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Mg2Si1−xSnx solid solutions show enhanced thermoelectric performance due to band convergence, especially
when the x is approximately 0.7. The complex band edges arising from crossover of two conduction bands
have been discussed from various aspects, but the temperature-induced band edges renormalization have been
neglected. We report the electron-phonon renormalization in Mg2Si and Mg2Sn and find different responses of
band gap with temperature. The contributions from lattice expansion and temperature induced atomic vibrations
are both considered. The band gaps of the end-point compounds are found to have opposite temperature
dependences (e.g., from 0 to 800 K, the Mg2Si gap decreases by ∼0.12 eV while the Mg2Sn gap increases
by ∼0.02 eV). The remarkably different temperature dependences are due to the different chemical characters
of the two conduction bands (light and heavy bands) in Mg2Si and Mg2Sn. Our work reveals the origin of
relationship between temperature and electronic structure of the band edges in Mg2Si and Mg2Sn. This behavior
extends to the alloy system. The temperature effect does not affect the result that there is band convergence of
the two carrier pockets near the conduction band minimum in the Mg2(Si, Sn) alloy thermoelectric system.

DOI: 10.1103/PhysRevB.108.155205

I. INTRODUCTION

Thermoelectric (TE) materials enable direct conversion
between thermal and electrical energy. Among other appli-
cations, they enable conversion of waste heat into useful
electricity. This is a topic of great interest for energy technol-
ogy [1–4], but is limited by the conversion efficiency possible
with existing thermoelectric materials. The TE conversion
efficiency is limited by the figure of merit, ZT = S2σT/κ

of the materials. Here T is the temperature, S is the Seebeck
coefficient, σ is the electrical conductivity, and κ is the ther-
mal conductivity. In order to obtain large ZT, increasing the
power factor (S2σ ) and/or reducing the thermal conductivity
is necessary. However, the optimization of TE performance is
challenging because of the counter-correlations of the trans-
port parameters entering ZT [5]. Strategies that have been
used to overcome this include the “phonon glass electron crys-
tal” concept [6], the use of nanostructuring [7], and various
band engineering approaches [4,8–10]. The solid solution,
Mg2Si1−xSnx is of particular interest due to the high TE
conversion efficiency that is obtained for n-type samples at
certain compositions, x, as well as the practical advantages of
relatively low cost, nontoxicity, and stability [11–16]. Mg2Si
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and Mg2Sn are indirect band gap semiconductors with two
low-lying conduction bands [the lower mass (CL) and higher
mass (CH) bands]. The order of minima of these two bands is
opposite in the two compounds. The lowest conduction band
minimum is CL in Mg2Si and CH in MgSn2. Consequently, for
some composition x, the Mg2Si1−xSnx solid solution displays
a convergence in energy, where the two conduction band
minima differ in energy by less than 2kBT [13]. It has been
argued that the resulting increased valley degeneracy leads
to a significantly enhanced density-of-states effective mass,
which gives rise to enhanced Seebeck coefficients for a given
carrier density and consequently enhanced power factor and
thermoelectric performance [13]. This is supported by exper-
imental results showing high performance of Mg2Si1−xSnx

solid solutions in this composition range, where an optimized
ZT of 1.3 for x ≈ 0.7 at 700 K has been obtained in exper-
iments [13]. However, while the alloy composition is key to
this band convergence, there may be other important factors
influencing the band structure and band convergence [17–19].
Here we show that temperature is crucial for understanding
band convergence due to the very different temperature depen-
dences of the light and heavy bands involved in this system.

Theoretically, there are two main sources of temperature
dependence of the band structure. These are the lattice ther-
mal expansion and the electron-phonon interaction, whereas
the change of electronic structure caused by phonon vibra-
tions is called the electron-phonon renormalization (EPR)
[20–24], which includes both the effect of thermally populated
phonons and zero-point vibrations. A well-known effect in
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semiconductor physics, redshift or blueshift of the gap with
temperature is often referred to as the Varshni effect or inverse
Varshni effect [18,22,25–34]. This has been studied theoreti-
cally from the Allen-Heine-Cardona theory with a “one shot”
method [35–37]. For example, Zhang et al. have reported the
temperature-dependent band gaps in some classical covalent
and ionic semiconductors [38]. The band gaps of diamond,
Si, SiC, MgO, and NaCl generally decrease at high tempera-
ture [33,34,38]. On the contrary, the band gap in Ge2Sb2Te5

increases with temperature [28]. Prior work has noted the
possible importance of temperature in certain TE materials
[18,19,22,27,28,37,39–44], such as PbTe [19], SnTe [43], and
CoSb3 [42]. Those results show that the band convergence
may affect the thermoelectric behavior of these materials
at high temperatures. For example, D’Souza and Querales-
Flores et al. investigated temperature dependent alignment of
the L and � valleys in PbTe [18,44].

Here we explore the temperature dependent changes of in
the band structures of Mg2Si, Mg2Sn and Mg2Si1−xSnx solid
solutions, finding that these are important for understanding
the TE properties. We study and decompose the EPR effect
on band structures of Mg2Si, Mg2Sn and Mg2Si0.375Sn0.625.
We do this using a recently developed one-shot method for
calculating EPR [20]. In the case of Mg2Si, the band gap
decreases with temperature, while that of Mg2Sn increases
weakly. The band convergence is governed by the relative
positions of the light and heavy conduction band minima.
This is affected by both temperature and lattice constants. The
results confirm that temperature does not change the fact that
there is a convergence between CL and CH in the solid solution
near a composition of Mg2Si0.375Sn0.625, but do indicate that
temperature dependent shifts should be considered in relation
to interpreting data on this system.

II. METHODS

We investigate EPR effect at finite temperatures by using
the quasiharmonic approximation (QHA) and the “one-shot”
method [20]. The procedure used is as follows: (1) The
temperature dependent structures were determined using the
QHA, in particular to obtain the volume (V) as a function
of temperature [45]. (2) The phonon spectra were calculated
using 4 × 4 × 4 supercells with the temperature dependent
structures V (T ). (3) The one-shot method was used where
atoms are displaced from their equilibrium positions by �τ ,
based on the phonons and Gaussian widths due to the T de-
pendent phonon occupations as given in [20]. (4) The effective
band structure (EBS) at T is predicted by unfolding the band
energies in the supercell into the primitive cell.

The present work is based on first-principles density func-
tional calculations. These are performed using the Vienna
ab initio Simulation Package (VASP) [46–48], with standard
settings. The projector augmented-wave method is applied
with a plane wave cutoff energy of 520 eV [49]. The gener-
alized gradient approximation (GGA) of the Perdew-Burke-
Ernzerhof (PBE) type is used as the exchange-correlation
functional [50] for total energy calculations as needed for the
phonons. The electronic structures are calculated by using the
modified Becke-Johnson (mBJ) meta–GGA potential [51,52].
This is important for improving the accuracy of band gap pre-

FIG. 1. Crystal structure of the primitive cell of Mg2Si and
Mg2Sn, yellow and blue spheres are Mg and Si/Sn atoms,
respectively.

diction in relation with experiment. We use the mBJ potential
for both the band structures and the one-shot calculations for
the temperature dependent band shifts. The energy conver-
gence accuracy is 10−8 eV. To obtain the optimized structure
with sufficient stability for phonon calculations, the conver-
gence criterion for the force acting on atoms is 10−5 eV/Å.
A 4 × 4 × 4 supercell (192 atoms) and the corresponding 4 ×
4 × 4 supercell (192 atoms) with 2 × 2 × 2 Monkhorst-Pack
k grids are used for quasiharmonic approximation (QHA)
and the “one-shot” method [20] calculations, respectively. In
addition, a 2 × 2 × 2 supercell as in Fig. S1 of the Supple-
mental Material [53] and 2 × 2 × 2 Monkhorst-Pack k-grids
were used for QHA and “one-shot” calculations, respectively,
for the Mg2Si0.375Sn0.625 composition. Phonon calculations
were performed using a supercell approach. Real-space force
constants were calculated in the density-functional perturba-
tion theory implemented in the VASP code for Mg2Si and
Mg2Sn. In order to improve the computational efficiency, the
phonon spectrum of Mg2Si0.375Sn0.625 was obtained by using
the PHONOPY code based on the finite differences method [45].
The results of the two methods match very well as shown in
Fig. S2 in the Supplemental Material [53].

Finally, we note that the one-shot calculations that we do
are based on the adiabatic approximation. This approxima-
tion, while common, has limitations, and in particular it has
been noted that there can be a significant error for the zero
point renormalization for polar semiconductors [37,54,55].
Prior reports of the lattice dynamics indicate a substantial
ionic component reflected in Born charges somewhat lower
than but close to the nominal charges of +2 and -4 for Mg
and Si, respectively, in Mg2Si [56,57]. The error in the adi-
abatic approximation is related to the long-range Coulomb
interaction. While we are unable to quantify nonadiabatic
corrections for Mg2Si and Mg2Sn, we expect that these
contributions are not dominant, especially considering the
relatively high dielectric constant, which is approximately 20
in Mg2Si [58].

III. RESULTS AND DISCUSSION

The antifluorite-type compounds Mg2Si and Mg2Sn are
shown schematically in Fig. 1. These are semiconductors,
with eight valence electrons per formula unit and as men-
tioned, the n-type alloy, Mg2Si1−xSnx is a well-known TE
material [59,60]. They have space group Fm-3m and are indi-
rect band gap semiconductors. The primitive cells contain the
Mg and Si (Sn) atoms located at the 8c: (0.25, 0.25, 0.25) and
4a: (0, 0, 0) sites, respectively. The lattice constants of Mg2Si
and Mg2Sn using the PBE functional are 6.35 Å and 6.81 Å,
respectively. These values are very close to the experimental
values [61]. Temperature dependence V (T ) and volumetric
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FIG. 2. The projected (mBJ) band structures of (a) Mg2Si and (d) Mg2Sn primitive cells, as well as the EBSs at 0 and 800 K for (b) Mg2Si
and (e) Mg2Sn, respectively. The schematic diagram for the band structure identification for (c) Mg2Si and (f) Mg2Sn. The Fermi energy is set
as the zero of energy and the high-symmetry points are L (0.5 0.5 0.5), � (0 0 0), X (0.5 0 0.5), W (0.5 0.25 0.75), K (0.375 0.375 0.75). The
size of the colored dots indicates the weights of different orbitals.

expansion coefficient αV from 0 to 800 K are obtained by
the QHA method and shown in Fig. S3 of the Supplemental
Material [53]. The αV results of Mg2Si and Mg2Sn are typical
of common compounds (e.g., at 300 K, 5.305 × 10−5 K−1 for
Mg2Si, 6.238 × 10−5 K−1 for Mg2Sn).

The electronic band structures of Mg2Si and Mg2Sn prim-
itive cells without EPR are shown in Figs. 2(a) and 2(d).
Figures 2(b) and 2(e) show the band structures with EPR for
Mg2Si and Mg2Sn at 0 K and 800 K, respectively. The mBJ
potential was used for these band structure calculations. Both
compounds show an indirect gap with conduction band min-
ima along the X−� direction. The indirect band gap values
of Mg2Si and Mg2Sn are calculated to be 0.591 and 0.095
eV, which are somewhat lower than quoted literature values
of 0.69–0.78 eV for Mg2Si and 0.23–0.33 eV for Mg2Sn,
respectively [61–63]. We show the projected band structures
without EPR of Mg2Si and Mg2Sn in Figs. 2(a) and 2(d).
The schematic diagram for the band structure identification
for Mg2Si and Mg2Sn in Figs. 2(c) and 2(f), respectively [64].
The CL is shown in red, and the blue represents the CH for
Mg2Sn and Mg2Si [17] (the EBSs in two materials between
0 and 800 K are given in the Figs. S4 and S5 of the Sup-
plemental Material [53]). Importantly, two conduction bands
corresponding to CL and CH are reversed in order between
Mg2Si with Mg2Sn. The lowest-lying band is the light band
(CL) in Mg2Si, and it is the heavy band (CH) for Mg2Sn.
This is the basis for the band convergence in the alloy system
[13]. The CL of Mg2Si is mainly contributed by Mg-p and
Si-s orbitals, while the CH band comes from the Mg-s orbital,
as seen in Fig. 2(a). Similarly, the CL band Mg2Sn is mainly

contributed by Mg-p, Sn-s, and Sn-d orbitals, while the CH

band has Mg-s and Sn-d orbitals character. Both the CH and
CL pockets are triple degenerate at the X point, in the sense
that there are six equivalent half-pockets in the Brillouin zone
at the six equivalent X points. These pockets, specifically the
CBM and CB3 pockets, are not band degenerate at a given
single X point. The band edges at the VBM in Mg2Si (Mg2Sn)
are contributed by Si-p (Sn-p) orbitals. It is noteworthy that
the CL splits in the one shot EPR calculation. This reflects
the effect of the frozen in atomic displacements that break
symmetry, and in this sense the splitting is an artifact of
the calculation. It is, however, of interest since it reflects the
strength of the EPR [65].

In the schematic diagram is shown the identification of the
valence band maximum (VBM), the conduction band mini-
mum CBM, the second conduction band (CB2), and the third
conduction band (CB3) in the band structure with EPR for
Mg2Si and Mg2Sn. The two split energy levels of CL for
Mg2Si are marked by CBM and CB2, whereas the CL splits
in Mg2Sn are denoted by CB2 and CB3, respectively. The
difference between CL and CH qualitatively reflects different
electron-phonon couplings for the two pockets, in particular
that the EPR effect is stronger for CL reflecting its different
orbital character from CH.

The electronic structure shown in the EBS is influenced
by the EPR including band gap changes with temperature and
zero-point renormalization (ZPR) [66]. The ZPR is defined by
the value of Eg(T = 0) − Eg(static). From Fig. 2, we find ZPR
values for Mg2Si and Mg2Sn of −0.040 eV and −0.002 eV,
respectively. Table I summarized ZPR for Mg2Si, Mg2Sn and
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TABLE I. Band gaps (in eV) for Mg2Si, Mg2Sn and
Mg2Si0.375Sn0.625 at different temperatures. These values are ex-
tracted from the EBSs with the consideration of EPR.

Mg2Si Mg2Sn Mg2Si0.375Sn0.625

Temperature (K) Indirect Gap Indirect Gap Direct Gap

ZPR −0.040 −0.002 −0.025
Without EPR 0.591 0.095 0.286
0 0.551 0.093 0.261
100 0.546 0.103 0.246
200 0.536 0.102 0.251
300 0.516 0.105 0.236
400 0.495 0.121 0.204
500 0.482 0.147 0.216
600 0.472 0.144 0.184
700 0.453 0.148 0.165
800 0.432 0.111 0.101

Mg2Si0.375Sn0.625. The ZPR for Mg2Si is remarkable, while
it has a very small value for Mg2Sn. This is partly because
the heavier Sn atoms have smaller zero-point displacements as
also reflected in the lower frequency phonons in that material
and it is also partly due to the different bands making up the
conduction band minimum. The ZPR is distinct from the high
temperature behavior, which is governed primarily by force
constants as opposed to the mass. This is a consequence of
equipartition at higher temperature. For the phonons, the lat-
tice expansion (LE) at finite temperature has greater influence
on the optical branches, and the phonon modes are softened at
higher temperature from the phonon spectra at 0–800 K. We
find no imaginary phonons in Mg2Si and Mg2Sn. This allows
the EPR calculations based on the QHA method. The phonon
spectra of Mg2Si and Mg2Sn are shown in the Figs. S6 and S7
of the Supplemental Material [53]. These include the effect of
zero-point motion.

Interestingly, with temperature increase, the trends in the
Eg change due to EPR are opposite for Mg2Si and Mg2Sn.

For instance, the reduction of Eg is ∼0.119 eV from 0 to 800 K
for Mg2Si. On the contrary, the Eg is increased by ∼0.018 eV
for Mg2Sn. This dependence of Eg at fine temperature is
considered both lattice expansion and lattice vibrations
(LE+VIB). Further, we individually calculated the EBSs
considering only LE, and only lattice vibration (VIB). The
resulting values for LE or VIB are shown in Fig. 3(a). For
the calculations with only the vibration effect, the vibration re-
sults (frequencies, eigenvectors) are firstly calculated based on
the 0 K lattice parameters without the lattice expansion. Then,
the vibration-induced atomic positions at given temperature
are set for the “one-shot” method while the lattice parameters
are fixed at the 0 K values. Thus, the structure at T only
including the atomic vibrations is obtained and the band gap
calculated as usual in the one shot method. Considering only
the lattice expansion, the band gap of Mg2Si increases mono-
tonically, while oppositely to that of Mg2Sn which decreases
monotonically. This is consistent with previous studies on the
variation of conduction band under strain [17,67]. Turning to
the vibrational effect, the band gaps of Mg2Si affected only
by VIB decreases monotonically, while again that of Mg2Sn
behaves oppositely and increases monotonically. The results
as given in Fig. 3(a) show VIB effect is more significant
than LE. Consequently, the combined LE+VIB effects are
dominated by the VIB. This is similar to what was reported
in the oxide TiO2 [30]. The important conclusion is that the
bands (CH and CL) shift by the LE are against to VIB in
the two materials with temperature. The band structures as
influenced by LE, VIB, and LE+VIB for Mg2Si and Mg2Sn
are shown in Figs. S4 and S5 and S8–S11, of the Supplemental
Material [53].

The absolute energy levels for the CL (CBM-Mg2Si,
CB3-Mg2Sn), CH (CB3-Mg2Si, CBM-Mg2Sn), and VBM
as functions of temperature reflect the different temperature
dependent shifts of the CL and CH as shown in Fig. 3(b).
Figure 3(b) demonstrates that the CL and CH have a simi-
lar renormalization trend in Mg2Si and Mg2Sn. The average
value of the 1s core level of Mg atom is used as the reference,

FIG. 3. (a) The temperature dependence of the band gap including only the LE or VIB effect and the combined effect of LE+VIB is
shown in red, cyan, and blue, respectively. (b) The absolute energy levels for the VBM (black), CBM (red) and CB3 (blue) as functions of
temperature. (c) The energy difference of �E1, �E2 and �E3 with (LE+VIB) effects at different temperatures. The gray area represents a
Fermi distribution width of 2kBT . The solid square and solid line represent Mg2Si, while the open squares and corresponding line represents
Mg2Sn.
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FIG. 4. The band-decomposed charge density plots of CL and CH

are shown in Mg2Si(a) and Mg2Sn(b), respectively.

and the energy of VBM at 0 K is set as zero. According to the
absolute energy levels, we find that the change of band gap by
the EPR is due to the different responses of CBM and VBM
energy levels. The energy levels of VBM of Mg2Si (black
solid square) and Mg2Sn (black open square) both shift up
with the similar trends. For CBM, the energy level of Mg2Sn
(CL of red open square) moves up, but that of Mg2Si (CH

of red solid square) changes very insignificantly. Therefore,
the band gap for Mg2Si shows a stronger temperature depen-
dence. In addition, it may be noted that the smaller magnitude
of the bare band gap in Mg2Sn compared to Mg2Si may play
an important role in enhancing the contribution of the valence
bands to the CBM renormalization via hybridization.

In addition, we extract the variation of the different energy
levels that is �E1, �E2, and �E3, which reflect the degree
of degeneracy with EPR in Fig. 3(c). The �E1 represents the
energy level splitting, and becomes smaller than 2kBT above
400 K thus contributing favorably to degeneracy. The �E2

and �E3 shown the energy difference between the CH and
CL varies very little with temperature, which do not obviously
affect the band convergence. We additionally studied the EBS
in the alloy Mg2Si0.375Sn0.625, which is close to the optimal
solid solution composition from experiment, with a supercell.
We can find the band gap decreases, and temperature does not
change the fact that there is convergence of the light and heavy
bands. The bands still converge at high temperature because
the band edge shifts by LE and VIB are opposite which results
in offsetting each other. These results shown in Figs. S12–S14
of the Supplemental Material [53] show the LE+VIB effects,
while as expected the phonon spectra as given in Fig. S15
confirm the structural stability. Combined with LE+VIB, VIB
plays a major role in band structure dependence, which needs
to be considered.

As mentioned above, the behaviors of band gap with tem-
perature can be attributed to the different dependence of CH

and CL on temperature. In order to elucidate the relation-
ship with the orbital characters, we visualize the decomposed
charge density distribution of CH and CL at X points for
Mg2Si and Mg2Sn in Figs. 4(a) and 4(b), similar to prior
analysis [59,68]. Then, we find that the band-decomposed
charge density distribution of CH surrounding the Mg atom
significantly results in electronic states that strongly couple
to atomic vibrations. The CL charge density is very local in
the central cavity of the structure [68], which is distinct from
CH and weakly effected by lattice vibration. This provides
a qualitative explanation for the different behaviors of the

FIG. 5. The temperature-dependence gap of Mg2Si (red), Mg2Sn
(blue), Mg2Si0.375Sn0.625 (green) with the corresponding nonlinear
fittings by the Varshni equation of �Eg = aT 2/(T + b). The abso-
lute values of coefficients |a| and |b| are listed, and the band gaps at
0 K are set as the references.

renormalization magnitude of the CBM and CB3 bands dis-
played in Fig. 3(b) in Mg2Si and Mg2Sn.

It is of particular interest that the temperature
dependence of band gap can be fitted by Varshni equation
�Eg(T ) = aT 2/(T + b). The variations of band gap for
Mg2Si, Mg2Sn and Mg2Si0.375Sn0.625 are extracted from their
band structures with the consideration of EPR and plotted as
function of temperature in Fig. 5 (the band gap at 0 K is set as
the reference). The EBSs for Mg2Si0.375Sn0.625 are shown in
Figs. S17 and S18 of the Supplemental Material [53]. Here,
�Eg(T ) is the band gap difference between at temperature
T and at 0 K in Fig. 5. Meanwhile, the coefficients |a| and
|b| can be obtained. Especially, the larger absolute value of
|a| represents �Eg(T ) changing with T more strongly, and
the smaller |b| shows a more linear relationship between
�Eg(T ) and T. The absolute values of |a| are 1.745, 0.529,
2.675 × 10−4 eV/K−1 for Mg2Si, Mg2Sn, Mg2Si0.375Sn0.625.
It is perhaps surprising that the temperature dependence of
the fitting parameter for the band gap of Mg2Si0.375Sn0.625 is
nearly the same as that for Mg2Si even though the composition
is much closer to that of Mg2Sn in Fig. 5. However, it
is important to note that the temperature dependence of
the fitting parameter for the band gap mainly depends on the
relative position of energy level between CBM (CL or CH) and
VBM for Mg2Si, Mg2Sn, respectively, shown in Fig. 2. Thus,
there are two aspects: the individual temperature dependences
and the relative positions. Theoretically, when x � 0.625 of
Mg2Si1−xSnx, the temperature dependence of the band gap
are similar to Mg2Si due to the band gap controlled by CBM
(CH) and VBM [13].The temperature influences convergence
of the conduction bands including mainly two parts of lattice
vibration and lattice expansion. The results of considering
lattice expansion show that CH and CL in Mg2Si0.375Sn0.625

do not degenerate at high temperature in Fig. S12 of the
Supplemental Material [53]. However, the CH and CL remain
degenerate at high temperatures after considering lattice
vibration as shown in Fig. S14 of the Supplemental Material
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[53], which is helpful to improve the density of states and
the thermoelectric performance. In conclusion, the results of
our calculated temperature-dependent band gap shall have a
guiding significance for experiments of Mg2Si, Mg2Sn and
Mg2Si0.375Sn0.625. In general, the EPR effect is found to be
dominant and not negligible at finite temperature.

IV. CONCLUSION

In this paper, we have applied electron-phonon
renormalization theory to calculate the different responses of
temperature-induced band gap change for Mg2Si, Mg2Sn and
Mg2Si0.375Sn0.625, in which the contributions from LE and
VIB are both considered at finite temperatures. By comparing
the contributions of LE and VIB on the band gap of Mg2Si
and Mg2Sn, we reveal that they have opposite effects. The
remarkably different temperature dependences are understood
by the distinct characteristics of the two conduction bands (CH

and CL) in Mg2Si and Mg2Sn. Furthermore, from 0 to 800 K,
temperature does not obviously affect band convergence in
the alloy at the particular composition of Mg2Si0.375Sn0.625,

where the band convergence for the alloy still occurs at
high temperature. More generally, the results show that the
temperature dependent band shifts make a non-negligible
contribution to the band gap in the Mg2(Si, Sn) thermoelec-
tric system. This provides a further avenue for optimization
of the TE performance of this material for application under
different operating conditions as well as emphasizing the
importance of considering temperature dependent band shifts
in band structure engineering of prospective TE materials.
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