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Topological states of Sr3PbO: From topological crystalline insulator phase
in the bulk to quantum spin Hall insulator phase in the thin-film limit
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Nontrivial topological materials are emerging as fascinating objects in condensed matter research due to their
great potential in low-power and low-dissipation electronic applications. In this work, using first-principles
calculations and a tight-binding method, we propose a promising candidate with novel topological states and
high experimental feasibility. We prove that Sr3PbO exhibits a topological crystalline insulator (TCI) phase in its
three-dimensional (3D) bulk lattice and a quantum spin Hall insulator (QSHI) phase in its two-dimensional (2D)
thin film, presenting a picture of evolution from 3D TCI to 2D QSHI. Moreover, the topological phase transition
between QSHI and trivial phases occurs as the thickness of the thin-film Sr3PbO varies. This intriguing behavior
can also be confirmed using a low-energy effective model with infinite potential well boundary conditions.
The high-quality bulk and thin-film Sr3PbO have been prepared in an experiment, implying high feasibility for
experimental characterization.

DOI: 10.1103/PhysRevB.108.155139

I. INTRODUCTION

Recent years have witnessed an outburst of research ac-
tivities on topological phases such as topological insulators
(TIs) [1–4], topological crystalline insulators (TCIs) [5–9],
and topological semimetals [10–13]. They are characterized
by the gapless surface/edge states inside the bulk gap, which
are robust against elastic backscattering and localization.
Therefore, topological materials hold great potential in quan-
tum electronic devices with low heat dissipation and power
consumption. In addition to individual topological phases,
topological phase transition between different topological
phases has also attracted enormous interest. For example, the
transition between type-I and type-II Weyl fermions can be
observed in ternary transition metal chalcogenides by tuning
van der Waals interlayer spacing [14]; the topological phase
in MnBi2Te4 exhibits an oscillatory behavior as the thickness
changes [15].

Sr3PbO has been known since 1980 [16]. It harbors a
variety of new physics such as superconductivity [17,18],
giant magnetoresistance [19,20], and superionic conductiv-
ity [21,22]. In particular, it was identified as a candidate
TCI with surface states protected by mirror symmetry [23],
though a full analysis of its surface states is still lacking. En-
couragingly, a high-quality thin-film Sr3PbO along the [001]
direction was prepared by the molecular beam epitaxy (MBE)
method [24]. It is natural to ask whether or not the thin-film
system can exhibit novel topological states. However, up to
now, the topological properties of the thin film have not been
explored. Therefore, it is highly desirable to provide a com-
prehensive study on bulk and thin-film Sr3PbO.
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In this work, we report a detailed study on the nontrivial
topological states of bulk and thin-film Sr3PbO. In Sec. II,
we provide the details of our first-principles calculations.
In Sec. III, we give a full analysis of the surface states in
(001), (110), and (111) lattice planes in bulk Sr3PbO. In
Sec. IV, we prove that the thin films with Sr2-O terminations
are the stablest ones among three different configurations.
Due to the limitation of the computational cost in the first-
principles calculations, we build a thin-film model from the
bulk tight-binding Hamiltonian in Sec. V. Remarkably, we
demonstrate the existence of a quantum spin Hall insulator
(QSHI) phase and unveil the topological phase transitions
between QSHI and trivial states in thin films. Based on the
previously proposed method for the crossover state between
three-dimensional (3D) TI and two-dimensional (2D) QSHI
[25], we show the connection between 3D TCI and 2D QSHI
in our model.

II. METHODS

First-principles calculations were performed using the Vi-
enna ab initio simulation package (VASP) [26] based on
density functional theory with the projector augmented-wave
method [27]. We chose the experimental value a = 5.15 Å
for the lattice constant of the bulk Sr3PbO [24]. The
Heyd-Scuseria-Ernzerhof (HSE06) functional with mixing
parameter a = 0.25 and adjustable parameter w = 0.2 was
used to give a more accurate band gap result [28]. The cutoff
energy of the plane wave basis was set to 560 eV, and the
7×7×7 k-point meshing was used to sample the Brillouin
zone. For the band structure calculations of the thin films,
the Perdew-Burke-Ernzerhof generalized gradient approxima-
tion [29] with a 9×9×1 k-point mesh was used. To fit the
tight-binding model, the Wannier90 software package was
used to generate the tight-binding matrix with the maximally
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FIG. 1. (a) The lattice structure of bulk Sr3PbO. (b) The bulk Brillouin zone and the projective Brillouin zone along [001] direction. (c) The
band structures of bulk Sr3PbO from first-principles calculations (black dots) and fitted tight-binding model (red solid lines). (d) The projected
orbitals with inverted band ordering near � point (red dots correspond to Sr − d orbitals, and blue dots correspond to Pb − p orbitals).
[(e), (f)] Surface density of states in (001) with Sr2-O termination, and ±i in the insets indicate the mirror eigenvalues.

localized Wannier function (MLWF) [30]. A 3×3×3 k-point
mesh was chosen in the fitting. After doing the projection
analysis, we found that the band structure around the Fermi
level is mainly contributed by Sr − d orbitals and Pb − p
orbitals. Three Pb − p orbitals and five Sr − d orbitals were
chosen as bases to make sure the avoided crossing can be
obtained near the Ḡ point [31]. Including the spin degrees of
freedom, we had in total 3×2 + (5×3×2) = 36 bases in our
tight-binding Hamiltonian.

III. SURFACE STATE ANALYSIS OF SR3PbO

As shown in Figs. 1(a) and 1(b), the bulk Sr3PbO is in the
space group Pm3̄m with a simple-cubic Brillouin zone. The
band structures obtained from the first-principles calculations
are shown in Figs. 1(c) and 1(d). We can see that the funda-
mental gap of bulk Sr3PbO is located at the � point in the G-X
line. The Pb − p orbitals on the valence band maxima (VBM)
and Sr − d orbitals on the conduction band minima (CBM)
are inverted at the � point, which indicates the nontrivial
topological nature. To show the nontrivial topological prop-
erties explicitly, we directly calculated the surface states on
(001), (110), and (111) surfaces from the first-principles tight-
binding models using the recursive Green’s function method
[32].

The results of the (001) surface with Sr2-O termination are
shown in Figs. 1(e) and 1(f), and other results can be found
in Appendix A. From Figs. 1(e) and 1(f), we can see several
Dirac cones with a small gap (indicated by the green arrow)
along different high-symmetry lines around the Ḡ point. Due
to the high symmetry of bulk Sr3PbO, there are in total six
equivalent gapped Dirac cones along three different rotational

axes in the Brillouin zone. From the projective Brillouin
zone along the [001] direction and the bulk Brillouin zone in
Fig. 1(b), we can see that two Dirac cones at the � points
along kz will be projected to the Ḡ point, and another four
equivalent gapped Dirac cones along four equivalent Ḡ-X̄
directions connected by the C4 symmetry will be projected to
four equivalent �̄ points.

As shown in Fig. 1(b), there are two mirror reflection lines
along Ḡ-X̄ and Ḡ-M̄ directions on the projective Brillouin
zone. They come from the mirror reflection planes (100)
and (110) on the bulk Brillouin zone, respectively. Accord-
ing to our previous work, (100) and (110) are both mirror
reflection invariant planes with nonzero mirror Chern number
Cm = 2 [23]. To confirm this, we constructed the symmetry
operators, transformed the tight-binding Hamiltonian into a
block-diagonalized form with ±i subspace, and calculated Cm

of each subspace independently [33]. The detailed calcula-
tion method and the explicit representation of the symmetry
operators are included in Appendix B. The nonzero Cm = 2
indicates that there must be two pairs of surface states with op-
posite mirror eigenvalues on the boundary of (100) and (110).
As shown in Fig. 1(e), two gapless crossings induced by two
pairs of states from the ±i subspaces can be observed in the
small gapped region and the valence bulk region at Ḡ point,
respectively. From Fig. 1(f), we can see one pair of nontrivial
surface states crossing in the small gapped region at the Ḡ
point, and the other pair of nontrivial surface states connecting
the valence region to the conduction region along the Ḡ-X̄
direction. There is an additional trivial surface state along the
Ḡ-X̄ direction, which does not connect the valence region to
the conduction region. As a result, a crossing induced by the
trivial and nontrivial states can be observed near the Ḡ point.
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FIG. 2. (a) Formation energy of three different thin-film configu-
rations as a function of atomic layers. (b) The surface energy of three
different thin-film configurations as a function of atomic layers. The
unit of A denoted as the total area of the thin film, which is in the unit
of Å2. (c) Band structure of 9-layer thin film with Sr2-O terminations.
(d) Band structure of 9-layer Cl-passivated thin film. The inset shows
the inverted band ordering nature (red dots represent the Sr − dz2

orbitals, and blue dots represent the Pb − py orbitals).

IV. STABILITY OF THE THIN FILM FROM DFT

In view of the rich topological properties of the bulk sys-
tem, we also analyzed the thin-film system to explore its
edge states. With the nontrivial topological surface states con-
firmed, we can expect to realize 2D topological phases due to
the hybridization between top and bottom surface states in the
thin films of Sr3PbO as in the thin films of Bi2Se3-type 3D
TIs [25] and SnTe-type TCIs [34]. To give a reliable experi-
mental prediction, we first study the stability of different thin
films. The thin films along the [001] direction have two types
of terminations (Sr-Pb termination and Sr2-O termination).
Therefore, there will be three configurations: an even-atomic-
layer-thick configuration with two types of terminations and
two odd-atomic-layer-thick configurations with either Sr-Pb
or Sr2-O terminations. To find out the stablest configuration,
we calculated the formation energy and surface energy of the
thin-film systems. The formation energy is calculated using
the formula E f m = Es−

∑
x nxμx∑

x nx
, where Es denotes the total en-

ergy of the slab, nx denotes the number of x atoms in the unit
cell of the thin film, and μx denotes the chemical potential of
the element obtained in their corresponding stable bulk phases
(for example, the chemical potential of oxygen is the energy
of the oxygen molecule divided by 2) [35]. As we can see in
Fig. 2(a), the formation energies of these three configurations
all exhibit a decreasing tendency as we increase the number
of atomic layers up to 15. We expect the formation energy
will continue to decrease, which implies the stability of bulk

Sr3PbO. Among the three configurations, the thin films with
Sr2-O termination have the lowest formation energy.

The surface energy is defined as σ = Es−nEb
2A , where n is the

total number of atoms in the thin film, and Eb is the bulk en-
ergy of each atom [36]. The linear fitting and Boettger method
[37,38] are both used to approximate the Eb. As shown in
Figs. 2(a) and 2(b), the thin films with Sr2-O termination have
the lowest surface energy among the three configurations. The
results of formation energy and surface energy indicate that
the thin film with Sr2-O termination is the stablest configura-
tion.

Based on the results above, we calculated the band struc-
ture of a 9-layer thin film with Sr2-O termination and plotted
it in Fig. 2(c). Each energy band is twofold degenerate due
to time-reversal symmetry and inversion symmetry. However,
the fundamental gap of the thin-film system has a negative
value, exhibiting a metallic nature. This can be attributed
to the dangling bond effect of extra charge induced by the
unpaired electron on the surface. To eliminate the dangling
bond effect, the Cl atom was chosen for passivation. The band
structure of Cl-passivated thin film is shown in Fig. 2(d). As
we can see, the insulating property is successfully recovered
after the passivation. Moreover, the inverted ordering of or-
bitals still holds in the band structure, as shown in the inset of
Fig. 2(d).

V. TOPOLOGICAL PHASE TRANSITION
OF THIN-FILM SYSTEM

We next investigated the topological properties of Sr3PbO
thin films with different thicknesses. Due to the high computa-
tional cost, we will mainly use the tight-binding models with
parameters extracted from the first-principles calculations.
The band gap at the G point, the fundamental gap, and the
minimum direct gap as a function of thickness are shown
in Fig. 3(a). Interestingly, three types of band gaps show
oscillation behaviors as the thickness increases, which indi-
cates multiple topological phase transitions at specific critical
thicknesses.

To explicitly study the topological phase transition, we
calculated the edge states of thin films with different thick-
nesses. Remarkably, all the thin films thinner than 9 layers
are confirmed to be a trivial insulator without helical edge
states, and the thin films with thickness from 11 layers and
19 layers are nontrivial with a pair of helical edge states
as shown in Figs. 3(c) and 3(d). Different from the TCI
phase in bulk Sr3PbO, the helical edge states in 11-layer
thin film correspond to the QSHI phase with the Kramers
pair at the time-reversal-invariant momentum point (TRIM).
The edge states of the thin films with larger thicknesses
around the critical thickness are shown in Appendix C. We
can see that the system becomes topologically trivial again at
23 atomic layers and turns to the QSHI phase at 35 atomic
layers.

Considering the thickness of thin film decreases to a value
that is comparable to the spread of the wave functions on top
and bottom surfaces, the hybridization of the wave functions
opens up a large gap at the Ḡ point. Since the odd-atomic-
layer thin films have the same surface terminations on both
surfaces, they can be described with a single valley Dirac-like
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FIG. 3. (a) Band gap at G point g(Ḡ), the fundamental gap g(F ),
and the minimum of the direct gap in the entire Brillouin zone g(D)
as a function of the atomic layers. (b) Phase diagram of thin-film
Sr3PbO with varying thicknesses. (c) The edge states of the 9-layer
system. (d) The edge states of the 11-layer system.

Hamiltonian with a mass term representing the coupling be-
tween the top and bottom surfaces [39].

The topological phase transition in the thin film can be
understood as the crossover between 3D TI and 2D QSHI
as in Bi2Se3 [25]. For bulk Sr3PbO, the general low-energy
effective k · p Hamiltonian at the G point [23] that satisfies all
the cubic point group symmetries is

H (k) = (m + αk2)τz + v1τxk · J + v2τxk · J̃, (1)

where spin 3/2 is taken as basis, and the matrices J and
J̃ correspond to spin 3/2 matrices and a set of matrices
that transform under the cubic point group symmetry. These
matrix representations are provided in the Supplemental Ma-
terials of [23]. The k · p model preserves the entire cubic
point group symmetry and can accurately represent the en-
ergy dispersion around the Gamma point. To establish the
connection between 3D TCI and 2D QSHI, we can model the
system as a quantum well structure by setting up an infinite
potential barrier at top and bottom surfaces. The problem
can be greatly simplified because the Dirac cone only occurs
around Ḡ. If we use the boundary condition where ψ (z)
vanishes at the z = 0 and z = d regions and considering the
vicinity of Ḡ point, we have the following simplified 2D k · p
Hamiltonian:

H (Ḡ) =
⎛
⎝ m − α d2

dz2 (v1Jz + v2J̃z )i d
dz

(v1Jz + v2J̃z )i d
dz −m − α d2

dz2

⎞
⎠. (2)

The problem becomes solving the eigenvalues of a set of
coupled differential equations. We can numerically solve the
energy spectrum by discretizing the Hamiltonian with the

finite difference method. Due to the quantum confinement
effect, the valence band and the conduction band are quantized
into discrete electron and hole energy subbands for a given
thickness. As shown in Fig. 3(b), there are some crossings
for the electron subband and hole subband at specific val-
ues of d . By calculating the interval between di+1 and di,
we found that they have a roughly equal spacing of around
2.8 nm, which is close to the result obtained from the tight-
binding method (around 2.575 nm). We further calculated the
parity of the electron and hole subbands closest to E = 0,
and found that the parity of the electron subband and hole
subband are flipped after it passes through each gap closing
point, which confirms the topological phase transition with the
thickness.

VI. CONCLUSIONS

To summarize, we showed that bulk and thin-film Sr3PbO
contain nontrivial topological properties. We did a deep anal-
ysis to show the nontrivial surface states protected by the
crystal point group symmetry in bulk Sr3PbO. The calcu-
lated surface states can be used for further experimental
verification in the ARPES experiment. For thin-film Sr3PbO,
the odd-atomic-layer thin film with Sr2-O termination is
the stablest among three different thin-film configurations.
Remarkably, the topological phase transition between the
QSHI and trivial phases is identified in thin-film Sr3PbO,
which is confirmed by both realistic tight-binding mod-
els and low-energy effective theory. Moreover, our results
and conclusion can be generated for other antiperovskite
TCIs and can be used as guidance for further experimental
verification.
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APPENDIX A: SURFACE STATE

1. Surface state in (001)

The surface state in (001) with Sr-Pb termination is shown
in Fig. 4. As we can see, there are two pairs of nontrivial
surface states along Ḡ-M̄. One pair connects the valence bulk
region to the conduction bulk region by crossing the boundary
of the Brillouin zone. The other pair directly connects the
conduction bulk region in the vicinity of the gapped cone to
the valence bulk region. Similar phenomena can be observed
along Ḡ-X̄ . Additionally, there is one pair of trivial states
along Ḡ-X̄ .

2. Surface state in (110)

As we can see from Fig. 5(a), four equivalent cones with
a small gap at � are projected to two equivalent �̄ along
Ḡ-X̄ . The other two gapped cones can also be observed along
Ḡ-Ȳ . The reflection lines along Ḡ-X̄ and Ḡ-Ȳ are related to
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in (b). (c) The surface states in (001) with Sr-Pb termination along
Ḡ-X̄ direction. We zoomed in on the states near the Fermi level in
(d).

the reflection-invariant planes (001) and (110), respectively.
Therefore, two pairs of nontrivial surface modes can be ob-
served in Figs. 5(b) and 5(c).

3. Surface state in (111)

As shown in Fig. 5(d), two gapped cones along kz are
projected to �̄ along the Ḡ-M̄ direction. The reflection line
along Ḡ-M̄ is related to the reflection-invariant plane (110).
Therefore, two pairs of nontrivial surface modes along the
Ḡ-M̄ direction are clearly visible in Fig. 5(e). However, there
is only one reflection line which is related to the bulk reflec-
tion plane with nonzero mirror Chern number, and we found
that the surface modes along Ḡ-K̄ are gapped in Fig. 5(f).

APPENDIX B: MIRROR CHERN NUMBER

The basis of our tight-binding model is

ψ (k) = (Sr1,d Sr2,d Sr3,d Pb1,p).

For p orbitals, the basis is (pz py px ), and for d orbitals,
the basis is (dz2 dxz dyz dx2−y2 dxy). We can write down
how the orbitals are transformed to construct the mirror oper-
ator in real space, and then we can do the Fourier transform
with the extra phase factor added. Along [100] direction, the
corresponding p and d orbitals will be transformed by the
following matrices:

Rp
x =

⎛
⎝1 0 0

0 1 0
0 0 −1

⎞
⎠, Rd

x =

⎛
⎜⎜⎜⎜⎝

1 0 0 0 0
0 −1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

⎞
⎟⎟⎟⎟⎠.
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Therefore, the mirror operator in the k space is

Rx(kx ) = eiπσx/2 ⊗

⎛
⎜⎜⎝

Rd
x 0 0 0

0 Rp
x eikxa 0 0

0 0 Rp
x eikxa 0

0 0 0 Rp
x

⎞
⎟⎟⎠. (B2)

For the [110] direction, the transformation in real space is
(x, y, z) → (−y,−x, z), and the form of the operator is

Rp
x−y =

⎛
⎝1 0 0

0 0 −1
0 −1 0

⎞
⎠,

Rd
x−y =

⎛
⎜⎜⎜⎜⎝

1 0 0 0 0
0 0 −1 0 0
0 −1 0 0 0
0 0 0 −1 0
0 0 0 0 1

⎞
⎟⎟⎟⎟⎠. (B3)

The mirror operator along the [110] direction in the k space is

Rx−y(kx, ky ) = eiπ (σx+σy )/2
√

2 ⊗

⎛
⎜⎜⎝

0 Rd
x−yei(−kxa/2−kya/2) 0 0

Rd
x−yei(−kxa/2−kya/2) 0 0 0

0 0 Rd
x−yei(−kxa−kya) 0

0 0 0 Rp
x−y

⎞
⎟⎟⎠.

Since the system preserves the mirror symmetry along those mirror reflection planes, the Hamiltonian must obey the commuta-
tion relation with the mirror operators along those planes. We can eventually block-diagonalize our tight-binding Hamiltonian
into ±i mirror subspaces. The mirror Chern number can then be obtained by computing the Chern number on each mirror
subspace.

EDGE STATE OF THIN FILM

The edge states of the thin films were calculated by the recursive Green’s function method [32]. In Fig. 6, we provide the
edge density of states of thin films around the critical thickness. The 21-layer thin film is a QSH state, while the 23-layer thin
film is a trivial insulator. The transition from the trivial phase to the QSH phase can be observed in 33- and 35-layer thin films.
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