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Two- and three-particle complexes with logarithmic interaction:
Compact wave functions for two-dimensional excitons and trions
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Assuming a logarithmic interaction between constituent particles, compact and locally accurate wave func-
tions that describe bound states of the two-particle neutral, and three-particle charged complexes in two
dimensions are designed. Prime examples of these complexes are excitons and trions that appear in monolayers of
transition-metal dichalcogenides (TMDCs). In the case of excitons, these wave functions led to five to six correct
decimal digits in the energy and the diamagnetic shifts. In addition, it is demonstrated that they can be used as
zero-order approximations to study magnetoexcitons via perturbation theory in powers of the magnetic field
strength. For the trion, making a comparison with experimental data for concrete TMDCs, we established that
the logarithmic potential leads to binding energies � 30% greater than experimental ones. Finally, the structure
of the wave function at small and large distances was established for excitons whose carriers interact via the
Rytova-Keldysh potential.
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I. INTRODUCTION

It was established long ago [1,2] that a logarithmic inter-
action between free electrons (e−) and holes (h) may occur
in two-dimensional semiconductors as a limiting case of the
Rytova-Keldysh potential.1 Let us consider a thin film/layer
with a dielectric surrounding made of dielectric substrates.
If the thickness is sufficiently small compared with the ex-
citon Bohr radius, a logarithmic interaction between carriers
confined to the film emerges as a result of the polariza-
tion of atomic orbitals [3]. Monolayers of transition-metal
dichalcogenides (TMDCs) are relevant examples of this kind
of film-substrate configurations. Such monolayers can be con-
sidered as two dimensional since their thickness is a few
Angstroms [4]. The low dimensionality (planar) and dielectric
screening in such materials result in a strong electrostatic
interaction. It allows the existence of stable bound states
for complexes composed by electrons and holes, such as
excitons (e−, h), and positively and negatively charged tri-
ons: (e−, h, h) and (e−, e−, h), respectively. Monolayers of
TMDCs have recently received special attention for being
ideal candidates for potential applications in optoelectronics
[5,6], valleytronics [7], enhanced photoluminescence [8,9],
and systems with pronounced many-body effects [5]. In par-
ticular, the optical response of these materials is explained
in terms of complexes [3]. For a multilayer configuration
of TMDCs, the pair-wise interaction between two carri-
ers of charge qi and q j within the same layer remains

*Corresponding author: juan.delvalle@ug.edu.pl
1See Sec. IV for a detailed discussion based on excitons.

logarithmic,2 having the same form as for monolayers:

Vi j (ρ) = −qiq j

ρ0
ln

(
ρ

ρ0

)
. (1)

Here, ρ denotes the relative distance between the carriers,
whose electric charges are qi and q j , and

ρ0 = d (ε|| − 1)

2
, (2)

where ε|| is the in-plane component of the dielectric permit-
tivity tensor of the bulk layered material, and d is the distance
between layers.

In the effective-mass approximation, the quantum mechan-
ical description of complexes is governed by the Schrödinger
equation. In this context, the variational method has shown
to be an adequate tool to study bound states of excitons and
trions, see [11–16] and references therein. However, as men-
tioned in [17], difficulties in constructing a reasonable wave
function ansatz in the case of larger complexes than excitons
hinders the straightforward extension of the variational con-
sideration. To overcome this drawback, some recent advances
have been made in constructing adequate wave functions
for intralayer trions [14,18]. However, most of the varia-
tional functions favor the simplicity in calculations leading
to reasonable results in terms of energy, instead of a correct
description of the wave function. The main goal of this work is
to show that, for two/three-particle complexes, both accurate
energies and wave functions can be simultaneously achieved
by using adequate compact trial functions.

2For a detailed discussion and derivation of the interaction see [10],
the Supplemental Material of [3].
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In the present study, we construct compact ansätze (trial
functions) associated with the intralayer exciton of multi and
monolayers made of TMDCs using the internal structure of
the exact wave functions in the logarithmic regime of in-
teraction. For unclear reasons to the authors, this approach
has not been studied so far in a variational consideration.
We focus on the construction of locally accurate approxima-
tions of the wave functions. They are valuable not only for
finding energies and expectation values with high accuracy,
but also for shedding some light on physical properties of
the exact wave functions. In fact, the search for compact
wave functions describing few-particle charged systems is an
active field of research [19]. For example, they are widely
used in atomic physics due to their usefulness to compute
efficiently scattering cross sections [20] and matrix elements
of singular operators [21]. In quasi-two-dimensional materi-
als, the slow convergence of CI (configuration interaction)
functions [22–24] has motivated the search for simple yet
accurate wave functions for the description of hole-electron
interaction.

As we show, our approximate solutions (taken as zero order
approximation) lead to a convergent perturbation series to the
exact solution. Two concrete physically relevant examples of
application are discussed: (i) magnetoexcitons in a weak field
regime; and most importantly, (ii) the construction of three-
particle wave functions.

The present work is organized as follows. In Sec. II, we
discuss the construction of compact parameter-dependent ex-
citon wave functions. Concrete variational calculations for
the spectrum of the first low-lying states are presented. We
investigate the accuracy of the energy estimates using the non-
linearization procedure [25] and an alternative variational trial
function. Then, we study the effect of a weak uniform mag-
netic field to the energy spectrum using perturbation theory
taking our compact functions as zero order approximation. In
this line, we discuss the (re)summation of perturbation series
using Padé approximants. In Sec. III, taking as a building
block the trial function constructed for the exciton, we pro-
pose a trial function for the ground state of the trion. We study
the binding energy of the complex for concrete TMDCs and
compare it with experimental results. A simple formula for
the trion energy is provided. In Sec. IV, we discuss extensions
of our consideration to the Rytova-Keldysh potential. Finally,
we summarized our results in Conclusions.

II. TWO-PARTICLE SYSTEM: EXCITONS

Consider the neutral system made of two charged particles
(hole and electron) interacting through potential (1). After
separating the motion of the center of mass and using polar
coordinates, we arrive at the familiar two-dimensional radial
Schrödinger equation for the relative motion,

− h̄2

2μ

(
∂2
ρψ + 1

ρ
∂ρψ

)
+
[

h̄2m2

2 μρ2
+ e2

ρ0
ln

(
ρ

ρ0

)]
ψ = E ψ,

ρ ∈ [0,∞), (3)

where μ is the reduced mass,3 e denotes the charge of the
hole, and h̄ is the reduced Planck constant. Any energy and
wave function can be labeled by (nρ, m), but for simplicity we
drop such labels for now. The radial quantum number takes
the values nρ = 0, 1, . . ., meanwhile the magnetic quantum
number m = 0,±1, . . .. Using the transformation via the di-
mensionless coordinate

ρ →
(

h̄2ρ0

μ e2

)− 1
2

ρ, (4)

we remove the explicit presence of the constants h̄, μ, ρ0, and
e from the Schrödinger equation which is transformed into its
dimensionless form:

−1

2

(
∂2
ρψ + 1

ρ
∂ρψ

)
+
[

m2

2 ρ2
+ ln (ρ)

]
ψ = ε ψ. (5)

In this equation, ε plays the role of dimensionless energy, and
it is related to E through

E = e2

ρ0
ε − e2

2ρ0
ln

(
μ e2ρ0

h̄2

)
. (6)

The second term in (6) only provides the reference point
to measure energies, and it has no relevant role. From (6),
it is clear that the energy difference between two arbitrary
states does not depend on the reduced mass μ. Since we are
interested in bound states, we impose boundary conditions on
(5) such that the normalizability requirement∫ ∞

0
|ψ (ρ)|2ρ dρ < ∞ (7)

is fulfilled. Under these considerations, Eq. (5) does not admit
an exact solution: Energies and wave functions can only be
found in approximate form. Interestingly, the same spectral
problem defined by Eq. (5) can appear in another context.
Indeed, the effect of a wiggly cosmic string for both mass-
less and massive particle propagation along the string axis is
governed by (5), see [26].

A. Ground state

Relevant information concerning the structure of the wave
function can be revealed using asymptotic analysis. It is con-
venient to adopt the exponential representation of the wave
function, namely

ψnρ ,m(ρ) = ρ|m|Pnρ ,m(ρ2) exp(−�nρ ,m(ρ)) . (8)

The unknown function �nρ ,m(ρ) is called phase, while Pnρ
is

a polynomial of degree nρ . Explicitly,

Pnρ
(ρ2) =

nρ∏
i=1

(
ρ2 − ρ2

i

)
, P0(ρ) ≡ 1. (9)

For a given state, this polynomial is determined by the position
of the nodes ρi, i = 1, . . . , nρ . Thus, representation (8) is
unambiguous [25]. The asymptotic series of the ground state

3By definition μ = me mh
me+mh

, where me and mh are the electron and
hole effective masses, respectively.
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phase, �0,0(ρ), shares properties with those for excited states.
Hence, we focus on the quantum numbers (nρ = 0, m = 0)
from now on. In this case, (8) takes the form

ψ0,0(ρ) = exp(−�0,0(ρ)). (10)

We construct the asymptotic series around two relevant points
of the domain: ρ = 0 and ρ = ∞; small and large relative
distances, respectively. At ρ = 0, it can be demonstrated that
the asymptotic series of the phase has the following structure

�0,0(ρ) =
∞∑

i=1

i∑
j=0

ai jρ
2i ln j (ρ), ρ → 0, (11)

where ai j are coefficients with dependence on ε. As a conse-
quence, the wave function has a similar asymptotic series,

ψ0,0(ρ) =
∞∑

i=0

i∑
j=0

bi jρ
2i ln j (ρ), ρ → 0, (12)

where bi j are ε-dependent coefficients. On the other hand, the
first terms of the asymptotic series of the phase at ρ = ∞ are

�0,0(ρ) = ρ

[√
2 ln ρ + 1 − ε√

2 ln ρ
+ O((ln ρ)−3/2)

]

+ 1

2
ln ρ + · · · , ρ → ∞. (13)

Note that the dominant term, O(ρ
√

ln ρ ), does not depend on
the energy. Therefore, the same leading term is expected for
any bound state. Contrary to the series at ρ = 0, see (11), we
were unable to find the general structure of the phase at ρ =
∞. However, for the particular purpose of this work, this piece
of information is not required. At ρ → 0, the phase of any
state has the same structure of series (11). On the other hand,
the wave function of any state has the following asymptotic
expansion,

ψnρ ,m(ρ) = ρ|m|
∞∑

i=0

i∑
j=0

bi jρ
2i ln j (ρ), ρ → 0, (14)

with coefficients bi j depending on εnρ ,m, and |m|. Using series
(14), the real solutions of the equation ψnρ ,m(L) = 0, with
L>0 sufficiently large, define low-accuracy approximations to
the low-lying energies and wave functions.

B. Compact trial function

Based on series (11), (12), and (13), we constructed a
parameter-dependent approximation for the wave function
of an arbitrary state (nρ, m). We followed the prescription
described in [27], where it was applied successfully to the
quartic anharmonic oscillator. Such prescription establishes
the following: The approximate phase is the result of match-
ing the series (11) and (13) in a minimal way, reproducing
as many dominant growing terms in (13) as possible. This
procedure is almost unambiguous and it leads to

�(approx)
nρ ,m (ρ) = A + (1 − 2B) ρ2 ln ρ + (C + Bρ2) ln(1 + Dρ2)√

F 2 (1 + Dρ2) + 1
2ρ2 ln ρ

− A

F
, (15)

where {A, B,C, D, F } are five (nρ, m)-dependent dimensionless parameters. By construction, the phase (15) reproduces func-
tionally (same structure, but different coefficients) all the terms in the expansion at small distances (11), but only the leading one
in the expansion at large distances (13). The approximate trial wave function of an arbitrary state (nρ, m) is given ultimately by

ψ (approx)
nρ ,m (ρ) = ρ|m|Pnρ

(ρ2) × exp

⎛
⎜⎝−A + (1 − 2B) ρ2 ln ρ + (C + Bρ2) ln(1 + Dρ2)√

F 2 (1 + Dρ2) + 1
2ρ2 ln ρ

+ A

F

⎞
⎟⎠, (16)

where the polynomial Pnρ
(ρ2) is of the form (9), and it carries

the information about the nodes. To fix the value of free
parameters, we use the variational method imposing the or-
thogonalization constraints〈

ψ (approx)
nρ ,m

∣∣ψ (approx)
n′

ρ ,m

〉 = 0, n′
ρ = 0, 1, . . . , nρ. (17)

These constraints define the position of the nodes. Thus, after
fixing m, we move sequentially from the ground state (nρ=0)
to a higher excited state nρ > 0. Under these constraints, we
calculate the parameter-dependent expectation value of the
Hamiltonian associated with (5), usually called variational
energy and denoted by ε(var)

nρ ,m . Then, using an optimization
procedure, we can find the configuration of parameters that
minimize the variational energy. Only for states with quantum
numbers (nρ = 0, m), the variational principle guarantees that
the variational energy is an upperbound of the exact energy.

To ensure the square integrability of (16), the constraint D > 0
is imposed.

Concrete numerical calculations were carried out for the
first low-lying states with nρ � 6 and |m| � 4. As a result, the
variational energy was found with relative accuracy ∼10−6 or
less. In Table I, we present the optimal parameters and the
variational energies for the first seven S states. Meanwhile,
nodes are obtained with five exact significant digits. It was
confirmed by using the nonlinearization procedure and mak-
ing alternative accurate variational calculations, see below.
The optimized variational energies reach and sometimes over-
come the best results found in the literature [3,28–30].

By construction, our wave functions ψ
(approx)
nρ ,m are locally

accurate, mainly due to the correct asymptotic behavior of
the wave function at small and large distances. To check
this, we can estimate the local accuracy of ψ

(approx)
nρ ,m (ρ)

using the nonlinearization procedure, via the perturbation
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TABLE I. Dimensionless optimal parameters and variational energies ε
(var)
nρ ,0 of the first six S states. Diamagnetic shifts are also presented.

Displayed numbers are rounded.

nρ A B C D F ε
(var)
nρ ,0

1
8 〈ρ2〉

0 −0.2259 0.7684 0.1879 1.9102 0.9561 0.179 935 0.1363
1 −2.1430 0.9613 −0.0655 0.7327 1.5413 1.314 677 1.0363
2 −3.5415 1.0256 −0.3938 0.6052 1.8695 1.830 608 2.8459
3 −4.6212 1.0659 −0.6910 0.5576 2.1177 2.168 874 5.5630
4 −5.4135 1.0935 −0.9265 0.5393 2.3216 2.421 054 9.1873
5 −6.1751 1.1193 −1.1668 0.5214 2.4880 2.622 221 13.7150
6 −6.9278 1.1438 −1.4163 0.5044 2.6286 2.789 590 19.1070

series [25]

ψ (exact)
nρ ,m = ψ (approx)

nρ ,m (1 − φ1 − φ2 . . .). (18)

Furthermore, the nonlinearization procedure dictates that

εexact
nρ ,m = ε(var)

nρ ,m + ε2 + ε3 + · · · , (19)

if ψ
(approx)
nρ ,m is chosen according to the above mentioned

prescription. Numerical calculations for S sates established
that corrections φn in (18) decrease as n grows, specifically
|φn+1/φn| � 10−1 for all ρ. Therefore, the local accuracy
of wave functions is guaranteed. In turn, |εn+1/εn| � 10−2,
which indicates a fast rate of convergence of (19). In partic-
ular, the value of ε2 suggests that our variational calculations
lead to energies with 5–6 exact decimal digits. For the states
considered, corrections in (18) and (19) were calculated using
the Mathematica codes described in [31]. In Table II, we
present explicit values of the first 11 corrections εn in (19) for
the ground state (0,0). For this state, it is enough to consider
the first three terms in (19) to reach the accuracy provided by
the finite-element calculations, see [32].

C. Alternative trial function

The orthogonalization procedure used to determine the
position of the nodes is accurate but impractical for highly
excited states. For a given m, the nρ excited state requires
nρ − 1 constraints in order to fulfill (17). To overcome this
drawback, an alternative and efficient procedure is discussed
in this section. This approach only requires the knowledge of
the ground state functions (0, m). Using the wave functions

ψ
(approx)
0,m (ρ) with optimal parameters, we construct the expan-

sion

ψnρ ,m(ρ) ≈ ψ
(approx)
0,m (ρ) ×

N∑
i=0

i∑
j=0

c(nρ ,m)
i, j ρ2i ln j (ρ) (20)

to describe any state. The factor ψ
(approx)
0,m guarantees the cor-

rect asymptotic dominant behavior at large ρ in our trial
function (20). Based on the series at small ρ, an additional
factor is introduced in the form of a partial sum of (12) in order
to improve the small-ρ behavior. In this representation, any
wave function (20) contains (N + 1)(N + 2)/2 terms. Using
the linear variational principle, it is known that the energies
and coefficients c(m)

i, j are determined by the secular equa-
tions (Rayleigh-Ritz method). Thus, this alternative procedure
is a two-step variational consideration. To solve the secular
equations, we use the Löwdin orthogonalization procedure
[33] since the set of functions {ρ2i ln j ρ} is not orthogonal. In
Table III, we present the energies of the low-lying states with
quantum numbers nρ � 4 and |m| � 5 using N = 12. For all
states considered, numerical results indicate that the rate of
convergence is about 3–4 correct digits with an increment of
N to N + 1. In fact, using N = 12, we established 24 exact
decimal digits for energies of all states considered. Comparing
with our variational results, we established that our locally
accurate approximations (16) lead to energies with 5–6 exact
decimal digits, which is in agreement with our calculations via
the nonlinearization procedure.

TABLE II. Logarithmic potential, the ground state (0,0): First ten sums of energy corrections. Digits in bold are invariant with respect to
the next order correction. The value of εexact was calculated with the function (20).

Approximation Value Correction Value

ε0 + ε1 0.179 935 452 016 501 408 229 152 −ε2 5.1787914339321731×10−8

ε0 + ε1 + ε2 0.179 935 400 228 587 068 907 420 ε3 9.8170705093752×10−11

ε0 + . . . + ε3 0.179 935 400 326 757 774 001 172 −ε4 8.61541999679×10−13

ε0 + . . . + ε4 0.179 935 400 325 896 232 001 493 ε5 9.200491318×10−15

ε0 + . . . + ε5 0.179 935 400 325 905 432 492 811 −ε6 1.16392216×10−16

ε0 + . . . + ε6 0.179 935 400 325 905 316 100 595 ε7 1.681331×10−18

ε0 + . . . + ε7 0.179 935 400 325 905 317 781 927 −ε8 2.7053×10−20

ε0 + . . . + ε8 0.179 935 400 325 905 317 754 874 ε9 4.76×10−22

ε0 + . . . + ε9 0.179 935 400 325 905 317 755 350 −ε10 9.0×10−24

ε0 + . . . + ε10 0.179 935 400 325 905 317 755 341 ε11 1.8×10−25

εexact 0.179 935 400 325 905 317 755 341
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TABLE III. Energies (ε) of the first low-lying states with quantum numbers nρ � 4 and |m| � 5, see (6). Results were obtained with
N = 12, see (20). Underlined digits correspond to those digits reproduced by the variational energies. All printed digits are exact: Confirmed
with N = 13.

nρ/|m| 0 1

0 0.179 935 400 325 905 317 755 341 1.039 612 607 367 968 583 608 037
1 1.314 677 846 047 317 635 438 844 1.662 901 190 508 306 406 113 371
2 1.830 608 839 744 414 785 298 073 2.047 765 063 110 404 237 580 088
3 2.168 874 146 054 584 411 366 434 2.326 094 048 304 208 876 062 166
4 2.421 054 965 033 637 757 825 116 2.544 033 274 577 971 448 108 208

nρ/|m| 2 3
0 1.497 798 460 867 032 070 612 310 1.811 273 253 112 008 598 564 854
1 1.929 287 879 273 176 751 640 227 2.141 542 186 466 426 635 213 589
2 2.233 478 680 963 778 182 582 480 2.392 481 446 049 754 044 603 719
3 2.467 896 772 583 752 523 081 303 2.594 392 795 360 084 586 946 462
4 2.658 389 492 811 470 794 957 093 2.763 108 473 682 027 259 596 914

nρ/|m| 4 5
0 2.049 706 164 599 668 581 995 749 2.242 142 115 820 400 875 545 543
1 2.317 307 924 417 713 851 799 756 2.467 097 474 123 876 210 404 164
2 2.530 696 526 629 787 083 928 815 2.652 645 890 317 996 675 838 214
3 2.707 805 246 985 471 371 167 548 2.810 282 701 535 865 116 991 903
4 2.859 009 046 649 596 541 890 608 2.947 167 432 155 959 952 276 143

D. Magnetoexcitons: s states

Consider an exciton subjected to a time-independent mag-
netic field B = Bẑ.4 As long as the momentum of the center
of mass is zero, it can be shown [34–36] that the Schrödinger
equation5 for the relative motion describing S states is

−1

2

(
∂2
ρψ + 1

ρ
∂ρψ

)
+
[

ln (ρ) + γ 2

8
ρ2

]
ψ = ε ψ, (21)

where

γ = B

B0
, B0 = c e3 μ2

h̄3 . (22)

Equation (21) is written in variable (4). Note that B0 is the
exciton unit of magnetic field while ε is defined through (6).
For weak magnetic fields, perturbation theory for ε(γ ) can be
constructed in the form

ε(γ ) = ε0 +
∞∑

n=1

εnγ
2n. (23)

The first order correction (ε1), given by

ε1 = 1
8 〈ρ2〉 (24)

is called the diamagnetic shift. For S states, the experimental
measurement of ε1 reveals physical properties such as the
exciton mass, size, and spin [37]. Taking our compact approx-
imations, we calculated the diamagnetic shifts of the first S
states with 0 � nρ � 6 with an accuracy of five significant
digits. Results are presented in Table I. To calculate higher
order corrections εn>1, we used the nonlinearization proce-
dure as described in [38]. There, it was applied to construct

4Therefore, the magnetic field is transversal to the thin film.
5In the symmetric gauge.

the strong coupling expansion of the cubic anharmonic os-
cillator, see Subsection A. In this way, we calculated higher
corrections εn>1. Using as zero-order approximation (16),
we established corrections with nine exact decimal digits. In
Table IV, we present the first 11 corrections in (23) for the
ground state. Following Dyson’s argument, it is expected to
be a divergent series. However, numerical results suggest that
the second term in (23), namely

	ε(γ ) =
∞∑

n=1

εnγ
2n, (25)

is an alternating series and Padé resummable. For example,
using a Padé approximant P6

5 (γ 2) based on the first 11 correc-
tions leads to accurate results in the domain 0 � γ � 1 with
four exact significant digits. In Fig. 1, we presented the plots
of 	ε(γ ) for the first seven S states calculated through Padé
approximants P6

5 (γ 2).

0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

5

FIG. 1. Plot of 	ε(γ ) of magnetoexcitons with quantum num-
bers 0 � nρ � 6 for γ ∈ [0, 1]. Plots constructed via Padé approxi-
mants P6

5 (γ 2) of the perturbation series of each state.
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TABLE IV. Ground state (0,0): Numerical coefficients εn, n = 0, 1, . . . , 11 of the series expansion (23) for ε calculated in nonlinearization
procedure.

n εn n εn

0 0.179 935 400 6 −0.018 000 868
1 0.136 337 679 7 0.030 034 032
2 −0.023 813 717 8 −0.057 913 120
3 0.0129 299 044 9 0.127 105 525
4 −0.011 145 815 10 −0.314 135 328
5 0.012 765 279 11 0.867 136 787

III. THREE-PARTICLE SYSTEM: TRIONS

In this section, we consider the lowest bound state of the
two-dimensional complex made of three charged particles of
(effective) masses (m1, m2, m3) and charges (−e, e, e), re-
spectively. The pairwise interaction between them is assumed
to be logarithmic, and it is given by (1). In Fig. 2, the geomet-
rical setting of the system is shown.

The ground state is a square-integrable eigenfunction with
dependence only on the relative distances u1 = r23, u2 = r13,
and u3 = r12, and it is the lowest eigenfunction of the Hamil-
tonian6

ĤT ψ = Eψ, ψ = ψ (u1, u2, u3), (26)

ĤT = − h̄2

2
	 − e2

ρ0
ln

(
u1

ρ0

)
+ e2

ρ0
ln

(
u2

ρ0

)
+ e2

ρ0
ln

(
u3

ρ0

)
,

(27)

with [40]

	 = 1

μ23

1

u1
∂u1 (u1∂u1 ) + 1

μ13

1

u2
∂u2 (u2∂u2 )

+ 1

μ12

1

u3
∂u3 (u3∂u3 ) + 1

m1

u2
2 + u2

3 − u2
1

u2u3
∂u3∂u2

+ 1

m2

u2
1 + u2

3 − u2
2

u1u3
∂u1∂u3 + 1

m3

u2
1 + u2

2 − u2
3

u1u2
∂u1∂u2 ,

(28)

6The ranges of the three variables ui are coupled and satisfy a
triangle condition: Their lengths must be such that they can form
a triangle [39].

(-e, m1)

(e, m2)

(e, m3)

u2

u1

u3

S

FIG. 2. Two-dimensional complex of three particles. Each con-
stituent particle is labeled by (q, m), where q is the charge while m
the mass. The area enclosed, denoted by S and shaded in gray, is
given by (30).

where

μi j = mimj

mi + mj
, i, j = 1, 2, 3 (29)

are the reduced masses. The operator ĤT is self-adjoint with
respect to the volume element

dV ∝ u1 u2 u3 S−1 du1 du2 du3 ,

S = 1
4

√
(u1+u2+u3)(u1+u2−u3)(u2+u3−u1)(u1+u3−u2).

(30)

We set m2 = m3, as it usually appears in trions.7 Under this
assumption,

μ12 = μ13, μ23 = m2,3

2
. (31)

Next, we introduce the following change of variables

ui →
(

h̄2ρ0

m1 e2

)− 1
2

ui, i = 1, 2, 3, (32)

and the parameter

σ = m1

m2,3
(33)

to remove in (26) the appearance of physical constants (except
for the masses m1 and m2 = m3). Therefore, the trion ground
state wave function corresponds to the nodeless solution of the
dimensionless equation

−1

2
	σψ + ln

(
u2u3

u1

)
ψ = ε(σ ) ψ, (34)

where

	σ =2σ

u1
∂u1 (u1∂u1 ) + σ + 1

u2
∂u2 (u2∂u2 ) + σ + 1

u3
∂u3 (u3∂u3 )

+ u2
2 + u2

3 − u2
1

u2u3
∂u3∂u2 + σ

u2
1 + u2

3 − u2
2

u1u3
∂u1∂u3

+ σ
u2

1 + u2
2 − u2

3

u1u2
∂u1∂u2 . (35)

In (34), ε(σ ) is related to the total energy (E ) as follows:

E = e2

ρ0
ε(σ ) − e2

2ρ0
ln

(
m1e2ρ0

h̄2

)
. (36)

7It has been established that for monolayers of TMDCs based of
Tungsten, electrons in negative trions may have different effective
masses, see [41].
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FIG. 3. Dimensionless optimal variational parameters of ansatz (37) as functions of the mass ratio σ .

In contrast to the energy levels of an exciton, the difference
in energy of two arbitrary levels does depend on the masses
through σ .

A. Trial function

Based on the functions (16) constructed for excitons in
Sec. II, we design compact trial functions for a trion in its
ground state. Since we assumed that m2 = m3, the positively
charged trion (e−, h, h) and the negative one (h, e−, e−) are
described by the same Schrödinger equation.8 Their total
wave functions, which include spin and valley quantum num-
bers, are antisymmetric with respect to the permutation of
identical particles, see [18]. In particular, the spatial part of
the ground state wave function must be symmetric9 under this
permutation. Therefore, we propose the following symmetric
wave function:

ψ (approx)(u1, u2, u3)

= Ŝ
[(

1 + γ u2
1 ln
(
u2

1

))
e−�0,0(α2 u2 )−�0,0(β2 u3 )

]
, (37)

where the symmetrizer operator is given by

Ŝ = 1
2 (1 + P̂23). (38)

Here P̂23 is the permutation between the identical particles
2 → 3 in u variables. The form of the phase is given in
(15). Note that �0,0 is given by formula (15) with opti-
mized parameters found in Table I. The construction of the
previous wave function is motivated as follows. The factor
e−�0,0(α2 u2 )−�0,0(β2 u3 ) describes the trion when the repulsive
term of the interaction is absent. In turn, the factor 1 +
γ u2

1 ln(u2
1) takes into account the polarization of the complex

and describes the repulsion between equally charged carriers.
This fact can be easily established using asymptotic analysis

8When the constituent particles have different masses, they are
distinguishable. Consequently, no symmetry requirement is imposed
to the total wave function. In particular, in (37) the symmetrizer is no
longer needed.

9According to our variational calculations, the antisymmetric S
state is repulsive and does not correspond to a bound state. This
feature was already established for the Rytova-Keldysh potential in
the nonlogarithmic regime, see [18,42].

in (34) at small u1, which leads to the expansion

ψ (u1, u2, u3) = 1 − 1

4σ
u2

1 ln(u1) + 1

2(σ + 1)
(u2

2 ln(u2)

+ u2
1 ln(u3)) + · · · . (39)

Parameters {α, β} were introduced in such a way that (i)
they admit the meaning of screening charges if m1 is kept
fixed; and (ii) the square integrability of the trial function is
guaranteed. Altogether, the trial function (37) contains only
three free real parameters: {α, β, γ }. To fix their values, we
use the variational method to find the optimal configuration
that minimizes the variational energy. Numerical calculations
were performed in perimetric coordinates using a modifica-
tion of the FORTRAN code described in [43].

We carried out calculations for σ ∈ [0, 10], thus, covering
representative TMDCs (see below). In Fig. 3, we present
the optimal parameters as functions of σ in the domain σ ∈
[0, 10]. They have a smooth behavior, especially at large
σ . We found that β > α in the domain considered. It hints
that one of the two equally charged carriers is closer to the
opposite-charged one. Compared to α and β, parameter γ

is smaller. It reaches its maximum value at σ ∼ 1 − 2. In
Table V, optimized variational energy ε(σ ) is presented.

B. Alternative trial function

To investigate the accuracy of the variational calculations
shown in the previous section, we use an alternative trial
function to estimate the energy of the trion in the lowest S
state with higher accuracy. In a similar way it was done for
the exciton, see (20), we proposed

ψ (u1, u2, u3) = Ŝ

[
N∑

i, j,k=0

ci, j,k u2i
1 u2 j

2 u2k
3

(
1 + γ u2

1 ln
(
u2

1

))

× e−�0,0(α2 u2 )−�0,0(β2 u3 )

]
, (40)

where ci, j,k are coefficients to be determined. Without loss
of generality, we set c0,0,0 = 1 as normalization of the ap-
proximate wave function. Note that at N = 0, trial functions
(37) and (40) coincide. Meanwhile at N > 0, they differ due
to the insertion of the polynomial prefactor ∼u2i

1 u2 j
2 u2k

3 . This
insertion corrects the behavior of the wave function at small
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TABLE V. Trion dimensionless energy ε(σ ) vs the mass ratio σ , see (36). Variational energies obtained through trial functions (37) and
(40). For the latter, calculations correspond to N = 1, which were confirmed with N = 2. Results rounded to first display decimal digits.

Wave function Wave function

σ Eq. (37) Eq. (40) σ Eq. (37) Eq. (40)

0 0.0871 0.0791 1 0.42265 0.4182
0.1 0.1365 0.1285 2 0.6091 0.6058
0.2 0.1809 0.1729 3 0.7450 0.7411
0.3 0.2202 0.2165 4 0.8506 0.8473
0.4 0.2563 0.2539 5 0.9378 0.9347
0.5 0.2891 0.2868 6 1.0117 1.0090
0.6 0.3194 0.3166 7 1.0763 1.0737
0.7 0.3476 0.3443 8 1.1333 1.1308
0.8 0.3740 0.3703 9 1.1845 1.1821
0.9 0.3990 0.3949 10 1.2309 1.2286

distances, leading to a higher accuracy for the ground state
energy. To fix the value of the parameters {α, β, γ } and ci, j,k’s,
we followed a two-step variational consideration. First, we fix
the value of parameters {α, β, γ } according to the variational
calculations of the previous section, in which the polynomial
prefactor was not considered. The remaining free parameters,
ci, j,k’s, are defined by means of the secular equations. To
solve them, we used the Löwdin orthogonalization procedure.
In Table V, we present the value of ε(σ ) calculated with
N = 1 in (40) for representative values of σ . Using N = 2,
we confirmed the results for N = 1 up to the first four decimal
digits. It indicates a fast rate of convergence with respect to N .
In this way, we concluded that the wave function (37) provides
an accuracy of two decimal digits for all σ > 0.

The plot of ε(σ ), calculated through trial function (40) with
N = 1, is shown in Fig. 4. The curve described by ε(σ ) can
be easily interpolated with an accuracy of two decimal digits
by the simple function

ε f it (σ ) = a + b ln(1 + c σ ),

a = 0.083, b = 0.465, c = 1.059, (41)

in the domain σ ∈ [0, 10].

0 2 4 6 8 10
0

1

1.5

0.5

FIG. 4. Plot of dimensionless energy of trions ε, see (36), as a
function of the mass ratio σ .

C. Comparison with experimental data

In order to compare our results with experimental data, we
calculated the binding energy (Eb). It is defined as the amount
of energy needed to dissociate a trion into a neutral complex
(exciton) and a free carrier. Therefore,

Eb = |Etrion − Eexciton|, (42)

where the energies correspond to ground states. According to
(6), (36), and (41), we have a compact expression for Eb,

Eb(σ ) = e2

ρ0

[
0.179935 − ε f it (σ ) + 1

2 ln(1 + σ )
]
. (43)

Hence, the binding energy for trions is a function of σ .
In Table VI, we compare theoretical binding energies given

by (43) with experimental ones for negatively charged tri-
ons10 in molybdenum (Mo) and tungsten (W) dichalcogenide
materials. As previously established [44], we found that loga-
rithmic potential overbinds the trion, leading to larger binding
energies than those reported in experiments. However, our
results do not confirm the statement that the logarithmic po-
tential leads to binding energies 50% larger, see [44]. The
largest deviation occurs for MoSe2, reaching a deviation in
energies of 30%. In turn, the smallest deviation is found for
WS2, for which is 16%. Interestingly, either formula (43) or
experimental results predicts equal binding energy for MoS2

and WS2.

IV. TOWARD THE RYTOVA-KELDYSH POTENTIAL

If ρ0 in (1) is comparable to the exciton Bohr radius, the
logarithmic potential (1) is no longer suitable to describe the
interaction between carriers inside monolayers of TMDCs.
Furthermore, it overbinds three-particle complexes as we have
seen. Under these circumstances, an adequate description of
the interaction is given by the celebrated Rytova-Keldysh
potential [1,2], namely

VRK (ρ) = πqiq j

2ρ0
W

(
ρ

ρ0

)
, (44)

10Thus, we take m1 = mh and m2 = me.
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TABLE VI. Negative charged trion binding energy in meV for different suspended TMDC monolayers. Results rounded to first displayed
significant digits. Values of ρ0, σ , and experimental binding energies taken from reference [45].

Eb (meV)

Material ρ0 (Å) σ Present results Experiments

MoS2 39 0.81 41 34, 35
MoSe2 40 0.86 39 30
WS2 38 0.84 41 34, 36
WSe2 45 0.85 35 30

where

W

(
ρ

ρ0

)
= H0

(
ρ

ρ0

)
− Y0

(
ρ

ρ0

)
. (45)

Here H0 and Y0 are the Struve and Bessel function of second
kind, respectively. At small ρ, the Rytova-Keldysh potential
is reduced to the logarithmic potential as follows:

VRK (ρ) = −qiq j

ρ0

[
ln

(
ρ

ρ0

)
+ � − ρ

ρ0
+ O(ρ2 ln ρ)

]
,

ρ → 0, (46)

where � = γ − ln 2; here γ denotes the Euler-Mascheroni
constant. The constant � fixes the reference point for the
energy. Therefore, it plays no relevant physical role when
studying binding energies of complexes interacting within the
logarithmic regime. On the other hand, at large distances

VRK (ρ) = qiq j

ρ

[
1 −

(
ρ0

ρ

)2

+ 9

(
ρ0

ρ

)4

+ O(ρ−6)

]
,

ρ → ∞. (47)

Therefore, in this limit, the dominant interaction is given
by the Coulomb one. The radial Schrödinger equation that
describes excitons now reads

− h̄2

2μ

(
∂2
ρψ + 1

ρ
∂ρψ

)
+
[

h̄2m2

2 μρ2
−πe2

2ρ0
W

(
ρ

ρ0

)]
ψ = E ψ.

(48)

To construct a compact trial function for excitons, we can
follow the approach presented in Sec. II B, in which the main
ingredient is the asymptotic series. Using the transformation
(4), we obtain the dimensionless Schrödinger equation

−1

2

(
∂2
ρψ + 1

ρ
∂ρψ

)
+
[

m2

2 ρ2
− πλ

2
W (λρ)

]
ψ = ε ψ,

(49)

where11

λ = a0

ρ0
, ε = E

E0
, E0 = μ e4

h̄2 . (50)

Note that λ corresponds to the ratio of the two length scales
of the system. According to parameters found in [45], λ �
8×10−2 for all materials presented in Table VI. Therefore, it

11Here a0 denotes the exciton Bohr radius defined as a0 = h̄2

μ e2 .
Meanwhile, E0 represents the exciton Rydberg constant.

suggests taking the potential in Eq. (49) and expanding it in
powers of λ,

−πλ

2
W (λρ) = λ

[
ln(λρ) + � − λρ + O(λ2)

]
, λ → 0.

(51)

Therefore, the logarithmic potential is dominant12 at small λ.
For arbitrary λ, an asymptotic analysis establishes that the
phase of the exciton wave function has the asymptotic series

�nρ ,m(ρ) =
∞∑

i=1

⎧⎨
⎩ρ2i

i∑
j=0

ai j ln j (ρ) + ρ2i+1
i−1∑
j=0

bi j ln j (ρ)

⎫⎬
⎭,

ρ → 0, (52)

where ai, j and bi j are coefficients, cf. (11). Consequently, the
wave function behaves as

ψnρ ,m(ρ) = ρ|m|
(

1 +
∞∑

i=1

{
ρ2i

i∑
j=0

Ai j ln j (ρ)

+ ρ2i+1
i−1∑
j=0

Bi j ln j (ρ)

})
, ρ → 0, (53)

with Ai j and Bi j coefficients. At large distances, the phase
acquires the following form:

�nr ,m(ρ) = √−2ε ρ + 1

2
(4nρ + 2m + 1) ln ρ +

∞∑
k=1

ckρ
−k,

(54)

where ck’s are coefficients. In contrast with (13), for the
Keldysh-Rytova it is possible to find the structure exciton
wave function at large distances. Certainly, it will lead to an
improvement in terms of local accuracy of wave function and
variational energies compared with the current trial functions
based on hydrogenlike orbitals, see [11]. In our present ap-
proach, the next step to construct a compact wave function
is the interpolation between series (53) and (54). A minimal
interpolation results in

�(approx)
nρ ,m (ρ) = A + Bρ2 ln(1 + Cρ) + Dρ3√

1 + Fρ2 ln ρ + Gρ4

+ 1

8
(4nρ + 2m + 1) ln(1 + Gρ4), (55)

12The same conclusion for the N-particle complex can be estab-
lished using similar arguments.
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where {A, B,C, D, F, G} are free parameters. Once introduced
in (8), it leads to the approximate form of the exciton wave
function. Its accuracy in the framework of the variational
method will be studied elsewhere. Finally, the three-particle
compact wave functions can be constructed following the
same procedure shown in this work: Going from two to
three particles using the exciton wave function as a building
block.

V. CONCLUSIONS

In this article, locally accurate wave functions were con-
structed for the bound states of two-particle system (exciton)
in two dimensions whose constituent particles interact through
a logarithmic potential. For states with quantum numbers
nρ � 4 and |m| � 5, they allowed us to reproduce energies
with 5–6 exact decimal digits. It was checked using the non-
linearization procedure and an alternative two-step variational
approach. For magnetoexcitons at rest, it was demonstrated
that those functions (used as a zero-order approximation) lead
to highly accurate coefficients of the weak coupling energy
expansion in powers of the magnetic field strength. Numerical
results for S states suggest that the weak coupling expansion
is Padé (re)summable.

We constructed a compact approximation of the two-
dimensional three-particle system (trion) ground state wave
function using the exciton ground state one as a building
block. It only depends on three nonlinear free parameters that

are fixed through the variational method. It contrasts with
the 106 linear variational parameters that were recently used
in [42]. Our wave function led to binding energies in good
agreement with experimental results for trions in concrete
TMDCs made of Mo, W, S, and Se. It was shown that the
logarithmic potential leads to binding energies � 30% larger
than those coming from experiments. We find a simple for-
mula for the binding energy as a function of the mass ratio of
the constituent particles.

Finally, the structure of the exciton wave function at small
distances whose carriers interact via the Rytova-Keldysh
potential was established. This new piece of information
may lead to the construction of improved variational wave
functions used to study larger complexes in TMDCs like
biexcitons.
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