two impurities are located on the
same (on different) sublattices of the bipartition. Furthermore,
Jαβ

RKKY decays as a power law in R with a leading exponent
that depends on the sublattice configuration; see Fig. 4. Since
the flat-band states do not have support on the A sublattice,
the AA configuration shows the same qualitative behavior as
a conventional 1D metal, i.e., JAA

RKKY decays as 1/R. How-
ever, when one (both) impurities are placed on the B or C
sublattices, the flat band leads to an unusual 1/R3 (1/R5)
decay. This unexpected behavior is nonperturbative in origin,
as discussed below. In passing, it is interesting to note that
Eq. (8) incorrectly predicts a 1/R decay for all sublattice
configurations.

FIG. 5. RKKY coupling Jαβ

RKKY in the diamond lattice in depen-
dence on J1 calculated via ED (black dots) and via Eq. (11) (orange
crosses). Both (a) JAA

RKKY and (c) JAB
RKKY are proportional to J1. For

(a), this is expected from Eq. (8) (green line). In contrast, (b) JBB
RKKY

and (d) JBA
RKKY increase only for very small J1/t before they start to

decrease. Here, J2/t = 0.05 and R/a = 100.

Next, we can again study the dependence of Jαβ

RKKY on
J1 for small J1,2/t . As expected from Eq. (8), JAA

RKKY ∝ J1

[see Fig. 5(a)]. Moreover, we find JAB
RKKY ∝ J1 as well [see

Fig. 5(c)], but Eq. (8) fails to predict the corresponding slope.
The BB and BA configurations [see Figs. 5(b) and 5(d)] show
an even more peculiar behavior: Here, the RKKY interaction
first grows rapidly for very small J1/t but then decreases. To
understand this unexpected behavior, we use the T matrix for-
malism to obtain an exact expression for the impurity-induced
shift of the ground state energy. Since spin is conserved, we
can treat the two spin sectors individually in the following dis-
cussion. In Appendix D, we show that the impurity-induced
change in the density of states for a fixed spin sector and
impurity configuration can be written as

�ραβ
c,σ (E ) = − 1

π
Im tr

∑
i, j

P(r j − ri, E )T αβ,c,σ
i j (E ) (10)

for c ∈ {FM, AFM}, P(r, E ) = ∫
dk
2π

[G(0)(k, E )]2eikr , and
where G(0)(k, E ) is the retarded momentum-space Green
function for a single spin sector of the unperturbed system
[85]. Furthermore, T αβ,c,σ

i j (E ) for i, j ∈ {1, 2} are the compo-
nents of the standard two-impurity T matrix [86] that contains
all information about the impurities. Through the T matrix,
�ραβ

c,σ (E ) implicitly depends on the interimpurity distance R

and can be used to express the exact Jαβ

RKKY as

Jαβ

RKKY = 1

2

∑
σ

∫ 0

−∞
dE E

[
�ρ

αβ

FM,σ (E ) − �ρ
αβ

AFM,σ (E )
]
.

(11)

Performing the integration over energy numerically, we find
that this reproduces the results obtained by ED very well; see
Fig. 5. Even more interestingly, Eq. (11) can be treated analyt-
ically in the limit of large R/a and small but finite J1,2/t . After
some straightforward calculations outlined in Appendix E, we
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find

JAA
RKKY ≈ − J1J2

16
√

2tπ (R/a)
for R/a 	 1, (12)

JAB
RKKY ≈ J1t

2
√

2πJ2(R/a)3
for R/a 	 t/J2, (13)

JBB
RKKY ≈ − 12

√
2 t3

πJ1J2(R/a)5
for R/a 	 t/J1,2. (14)

These expressions nicely approach our numerical data for
large R/a; see Fig. 4. Importantly, for sufficiently large R/a,
Eqs. (12)–(14) hold down to arbitrarily small but finite J1,2.
In this sense, the results for the AB and BB configuration
are highly nonperturbative. More generally, all configurations
with at least one impurity on the B or C sublattice exhibit such
a nonperturbative behavior. On the other hand, it should be
stressed that, for any finite R/a, Jαβ

RKKY remains well-behaved
and goes to zero as J1,2 → 0 for all sublattice configurations.
This behavior can for example be observed in Figs. 5(b) and
5(d), where Jαβ

RKKY changes its trend with respect to J1 as t/J1

becomes of the order of R/a.

IV. CONCLUSIONS

We have studied the RKKY interaction in two 1D flat-band
models at half filling. In our first example—the stub lattice—
we have found an unconventional first-order contribution to
the RKKY interaction due to the degeneracy of the isolated
flat band. In our second example—the diamond lattice—the
absence of an energy gap between the flat and the dispersive
bands leads to a breakdown of perturbation theory altogether,
and nonperturbative contributions cause the RKKY interac-
tion to decay more rapidly with the interimpurity distance
than naively expected. Our results illustrate that the RKKY
interaction in flat-band systems can exhibit unexpected fea-
tures and has to be treated with care. While we have focused
on 1D toy models for analytical and numerical simplicity,
both the scenario of an isolated flat band and of intersecting
flat and Dirac-like bands can also occur in experimentally
relevant two-dimensional materials such as twisted bilayer
[57–62] and trilayer [87–92] graphene, respectively. It would
be interesting to extend our calculations to flat-band systems

in two dimensions, and, especially, to topologically nontrivial
flat bands due to the close relation between Wannier state
localization and band topology [93].

It is furthermore interesting to explore how our results are
modified by, e.g., electron-electron interactions or disorder.
We leave these questions to future work. Moreover, we have
focused on the case of a perfectly flat band at half filling,
where we expect flat-band effects to be the most pronounced.
Nevertheless, it would also be interesting to study more gen-
eral fillings and small deviations from perfect flatness. In
general, as long as the exchange coupling constants are larger
than any additional energy scale resulting, e.g., from a small
but finite bandwidth, we expect the unconventional effects
reported here to persist.
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APPENDIX A: MATSUBARA GREEN FUNCTIONS
FOR THE STUB LATTICE

In this Appendix, we list the Matsubara Green functions
for the stub lattice. To simplify the notation, we set a =
t = 1 throughout all Appendices unless specified otherwise.
The Matsubara Green functions are defined as G(0)(k, iω) =
[iω − H(k)]−1, where H(k) is given in Eq. (2). Evaluating this
formula leads us directly to

G(0)(k, iω) = 1

2[3 + 2 cos(k)]

⎛
⎜⎜⎜⎜⎝

− 2[3+2 cos(k)]iω
ω2+3+2 cos(k) − 2(1+eik )[3+2 cos(k)]

ω2+3+2 cos(k) − 2[3+2 cos(k)]
ω2+3+2 cos(k)

− 2[3+2 cos(k)](1+e−ik )
ω2+3+2 cos(k) − 4iω[1+cos(k)]

ω2+3+2 cos(k) + 2
iω − 2iω(1+e−ik )

ω2+3+2 cos(k) − 4[1+cos(k)]
iω(eik+1)

− 2[3+2 cos(k)]
ω2+3+2 cos(k) − 2iω(1+eik )

ω2+3+2 cos(k) − 4(1+cos(k)]
iω(1+e−ik )

−2iω
ω2+3+2 cos(k) + 4[1+cos(k)]

iω

⎞
⎟⎟⎟⎟⎠ (A1)

in the basis �k = (ck,A, ck,B, ck,C )T . From this, we can ob-
tain the real-space Matsubara Green functions G(0)

αβ (r, iω) =
[G(0)(r, iω)]αβ by a Fourier transformation,

G(0)
αβ (r, iω) =

∫ π

−π

dk

2π
G(0)

αβ (k, iω) eikr . (A2)

For r � 0 and ω �= 0, we find

G(0)
AA(r, iω) = − i 2−rω(−ω2 − 3 + η)r

η
, (A3)

G(0)
AB(r, iω) = 2−r−1(−ω2 − 5 + η)(−ω2 − 3 + η)r

ω2 + 5
, (A4)

155429-5



KATHARINA LAUBSCHER et al. PHYSICAL REVIEW B 108, 155429 (2023)

G(0)
BA (r, iω) = 2−r−1(ω2 + 5 + η)(−ω2 − 3 + η)r

ω2 + 5
− δr,0,

(A5)

where we have defined η =
√

(ω2 + 1)(ω2 + 5). The missing
components are given by G(0)

CA = G(0)
AC = 1

iω G(0)
AA, G(0)

BB = (1 +
1
ω2 )G(0)

AA, G(0)
BC = 1

iω G(0)
BA , G(0)

CB = 1
iω G(0)

AB, and G(0)
CC = −1

ω2 G(0)
AA +

δr,0

iω . The Green functions for r < 0 can be found from the
relation G(0)

αβ (r, iω) = [G(0)
βα (−r,−iω)]∗.

These Green functions were used to evaluate Eq. (8) in
Matsubara space using

Jαβ

RKKY = −J1J2

2π

∫ 0

−∞
dE Im

[
G(0)

αβ (R, E )G(0)
βα (−R, E )

]

= J1J2

2π

∫ ∞

0
dω G(0)

αβ (R, iω)G(0)
βα (−R, iω). (A6)

Here, we exploited that the integrand of the latter integral is
always real in our case.

APPENDIX B: DEGENERATE PERTURBATION THEORY
FOR THE STUB LATTICE

In this Appendix, we derive Eq. (9). Since the spin along
the z direction is conserved in our problem, we consider the

two spin sectors independently in the following. In a sys-
tem of N lattice sites with periodic boundary conditions, the
flat band (in a given spin sector) is spanned by N states of
the form

|vn〉 = (|n,C〉 − |n, B〉 + |n + 1,C〉)/
√

3 (B1)

for n ∈ {1, . . . , N} and where we identify N + 1 ≡ 1 to sim-
plify the notation. Let us start by considering the case where
both impurities are placed on the B sublattice. Like in the
main text, let us label the unit cells where the impurities
are placed by n1, n2. It is then straightforward to see that
only the two states |vn1〉, |vn2〉 have support on the impurity
sites. We now order all flat-band states such that |vn1〉, |vn2〉
are the last states of the set and apply the Gram-Schmidt
orthonormalization procedure in order to obtain an orthonor-
mal basis for the flat band. Clearly, the first N − 2 states of
the basis we obtain will have zero support on the impurity
sites. Only the last two states of the orthonormal set, let us
call them |ṽn1〉 and |ṽn2〉, have support on the impurity sites.
Therefore, we can now obtain an effective Hamiltonian by
projecting the impurity Hamiltonian given in Eq. (5) of the
main text onto |ṽn1〉 and |ṽn2〉. For the FM configuration,
we obtain

Heff,FM,σ = σ

2

(
J1
〈
ṽn1

∣∣n1, B
〉〈

n1, B
∣∣ṽn1

〉
J1
〈
ṽn1

∣∣n1, B
〉〈

n1, B
∣∣ṽn2

〉
J1
〈
ṽn2

∣∣n1, B
〉〈

n1, B
∣∣ṽn1

〉
J1
〈
ṽn2

∣∣n1, B
〉〈

n1, B
∣∣ṽn2

〉+ J2
〈
ṽn2

∣∣n2, B
〉〈

n2, B
∣∣ṽn2

〉
)

. (B2)

Let us introduce the shorthand notations w = 〈ṽn1 |n1, B〉,
y = 〈ṽn2 |n1, B〉, z = 〈ṽn2 |n2, B〉. These coefficients are real
since the original |vn〉 were real. Furthermore, they satisfy the
relation w2 + y2 = z2. The eigenvalues of Heff,FM,σ are then
given by

E±,FM,σ = σ

4

[
z2(J1 + J2) ± |z|

√
z2(J1 − J2)2 + 4y2J1J2

]
.

(B3)

Using y2 � z2 and assuming that J1,2 � 0, we find that
E±,FM,1 > 0 and E±,FM,−1 < 0. The eigenvalues for the AFM
configuration are obtained by sending J2 → −J2:

E±,AFM,σ = σ

4

[
z2(J1 − J2) ± |z|

√
z2(J1 + J2)2 − 4y2J1J2

]
.

(B4)

In this case, we find that E+,AFM,1, E−,AFM,−1 > 0 and
E+,AFM,−1, E−,AFM,1 < 0.

To calculate the RKKY coupling within this approxima-
tion, we now subtract the sum of all negative eigenvalues in
the AFM configuration from the sum of all negative eigenval-
ues in the FM configuration:

JBB
RKKY = 1

2
[E+,FM,−1 + E−,FM,−1 − (E+,AFM,−1 + E−,AFM,1)]

= − z2

4
(J1 + J2) + 1

4

√
−4y2z2J1J2 + z4(J1 + J2)2.

(B5)

Identifying a = z2/4 and b = y2z2/4, we recover Eq. (9). Note
that the square root is always real since y2 � z2.

For completeness, we also briefly discuss impurities on the
C sublattice. If an impurity is located on the C sublattice in the
unit cell n1, both the state |vn1〉 and the state |vn1−1〉 have sup-
port on the impurity site. Therefore, the argument presented
above cannot be carried over directly. However, we can sim-
ply work in terms of even and odd superpositions (|vn1−1〉 ±
|vn1〉)/

√
2, where now only the even superposition has support

on the impurity site. Now we can repeat similar steps as
presented above in order to calculate the RKKY coupling.

APPENDIX C: MATSUBARA GREEN FUNCTIONS
FOR THE DIAMOND LATTICE

In this Appendix, we give the Matsubara Green func-
tions for the diamond lattice. The Matsubara Green func-
tions in momentum space are defined via G(0)(k, iω) =
[iω − H(k)]−1, where H(k) is given in Eq. (4). This
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leads us to

G(0)(k, iω) = 1

4

⎛
⎜⎜⎜⎜⎝

−4iω
ω2+8 cos2(k/2)

−8 cos(k/2)eik/2

ω2+8 cos2(k/2)
−8 cos(k/2)eik/2

ω2+8 cos2(k/2)

−8 cos(k/2)e−ik/2

ω2+8 cos2(k/2)
2
iω − 2iω

ω2+8 cos2(k/2)
− 2

iω − 2iω
ω2+8 cos2(k/2)

−8 cos(k/2)e−ik/2

ω2+8 cos2(k/2)
− 2

iω − 2iω
ω2+8 cos2(k/2)

2
iω − 2iω

ω2+8 cos2(k/2)

⎞
⎟⎟⎟⎟⎠, (C1)

where we used the same basis as in Appendix A. Performing a
Fourier transform in the same way as in Appendix A, we find
for r � 0 and ω �= 0:

G(0)
AA(r, iω) = −i

[−1 + ω
4 (−ω + γ )

]r

γ
, (C2)

G(0)
AB(r, iω) = 4−1−r (ω − γ )[−4 + ω(−ω + γ )]r

γ
, (C3)

G(0)
BA (r, iω) = 4−1−r (ω + γ )[−4 + ω(−ω + γ )]r

γ
− δr,0

2
,

(C4)

where we have defined γ = sgn(ω)
√

8 + ω2. The other com-
ponents can be obtained from the above as G(0)

AC = G(0)
AB,

G(0)
CA = G(0)

BA , G(0)
BB = G(0)

CC = 1
2 (G(0)

AA + δr,0

iω ), and G(0)
BC = G(0)

CB =
1
2 (G(0)

AA − δr,0

iω ). The Green functions for r < 0 can again be

found from the relation G(0)
αβ (r, iω) = [G(0)

βα (−r,−iω)]
∗
. In the

main text, we use these Green functions to evaluate Eqs. (8)
and (11).

APPENDIX D: IMPURITY-INDUCED CHANGE
IN THE DENSITY OF STATES

In this Appendix, we derive Eq. (10). For simplicity, we use
the short-hand notation T αβ,c,σ

i j (E ) ≡ Ti j (E ) throughout this
Appendix, keeping in mind that the two-impurity T matrix
depends on the spin sector σ ∈ {↑,↓} we consider, on the rel-
ative orientation c ∈ {FM, AFM} and the sublattice positions
α, β of the impurities, as well as, implicitly, on the interim-
purity distance R. The full Green function Gαβ,c,σ (r, r′, E ) ≡
G(r, r′, E ) of the perturbed system (for a single spin sector
and a fixed impurity configuration) can then be expressed as

G(r, r′, E ) = G(0)(r − r′, E ) +
∑
i, j

G(0)(r − ri, E )Ti j (E )G(0)(r j − r′, E ), (D1)

where i, j ∈ {1, 2} and G(0)(r, E ) is the retarded Green function for a single spin sector of the unperturbed system. We note
that, in our model, the unperturbed Hamiltonian and therefore also the unperturbed Green functions do not depend on spin,
such that the spin dependence enters solely through the T matrix. The four components of the two-impurity T matrix are
given by [86]

T11(E ) = [
1 − V1G(0)(0, E ) − V1G(0)(−R, E )T (0)

2 (E )G(0)(R, E )
]−1

V1, (D2)

T12(E ) = T (0)
1 (E )G(0)(−R, E )T22(E ), (D3)

T21(E ) = T (0)
2 (E )G(0)(R, E )T11(E ), (D4)

T22(E ) = [
1 − V2G(0)(0, E ) − V2G(0)(R, E )T (0)

1 (E )G(0)(−R, E )
]−1

V2. (D5)

Here, we have defined V1 = σJ1
2 |α〉〈α| and V2 = cσJ2

2 |β〉〈β|, where |l〉〈l| is a projector on the sublattice l ∈ {A, B,C} and where
we define σ ∈ {↑,↓} ≡ {+1,−1} and c ∈ {FM, AFM} ≡ {+1,−1}. Moreover, we have defined the single-impurity T matrices
as

T (0)
i = [1 − ViG

(0)(0, E )]−1Vi. (D6)

The exact Green function given in Eq. (D1) can then be used to obtain the impurity-induced change in the local density of
states �ραβ

c,σ (r, E ) ≡ �ρ(r, E ) for a single spin sector and a fixed impurity configuration:

�ρ(r, E ) = − 1

π
Im tr[G(r, r, E ) − G(0)(0, E )]

= − 1

π
Im tr

[∑
i, j

G(0)(r − ri, E )Ti, j (E )G(0)(r j − r, E )

]
. (D7)
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From this, we obtain the total change of the density of states �ραβ
c,σ (E ) ≡ �ρ(E ) for a single spin sector and a fixed impurity

configuration as

�ρ(E ) =
∫

dr �ρ(r, E )

= − 1

π
Im tr

∑
i, j

∫
dr G(0)(r − ri, E )Ti, j (E )G(0)(r j − r, E )

= − 1

π
Im tr

∑
i, j

∫
dk

2π

∫
dk′

2π

∫
dr ei(k′−k)rG(0)(k, E )G(0)(k′, E )eikr j e−ik′ri Ti, j (E )

= − 1

π
Im tr

∑
i, j

∫
dk

2π
[G(0)(k, E )]2eik(r j−ri )Ti, j (E ). (D8)

After reinstating the indices, this gives Eq. (10) of the main text.

APPENDIX E: ASYMPTOTIC EXPRESSIONS FOR THE RKKY COUPLING

In this Appendix, we extract the asymptotic behavior of Eq. (11) in the limit of large R. For convenience, we write Jαβ

RKKY =∑
i, j Jαβ,i j

RKKY with

Jαβ,i j
RKKY = 1

2

∑
σ

∫ 0

−∞
dE E

[
�ρ

αβ,i j
FM,σ (E ) − �ρ

αβ,i j
AFM,σ (E )

]
, (E1)

�ραβ,i j
c,σ (E ) = − 1

π
Im tr

∫
dk

2π
[G(0)(k, E )]2eik(r j−ri )T αβ,c,σ

i j (E ). (E2)

In the following we will solve the integral in Eq. (E1) in Matsubara space using∫ 0

−∞
dE E �ραβ,i j

c,σ (E ) =
∫ ∞

−∞
dE E �ραβ,i j

c,σ (E ) f (E )

= − 1

π
Im tr

∫ ∞

−∞
dE E

∫
dk

2π
[G(0)(k, E )]2eik(r j−ri )T αβ,c,σ

i j (E ) f (E )

= 1

π
Im tr

2π i

β

∑
iω

iω
∫

dk

2π
[G(0)(k, iω)]2eik(r j−ri )T αβ,c,σ

i j (iω) eiω0+

= − 1

π
Im tr

∫ ∞

0
dω ω

∫
dk

2π
[G(0)(k, iω)]2eik(r j−ri )T αβ,c,σ

i j (iω) eiω0+
, (E3)

where the last step exploits that we assume the system to be at zero temperature and where f (E ) denotes the Fermi-Dirac
distribution function. The unperturbed Green functions for the diamond lattice that enter the above expression are given in
Appendix C.

We start by discussing the AA configuration. In this case, the flat band is not affected by the impurities and we can safely
expand the full T matrix in orders of J1,2. Since the unperturbed system is time-reversal symmetric, first-order contributions to
the RKKY coupling cancel when the two spin sectors are added up. As such, to lowest order, the RKKY coupling is given by
second-order terms ∝J1J2. These terms are contained within the off-diagonal contributions

JAA,12
RKKY = JAA,21

RKKY = −J1J2

2π

∫ ∞

0
dω (−iω) G(0)

AA(R, iω)P(0)
AA (−R, iω), (E4)

where we have introduced the short-hand notation P(0)(r, iω) = ∫
dk
2π

[G(0)(k, iω)]2eikr and where we have already used that G(0)
AA

(P(0)
AA ) is purely imaginary (real). Plugging in the Green functions given in Appendix C, we find that Eq. (E4) gives us

JAA
RKKY = −J1J2

π

∫ ∞

0
dω ω

[
16−R(4 + ω2 − ωγ )2R(ω + 2γ R)

γ 4

]
(E5)

with γ = √
8 + ω2. The integral converges on a scale ∝1/R, which is why we change the integration variable to ω′ = ωR and

then cut the upper integration limit at some finite constant C that does not depend on R. This allows us to expand the integrand

155429-8
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for small ω′/R in order to obtain the asymptotic behavior at large R. In particular, we can approximate

16−R

⎡
⎣4 +

(
ω′

R

)2

− ω′

R

√
8 +

(
ω′

R

)2
⎤
⎦

2R

≈ 16−R

(
4 −

√
8ω′

R

)2R

=
(

1 − ω′
√

2R

)2R

≈ e−√
2ω′

. (E6)

Keeping only the leading contributions also in the rest of the integral, we obtain

JAA
RKKY ≈ − J1J2

8
√

2πR

∫ ∞

0
dω′ ω′e−√

2ω′ = − J1J2

16
√

2πR
. (E7)

After reinstating a and t , this leads us to Eq. (12).
In a similar fashion, we can also obtain an asymptotic expression for the AB configuration. Since the second impurity is now

located on the B sublattice, this impurity will also affect the flat band. In this case, the vanishing band width of the flat band
makes it questionable whether we can expand our expression for the RKKY coupling in orders of J2. We therefore keep the
full T matrix for the second impurity while still expanding in orders of J1. To lowest order in J1, we then find two different
nonvanishing contributions to the RKKY coupling:

JAB,12
RKKY = JAB,21

RKKY = −2J1J2

π

∫ ∞

0
dω (−iω)

G(0)
BA (R, iω)P(0)

AB (−R, iω)

4 − J2
2

[
G(0)

BB(0, iω)
]2 , (E8)

JAB,22
RKKY = −4J1J3

2

π

∫ ∞

0
dω (−iω)

G(0)
BA (R, iω)G(0)

AB(−R, iω)G(0)
BB(0, iω)P(0)

BB (0, iω)(
4 − J2

2

[
G(0)

BB(0, iω)
]2)2 . (E9)

Plugging in the Green functions, we get

JAB,12
RKKY = 8J1J2

π

∫ ∞

0
dω ω

[
16−Rω2(ω − γ )(4 + ω2 − ωγ )2R−2[4 + (ω2 − ωγ )(1 − R) − 8R]

γ 2
[
8ω2γ 2 + (4 + ω2)J2

2 + ωγ J2
2

]
]
, (E10)

JAB,22
RKKY = 4J1J3

2

π

∫ ∞

0
dω ω

[
16−Rω(4 + ω2 − ωγ )2R[−8γ + ω(8 + ω2 − 2ωγ )]

γ 3
[
ω2γ 2(4 + ω2 − ωγ ) + 2J2

2

]2

]
. (E11)

These integrals can be approximated following the same steps as above, and, in particular, using again Eq. (E6). We obtain

JAB
RKKY = 2JAB,12

RKKY + JAB,22
RKKY ≈ J1

πJ2R3

∫ ∞

0
dω′

(
ω′3
√

2
− ω′2

)
e−√

2ω′ = J1

2
√

2πJ2R3
, (E12)

which leads us to Eq. (13). Finally, for the BB configuration, we now keep the full T matrices for both impurities. We now get
three different nonvanishing contributions to the RKKY coupling:

JBB,12
RKKY = JBB,21

RKKY

= −8J1J2

π

∫ ∞

0
dω (−iω)

G(0)
BB(R, iω)P(0)

BB (−R, iω)
{
16 − 4G(0)

BB(0, iω)2
(
J2

1 + J2
2

)+ [
G(0)

BB(0, iω)4 − G(0)
BB(R, iω)4

]
J2

1 J2
2

}
F1(R, iω)F2(R, iω)

,

(E13)

JBB,11
RKKY = 16J3

1 J2

π

∫ ∞

0
dω (iω)

G(0)
BB(0, iω)P(0)

BB (0, iω)G(0)
BB(R, iω)2

{
4 − [

G(0)
BB(0, iω)2 − G(0)

BB(R, iω)2
]
J2

2

}
F1(R, iω)F2(R, iω)

, (E14)

JBB,22
RKKY = 16J1J3

2

π

∫ ∞

0
dω (iω)

G(0)
BB(0, iω)P(0)

BB (0, iω)G(0)
BB(R, iω)2

{
4 − [

G(0)
BB(0, iω)2 − G(0)

BB(R, iω)2
]
J2

1

}
F1(R, iω)F2(R, iω)

, (E15)

with F1,2(R, iω) = 16 − 4G(0)
BB(0, iω)2(J2

1 + J2
2 ) ± 8G(0)

BB(R, iω)2J1J2 + [G(0)
BB(R, iω)2 − G(0)

BB(0, iω)2]2J2
1 J2

2 and where we have
used that G(0)

BB(R, iω) = [G(0)
BB(R,−iω)]∗ = G(0)

BB(−R, iω). After plugging in the Green functions, the full expressions become
too involved to be displayed here. Nevertheless, the integrals can be approximated in the same way as before, which leads us to
Eq. (14):

JBB
RKKY = 2JBB,12

RKKY + JBB,11
RKKY + JBB,22

RKKY ≈ 1

J1J2πR5

∫ ∞

0
dω′

(
−4

√
2ω′5 + 16ω′4

)
e−√

2ω′ = − 12
√

2

J1J2πR5
. (E16)

APPENDIX F: EXACT RESULTS USING GREEN FUNCTIONS

In this Appendix, we present an efficient algorithm that computes the RKKY coupling numerically using the exact lattice
Green functions of the full system. For this, we start by noting that the Hamiltonians studied in the main text have a block-
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tridiagonal structure. The calculation of Green functions for such Hamiltonians, or in general the calculation of inverse matrices
of this kind, has been vastly optimized using several methods [94–100]. In this work, we use an algorithm that can efficiently
invert block-tridiagonal matrices as described in Ref. [94]. This algorithm is especially efficient if only a few diagonals, rows,
or columns of the matrix are needed since it scales linearly with the system size in these cases. In contrast to Ref. [94] we do
not study translationally invariant systems due to the presence of impurities. Therefore, we modify the algorithm of Ref. [94]
by adding the needed position dependency as shown in Ref. [101] for tridiagonal matrices. For convenience we recapitulate the
algorithm here and present its modified version.

Since the Hamiltonian is Hermitian, the matrix that needs to be inverted has the following structure:

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

a1 b1

b†
1 a2 b2

b†
2 a3 b3

b†
3 a4

. . .
. . .

. . . bN−1

b†
N−1 aN

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

. (F1)

Here, the an and bn are the blocks that the matrix consists of and N is the number of diagonal blocks. Using a UDL-decomposition
this matrix can be decomposed into A = UDL with matrices of the form

U =

⎛
⎜⎜⎜⎜⎜⎝

1 U1

1 U2
. . .

. . .

. . . UN−1

1

⎞
⎟⎟⎟⎟⎟⎠, L =

⎛
⎜⎜⎜⎜⎜⎝

1
L1 1

L2
. . .
. . .

. . .

LN−1 1

⎞
⎟⎟⎟⎟⎟⎠, (F2)

and a block-diagonal matrix D with blocks Dn for n ∈ {1, . . . , N}. The matrix elements can be calculated using the recursion
relations

DN = aN (F3)

Un = bnD−1
n+1, (F4)

Ln = D−1
n+1b†

n, (F5)

Dn = an − Unb†
n

= an − bnD−1
n+1b†

n. (F6)

The inverse of the matrix A can then be decomposed as well and we find B = A−1 = L−1D−1U −1 with

D−1 =

⎛
⎜⎜⎜⎝

D−1
1

D−1
2

. . .

D−1
N

⎞
⎟⎟⎟⎠, U −1 =

⎛
⎜⎜⎜⎜⎜⎜⎝

1 −U1 U1U2 · · · (−1)N−1U1 · · ·UN−1

1 −U2
. . .

...
. . .

. . . UN−2UN−1

. . . −UN−1

1

⎞
⎟⎟⎟⎟⎟⎟⎠

,

L−1 =

⎛
⎜⎜⎜⎜⎜⎜⎝

1

−L1
. . .

L2L1
. . .

. . .
...

. . . −LN−2 1
(−1)N−1LN−1 · · · L1 · · · LN−1LN−2 −LN−1 1

⎞
⎟⎟⎟⎟⎟⎟⎠

. (F7)

The diagonal elements of B can be calculated recursively by exploiting the relations

B1,1 = D−1
1 , (F8)

Bn+1,n+1 = D−1
n+1 + LnBn,nUn

= D−1
n+1 + D−1

n+1b†
nBn,nbnD−1

n+1. (F9)
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The off-diagonal matrix elements can then be computed as well. With m � n, we find the recursive formulas

Bn,m+1 = −Bn,mUm, (F10)

Bm+1,n = −LmBm,n, (F11)

such that we are able to calculate all matrix elements. We want to stress that the Bm,n are blocks of the inverse matrix B concerning
the different unit cells with elements Bα,β

m,n that can be identified with the Green function Gαβ (m, n).
With these recursion relations we are able to calculate the energy difference, and therefore also the RKKY coupling, by

rewriting it as

�E = 〈HFM〉 − 〈HAFM〉 (F12)

=
∑

n,m,α,β

HFM
nα,mβ 〈c†

n,αcm,β〉
FM

−
∑

n,m,α,β

HAFM
nα,mβ 〈c†

n,αcm,β〉
AFM

(F13)

= 1

2π

∫
dω eiω0+

⎡
⎣
⎛
⎝ ∑

α,β,m,n

HFM
nα,mβGFM

βα (m, n; iω)

⎞
⎠−

⎛
⎝ ∑

α,β,m,n

HAFM
nα,mβGAFM

βα (m, n; iω)

⎞
⎠
⎤
⎦. (F14)

Here we used that the needed expectation values are given
by

〈c†
n,αcm,β〉 = 1

i
G<

βα (m, n; t = 0, t ′ = 0) (F15)

= 1

2π

∫
dω G<

βα (m, n; ω) (F16)

= −
∫

dω f (ω)

(
1

ω−H +iη
− 1

ω−H−iη

)
mβ,nα

(F17)

= lim
T →0

1

β

∑
iωn

Gβα (m, n; iωn) eiωn0+
(F18)

= 1

2π

∫
dω Gβα (m, n; iω) eiω0+

. (F19)

For each spin sector this calculation can be done separately.
The total energy difference is then given by

�Etot = �E↑ + �E↓ = 2 �E↑ − J1 + J2

2
, (F20)

assuming that both impurity spins are parallel to spin up in the
FM configuration.

Since we only need the first few diagonals of the Green
functions to evaluate the formula, the inversion scales only
linearly with the number of unit cells [O(N )]. Therefore,
the usage of this method allows us to simulate much larger
systems (with up to 8 × 105 unit cells). Additionally, it is pos-
sible to calculate the RKKY coupling for larger distances with
smaller JRKKY since the numerical error could be reduced. In
Fig. 6 we compare the results obtained with this algorithm
with those calculated with ED. We can see that the results for
moderate distances perfectly agree. For very large distances
we find that the Green functions approach shows even better
results than the ED since the numerical error of the ED starts
influencing the results.

APPENDIX G: TRANSITION FROM STUB
TO DIAMOND LATTICE

In this Appendix, we connect the two models (stub lattice
and diamond lattice) by gradually increasing the intercell hop-
ping between the A and C sites from 0 to t .

The Hamiltonian is then given by

Htrans =
∑

n

(t c†
n,Acn,B + t c†

n,Acn,C + t c†
n+1,Acn,B

+ t ′ c†
n+1,Acn,C ) + H.c. (G1)

with t > 0 and 0 � t ′ � t . For t ′ = 0 we recover the stub
lattice, while t ′ = t leads to the diamond lattice. In momen-
tum space the corresponding bulk spectrum consists of two
dispersive bands E±(k) = ±

√
(t ′)2 + 3t2 + 2t (t ′ + t ) cos(ka)

and a third band which always remains flat with E0(k) = 0.
Therefore, it is of interest to observe how the RKKY inter-
action changes when t ′ is changed from 0 to t so that the

FIG. 6. Comparison of the results obtained by exact diagonaliza-
tion (ED) and the described Green function approach (GF). We show
the absolute value on the RKKY coupling |JBB

RKKY| in dependence of
the distance R with J1 = J2 = 0.2t . The results are calculated with a
system size of 4000 unit cells but they are converged up to numerical
errors. For moderate R we find perfect agreement between the two
methods. For very large R we start to see some differences due to the
numerical error of the ED. The GF algorithm therefore enables us to
calculate the RKKY interaction for larger distances.
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FIG. 7. Absolute value of RKKY coupling |Jαβ

RKKY| for αβ = (a) AA, (b) AB, and (c) BB in dependence on the interimpurity distance R.
The intercell hopping amplitude t ′ is varied between 0 (stub lattice) and t (diamond lattice). In (c) the data for t ′ = 0.99t is not visible since it
lies below the data for t ′ = 1.0t . The RKKY coupling undergoes a crossover from exponential to power-law decay. Here, J1 = J2 = 0.2t .

gap gradually closes while the flat band remains flat during
the transition. In Fig. 7 we show the RKKY coupling as a
function of the interimpurity distance for different sublattice
configurations. In all cases we find that the RKKY interaction
undergoes a crossover from an exponential decay (t ′ = 0, stub

lattice) to a power-law decay (t ′ = t , diamond lattice). We
notice that as t ′ gets larger and the gap becomes smaller the
exponential decay sets in at larger interimpurity distances until
it is pushed to R → ∞ for t ′ → t and a pure power-law decay
is observed for t ′ = t .
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