
PHYSICAL REVIEW B 108, 155136 (2023)

Understanding near-infrared luminescence in Cr-doped La-gallogermanates
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Near-infrared phosphors based on Cr3+ have a wide range of important applications. The design and optimiza-
tion of these phosphors require accurate determination of site occupancy and prediction of the luminescence
mechanism of Cr3+ in solids. The former can typically be achieved through first-principles calculations of
formation energies, while the latter can be accomplished through first-principles calculations aided by ligand
field (LF) analyses. This study shows that it is possible to obtain all the information needed to construct adiabatic
potential energy surfaces, including LF parameters and orbitals, the energies and equilibrium structures of certain
states, and electron-phonon parameters, through calculation. The reliability of these results is confirmed by
comparing them with experimental data. This improves the accuracy of the predictions for excitation, emission,
and Stokes shift energies in the photoluminescence of Cr3+ ions. These calculations are then used to interpret the
multipeak luminescence observed in Cr-doped La-gallogermanate systems. The results show that the Cr3+ ions
located at a typical distorted-octahedral site in the host and another octahedral site similar to that in β–Ga2O3 are
responsible for producing the low and high bands in the luminescence spectra of various La-gallogermanates,
respectively. This study demonstrates that combining first-principles calculations with LF analysis is an effective
approach for obtaining the low excited states of 3d transition metal activators, which has important implications
for the design and optimization of luminescent materials.
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I. BACKGROUND

Near-infrared (NIR) spectroscopy technique has wide ap-
plications in food composition and freshness analysis, night
vision, and medical fields [1,2]. NIR phosphor-converted
light-emitting diodes are considered as the most popular NIR
light source for the low energy consumption, broad band
emission and high quantum efficiency. As one of the activators
in NIR phosphor of the best performance, the Cr3+ have the
excitation peak of about 420–480 nm that benefits for the fab-
ricating with blue LED chips, and have NIR emission peaks
around 650 to 1300 nm [3] where some good performers
exhibit large full width at half maximum of over 400 nm or
high quantum efficiency of close to 100% [4,5].

These luminescent properties are related to the excited
states of Cr3+ with 3d3 electron configuration. The Cr3+ in
oxide tend to occupy six-coordinated site forming a regular
or distorted octahedron (Oh), where the high-spin ground
state is denoted as 4A2 and the excited states involved in
the photoluminescence include 4T2, 2E, and 4T1. The ener-
gies of these excited states are determined by the Coulomb
interaction between 3d electrons together with the LF of the
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Oh structure, which may be distorted. Besides, the emission
process is also related to the coupling between the excited
states and ionic vibration modes. Quantitative prediction of
these factors is essential for the design and optimization of
luminescent properties.

Several theoretical methods have been developed to de-
scribe or calculate multiplet states of transition metal (TM)
ions with 3dN configurations. Semiempirical LF theory com-
bined with parameter fitting has been successfully applied to
analyze experimental data on absorption and emission spectra
of TM activators [6]. To predict the properties of doped TM
ions, LF theory combined with Racah parameters calculated
using density functional theory (DFT), known as LFDFT,
the configuration interaction (CI) approach within the DFT
framework (CIDFT), and time-dependent density functional
theory (TDDFT) are commonly used to calculate activator
excited states that account for correlation of 3d electrons
[7,8]. These methods can reasonably predict d-d transitions
in TM complexes and embedded cluster systems where the
configuration states of dn are not significantly affected by the
charge transfer states. However, these methods have various
limitations. For example, CIDFT tends to overestimate low-
spin excited states [9], LFDFT tends to underestimate them,
and TDDFT often fails to accurately describe transitions dom-
inated by LF splitting [10]. Additionally, these methods do not
provide convenient or efficient means for geometric structure
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optimization of excited states. The low excited states (2E, 4T2)
of Cr3+ activators can be approximated using single electronic
configurations (t3

2 or t2
2e), which can be reasonably estimated

using the �SCF method with constrained DFT (cDFT). This
method is computationally efficient and capable of optimizing
structures for states approximated by a single Slater determi-
nant [11–13]. This approach will be discussed in conjunction
with LF theory in the following section.

A variety of Cr3+ doped La (Ca,Sr)-gallogermanate sys-
tems have been investigated experimentally as NIR phosphors
[14–19]. In all these experiments, two emission peaks are usu-
ally observed, a sharp R line (680–700 nm) and an ultrabroad
NIR band (850–1200 nm), which are considered as from the
Cr occupying two kinds of near-Oh sites with strong and weak
LFs. In particular, Cr3+ doped La3Ga5GeO14, La3Ga5NbO14

and La3Ga5SnO14 systems contain another broad band emis-
sion around 730–780 nm but only one near-Oh site in the
host [17–19]. Such situations that more observed Cr3+ emis-
sion bands than the number of different Oh or near-Oh sites
had led to the speculation of luminescence from Cr3+ oc-
cupying irregular or non-Oh sites in some works [19–21].
The first-principles calculation can be used to analyze the
site occupation preference, charge state of defects, and lu-
minescence property to discriminate different speculations,
for example, we previously showed that the Cr3+ tetrahedral
site is quenched by nonradiative process [22]. Here, a more
feasible interpretation for the multiband luminescence in Cr3+
doped La-gallogermanate is provided with the aid of our first-
principles calculation. In doing so, the combination of the
�SCF methods in cDFT calculations and the LF analysis is
proposed and examined to predict the multielectron energy-
level structure of Cr3+ so as to predict with confidence the
emission and excitation peaks of the Cr3+ activators in solids.

II. THEORY AND CALCULATION

Before discussing the first-principles calculations, we
briefly review the model of the transition metal (TM) ions
multiplets, i.e., the LF theory. For TM ions with open-shell
3dn electron configuration in solids, the five 3d-character de-
fect orbitals are mainly composed of the TM-3d components
with some mixing of the p orbitals of the ligands, as shown in
Fig. 1(a). The effective 3dn electronic system can be described
by the following Hamiltonian [23]:

Ĥ0 =
∑
i, j,σ

V ext
i j (Q)c†

i,σ c j,σ + 1

2

∑
i, j,p,q,σ1,σ2

× (
Ji j pqc†

i,σ1
c†

j,σ2
cp,σ2 cq,σ1 + Ki j pqc†

i,σ1
c†

j,σ2
cp,σ1 cq,σ2

)
.

(1)

Here, the summations i, j, p, q and σ1, σ2 run over the cor-
responding labels of orbital and spin of the five 3d-character
defect orbitals, c†

i,σ and ci,σ are their corresponding creation
and annihilation operators. The LF matrix elements V ext

i j (Q)
represent the interactions between defect orbitals and the dis-
placements of nuclei denoted as Q, which causes the TM–3d
orbitals to split. For the second term, the Coulomb interaction
between the TM-3d electrons contains the direct Coulomb
term J and the exchange Coulomb term K . When the defect

FIG. 1. (a) The wave-function isosurface of the defect Kohn-
Sham orbitals in CrO6 structure and the projected densities on the
3d orbitals of the transition metal are labeled. (b) The schematic
diagram that the LF strength (10Dq) and Coulomb interaction (B,
C) dominate the transition of these multiplets of TM defect. The
dashed lines in the Tanabe-Sugano diagram represent the energies
of the single configuration states in Eqs. (2) and (3).

is at Oh or Td site, the set of parameters J and K contain only
three independent parameters termed as the Racah parameters
A, B, C, and the V ext

i j (Q) only have one independent parameter
Dq that represents the one tenth of the e–t2 splitting as shown
in Fig. 1(b). Meanwhile, the five basis orbitals can be labeled
by (u, v and ξ, η, ζ ) and belong to the E and T2 representa-
tions of Oh(or Td) group. The main 3d components of these
defect orbitals are respectively the (dz2 , dx2−y2 , dyz, dzx, dxy)
orbitals of TM ion as shown in Fig. 1(a), and the d orbital
proportion of defect orbitals greatly affects the Coulomb in-
teraction parameters. For most of systems, the symmetry of
the defect LF deviates from Oh (or Td) symmetry, which can
be treated by introducing a perturbation on the interaction.

For most of the Cr3+ doped oxide phosphors, the LF
splitting is about 1.6–2.2 eV [24], so the 3d–3d transition
around visible wavelengths should only involve the transition
dominated by the electron configuration t3

2 and t2
2e. Hence, the

effective eigenstates of Eq. (1) of interest are 4A2, 2E, 2T1,
2T2, 4T2, and 4T1, where the d3 Tanabe-Sugano (TS) diagram
already lists their energy with set of parameters (Dq, B, C) as
shown in Fig. 1(b). By ignoring the interactions between dif-
ferent electron configurations, i.e., under the strong LF limit,
these multiplets can be expressed approximately as the fol-
lowing single configuration states, which are the eigenstates
of the Oh LF and Coulomb interaction within single electron
configurations. Some degenerate states with different orbital
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and spin magnetic are not listed here, such as |2E, v, ms = 1
2 〉

and |4A2, ms = 1
2 〉, which can be obtained in this book [23].

(1) Configuration t3
2:

∣∣∣∣4A2, ms = 3

2

〉
= |ξ↑η↑ζ ↑|;

∣∣∣∣2E, u, ms = 1

2

〉
= 1√

2
(|ξ↑η↓ζ ↑| − |ξ↓η↑ζ ↑|);

∣∣∣∣2T1, α, ms = 1

2

〉
= 1√

2
(|ξ↑ζ ↑ζ ↓| − |ξ↓η↑η↓|);

∣∣∣∣2T2, ξ , ms = 1

2

〉
= 1√

2
(|ξ↑ζ ↑ζ ↓| + |ξ↓η↑η↓|). (2)

(2) Configuration t2
2e:

∣∣∣∣4T2, ζ , ms = 3

2

〉
= |ξ↑η↑v↑|;

∣∣∣∣4T2, ξ , ms = 3

2

〉
=

∣∣∣∣∣η↑ζ ↑
(

−1

2
v↑ −

√
3

2
u↑

∣∣∣∣∣
)

;

∣∣∣∣4T2, η, ms = 3

2

〉
=

∣∣∣∣∣ζ ↑ξ↑
(

−1

2
v↑ +

√
3

2
u↑

∣∣∣∣∣
)

;

∣∣∣∣4T1, γ , ms = 3

2

〉
= |ξ↑η↑u↑|;

∣∣∣∣4T1, α, ms = 3

2

〉
=

∣∣∣∣∣η↑ζ ↑
(

−1

2
u↑ +

√
3

2
v↑

)∣∣∣∣∣;
∣∣∣∣4T1, β, ms = 3

2

〉
=

∣∣∣∣∣ζ ↑ξ↑
(

−1

2
u↑ −

√
3

2
v↑

)∣∣∣∣∣. (3)

The energies of the states 4A2, 2E, 2T1, 2T2, 4T2, and 4T1

are 0, 3C + 9B, 3C + 9B, 5C + 15B, 10Dq, and 10Dq + 12B.
These are represented as dashed lines in the TS diagram, as
shown in Fig. 1(b). The eigenstates 4A2 and 4T2 of Eq. (1)
are single Slater states without showing configuration inter-
action, and the eigenstates 2E, 2T1 are close enough to the
green dashed line represented by 2E in Eq. (2). The Racah
parameters describing the 3d–3d Coulomb interaction should
be roughly independent of the ionic configuration Q. The
Racah parameters and the Q-dependent ligand-field together
determine the configuration coordinate diagram containing
the ground the some of the lowest excited states, which will be
determined via first-principles calculations in the following to
analyze the excited-state relaxation processes.

In addition, the radiative relaxation of the excited states
can vary significantly across different systems. This is because
the electric dipole transition, which is initially forbidden due
to factors such as parity, spin, or more general point group
selection rules, can be enabled by various weaker interac-
tions (more discussion in Ref. [25], see also [26,27] therein).
Calculating transition rates with precision using first-principle
methods is a demanding task and is not the focus of this study.
However, as a general guideline, the radiative decay rates of
the spin-forbidden and spin-allowed transitions for Cr3+ are

the order of 10–100 s−1 and about 3 orders of magnitude
faster, respectively. These rates may decrease further if the
system possesses space inversion symmetry.

We performed the calculations by employing the VASP

code [28], which expands the wavefunction with the projected
augment wave method [29]. The corresponding recommended
pseudopotentials of the atoms were adopted. The single 
 k
point was chosen for the supercell calculation. The Perdew-
Burke-Ernzerhof functional revised for solids (PBEsol) [30]
exchange correlation functional was employed and 520 eV
cutoff energy is used. The DFT+U [31] and the Heyd-
Scuseria-Ernzerhof hybrid (HSE06) functional [32] were used
to correct the localization of 3d orbitals. Specially, a damped
velocity friction algorithm with switching off the subspace
diagonalization was adopted for the convergence of the it-
eration, which conserves the initial set orbital order when
�SCF method with HSE06 functional was used for the static
calculations of the excited state. All structural optimization
calculations were performed with DFT+U method with sub-
space diagonalization switched on. Small U close to zero were
used for the convergence of the �SCF calculations (more
details on the DFT calculations and supercell sizes can be
founded in Ref. [25]).

A. Average occupation method for V ext
i j (Q)

Assuming that Racah parameters are known and do not
vary with the multiplets, the excited state energies can be es-
timated with the model of Eq. (1) as long as the LF parameter
V ext

i j (Q) is obtained. Restricting the occupation numbers of
defect Khon-Sham (KS) orbitals to be equal in the SCF cal-
culation with cDFT can be used to obtain the V ext

i j (Q), and the
similar strategy is used in LFDFT calculation to determine the
basis function of the LF model [33]. In DFT calculations, the
KS orbitals are the eigenstates of the following KS equation:(

−∇2

2
+ V ext (r) +

∫
dr′ n↑(r′) + n↓(r′)

|r − r′|

+ δExc[n↑(r) + n↓(r)]

δnσ (r)

)
φi,σ (r) = λi,σ φi,σ (r); (4)

nσ (r) =
∑

i

fi,σ |φi,σ (r)|2. (5)

Here nσ (r) represents the total electron density with spin σ

and fi,σ is the occupation number of KS orbital φi,σ . In the
cDFT calculation of this work, a constraint on fi,σ is set in the
iteration of solving KS equation, where the usual set for the
ground state of insulator is that fi,σ is 1 for λi,σ lower than
the Fermi level and zero otherwise. The sum of fi,σ equals the
total number of electrons in the calculated systems. Certain
unusual settings can be used for some on-purpose designed
DFT calculations, such as the Slater transition state method
for calculating the excitation energy [34], the core electron
binding energies calculations [35] and the spin-purified �SCF
calculations on excitation energies [36]. For the five local
defect orbitals of TM defect, the kinetic energy term, the
potential energy term and the exchange correlation energy
term in Eq. (4) will be equal if the total electron density
n↑(r) + n↓(r) is spherically symmetric for the TM ion center.
Therefore, λi,σ of the five defect orbitals will only depend on
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FIG. 2. The relation between the Dq parameter, 4T2 excitation
energy and the (t2, e) orbital projection on the TM ion d orbitals of
the Cr3+ doped Al2O3, MgO and β–Ga2O3 and the GGA+U and
hybrid functional in the DFT calculations.

the external potential term and the V ext
i j (Q) can be obtained

according to these eigenvalues and eigenstates of Eq. (4)
(V ext = MTλM, where M is the transfer matrix between
eigenstates and basis). However, it is difficult to obtain the
perfect spherical defect electron density by restricting the
occupation numbers, such as making fi,↑ = 0.6 and fi,↓ = 0,
as the five KS orbitals shown in Fig. 1(a) are not pure 3d
orbitals but have varying proportions. Therefore, many param-
eters that describe the exchange-correlation functional will
influence the calculated V ext

i j (Q).
As shown in Fig. 2, the larger U parameter will lead to

less-pure 3d LF orbitals, i.e., smaller
∑

i |〈di||ζ 〉|2, and de-
creased LF strength (10Dq ≈ λave

e − λave
t2 ). The calculated 3d

orbital proportion, 10Dq and excitation energies with HSE06
functional are close to the those with U ≈ 0 eV. It can be
interpreted as that the V ext is only weakly dependent on the
exchange-correlation functional and the splitting of defect KS
orbitals is almost constant as long as the KS orbitals are
similarly described. The excitation energy is dominated by
the strength of LF and has similar tendency with the 10Dq.
The 10Dq minus 4T2 excitation energy of Ga2O3 : Cr3+ is
larger than those of Al2O3 : Cr3+ and MgO : Cr3+ because
the former has larger 4T2 splitting due to the LF distortion
and the calculated excitation energy corresponds to the lowest
4T2 sublevel. In the following transition energy calculations,
the HSE06 functional is used instead of DFT+U , as it can
provide a better description of the band gap and the interac-
tion between localized 3d orbitals and band states, and the
Coulomb interaction is shown to be better described by taking
the experiments as reference.

B. �SCF method for Coulomb interaction

The �SCF method in the following cDFT calculations
means optimizing a hypothetical electronic density with con-
strained fi,σ to approximate the excited state, and the energy
difference between the two calculated states represents the
transition energy. The SCF solution of the KS equation, where

all fi,σ are either 1 or 0, approximately represents a many-
electronic state |φ1,σ1 · · · φN,σN |, which is a Slater determinant
of N occupied KS orbitals. For the Cr3+ defect, that single
Slater determinant can be simplified to |{φ1,σ1 , φ2,σ2 , φ3,σ3}|
that consists three occupied local 3d orbitals with mixing from
host band orbitals. To describe the single configuration state in
Eqs. (2) and (3), these single Slater states |ξ↑η↑v↑|, |ξ↑η↑u↑|,
|ξ↑η↑ζ ↓|, and |ξ↑ζ ↑ζ ↓| should be calculated, with their en-
ergies described by 10Dq, 10Dq + 12B, 2C + 6B, 4C + 12B
with appropriate effective parameters.

During the �SCF calculations of these single Slater states,
the fi,σ settings are illustrated in Fig. 3(a), which shows the
states of Cr3+ replacing Mg in MgO as an example, along
with the KS orbitals and their energies obtained via cDFT
calculation. The energy of an occupied KS orbital is much
lower than that of its unoccupied counterpart in DFT+U and
HSE06 functionals, but they are nearly equal in the PBEsol
functional. This difference is due to a significant change in
self-interaction when an orbital changes from being occupied
to being empty in DFT+U and HSE06 calculations, which is
not the case in PBEsol. This effect can be problematic when
solving the constrained KS equation using SCF, so a damped
algorithm that turns off subspace diagonalization to maintain
the constrained orbital order is used to avoid this issue. The
energies of these single Slater states are still influenced by
the parameters in Exc, as shown in Figs. 3(b) and 3(c), where
larger U values result in larger calculated Racah parameters
(B, C). The energies of the single Slater states were calcu-
lated using Racah parameters (B ≈ 82 meV, C ≈ 390 meV)
obtained by fitting experimental data [3] and are represented
by dashed lines in Figs. 3(b) and 3(c). The calculated value
of 3C + 9B (1.5E (|ξ↑η↑ζ ↓|)) using the HSE06 functional is
underestimated by approximately 5%, as shown by the red
dashed line in Fig. 3(b), and can provide an estimate of the 2E
energy, which is also approximately 5% lower than the actual
value of 3C + 9B, as shown by the TS diagram in Fig. 1(b).
To further verify the �SCF calculation of B, the energies of
four single Slater states labeled in Fig. 3(c) were calculated.
It can be seen that the ratio of excited state energies relative
to |ξ↑η↑v↑| is close to 1:3:4, corresponding to the parameters
3B, 9B, and 12B. The calculated energy of |ξ↑η↑v↑| is much
lower than the experimentally fitted value because the �SCF
calculation includes d-ligand interaction, which reduces the
calculated effective value of B. In summary, �SCF calcu-
lations provide estimates of single Slater state energies for
occupied KS orbitals and perform well for low excited states,
aiding analysis of Coulomb interaction in d−d transitions.
Additionally, the HSE06 hybrid functional performs well for
estimation and is used for subsequent �SCF calculations.

C. Calibration of the predictions via experimental data

The experimental concerned emission of Cr3+ is dom-
inated by the 2E → 4A2 or 4T2 → 4A2 transitions. It is
necessary to analyze the error of the average occupation and
�SCF method relative to the experiments in order to ver-
ify the prediction ability. The energy E (2E) (relative to the
ground state) is estimated via 1.5[E (|ξ↑η↑ζ ↓|) − E ( 4A2)],
while both methods, total energy difference and ligand-field
splitting of orbitals, are adopted to estimated the energy of
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FIG. 3. (a) The energy splitting of the ten KS orbitals in �SCF calculation, where lines with dots represent occupied orbitals, and the
five occupations correspond to the five single Slater states |ξ↑η↑v↑|, |ξ↑η↑ζ ↑|, |ξ↑η↑u↑|, |ξ↑η↓ζ ↑| and |ξ↑ζ ↑ζ ↓|. (b) and (c) show the relation
between the energies of single Slater states and the density functional, where their energies repressed by parameters are respectively (0,
2C + 6B and 4C + 12B) and (10Dq, 10Dq + 3B, 10Dq + 9B and 10Dq + 12B), where the corresponding values obtained by B and C derived
from experimental energies by fitting are plotted by dashed lines. The result shows that the Coulomb interaction in SCF calculations is weakly
dependent on the density functional.

E (4T2) (relative to the ground state) for comparison. In the
average occupation method, the eigenstates and eigenvalues
of the LF are obtained. The |ξ↑η↑ζ ↑| → |ξ↑η↑v↑| transition
energy equals to λv − λζ , which can be directly estimated by
λ4 − λ3. Here, λi is the ith eigenvalue with ascending order
in the average occupation calculation. The λ4 − λ3 may be
smaller than λv − λζ when the two eigenstates deviate from
v and ζ . The λv and λζ can be obtained from λi by the
transformation between the basis orbitals (u, v, ξ , η, ζ ) and
the eigenstates, but there is an error due to the artificial choice
on the principal axis of the basis orbitals, and the accuracy is
not improved much.

Taking the lowest 4T2 excitation and emission peak
in Cr3+ doped Al2O3, Al2SiO5, MgO, MgWO4, Sc2O3,
LiScGeO4, LiInSiO4, Ga2O3, Ga4GeO8, and Y3Ga5O12 ob-
served in experiments as references, the corresponding
energies calculated by the average occupation and �SCF
methods with HSE06 functional are shown in Figs. 4(a)–4(d).
The �SCF method can give a better estimate than the average
occupation method, where the dashed lines are fitted linearly
by the black points without loops and the dotted lines rep-
resent adding the residual standard error (RSE). The results
show that there is an overestimation at the high energy end
and an underestimation at the low energy end. The encircled
points 3 and 7b represent the Cr3+ replacing Mg in MgO and
replacing Li in LiInSiO4, whose calculated emission peaks
are far from the dashed line due to their small Stokes shift.
Besides, the compound defects with charge compensation,
CrMg + VacMg and CrLi + LiIn represented correspondingly
by points 3c and 7c, have a lager Stokes shift and are more

close to the dashed line. Previous work also has mentioned
this view on the compound defects luminescence [40]. The
2E energy and 4T2 Stokes shift can also be predicted well by
�SCF method as shown in Figs. 4(e) and 4(f). The blue points
represent the comparison of the Cr doped La-gallogermanate
systems and are consistent with the prediction of dashed line
[14,17–19,48].

In summary, the �SCF method with the HSE06 functional
can accurately predict the 4T2 and 2E energies of Cr3+, pro-
vided that convergence of the SCF calculation iteration is
carefully managed. The fitting lines y = 1.778 + 0.856(x −
1.778) ± 0.043 and y = 1.497 + 0.863(x − 1.497) ± 0.058
(in units of eV) can be used to calibrate the 4T2 excitation
and emission peak. In these equations, x and y represent cal-
culated and predicted values, respectively, and the uncertainty
is the RSE of the linear regression {∑n

i=1[y(xi ) − yexp(xi )]2/

(n − p − 1)}1/2, where n = 11 and p = 2 are the number of
data points and parameters, respectively. The average occupa-
tion method can provide the eigenvalues and eigenstates of the
LF at nucleus configuration Q, which can be used to directly
estimate 4T2 energies. This method does not have convergence
problems during iteration, but has a larger calculation error
than the �SCF method.

D. �SCF method for excited state structures

In �SCF calculations, the equilibrium structures of the
excited states can be directly obtained by optimizing initial
structure with constraining the electronic states, approxi-
mately as a statistic result of electron-phonon coupling.
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FIG. 4. Diagrams to calibrate calculation results with experimental data. The excitation ( 4A2 → 4T2) and emission ( 4T2 → 4A2) energies
calculated with the average occupation method and �SCF method are shown in (a), (b) and (c), (d), respectively. The comparisons between
calculations and experiments of sharp R lines ( 4A2 → 2E) and the Stokes shift of 4T2 states are shown in (e) and (f). The blue points represent
the Cr doped La-gallogermanate systems which will be discussed in Section III, and the black points 1–10 represent Cr3+ doped Al2O3 [37,38],
Al2SiO5 [39], MgO [40], MgWO4 [41], Sc2O3 [42], LiScGeO4 [43], LiInSiO4 [44], Ga2O3 [45],Ga4GeO8 [46], and Y3Ga5O12 [47], where the
dashed lines are fitted by the black points without loops and dotted lines represent adding the residual standard error on them.

Taking the equilibrium structure of ground state as the ref-
erence, the excited state structures can be the result of the
linear coupling between the local vibration modes Qk and
defect orbitals as a good estimation for the CrO6 defect with
small Stokes shift by the following equation (omitting spin for
simplicity):

Ĥp + Ĥep =
∑

k

(
1

2
P̂2

k + ω2
k

2
Q2

k

)
+

∑
i, j,k

Ki jkc†
i c jQk . (6)

In the frame of CrO6 with Oh point group symmetry, the main
Qk projected to the nearest O atoms include Q(A1g), Q(Eg)
and Q(T2g) as shown in Eq. (A1) of Appendix, and there are
five independent coupling parameters Ki jk for these modes as
shown in Eq. (A2). There parameters can be calculated by the
averaged occupied method as the ∂QkV

ext
i j (Q0) = Ki jk shown

in Eq. (1). Taking the MgO:Cr3+ as an example, these param-
eters are obtained by adding the corresponding displacement
of modes in Eq. (A1) on the Oh symmetric CrO6 as shown
in Figs. 5(a)–5(c), where the calculated points in the region
|Q| < 0.1 are used to fit the parameters. The A1g and Eg modes
that change bond length have larger K than the T2g that change
bond angle. The inverse anti-symmetric modes Q(T1u) and
Q(T2u) are not discussed here because these modes lack linear
coupling with the electronic state with parity, and the coupling
parameters Ki jk are close to zero for systems with the ground
state structures of approximately space inversion.

As indicated by the matrix elements in Eq. (A2), the modes
A1g and Eg are blocked-diagonal, with each (tn

2em) configu-
ration forming a block, as the coefficients of c†

ect2 for these
two modes are zero. Consequently, the excited states 4T2 have
the coupling parameters of the A1g and Eg modes as K1 and
K2 − 2K3, respectively. As for the T2g modes, the coupling
cannot be fully described in the �SCF calculation due to
nonzero c†

ect2 elements in Eq. (A2). However, this has only a
minimal impact, as the first-order perturbation contribution of
the T2g modes to the coupling strength vanishes, while those
of the second-order contributions, which are proportional to
K2

5 /3(K2 − 2K3) and K2
4 /Dq, turn out to be small and can be

neglected. Therefore, the main modes that should be consid-
ered in the coupling model in Eq. (6) are A1g and Eg, which
can be obtained in the total energy calculations. It is mean-
ingful to analyze the potential surface of the excited state 4T2.
After the 4A2 → 4T2 excitation, the nonradiative transition
between three sublevels of 4T2 excited states is dominated
only by the coupling with Eg modes because these sublevels
have the same Q(A1g). As shown in Fig. 5(d), the potential
surfaces of the three sublevels are distorted paraboloids and
their envelope surface is close to a pleated Mexican hat. This
schematic result shows the coupling between Eg modes and
the 4T2 ⊕4T1 states where the model parameters are listed in
the next paragraph. The actual saddle point of the pleated
Mexican hat will be lower than the modeled one due to
the additional Jahn-Taller effect, and is usually smaller than
0.1 eV relative to the minimum for the Cr3+ doped oxides.
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FIG. 5. Splitting of the localized orbitals (a–c) and multiplet states (e,f) of the dopant along canonical vibration coordinates of modes
Q(A1g), Q(Eg) and Q(T2g) given as abscissa. The coupling parameters K1–K5 as described in Eq. (6) are given in (a)–(c), (e), and (f).
The coupling between Q(Eg) modes and excited states 4T2 and 4T1 is included in the simulation. The energies of eigenstates |ξ↑η↑v↑| and
|ξ↑ζ ↑(λ1u↑ − λ2v

↑)| in �SCF calculation and parameter fitting are compared in (e), where the parameters are B = 50.9 meV, K2 = 0.435,
and K3 = 0.085 in units of eV/(

√
amu Å), and Q(Eg) phonon energy is 50 meV. The coefficient of state |ξ↑ζ ↑(λ1u↑ − λ2v

↑)| is compared
in (f).

The distorted CrO6 has a tilted 4T2 potential surface and the
saddle point will disappear when the distortion is large enough
(such as t2 splitting is larger than 0.15 eV).

To further illustrate the coupling between single Slater
excited states and vibration modes using the �SCF method,
a comparison between the coupling model presented in
the Appendix for Eg ⊗ (4T2 ⊕4T1) and corresponding re-
sults from first-principles calculations is shown in Figs. 5(e)
and 5(f). The model parameters in Eq. (A4) were chosen
as B = 50.9 meV, K2 = 0.435, and K3 = 0.085 in units of
eV/(amu0.5Å), based on previous calculations, and the Eg

phonon energy was fitted as 50 meV to match the calculated
value of E (|ξ↑η↑ζ ↑|) − E (Q(Oh)]. The high-symmetry struc-
ture Q(Oh) in the calculation was obtained by optimizing with
constrained occupations (for each orbital, nt2 = 2/3 and ne =
1/2). The structures calculated along the Q(Oh)–Q(|ξ↑η↑ζ ↑|)
path were dominated by displacement of the Eg modes with
a weight of 98%. The successful fit indicates that the �SCF
method is capable of accurately describing the coupling be-
tween vibration modes and single Slater states, and that the
structure can be reliably determined. Furthermore, implemen-
tation with first-principles calculations of the coupling model
between defect electrons and local vibration modes, as well as
its application in first-principles calculations, can be utilized
to analyze excited state potential surfaces and optical transi-
tion profiles in future studies.

III. THE LUMINESCENCE OF Cr3+ DOPED
A3BC2D3O14 SYSTEMS

The La-gallogermanate (space group P321, No. 150)
family is usually solid solution and has four kinds
of cation sites (AO8, BO6, CO4, DO4−6) that form
the A3BC2D3O14 formula as shown in Fig. 6. In this
work, the Cr3+ doped systems La3Ga(Ga/Ge)Ga3O14,
La3(Nb1/2/Ga1/2)Ga2Ga3O14, La3SnGa2Ga3O14,
La3Ga(Ga/Si)Ga3O14, and (Na2/Ca)GeGe2Ge3O14 are
studied, where the elements in parentheses share the same
cation site to form a solid solution. They have a sharp R
line emission around 680–700 nm and a broad emission with
its peak around 850–1200 nm (low), which are generally
considered as the 2E → 4A2 and 4T2 → 4A2 transitions,
respectively. In the first three systems, another broad band
emission with its peak around 730–780 nm (high) has been
observed coexisting with the two above-mentioned emissions.
Its excitation spectrum also has the characteristic of Cr3+
in Oh LF, leading to its interpretation as Cr3+ occupying
another near-Oh site in previous works. This will be explored
using the first-principles calculations. These solid solution
structures are represented by the lowest energy structure
within the 92 atoms supercell in calculations.

The case of Cr3+ replacing the B site of BO6 in the host
is considered first. The excitation and emission energies of
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FIG. 6. Primitive cell structure of La-gallogermanate solid so-
lution starting with the space group P321. There are four kinds of
cation sites AO8, BO6, CO4, and DO4−6, where the D site has four
small and two long D–O bonds. The ratio of these sites can be
expressed in the formula A3BC2D3O14.

4T2, and the zero-phonon line energies of 4T2 and 2E were
calculated by the �SCF method and the results are listed in
Table I. The atoms substituted by Cr3+ are underlined. The
comparison between the calculated 4T2 excitation and emis-
sion energies with these in experiments are shown as the blue
points in Fig. 4, and the errors mostly within one RSE imply
that the Cr3+ on BO6 site with a large Stokes shift (0.75 eV in
calculations) is the activator for the low energy broad emission
of the five systems. In Cr3+ doped (Na2/Ca)GeGe2Ge3O14

and La3Ga(Ga/Si)Ga3O14, the coexistent emission of R line
and low energy broad band can be interpreted by that the
sites with large Stokes shift have similar 4T2 and 2E ZPLs
(1.79 eV) as shown in Table I. Meanwhile, the higher in-
tensity ratio of the R line in (Na2/Ca)GeGe2Ge3O14 than in
La3Ga(Ga/Si)Ga3O14 [14,48] can be interpreted by the fact
that the former has a higher 4T2 ZPL, as shown in Table I, and
so the higher occupation ratio of the 2E state at the Boltzmann
thermal equilibrium of the 2E versus 4T2 distribution.

More elaborately, the ground state structure Q0 of CrO6

has the symmetry of D3 point group, and the t2 orbitals split
into two single electron levels a1(t2) and e(t2) separated by
∼0.1 eV, while the e orbitals remain degenerate. The ex-

TABLE I. The calculated excitation, emission, zero-phonon-line
(ZPL) energies of 4T2 and the ZPL energies (in units of eV) of 2E
of Cr3+ activators calculated via the �SCF method. The sites in
the hosts substituted by Cr3+ are underlined. We note that an error
of a few 0.01 eV should be allowed when applying those results to
interpret experimental results.

system exc. emis. 4TZPL
2

2E
ZPL

La3Ga(Ga/Ge)Ga3O14 2.058 1.343 1.782 1.790
La3(Nb/Ga)1/2Ga2Ga3O14 2.024 1.231 1.728 1.791
La3SnGa2Ga3O14 2.051 1.362 1.791 1.813
La3Ga(Ga/Si)Ga3O14 2.072 1.292 1.771 1.798
(Na2/Ca)GeGe2Ge3O14 2.083 1.358 1.845 1.811

FIG. 7. The configuration coordinate diagrams of Cr3+ occupy-
ing the Ga2O6 and Ga1O6 sites in La3Ga(Ga/Ge)Ga3O14 are shown
in (a) and (c), respectively. The two sites belong to BO6 and their
surrounding atoms are shown in (d), which is a chosen structure
of the solid solution with Ga/Ge or Ga/Si CO4-site solution. Only
the energy curves of sublevel ζ of 4T2 are shown in (a) and (c), the
other two sublevels have almost the same curves due to the D3 point
group nature of the ground structures, and their equilibrium config-
urations are shown in (b) where the arrows represent the off-center
displacements.

cited state equilibrium structures (Qξ , Qη, Qζ ) should have
the same energies as they permute under D3 operation. The
structure change Q0 → Qζ is dominated by the Eg and A1g

modes, and the Cr off-center modes are shown by the ar-
rows in Fig. 7(b). The off-center mode appears in the excited
state structure for the systems without the inverse symme-
try and contribute 15% to the structure relaxation energy
E (Q0)–E (Qζ ). The corresponding pleated Mexican hat sur-
face as discussed in Sec. II D has almost no tilt, with the
E (Q0)–E (Qζ ) ≈ 0.27 eV and the saddle point of the surface
calculated by the nudged elastic band method [49] being less
than 0.1 eV above the minimum. The elaborate results show
that there is no new meta-stable point on the 4T2 energy sur-
face to produce a new emission band. In brief, CrO6 at the BO6

site is common in La-gallogermanate and produces the lower
energy broad emission in all the five systems, and the coexis-
tent emission of the sharp line in (Na2/Ca)GeGe2Ge3O14 and
La3Ga(Ga/Si)Ga3O14 systems is attributed to the emission
from 2E states of this site. The high-energy broad emissions
in the other three systems will be discussed below.

Firstly, we discuss the possible roles played by other cation
sites in luminescence despite their low substitution concen-
tration relative to BO6, for example, the Cr3+ replacing the
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FIG. 8. The configuration coordinate diagram of Cr3+ occupy-
ing GaO4−6 site in La3Ga(Ga/Ge)Ga3O14 is shown in (a), where
the excited activator goes through a large structure relaxation and
then decays nonradiatively to the ground state. At the ground state
configuration Qg, the structure is close to Oh site and the excitation is
also close to the 4A2 → 4T2 where the splitting of the defect orbitals
is large as shown in (b). For the excited state configuration Qe, the Cr
ion has five close O atoms and the defect orbitals splitting is shown
in (c), which is close to the A + E + E result of C3 point group, and
the ground state and excited state cannot be labeled by 4A2 and 4T2.

AO8, CO4, and DO4−6 sites in La3Ga(Ga/Ge)Ga3O14 have
formation energies about 3.5, 1.8 and 0.6 eV higher than that
of BO6 site. For the CO4 site, the tetrahedral Cr4+O4 site usu-
ally has an emission peak around 1200–1600 nm [50], while
Cr3+O4 does not emit, but relaxes to the ground state non-
radiatively via the connection of vibration potential surfaces
due to the Jahn-Taller distortion [22]. Second, for the DO4−6

site with four short C–O bonds (∼1.85 Å) and two long C–O
bonds (∼2.71 Å), the Cr3+ occupancy leads to shortening the
two long bonds to 2.18 Å and forming an irregular Oh site
for Cr3+, as illustrated by Fig. 8(b). However, as shown in
Fig. 8(a), the structure relaxation energy of the excited state
is so large that the excitation will relax to the ground state
nonradiatively. This can be interpreted as the much smaller
energy h̄ω of the dominant vibration mode than the near-Oh

site. The excited state equilibrium structure is close to CrO5,
since one of the oxygen atoms brought close by the ground
state of Cr3+ dopant moves away due to excited-state relax-
ation. This result appears to be general because if the ground
state of Cr3+ on the site changes much on the bond length due
to some vibration mode, then the same vibration mode can
be relaxed to release the change in bond length once that the
electron involving in that bond is excited, leading to a large
Stokes shift. Therefore, the potential assignment of some NIR
emission to the DO4−6 site in La-gallogermanate is ruled out
[20], so is in the case of the Cr-doped CaAl4O7 [21]. Lastly,
Cr3+ on AO8 sites, besides being unlikely to form due to its
much high formation energy, do not have the favorable LF
splitting to produce NIR luminescence. Above all, no NIR
emission is from the other direct cation site.

The broad emission with peak around 730–780 nm
observed in Cr3+ doped La3Ga(Ga/Ge)Ga3O14,

La3(Nb/Ga)1/2Ga2Ga3O14, and La3SnGa2Ga3O14 systems
cannot be attributed to direct site occupation in the host
materials and requires further interpretation. In experiments,
this emission disappears at low temperatures, leaving only a
sharp R line, indicating the presence of a type of Cr3+O6 with
a 4T2 ZPL higher than the 2E ZPL and a small Stokes shift
(∼0.4 eV) for 4T2. In the La3Ga(Ga/Ge)Ga3O14 systems,
there are two near-Oh sites, Ga1O6 and Ga2O6, when the
solid solution sites CO4 are distributed as shown in Fig. 7(d).
Cr3+ occupying the Ga1O6 site has a smaller Stokes shift
than that of Ga2O6, and the ZPL of the broad band is
higher than that of the 2E, as shown in Fig. 7(c). These two
substitutions of Cr3+ have nearly identical formation energies
(differing by only 15 meV) and 2E energies, suggesting
their probable coexistence and potentially explaining the
two broad emissions and R line. A similar situation exists
in the La3Ga(Ga/Si)Ga3O14 systems, but Cr3+ occupying
the Ga1O6 site has a much higher 4T2 ZPL (1.95 eV)
than its 2E, meaning that the high-energy broad emission
cannot be observed at low or even room temperature,
consistent with experimental observations [14]. However, this
conjecture is invalid for the La3(Nb1/2/Ga1/2)Ga2Ga3O14

and La3SnGa2Ga3O14 hosts because the solid solution site
BO6 is far away from the substituted site and the pure phase
does not have a near-Oh site that produces a small Stokes
shift. Such a site would need to resemble the GaO6 site in
β–Ga2O3, which also exhibits temperature-dependent broad
emission around 730–760 nm and has a similar excitation
spectrum to that of the high-energy broad emission [51].
Additionally, calculation results labeled as point 8 in Fig. 4
are consistent with this assignment. Therefore, we propose
that a local structure resembling GaO6 in Ga2O3 could be
formed during synthesis of La-gallogermanate or left over
from raw ingredients. This proposition explains the observed
high-energy emission band. Similar emissions observed in
Cr3+ and Mn4+ doped CaAl4O7, where no normal near-Oh

site exists, are similar to those observed in CaAl12O19 [52]
and can also be explained by this proposition. Briefly, the
high-energy broad emissions in these three systems originate
from a site very close to a regular Oh that produces a small
Stokes shift, closely resembling that in β–Ga2O3. This site
is either formed due to random distribution of CO4 structure
or other minor phases formed or left over during synthesis
processes.

IV. CONCLUSIONS

In conclusion, this study examined the use of first-
principles calculations combined with LF analysis to inves-
tigate the luminescence of Cr3+ ions. The average occupation
method with the HSE06 hybrid functional was found to be ef-
fective in estimating LF parameters of defect structures with-
out convergence problems in constrained DFT calculations.
The �SCF method was employed to calculate the energy
of single Slater states, which were used to analyze Racah
parameters and estimate the energy of low excited states.
Additionally, the structure of the excited state 4T2, which is
dominated by coupling with the Eg and A1g vibration modes,
was accurately obtained using the �SCF method. Calibra-
tion lines derived by comparing calculated and experimental
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data demonstrated the quantitative predictability of the �SCF
calculation for excitation, emission energies, and Stokes shift
of the 4T2 and 2E excited states of the Cr3+ activator.

These calculations were then applied to interpret the multi-
peak luminescence of Cr-doped La-gallogermanate systems
(A3BC2D3O14), which are often solid solutions and have
many potential cation sites for Cr ions to occupy. The
results showed that the ultrabroad NIR emission around 850–
1200 nm in all La-gallogermanates originates from Cr3+
substituting the usual BO6 site, which has a large Stokes shift
of 0.6–0.8 eV. Coexistent R line emissions from the 2E state
in Na2CaGe6O14 and La3Ga5SiO14 were also attributed to this
site. Analysis of the CO4 and AO8 sites indicated that no
observed emission was possible due to unfavorable formation
energy and nonradiative relaxation of the excited state of Cr3+
at tetrahedral sites. The results for the atypical DO4−6 site
showed that although introducing a Cr3+ ion could change
the effective ligand number by bringing two ligand O2− ions
closer, no emission from such sites was possible due to nonra-
diative relaxation all the way down to the ground state bridged
by structural relaxation. The sharp R line and broad band
emission with peak around 730–780 nm for La3Ga5GeO14,
La3Ga5NbO14, and La3Ga5SnO14 were attributed to a near-Oh

site with a Stokes shift of only approximately 0.4 eV. This type
of site is not formed directly and has two different origins: (1)
modification of the BO6 site by random distribution at CO4 by
Ga/Ge as a result of solid solution, such as in La3Ga5GeO14;
or (2) formation or residual presence during synthesis due to a
site with similar temperature-dependent emission and excita-
tion spectra as Cr3+ occupying a near-Oh site in β–Ga2O3.
Overall, these results demonstrate that �SCF calculations
with constrained occupation provide reliable analysis of LF
and luminescence properties for low excited states of Cr3+,
and offer a detailed interpretation for multiband luminescence
in Cr-doped La-gallogermanate systems. These calculations
can also be adapted to analyze other 3d transition metal ions
in solids.
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APPENDIX

The local vibration modes A1g, Eg, and T2g in Eq. (6)
projected on the defect structure CrO6 can be expressed as
the following equations:

Q(A1g) =
√

m√
6

[(Z1 − Z4) + (X2 − X5) + (Y3 − Y6)];

Q(Eg, u) =
√

m

2
√

3
[2(Z1 − Z4) − (X2 − X5) − (Y3 − Y6)];

Q(Eg, v) =
√

m

2
[(X2 − X5) − (Y3 − Y6)];

Q(T2g, ξ ) =
√

m

2
[(Z3 − Z6) + (Y1 − Y4)];

Q(T2g, η) =
√

m

2
[(X1 − X4) + (Z2 − Z5)];

Q(T2g, ζ ) =
√

m

2
[(Y2 − Y5) + (X3 − X6)].

(A1)
Here, Xi represents the displacement of Oi (i = 1–6) lig-
and along the X direction, and the atoms O1 and O4,
O2 and O5, O3 and O6 are respectively positioned along
the Z , X , and Y direction, and m represents the mass of
O atom.

The electron-phonon coupling Hamiltonian of the A1g, Eg,
and T2g modes in Eq. (6) can be expressed as the following
equation [55], where the basis functions are (u, v, ξ , η, ζ ) and
only the excited states involved in the d−d transition are
considered.

Ĥ
A1g
ep =

⎛
⎜⎜⎜⎜⎜⎜⎝

− 3
5 0 0 0 0

0 − 3
5 0 0 0

0 0 2
5 0 0

0 0 0 2
5 0

0 0 0 0 2
5

⎞
⎟⎟⎟⎟⎟⎟⎠

K1Q; Ĥ
Eg
ep =

⎛
⎜⎜⎜⎜⎜⎝

−K2Qu K2Qv 0 0 0
K2Qv K2Qu 0 0 0

0 0 −K3(Qu − √
3Qv ) 0 0

0 0 0 −K3(Qu + √
3Qv ) 0

0 0 0 0 2K3Qu

⎞
⎟⎟⎟⎟⎟⎠;

Ĥ
T2g
ep =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 0 −K4Qξ −K4Qη 2K4Qζ

0 0
√

3K4Qξ −√
3K4Qη 0

−K4Qξ

√
3K4Qξ 0 K5Qζ K5Qη

−K4Qη −√
3K4Qη K5Qζ 0 K5Qξ

2K4Qζ 0 K5Qη K5Qξ 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

. (A2)

where the matrix element at i row and j column represents the term
∑

k Ki jkc†
i c jQk for k in A1g, Eg and T2g modes.
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The Coulomb interaction between 4T2 and 4T1 in Oh LF can be expressed as the following matrix.

3B

⎛
⎜⎜⎜⎜⎜⎜⎝

1 0 0
√

3 0 0
0 1 0 0 −√

3 0
0 0 4 0 0 0√
3 0 0 3 0 0

0 −√
3 0 0 3 0

0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎠

, (A3)

where B is the Racah parameter and the basis functions are |η↑ζ ↑u↑|, |ζ ↑ξ↑u↑|, |ξ↑η↑u↑|, |η↑ζ ↑v↑|, |ζ ↑ξ↑v↑|, and |ξ↑η↑v↑|.
Considering the Coulomb interaction between 4T2 and 4T1 and their static electron-phonon coupling with Eg mode, the 4T2

solution of Eg ⊗ (4T2 ⊕4T1) coupling in model Ĥ0 + Ĥp + Ĥep, as shown by Eqs. (1) and (6), can be expressed as follows:

E
(4T2, ζ

) = ω2

2

(
Q2

u + Q2
v

) − 2K3Qu + 6B

−
√

K2
2

(
Q2

u + Q2
v

) − 12BK2Qu + 36B2;

E
(

4T2, η/ξ
) = ω2

2

(
Q2

u + Q2
v

) + K3Qu ±
√

3K3Qv + 6B

−
√

K2
2

(
Q2

u + Q2
v

) + 6BK2Qu ± 6
√

3K2Qv + 36B2. (A4)

where B, K2, and K3 are Racah and coupling parameters, and ω is the frequency of vibration mode Eg.
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