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Planar Hall effect in Weyl semimetals induced by pseudoelectromagnetic fields
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The planar Hall effect (PHE), the appearance of an in-plane transverse voltage in the presence of coplanar elec-
tric and magnetic fields, has been ascribed to the chiral anomaly and Berry curvature effects in Weyl semimetals.
In the presence of position- and time-dependent perturbations, such as strain, Weyl semimetals react as if they
would be subjected to emergent electromagnetic fields, known as pseudofields. In this paper we investigate
the possibility of inducing nonlinear phenomena, including the PHE, in strained Weyl semimetals. Using the
chiral kinetic theory in the presence of pseudofields, we derive general expressions for the magnetoconductivity
tensor by considering the simultaneous effects of the Berry curvature and orbital magnetic moment of carriers,
which are indeed of the same order of magnitude. Since pseudofields couple to the Weyl fermions of opposite
chirality with opposite signs, we study chirality-dependent phenomena, including the longitudinal magnetocon-
ductivity and the planar Hall effect. We discuss our results in terms of the chiral anomaly with pseudofields.
These may open possibilities in chiralitytronics.
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I. INTRODUCTION

Weyl semimetals (WSMs) are topologically nontrivial con-
ductors in which the nondegenerate valence and conduction
bands touch at isolated points (the so called Weyl nodes) in
the Brillouin zone [1]. Near these touching points, the electron
spectrum can be described by the Weyl equation, originally in-
troduced in the particle physics context. The Weyl nodes occur
in pairs of opposite chirality, which act as a source and sink
of Berry curvature in reciprocal space, and the WSM phase
is topologically protected by a nonzero Berry flux across the
Fermi surface.

A distinguishing transport property of WSMs with broken
time-reversal symmetry is the anomalous Hall effect, which
arises when the conduction (valence) band is completely
empty (filled) [2]. Another intriguing property of WSMs is
the chiral anomaly, i.e., the nonconservation of the chiral
current in the presence of parallel electric and magnetic fields:
∂μJμ

5 = e2

2π2 h̄2 E · B. The appearance of a positive longitudinal
magnetoconductance has been regarded as a manifestation of
the chiral anomaly [3,4]. However, the magnetoconductivity
tensor receives additional contributions, not related with the
chiral anomaly, which indeed reverses the overall sign of the
magnetoconductance.

The planar Hall effect (PHE), the appearance of an in-plane
transverse voltage in the presence of coplanar electric and
magnetic fields, has been ascribed to the chiral anomaly in
WSMs as well as to Berry curvature effects [5–12]. How-
ever, as in the case of the longitudinal magnetoconductance,
within the semiclassical Boltzmann transport theory, the PHE
is not described solely by the Berry curvature. In fact, as
we show in this paper, the orbital magnetic moment (OMM)
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of charge carriers contributes also to the PHE, in much the
same order of magnitude than the Berry curvature contri-
bution, and therefore it cannot be disregarded. In a similar
footing, the electrochemical transport in WSMs has been as-
sociated with the chiral anomaly, with the orbital magnetic
moment playing a fundamental role, since the statistical trans-
port is sensitive to the spatial gradients of the distribution
function [13].

In conventional transport experiments, Weyl quasiparticles
are coupled to the electromagnetic fields E and B, which can-
not be used as probe for chirality (χ = ±1) since they do not
differentiate the nodes. However, an interesting phenomena
arising in Dirac matter is the fact that elastic deformations
of the lattice couple to the electronic Hamiltonian as pseu-
doelectromagnetic gauge potentials Ã

el
χ and �̃el

χ , which define
pseudoelectromagnetic fields as usual, Eel

χ = −∇�el
χ − ∂t Ael

χ

and Bel
χ = ∇ × Ael

χ , known as pseudofields or elastic fields
[14]. These pseudofields can be expressed as the sum of two
terms: Eel

χ = E + χE5 and Bel
χ = B + χB5. While the E and

B couple to the Weyl nodes in a similar fashion as electro-
magnetic fields do (with the same sign), E5 and B5 couple to
the nodes in an axial fashion (i.e., they couple opposite chiral
fermions with opposite signs). The notation for E5 and B5 in
inherited from the high-energy physics literature, where axial
fields couple to the Dirac matrix γ5. In a strained material, the
hoping parameters between atomic orbitals and on-site ener-
gies are both changed, and the modifications are driven by the
components of the strain tensor ui j . Therefore, the axial fields
become determined by the position- and/or time dependence
of the the strain tensor. For example, in the case of strained
graphene, the induced pseudogauge fields couple to the Dirac
fermions oppositely in the two valleys K and K ′ [15]. This
gave rise to a new line of research called straintronics [16,17].
More recently, the study of strain-induced gauge fields in
Weyl semimetals has attracted great attention [18], since it
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could opens a pathway for a prolific industry associated with
straintronics and chiraltronics.

In the case of WSMs, mechanical strain shifts the posi-
tion of the Weyl nodes in momentum and/or energy, which
can be effectively described in terms of pseudoelectromag-
netic fields [18]. This affects the low-energy description of
Weyl fermions, which now have to include the pseudogauge
potentials [19–21]. Interestingly, axial pseudofields E5 and
B5 couple opposite chiral fermions with opposite signs, and
hence the chirality can be tested by using conventional ex-
perimental probes such as electrical transport. It is worth to
mention that whereas electromagnetic potentials are gauge
dependent and hence are not observables, the axial gauge
potentials are quantum expectation values and thus produce
gauge-invariant and observable effects. Indeed, an experimen-
tal realization of strain-induced pseudomagnetic fields was
recently observed in strained crystals of Re-doped MoTe2

[22]. In this paper we aim to explore also nonlinear trans-
port phenomena induced by pseudofields, in particular the
longitudinal magnetoconductivity and the planar Hall effect.
We clearly differentiate the contributions arising from the
Berry curvature from those arising from the OMM of charge
carriers.

The coupling of Weyl fermions with pseudogauge fields
not only produces new interesting transport phenomena in
Weyl semimetals, but also affects the well-known chiral
anomaly. The inclusion of pseudofields in the semiclassical
derivation of the chiral anomaly produces an interesting gen-
eralization of the anomaly equation, known in high-energy
physics as the covariant anomaly [3]. In the presence of gen-
uine and pseudoelectromagnetic fields, the covariant anomaly
equations reads

∂μJμ

5 = e2

2π2h̄2 (E · B + E5 · B5), (1)

∂μJμ = e2

2π2h̄2 (E · B5 + E5 · B), (2)

where the axial current Jμ

5 measures the difference between
currents of opposite chiralities and Jμ is the total current.
The breaking of charge conservation, as indicated by Eq. (2),
implies that additional currents must exist in the system to re-
store local charge conservation. In fact, in the case of WSMs,
this problem is cured by including the conventional anoma-
lous Hall current. Nonlinear transport phenomena considered
in this work also provides a testing ground for the chiral
anomaly induced transport. In fact, we interpret our findings
in terms of the chiral anomaly with pseudofields.

This paper is organized as follows. In Sec. II we use chiral
kinetic theory to investigate the planar Hall effect in Weyl
semimetals in the presence of pseudofields. We obtain a gen-
eral expression for the magnetoconductivity tensor, separating
in a clear fashion the contributions arising from the Berry
curvature and the orbital magnetic moment. In Sec. III we
evaluate such contributions for a simple linearly dispersing
model of a WSM. We discuss the total and axial conductiv-
ities and interpret them in terms of the chiral anomaly with
pseudofields. Section IV is devoted to applications of our
results to strained Weyl semimetals. We conclude in Sec. V.
All technical calculations are relegated to the Appendices.

II. KINETIC THEORY APPROACH

We will now investigate the PHE in Weyl semimetals
by using the chiral kinetic theory, which is a topologically
modified semiclassical Boltzmann formalism to describe the
behavior of Weyl fermions for a finite chemical potential.
Within this approach, the semiclassical equations of motion
are extended to include an anomalous velocity term arising
from the Berry curvature, which acts as a magnetic field in
reciprocal space [23]. In the presence of electromagnetic fields
(E and B) and axial pseudofields (E5 and B5), the semiclassi-
cal equations of motion for an electron wavepacket in a metal
can be cast in the standard form [24]

ṙα = 1

h̄
∇kEα (k) − k̇α × �α (k), (3)

h̄k̇α = −eEχ − eṙα × Bχ , (4)

where Eχ = E + χE5 and Bχ = B + χB5 are effective
fields. Elastic gauge fields E and B, which couple to the
Weyl fermions in a similar manner than genuine electro-
magnetic fields, are accounted by promoting E → E + E
and B → B + B. The presence of χ in the definitions
of the effective fields accounts for the fact that pseud-
ofields couple opposite chiral fermions with opposite signs.
Here, �α (k) = i〈∇kuα (k)| × |∇kuα (k)〉 is the Berry curva-
ture and Eα (k) = E (0)

α − mα · Bχ is the energy dispersion,
which includes a Zeeman-like correction due to the or-
bital magnetic moment mα (k) = −i e

2h̄ 〈∇kuα (k)| × [Ĥ (k) −
E (0)

α (k)]|∇kuα (k)〉 [25,26]. Here, the Bloch states |uα (k)〉 are
defined by Ĥ (k)|uα (k)〉 = E (0)

α (k)|uα (k)〉 with Bχ = 0. The
subindex α stands collectively for the band index s and the
chirality index χ .

As they are, the equations of motion (3) and (4) are rem-
iniscent of the standard semiclassical equations by replacing
the electromagnetic fields E and B by the pseudofields Eχ

and Bχ solely; however, they do not immediately follow
the semiclassical theory. The wavepacket dynamics of elec-
trons in crystals subject to perturbations varying slowly in
space and time yields to generalized equations of motion that
contain corrections, which are accounted by a generalized
Berry curvature defined in terms of two derivatives of the
Bloch functions with respect to momentum (as the one de-
fined above), position and time [25,26]. From the generalized
equations of motion and assuming that the moment of the
wavepacket is close to a Weyl node, a change of coordinate
frame produces the equation of motion (3) and (4) [24].

In the presence of impurity scattering the phenomenologi-
cal transport equation can be written as [27](

∂

∂t
+ ṙα · ∇r + k̇α · ∇k

)
fα (r, k, t ) = Icoll [ fα (r, k, t )], (5)

where fα (r, k, t ) is the electron distribution function. The
collision integral Icoll accounts for the scattering mechanisms
of the conduction electrons (such as impurity scattering ef-
fects, electron correlations, or scattering effects due to thermal
vibrations of lattice ions). In the relaxation time approxima-
tion, the collision integral takes the simple form Icoll[ fα] =
− fα− f eq

α

τ (k) , where τ (k) is the scattering time of quasiparticles

and f eq
α is the equilibrium Fermi-Dirac distribution to be
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evaluated at the modified dispersion Eα (k). Although the mo-
mentum dependence of τ covers a wide range of scattering
processes, taking it as a constant parameter is still a good ap-
proximation that unveils interesting physics. In the following
we take it as constant.

Here we are interested in stationary and homogeneous so-
lutions to the Boltzmann equation (5). Using the equations of
motion (3) and (4) we have

−τ k̇α · ∇k fα (k) = fα (k) − f eq
α (k). (6)

Next, we expand the distribution function in powers of the
electromagnetic fields. Keeping only linear-order dependence
on the electric field, the nonequilibrium distribution function
becomes

fα = f eq
α + eτDα

[
vα · Eχ + e

h̄
(Eχ · Bχ )(vα · �α )

]
∂ f eq

α

∂Eα

,

(7)

where vα (k) = 1
h̄∇kEα (k) is the band velocity of Bloch elec-

trons and Dα (k) = [1 + e
h̄ (Bχ · �α )]−1 is the modification

factor of the phase space volume element [28,29]. In these
expressions we have omitted all momentum dependencies for
simplicity.

In the absence of any thermal and chemical potential gradi-
ents, the charge density current for a single α (i.e., band, chi-
rality, etc.) can be written as Jα = −e

∫
d3k

(2π )3 D−1
α ṙα (k) fα (k),

accounting for the modified density of states due to the phase
space factor Dα . Substituting the nonequilibrium distribution
function (7) into this equation and keeping the linear term
in the electric field, but neglecting the chiral magnetic and
anomalous Hall effect contributions, we now arrive at the
expression for the magnetoconductivity tensor for a single α,

σ
(α)
i j (Bχ ) = −e2τ

∫
d3k

(2π )3
Dα

[
vαi + e

h̄
(vα · �α )Bχ i

]

×
[
vα j + e

h̄
(vα · �α )Bχ j

]
∂ f eq

α (Eα )

∂Eα

, (8)

which includes the effects of the Berry curvature and the
orbital magnetic moment. Our main goal in this paper is to
evince that the orbital magnetic moment contributes in most
the same fashion that the Berry curvature to the PHE. To dis-
tinguish these contributions we write the conductivity tensor
(8), in the weak-field limit, as the sum of three terms

σ
(α)
i j (Bχ ) = σ

(0,α)
i j + σ

(
,α)
i j (Bχ ) + σ

(m,α)
i j (Bχ ), (9)

where the first term

σ
(0,α)
i j = −e2τ

∫
d3k

(2π )3
v

(0)
αi v

(0)
α j

∂ f eq
α

(
E (0)

α

)
∂E (0)

α

(10)

is the conductivity in the absence of the magnetic field (i.e.,
for B = B5 = 0) and the second term

σ
(
,α)
i j (Bχ ) = −e4τ

h̄2

∫
d3k

(2π )3
Qαi Qα j

∂ f eq
α

(
E (0)

α

)
∂E (0)

α

, (11)

with Qα = �α × (v(0)
α × Bχ ), is the contribution arising from

the Berry curvature solely. In Eqs. (10) and (11), E (0)
α (k)

is the band energy without the Zeeman-like correction and

v(0)
α (k) = 1

h̄∇kE (0)
α (k) is the corresponding band velocity. In

deriving Eq. (11) we have expanded the phase space volume
factor Dα (k) up to second order in the magnetic field.

The contribution from the orbital magnetic moment
σ

(m,α)
i j (Bχ ) appears in various ways. In the presence of a

magnetic field, on the one hand, the energy dispersion is cor-
rected by E (m)

α (k) = −mα (k) · Bχ and consequently the band
velocity becomes corrected as v(m)

α (k) = 1
h̄∇kE (m)

α (k). On the
other hand, for a weak magnetic field, the equilibrium dis-
tribution function f eq

α (Eα ) and the phase space volume factor
Dα (k) can be Taylor expanded up to the second power of the
magnetic field (see Appendix A). Taking into account these
terms in Eq. (8) and subtracting the contributions σ

(0,α)
i j and

σ
(
,α)
i j (Bχ ), one gets

σ
(χ,m)
i j (Bχ ) = 2e3τ

h̄

∫
d3k

(2π )3

[
Qαiv

(m)
α j + 1

e
E (m)

α ∇k · Tαi j

+ 1

2
E (m)

α Bχ · V αi j
∂

∂E (0)
α

]
∂ f eq

α

(
E (0)

α

)
∂E (0)

α

, (12)

where we have defined the tensors

Tαi j = e

h̄
�αBχ iv

(0)
α j + 1

2
êiv

(m)
α j ,

V αi j = �αv
(0)
αi v

(0)
α j − 1

2e
mα∂kiv

(0)
α j . (13)

A detailed derivation of the formula (12) is presented in the
Appendix A.

III. PLANAR HALL EFFECT WITH PSEUDOFIELDS
IN WEYL SEMIMETALS

In this section we investigate the PHE in Weyl semimetals
by using the semiclassical approach developed in the previ-
ous section. To this end we consider a simple model of a
WSM consisting of two Weyl nodes of opposite chiralities
separated in momentum and energy, ignoring the nonuniversal
corrections due to band bending far away from the nodes.
The low-energy Hamiltonian for each Weyl node can be
expressed as

Ĥχ (k) = χ h̄vF σ · k + b0χ , (14)

where vF is the Fermi velocity, χ = ±1 specifies the chirality,
σ is the vector of the Pauli matrices, k is the momentum mea-
sured relative to the Weyl point, and b0χ denotes the energy
shift of the node with chirality χ .

The corresponding energy dispersion is E (0)
α (k) = b0χ +

sh̄vF k, where s = ±1 is the band index. As a result, the band
velocity becomes v(0)

s (k) = svF k̂, where k̂ is the unit vector
along k. Using the Bloch states, it is straightforward to obtain
the Berry curvature and the orbital magnetic moment,

�α (k) = −sχ
k̂

2k2
, mχ (k) = −χevF

k̂
2k

, (15)

respectively. In the presence of an effective magnetic mag-
netic field Bχ , the energy dispersion is corrected by E (m)

χ (k) =
χevF

2k k̂ · Bχ , which implies a correction to the band velocity as

v(m)
χ (k) = χevF

2h̄

Bχ − 2k̂(k̂ · Bχ )

k2
. (16)
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FIG. 1. Low-energy spectrum of a Weyl semimetal with two bulk
Weyl nodes of different chiralities separated in momentum space by
2b and shifted in energy by 2b0

For a given node of chirality χ , the band index is determined
by the sign of the difference between the chemical potential
and the energy shift of the node, i.e., s = sgn(μ − b0χ ). This
is so since μ > b0χ (μ < b0χ ) implies s = 1 (s = −1), as
depicted in Fig. 1. So, we define μχ = sμ0χ , with μ0χ =
|μ − b0χ | > 0. Here we work at finite temperature T .

With the above information we are able to apply the
semiclassical formulas (10)–(12) to compute the different
contributions to the planar Hall effect in Weyl semimet-
als. Details of technical computations are relegated to the
Appendix B and here we present only the final results. Inter-
estingly, all of them become independent of the band index s,
so we make the replacement α → χ in the following expres-
sions.

The Bχ -independent conductivity (10) takes the simple
form

σ
(0,χ )
i j (T ) = e2μ2

0χτ

6π2h̄3vF
δi j f2(�χ ), (17)

with �χ ≡ kBT/μ0χ and where we have introduced the
function

fn(y) ≡ 1

y

∫ ∞

0
dx xn e(x−1)/y

[1 + e(x−1)/y]2 . (18)

Interestingly, the conductivity (17) vanishes at the neutrality
point (μ0χ = 0). Furthermore, at zero temperature one can
further verify that limT →0 fn(�χ ) = 1.

The Berry curvature contribution (11) becomes

σ
(
,χ )
i j (Bχ , T ) = e4v3

F τ

120π2 h̄μ2
0χ

(
δi jB

2
χ + 7Bχ iBχ j

)
f−2(�χ ),

(19)

while the result from orbital magnetic part is

σ
(m,χ )
i j (Bχ , T ) = −e4v3

F τ

120π2 h̄μ2
0χ

(
3δi jB

2
χ + Bχ iBχ j

)
f−2(�χ ),

(20)

where B2
χ = Bχ · Bχ . The conductivities of the opposite

chiralities are related by symmetry properties dictated
by the definition of the effective magnetic field Bχ ,
namely, σ

(ξ,χ )
i j (B, B5, T ) = σ

(ξ,−χ )
i j (−B, B5, T ) and σ

(ξ,χ )
i j

(B, B5, T ) = σ
(ξ,−χ )
i j (B,−B5, T ), where ξ = 
, m. If either

B or B5 vanishes, the contribution from both chiralities are the
same. Besides, we observe that the transverse conductivities
does not satisfy the usual antisymmetry relation (σxy = −σyx)
displayed by Hall effect systems, since in this case the trans-
verse conductivity does not stem from Lorentz force, but from
the chiral anomaly.

The Berry curvature induced conductivity (19) has been
discussed recently in a variety of papers and it has been
regarded as a direct consequence of the chiral anomaly [5–9].
Our formula (19) generalizes the previously reported results,
where only some components were computed. Besides, here
we report a general formula (20) for the orbital magnetic
moment induced conductivity, which as far as we know, it has
not been reported yet. In order to elucidate the importance
of the orbital magnetic moment contribution, we next explore
the angular dependence of both the longitudinal magnetocon-
ductivity and the planar Hall conductivity for the different
chiralities. To this end, we introduce the normalized conduc-
tivity tensor for the Weyl node with chirality χ ,

�
(χ )
i j (Bχ , T ) = σ

(χ )
i j (Bχ , T ) − σ

(χ )
0 (T )δi j

σ
(χ )
0 (T )

, (21)

where σ
(χ )
i j (Bχ , T ) is the total conductivity given by Eq. (9)

and σ
(χ )
0 (T ) ≡ e2μ2

0χ τ

6π2 h̄3vF
f2(�χ ) is the longitudinal conductiv-

ity. Note that �
(χ )
i j isolates the joint contributions from the

Berry curvature and the orbital magnetic moment of charge
carriers. The tensor (21) inherits the symmetries of σ

(
,χ )
i j and

σ
(m,χ )
i j . Now we assume an electric field pointing along the

x axis, i.e., E = E êx, and restrict the magnetic field to be in
the xy plane, i.e., B = B(cos θ êx + sin θ êy). We also assume
that the applied strain induces a pseudomagnetic field lying in
the xy plane, i.e., B5 = B5(cos θ5êx + sin θ5êy) and vanishing
axial electric field E5 = 0, as depicted in Fig. 2. Later we will
discuss the impact of a nonzero E5 upon the longitudinal and
planar Hall currents.

To discuss the longitudinal and planar Hall responses in a
realistic WSM, it is convenient to consider the precise values
of the parameters appearing in our expressions and verify first
the validity of the chiral kinetic theory. We take B = B5 =
0.5T and use typical parameters for a Weyl semimetal such
as TaAs: vF = 3 × 105 m/s, b0χ = 0, μ = 20 meV [30,31],
and τ ∼ 10−13 s [32,33]. Therefore, the Boltzmann formal-
ism is valid because ωCτ ∼ 0.08 
 1, where ωC = eB/m∗c
is the cyclotron frequency and we have used m∗ ∼ 0.11me

[30,31] and B ∼ 0.5 T. One can further verify that near the
nodes, the corrections induced by the orbital magnetic mo-
ment to the energy satisfies E (m)

χ 
 E (0)
α and (e/h̄)B
 
 1,

thus validating the expansions performed in Sec. II. Here we
take T = 2 K, which corresponds to the temperature at which
the angular dependence of the planar Hall conductivity was
observed in topological insulators [34]. This value, together
with μ = 20 meV for TaAs, implies that �χ = 0.0086 and
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FIG. 2. Prototypical experimental setup employed to measure
the longitudinal and planar Hall voltages generated by in-plane elec-
tromagnetic fields and pseudofields.

hence f−2(�χ ) = 1.00073 ≈ 1. Therefore, in the following
we safely take f−2(�χ ) = 1 for definiteness, which is appro-
priate at low temperatures. In Fig. 3 we plot the normalized
longitudinal (upper panel) and planar Hall (lower panel) con-
ductivities, given by Eq. (21), as a function of the angle
θ and fixed values θ5 = 0 (left panel) and θ5 = π/2 (right
panel). In these plots, the dashed orange (continuous red)
line shows the Berry curvature contribution (19) normalized

FIG. 3. Angular dependence of the longitudinal (upper panel)
and planar Hall (lower panel) conductivities for θ5 = 0 (left panel)
and θ5 = π/2 (right panel). The dashed orange (continuous red)
line shows the Berry curvature contribution (normalized by the lon-
gitudinal conductivity) for the chirality χ = +1 (χ = −1), while
the purple (blue) line with square (circle) markers shows the full
conductivities including the orbital magnetic moment contribution.

by the longitudinal conductivity σ
(χ )
0 , i.e., σ

(
,χ )
i j /σ

(χ )
0 , for

the chirality χ = +1 (χ = −1). The purple (blue) line with
square (circle) markers shows the normalized conductivity
�

(χ )
i j as defined in Eq. (21) for the chirality χ = +1 (χ = −1).

These plots evince the importance of the orbital magnetic
moment upon the longitudinal and planar Hall conductivities.
In fact, as we can see in Fig. 3, the longitudinal conductivity is
more sensitive to the OMM than the planar Hall conductivity.
However, this fact does not mean that such contribution is
zero in the planar Hall conductivity. Clearly, for θ5 = 0, the
OMM contribution is negligible near to θ = 0, π , but be-
comes important near to some specific angles, namely, at θ∗ =
π/3, 5π/3 for χ = +1 and at θ∗ = 2π/3, 4π/3 for χ = −1.
For θ5 = π/2, however, the OMM contribution approaches
zero near to θ = π/2, 3π/2, and becomes appreciable around
θ∗ = 7π/6, 11π/6 for χ = +1 and around θ∗ = π/6, 5π/6
for χ = −1. The position of these critical angles θ∗ varies
according to the ratio B5/B as well as the direction of B5. In
fact, it becomes determined by the equation

cos(2θ∗) + χ (B5/B) cos(θ∗ + θ5) = 0. (22)

Following the definition of the current for fermions with
chirality χ in the presence of effective electromagnetic fields,
J (χ )

i = σ
(χ )
i j Eχ j , with the conductivity given by Eq. (8), we

now define the total and axial currents by J = ∑
χ=±1 J (χ ) and

J5 = ∑
χ=±1 χJ (χ ), respectively. These suggest the definition

of the total and the chiral conductivities as follows:

σi j =
∑

χ=±1

σ
(χ )
i j , σ5i j =

∑
χ=±1

χσ
(χ )
i j , (23)

each in order, such that the total and axial currents take the
simple form

Ji = σi j (B, B5) Ej + σ5i j (B, B5) E5 j, (24)

J5i = σ5i j (B, B5) Ej + σi j (B, B5) E5 j, (25)

respectively.
In the problem at hand, using the conductivity tensor (8),

together with the three contributions (17), (19), and (20),
one can obtain general expressions for the total and chiral
conductivity tensors. Assuming b0χ = 0 for simplicity, and
taking T = 0 K in view of the above discussion, the total
conductivity becomes

σi j (B, B5) = σ0δi j + σ0

10B2
0

[ − δi j
(
B2 + B2

5

) + 3(BiBj

+ B5iB5 j )
]
, (26)

where σ0 ≡ e2μ2τ

3π2 h̄3vF
is the field-independent longitudinal con-

ductivity and B0 ≡ (eh̄)−1(μ/vF )2 is a characteristic magnetic
field. Similarly, for the chiral conductivity we obtain

σ5i j (B, B5) = σ0

10B2
0

[−2δi jB · B5 + 3(BiB5 j + B5iB j )]. (27)

Clearly, the chiral conductivity vanishes if either B or B5 are
zero. Therefore, in such case, to probe the chiral current, a
pseudoelectric field is required. This is so because the axial
gauge fields couple opposite chiral fermions with opposite
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signs. To illustrate the angular dependence of these conduc-
tivities we introduce the normalized total conductivity

�i j (B, B5) = σi j (B, B5) − σ0δi j

σ0
, (28)

and similarly one can define the normalized axial conductivity
as �5i j (B, B5) = σ5i j (B, B5)/σ0. Note that expressions (27)
and (28) are valid for arbitrary orientations of the fields B
and B5. Now we take the same planar configuration as before,
depicted in Fig. 2. To elucidate the interplay of the genuine
and axial magnetic fields, we fix the direction of the effective
electric field to be along +êx, i.e., Eχ = Eχ êx, and rotate
the magnetic field along the xy plane such that it makes an
angle θ with respect to the direction of the electric field, i.e.,
B = B(cos θ êx + sin θ êy). Also we take the pseudomagnetic
field in the same plane, i.e., B5 = B5(cos θ5êx + sin θ5êy). In
this case, the normalized total and axial longitudinal conduc-
tivities become

�xx(B, B5) = B2(3 cos2 θ − 1) + B2
5(3 cos2 θ5 − 1)

10B2
0

, (29)

�5xx(B, B5) = BB5

10B2
0

[3 cos(θ + θ5) + cos(θ − θ5)], (30)

respectively. The corresponding expressions for the normal-
ized total and axial planar Hall conductivities are

�xy(B, B5) = 3

20B2
0

[
B2 sin(2θ ) + B2

5 sin(2θ5)
]
, (31)

�5xy(B, B5) = 3BB5

10B2
0

sin(θ + θ5), (32)

respectively. We now plot these expressions. To this end, we
take B = B5 = 0.5 T and use typical parameters for TaAs
(vF = 3 × 105 m/s and μ = 20 meV), which yields B0 =
6.75 T. In Fig. 4 we show the longitudinal (upper panel) and
planar Hall (lower panel) conductivities as a function of the
angle θ and fixed values θ5 = 0 (at left) and θ5 = π/2 (at
right). Each panel displays both the normalized total and axial
conductivities. The dashed orange (continuous red) line cor-
responds solely to the Berry curvature contribution to the total
(axial) conductivities. The purple (blue) line with square (cir-
cle) markers shows the full contribution (i.e., including both
Berry curvature and OMM) to the total (axial) conductivities.
The importance of the OMM is quite evident in the case of the
total and axial longitudinal conductivities: the unmarked lines
significantly differ from those with markers. However, the to-
tal and axial planar Hall conductivities exhibit slight changes,
which can be appreciated near to some specific angles. For
example, in the case of the total planar Hall conductivity
�yx, the differences are important near to θ∗ = nπ/4, where
n = 1, 3, 5, 7, in both situations θ5 = 0 and θ5 = π/2. For an
arbitrary value of θ5 the position of these critical angles does
not change, but the value of the normalized conductivity is
shifted by 3

20 (B5/B0)2 sin(2θ5). In the case of the axial con-
ductivity, the main differences are near to θ∗ = π/2, 3π/2
for θ5 = 0 and near to θ∗ = 0, π for θ5 = π/2. The behavior
of the axial conductivity is quite the same for any value of θ5;
the only difference is that the critical angles are shifted by θ5,
i.e., they are given by θ∗ = θ5 + nπ/2.

FIG. 4. Longitudinal (upper panel) and planar Hall (lower panel)
conductivities for θ5 = 0 (left panel) and θ5 = π/2 (right panel).
The dashed orange (continuous red) line shows the Berry curvature
contribution to the total (axial) conductivities, while the purple (blue)
line with square (circle) markers shows the full contribution (includ-
ing the orbital magnetic moment contribution) to the total (axial)
conductivities.

Apart from the angular dependence of the longitudinal and
planar Hall conductivities shown in Fig. 4, the dependency on
the magnitude of the magnetic field would also be relevant for
an experimental detection of our results. In fact, as we read
off from Eqs. (29)–(32), the total longitudinal �xx and trans-
verse �xy conductivities show B2 dependence, while the axial
conductivities �5xx and �5xy exhibit a linear dependency on
B. In Figs. 5(a) and 5(c) we plot the total and axial planar Hall
conductivities, �xy(B, B5) and �5xy(B, B5), respectively, as a
function of the (normalized) magnetic field B/B0, for θ5 = 0,
B5 = 0.5 T and different values of the angle θ . In Fig. 5(a)
the curves correspond to angles ranging from 2θ = π/6 to
2θ = π/2, and they closes progressively in such order, i.e., the
focal length decreases as increasing the angle θ . The vertex of
the parabola is located at �xy(0, B5) = 3

20B2
0
B2

5 sin(2θ5), which
for the chosen parameter values is zero. Different values of the
angle θ5 only shift the parabolas to the top for θ5 ∈ [0, π/2] ∪
[π, 3π/2] or to the bottom for θ5 ∈ [π/2, π ] ∪ [3π/2, 2π ].
In Fig. 5(c) the straight lines crosses the origin and the slop
is given by 3B5

10B2
0

sin(θ + θ5). The curves correspond to angles
ranging from θ = π/6 to θ = π/2, where the slope increases.
Figures 5(b) and 5(d) show the total and axial planar Hall
conductivities, �xy and �5xy, as a function of the angles θ and
θ5, for B = B5 = 0.5 T. Red (blue) shaded regions display the
maximum (minimum) of the corresponding functions.

Everything discussed thus far correspond, in a separate
fashion, to the total and axial conductivities appearing in
the general formulas (24)–(25). In the presence of a genuine
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FIG. 5. Panels (a) and (c) show the total and axial planar Hall conductivities, respectively, as a function of the magnetic field for θ5 = 0,
B5 = 0.5 T and different values of the angle θ . (b) and (d) show 3D plots of the planar and axial Hall conductivities, respectively, as a function
of the angles θ and θ5 for B = B5 = 0.5 T.

electric field and vanishing axial electric field, the plots pre-
sented in Figs. 4 and 5 correctly describes the behavior of the
longitudinal and planar Hall conductivities. In the opposite
case, for a vanishing genuine electric field and nonzero axial
electric field, the roles of the total and axial conductivities be-
comes interchanged, as Eqs. (24) and (25) suggest. However,
in the presence of both genuine and axial electric fields, the
effects of the total �i j and axial �5i j conductivities become
intertwined. To elucidate the interplay of the electric fields,
we now consider the configuration shown in Fig. 2 in the
presence of an electric field E = Ex êx and an in-plane axial
electric field E5 = E5(cos ϕêx + sin ϕêy). In this case, the to-
tal and axial currents become

Ji/Ex = σix + ε5(cos ϕ σ5ix + sin ϕ σ5iy), (33)

J5i/Ex = σ5ix + ε5(cos ϕ σix + sin ϕ σiy), (34)

where ε5 ≡ E5/Ex is the ratio between the axial and genuine
electric field, and σi j and σ5i j are the conductivity tensors
given by Eqs. (26) and (27), respectively. To plot these func-
tions we take appropriate values for the genuine and axial
fields. Genuine electromagnetic fields are extensively con-
trolled in experiments. However, strain-induced fields are
more subtle. For example, for a WSM in the presence of
torsion, the maximum attainable axial magnetic field is B5 ≈
0.5 T [21]. For simplicity we also take B = 0.5 T. An estimate
for the axial electric field can be obtained from the upper
limit E5 � vF B5, which is required to circumvent the collaps-
ing of Landau levels in WSMs [35]. In TaAs we find E5 �
1.5 × 105 V/m, and then here we take E5 = 2 × 104 V/m,
which vastly fulfils the condition. In the next section we
deepen on the origin of strain-induced pseudofields. If we
take a moderate electric field of strength Ex = 2 × 104 V/m
we obtain ε5 = 0.5. In the following, to better understand the
interplay of the axial electric field, we fix the axial magnetic
field pointing parallel to the electric field, i.e., B = Bêx, and
explore the angular dependence of the full currents (Berry
curvature + OMM contributions) as a function of the angles
θ (defined by the magnetic field) and ϕ. In the upper panel of
Fig. 6 we plot the longitudinal total Jx and axial J5x currents
(in units of Ex) as a function of the angle θ for θ5 = 0 and two
different values of ϕ, namely, ϕ = 0 (left panel) and ϕ = π/2
(right panel). The lower panel displays the total Jy and axial

J5y planar Hall currents (in units of Ex). The dashed orange
and continuous red lines correspond to the currents in the
absence of the axial electric field, while the purple and blue
lines with square and circle markers correspond to the currents
in the presence of E5. We observe that for an axial electric
field in parallel configuration (i.e., with ϕ = 0), the longitudi-
nal total and axial currents behave in a similar manner than
in the absence of E5, changing sign approximately around
the same angles. However, in a perpendicular configuration
(i.e., with ϕ = π/2), the angular dependence of the current
is slightly different, with the position of the extrema shifted
[indeed, the shifts can be directly calculated from Eqs. (33)
and (34)]. We highlight the fact that the total conductivity

FIG. 6. Angular dependence of the longitudinal (upper panel)
and planar Hall (lower panel) currents for E = Ex êx , θ5 = 0, ϕ = 0
(left panel) and ϕ = π/2 (right panel). The dashed orange (continu-
ous red) line shows the currents for E5 = 0, while the purple (blue)
line with square (circle) markers shows the full currents including
the axial electric field.
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FIG. 7. 3D plots of the total and axial planar Hall current (in units
of Ex) as a function of the angles θ (defined by the magnetic field)
and ϕ (defined by the axial electric field)

(purple line with square markers) reverses its sign near to
θ = 3π/2, and this is a direct consequence of the nonzero
axial electric field. Therefore, this is a direct signature of the
effects of the E5 upon the longitudinal conductivities. The
case of the planar Hall conductivities is similar. In parallel
configuration (ϕ = 0), the planar Hall current both in the
presence and in the absence of the axial electric field dis-
play the same angular dependence, flipping sign around the
same angles, with the extrema slightly shifted and with the
amplitude controlled by the field strength E5. In perpendicular
configuration, there are two aspects that could be highlighted.
On the one hand, in the case E5 = 0 there are three angles
at which the current vanishes, i.e., θ = 0, π, 2π , since Jy ∼
3σ0Ex sin θ cos θ ; however, in the presence of an axial electric
field the planar Hall current is of the form Jy ∼ σ0Ex(3 sin θ −
2ε5) cos θ , thus implying that there is only one critical angle
at which the current vanishes, given by θ∗ = arcsin(2ε5/3),
and take the constant value Jy ∼ −2σ0ε5Ex at θ = 0, 2π . On
the other hand, as the lower-right panel of Fig. 6 shows,
in the presence of the axial electric field the periodicity of
the current in the angle θ is broken, which becomes clear
from the previous equations for the currents with and without
E5. These are distinguishing features of the presence of the
axial electric field. All these conclusions are also supported
by the 3D plots presented in Fig. 7, which display the total
and axial planar Hall currents (in units of Ex) as a function

of the angles θ and ϕ. Red (blue) shaded regions display
the maximum (minimum) of the corresponding functions.
As pointed out, anomaly related transport phenomena have
attracted great attention in condensed-matter physics. For ex-
ample, in graphene, fermionic excitations near the Dirac cones
are described by a (2 + 1)-dimensional quantum field theory
exhibiting the parity anomaly. This gives rise to the valley
Hall effect, observed experimentally [36,37] and extensively
explored due to possible applications in valleytronics [38]. On
the same footing, Weyl semimetals provide an electronic route
for realizing the chiral anomaly in condensed matter. The chi-
ral anomaly induces a number of novel phenomena in WSMs,
including the chiral magnetic effect [39] that manifests itself
through the negative longitudinal magnetoresistance [3,4],
and it was confirmed in transport experiments in the TaAs
family [31,40]. The planar Hall effect has been ascribed also
to the chiral anomaly; however, as shown in this paper, there
are other contributions that affect the PHE in a similar order
of magnitude than the Berry curvature contribution, namely,
the orbital magnetic moment of charge carriers.

WSMs in the presence of pseudofields give unique oppor-
tunities to probe the different contributions to the covariant
anomaly equations (1)–(2). Along this line, our results provide
a testing ground for the chiral and charge anomalies by means
of the planar Hall effect. Experimentally, pseudofields are
induced by applying strain on the crystal. For example, a pseu-
domagnetic field B5 can be created by applying a static torsion
or bending the sample. A nonzero pseudoelectric field E5 is
generated, for instance, by dynamically stretching or com-
pressing the sample. Therefore, properly combining genuine
and pseudoelectromagnetic fields, we are able to test the four
terms in the right-hand side of Eqs. (1) and (2). On the one
hand, the two terms in the chiral anomaly equation (1), E · B
and E5 · B5, can be tested by using nonorthogonal electro-
magnetic fields or pseudoelectromagnetic fields, respectively.
The latter can be achieved by a simultaneous application of
torsion and time-dependent unidirectional strain. Physically,
in both cases, this can be understood as pumping of charge
from one node to the other. On the other hand, the two
terms in the charge anomaly equation (2), E · B5 and E5 · B,
can be tested by the combined application of electromag-
netic and pseudoelectromagnetic fields. These nonconserving
charge terms should be interpreted with caution, since in
a real solid, charge is strictly conserved. Indeed, they can
be understood as pumping of charge between the bulk and
the boundary of the system [19–21]. This implies that ad-
ditional currents must exist in the system to restore charge
conservation. This problem is solved by adding Bardeen
polynomials [41–43], which in the present case, corresponds
to the topological Chern-Simons charge and current den-
sities, in the order given by ρCS = − e2

2π2 h̄2 b · B and JCS =
e2

2π2 h̄2 (−b0B + b × E ), being 2b and 2b0 the separation be-
tween the Weyl nodes in momentum and energy, respectively,
as depicted in Fig. 1. To understand this result physically,
we must recall that pseudofields are induced by inhomoge-
neous strain, which results in a position and time dependent
separation between the nodes in momentum and energy,
i.e., b(r, t ) and b0(r, t ), such that the emerging pseudofields
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FIG. 8. Strain-induced shift of a single Weyl node in momen-

tum and energy, defining the pseudogauge potentials Ã
el
χ and �̃el

χ ,
respectively.

are determined by B5 = ∇ × b and E5 = −∇b0 − ∂t b. It is
now straightforward to check that the Chern-Simons four-
current Jμ

CS = (cρCS, JCS) satisfies ∂μJμ

CS = e2

2π2 h̄2 (E · B5 +
E5 · B). This fact suggests the definition of consistent total
and axial currents Jμ

cons = Jμ + Jμ

CS and Jμ

5cons = Jμ

5 + Jμ

5CS,
respectively, restoring charge conservation. In this manner, the
consistent version of the anomaly equations (1) and (2) are

∂μJμ

5cons = e2

2π2h̄2

(
E · B + 1

3
E5 · B5

)
, (35)

∂μJμ
cons = 0, (36)

respectively. Therefore, charge nonconservation stated in the
anomaly equations (1) and (2) not to worry us. In the next
section we will back to this point in particular examples.

IV. STRAIN-INDUCED NONLINEAR TRANSPORT
PHENOMENA IN WSMS

So far we have discussed in general the effects of
pseudofields upon nonlinear transport phenomena in Weyl
semimetals and remarked in passing that they emerge due to
position and time dependent deformations. In this section we
deepen on the physical origin of the pseudofields and apply
our results to particular strain configurations.

In a strained material, the modifications in the hoping
parameters (between atomic orbitals) and on-site energies
are determined by the components of the strain tensor ui j =
1
2 (∂ui/∂x j + ∂u j/∂xi ), where ui is the local displacement vec-
tor of the strained lattice. In Weyl semimetals the deformation
of the crystal lattice shifts the Weyl nodes in momentum
and energy, as shown in Fig. 8, and such node shifts can be
described in terms of pseudogauge potentials Ã

el
χ (r, t ) and

�̃el
χ (r, t ) [17,18]. These couple to the electronic degrees of

freedom as the electromagnetic vector and scalar potentials
do. Therefore, the effects of strain on a single Weyl node
of chirality χ , as depicted in Fig. 8, are captured by the

Hamiltonian

Ĥχ (k) = χvF σ · (
h̄k + Ã

el
χ

) + �̃el
χ + b0χ , (37)

where the pseudogauge potentials are expressed in terms of
the strain-tensor as Ãel

χ i = hi jku jk and �̃el
χ = gi jui j . Here, hi jk

is the Weyl node shift per unit strain and gi j is the energy
shift per unit strain, which have to be computed with a micro-
scopic model (e.g., tight-binding, ab initio) or determined by
experiments [44]. These tensors contain all material details,
such as anisotropy and elastic parameters. The corresponding
pseudofields Ẽ

el
χ = −∇�̃el

χ − ∂t Ã
el
χ and B̃

el
χ = ∇ × Ã

el
χ may

couple opposite chiral fermions with opposite signs, in much
the same fashion than the case of strained graphene, in which
pseudofields couple to the Dirac fermions oppositely in the
two valleys. To account for the two possibilities, that pseud-
ofields couple axially or not to the Weyl nodes, we introduce
the notation Ẽ

el
χ = E + χE5 and B̃

el
χ = B + χB5, where E

and B are strain-induced pseudofields, which couple to the
Weyl nodes in the same manner as electromagnetic fields do,
while E5 and B5 are the axial parts of the pseudofields, which
couple opposite chiral fermions with opposite signs. All these
fields are fully determined by the strain tensor. Note that our
results of the previous section holds in this case; however,
the elastic (nonaxial) electric and magnetic fields should be
considered as genuine electromagnetic fields.

In order to probe strain-induced nonlinear phenomena in
Weyl semimetals, we have to consider suitable nonuniform
strain tensors. In the following we shall discuss two interesting
cases with experimental possibilities. To be precise, we study
the effects of position-dependent strain tensors: (i) bending
the WSM into a circular arc and (ii) twisting a wire-shaped
WSM. These configurations produce uniform pseudofields,
such that the pseudomagnetic field couples axially to the Weyl
fermions, and the pseudoelectric field is nonaxial and then
couples to the Weyl fermions in the usual manner [44]. With
the help of an additional magnetic field, these can be used to
test the covariant anomaly equations.

A. Bending of WSM thin films

Films and wires realizations of Weyl semimetals are ex-
cellent probes to test strain-induced phenomena. In fact, the
best experimentally accessible geometry of applied strain is
obtained by bending thin films of WSMs, which is a 3D gen-
eralization of the configuration suggested for graphene sheets
in Ref. [45]. As we shall see, bending of WSM thin films is an
excellent test bed for the covariant anomaly equations.

Let us consider a rectangular lattice model of a WSM, as
depicted in the upper panel of Fig. 9, with two nodes separated
by a distance b in the kx direction. Bending the system into a
circular arc in the x-y plane, as sketched in the lower panel of
Fig. 9, is described by the deformation [46]

ux = u0(2xy + Cx), (38)

uy = u0[−x2 − Dy(y + C)], (39)

uz = 0, (40)

where u0, C, and D are constants that depend on the ma-
terial. This yields the axial vector potential A5x = uxxb =
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FIG. 9. Sketch of the bending geometry that generates pseud-
ofields. The applied strain bends the original configuration (upper
panel) into a circular arc in the x-y plane (lower panel).

u0(2y + C)b, i.e., it couples to the Weyl nodes with opposite
signs. The corresponding axial pseudomagnetic field is then
B5z = −2u0b. On the other hand, this strain configuration pro-
duces also a scalar (deformation) potential �̃χ = uxx + uyy =
u0(1 − D)(2y + C), which produces the elastic (i.e., nonaxial)
pseudoelectric field Ey = −2u0(1 − D)g, perpendicular to the
pseudomagnetic field, as shown in Fig. 9. The orthogonality
between the strain-induced pseudofields makes this configu-
ration appropriate to investigate the planar Hall effect in the
presence of an external magnetic field in the y-z plane, i.e.,
B = B(cos θ êy + sin θ êz ), coplanar to the pseudofields. Using
equations (24) and (25) one determines directly the total and
axial currents. Normalizing the currents by σ0Ey one finds the
following expressions for the total j and axial j5 currents

j(θ ) = 1

10

⎛
⎜⎝

0
B̃2(3 cos2 θ − 1) − B̃2

5

3B̃2 sin θ cos θ

⎞
⎟⎠, (41)

j5(θ ) = B̃5B̃

10

⎛
⎝ 0

−2 sin θ

3 cos θ

⎞
⎠ (42)

where we have subtracted the field-independent current from
the total current j. Here, B̃ = B/B0 and B̃5 = B5/B0. Inter-
estingly, these are planar Hall currents, i.e., they are in the
y-z plane, where the pseudofields and the magnetic field lie.
The angular dependencies of the components of j and j5 are
plotted in Fig. 10. We have taken B = 1T, B5 = 0.5T, B0 =
6.75T (characteristic of TaAs) and normalized the currents by
its maximum values jmax = jy(π ) and j5max = j5z(π/2). The
left panel shows the total current components: the blue dashed
line corresponds to jy(θ )/ jmax and the red continuous line is
jz(θ )/ jmax. The right panel shows the axial current compo-
nents: the blue dashed line corresponds to j5y(θ )/ j5max and the
red continuous line is j5z(θ )/ j5max. The effects of pseudofields
can be increased according to the strain. In the numerical cal-
culations we have used B5 = 0.5 T; however, strain-induced
pseudomagnetic fields (on the order of 3 Tesla) were recently
observed in strained crystals of Re-doped MoTe2 [22].

The analysis of this subsection can be extended to sit-
uations involving more deformation profiles. In particular,

FIG. 10. Angle dependence of the (normalized) total j (at left)
and axial j5 (at right) currents for a WSM strained into a circular arc
in the x-y plane, as depicted in Fig. 9. The blue dashed lines show the
y components, and the red continuous line are the z components.

it would be interesting to analyze the effect of an axial
pseudoelectric field, which unlike the deformation potential
considered above, couple with opposite sign to the nodes of
opposite chirality.

B. Rotational strain

In three dimensions, the antisymmetric part of the strain
tensor, ωi j = 1

2 (∂u j/∂xi − ∂ui/∂x j ), also gives rise to pseud-
ofields in Weyl semimetals. Physically, it is related to
infinitesimal rotations by a vector � with the components
given by 
k = 1

2εi jkωi j . One can further see that this vector
is related to the deformation vector u by

�(r) = 1
2 ∇ × u(r). (43)

A full discussion on the effects of rotational strain in Dirac
matter is presented in Ref. [47]. There, the authors derive
the low-energy effective Hamiltonians for the electron-strain
interactions around Weyl nodes associated with the antisym-
metric part of the strain tensor. A distinguishing physical
example, which we consider here, is a wire-shaped Weyl
semimetal of length L with an axis along the z direction
and the nodes separated by a distance b along the axis. The
displacement vector u that derives from twisting the sample
an angle θ is given by

u(r) = θ
z

L
(r × êz ), (44)

where r is the position relative to the origin located on the axis
of the wire. In Fig. 11 we show the effect of the deformation
(44). The strain tensor associated with the deformation (44) is
traceless, and therefore the deformation potential generated
from ui j is zero. The corresponding axial vector potential
is given by A5(r) = θ b

2L (yêx − xêy), producing the uniform
pseudomagnetic field B5 = −θ b

L êz. According to Eq. (43), the
rotation vector becomes �(r) = θ

2L (r − 3zêz ). This produces
a deformation potential �̃(r) = b · �(r) = − θ

L bz, which is
nonaxial. The corresponding pseudoelectric field is E =
−∇�(r) = θ

L bêz, which is antiparallel to the pseudomagnetic
field B5, as depicted in Fig. 11. It is interesting that these
pseudofields induce a longitudinal current along the direction
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FIG. 11. Schematic representation of a cross section of the wire-
shaped nanowire twisted by an angle θ .

of the pseudofields,

Jz = σ0

(
1 + B2

5

5B2
0

)
E . (45)

Note that the direction of the torsion-induced current can be
controlled by the direction of the rotation: it is positive (neg-
ative) when the twisting is clockwise (anticlockwise). This
configuration, supplemented by an external magnetic field,
could also be used to test the covariant anomaly equations.

V. DISCUSSION

In recent years, the study of strain-induced transport has
attracted great attention due to its potential applications for the
development of straintronic devices. The most salient example
is perhaps graphene, in which strain induces pseudofields,
which couples to the Dirac fermions oppositely in the two
valleys. Other well-known examples are carbon nanotubes
[48], bilayer graphene [49,50] and transition metal dichalco-
genides [51,52]. More recently, the study of strain-induced
pesudofields in Dirac materials has garnered a lot of attention
since it could open a pathway to the development of the strain-
induced chiralitytronics. In Weyl semimetals, for example,
these chirality selective pseudofields has lead to interesting
strain-induced phenomena, such as quantum oscillations [46],
the chiral magnetic effect and the negative resistivity [53,54],
the chiral torsional effect [55], the acoustogalvanic effect [56],
among others.

In this paper we used the chiral kinetic theory approach,
at a finite temperature, to investigate nonlinear transport phe-
nomena in Weyl semimetals induced by electromagnetic fields
and strain-induced pseudofields. Our main focus was the
study of the planar Hall effect, the appearance of an in-plane
transverse voltage in the presence of coplanar electromag-
netic fields. Using the relaxation-time approximation for the
collision integral, we first derived general expressions for
the nonlinear conductivity tensor and clearly differentiate the
contributions arising from the Berry curvature and the orbital
magnetic moment of charge carries, since the latter has been
continuously disregarded in the analysis of the PHE, and
we showed that it is as important as the Berry curvature.
Next, using the simplest linearly dispersing model for a Weyl
semimetal with two nodes of opposite chiralities separated in
momentum and energy, we obtained analytical expressions for
the contributions to the magnetoconductivity tensor at a finite
temperature. A rough estimation of the finite temperature ef-
fect reveals that, at low temperatures (T ∼ 2K, which is the

temperature used to detect the PHE in topological insulators),
the amplitude of the currents differ by a factor of 10−4 with
respect to the result at T = 0. Our numerical calculations,
presented in Figs. 3–7, reveal that the OMM contribution
is more pronounced in the longitudinal magentoconductivity
than in the planar Hall conductivity. Our general expressions
for the total J and axial J5 currents, (24) and (25) respectively,
include the effects of usual electromagnetic fields E and
B, besides the contributions arising from the pseudoelectric
E5 and the pseudomagnetic B5 fields. In the absence of the
axial electric field the longitudinal and planar Hall currents
exhibit periodicity in the angle θ , defined by the magnetic
field as cos θ = B̂5 · Ê; however, when the axial electric field
is turned on, such periodicity goes down and the position of
the extrema in the conductivities change. Interestingly, these
expressions show the possibility of inducing nonlinear trans-
port phenomena by using only strain-induced pseudofields
without needing real electromagnetic fields, which opens up
new avenues for manipulating and controlling this effect. Fi-
nally, we apply our results to two strained configurations with
experimental possibilities: (i) bending a WSM thin film into
a circular arc and (ii) applying torsion to a WSM wire. These
configurations could also be useful in the investigation of the
covariant anomaly equations (1) and (2) of Weyl fermions.

The planar Hall effect in multilayer structures of
NiFe/IrMn and NiFe/Cu/NiFe has been widely used in the
development of high-performance magnetic field sensors,
including those based on spin valves, giant magnetore-
sistance and tunneling magnetoresistance [57–59]. On the
other hand, in Dirac materials, for example, recent magneto-
transport measurements on single crystals of the magnetic
Weyl semimetal Co3Sn2S2 reported the observation of the
PHE [60]. Along these lines, our results create opportunities
for the design of devices or sensors that exploit pseud-
ofields to detect the PHE in Weyl semimetals. Finally, we
note that the study of strain-induced PHE can be extended
straightforwardly to include dynamical local deformations
of the crystal, giving rise to an acoustic-induced PHE, thus
enlarging the possibilities for the design of devices for
chiralitytronics.
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APPENDIX A: DERIVATION OF THE ORBITAL
MAGNETIC MOMENT CONTRIBUTION

In this Appendix we derive the formula for the orbital mag-
netic moment contribution σ

(m,α)
i j to the magnetoconductivity

tensor σ
(α)
i j . To this end, we start with the general expression

for the magnetoconductivity tensor, given by Eq. (8) and
expand the factor Dα (k) and the equilibrium distribution func-
tion f eq

α (Eα ) in powers of the pseudomagnetic field. Keeping
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terms up to quadratic order in the pseudomagnetic field we
obtain

Dα (k) ≈ 1 − e

h̄
[Bχ · �α (k)] + e2

h̄2 [Bχ · �α (k)]2

≡ 1 + D(1)
α (k) + D(2)

α (k) (A1)

and

f eq
α (Eα ) ≈ f eq

α

(
E (0)

α

) + E (m)
α f eq ′

α

(
E (0)

α

) + 1
2E

(m)2
α f eq ′′

α

(
E (0)

α

)
,

(A2)

where f eq ′
α (E (0)

α ) = ∂ f
eq
α (E (0)

α )
∂E (0)

α

and f eq ′′
α (E (0)

α ) = ∂2 f
eq
α (E (0)

α )
∂E (0)2

α

.
Now we substitute these expansions into Eq. (8) and separate
the velocity as vα = v(0)

α + v(m)
α . Keeping the terms quadratic

in the pseudomagnetic field we obtain

σ
(m,α)
i j = −e2τ

∫
d3k

(2π )3

{[
v

(m)
αi v

(m)
α j f eq ′

α

(
E (0)

α

) + (
v

(0)
αi v

(m)
α j + v

(m)
αi v

(0)
α j

)
E (m)

α f eq ′′
α

(
E (0)

α

) + 1

2
v

(0)
αi v

(0)
α j E (m)2

α f eq ′′′
α

(
E (0)

α

)]

+ e

h̄

[

αk

(
Bχ i

(
v

(0)
α j v

(m)
αk + v

(m)
α j v

(0)
αk

) + Bχ j
(
v

(0)
αi v

(m)
αk + v

(m)
αi v

(0)
αk

) − Bχk
(
v

(0)
αi v

(m)
α j + v

(m)
αi v

(0)
α j

))
f eq ′
α

(
E (0)

α

)

+ 
αk
(
Bχ iv

(0)
α j v

(0)
αk + Bχ jv

(0)
αi v

(0)
αk − Bχkv

(0)
αi v

(0)
α j

)
E (m)

α f eq ′′
α

(
E (0)

α

)] }
, (A3)

where we have subtracted the field-independent and Berry curvature contributions, given by equations (10) and (11) respectively.
To simplify this expression, on the one hand, we observe that

∂ki∂k j

(
1

2h̄2 E
(m)2
α f eq ′

α

(
E (0)

α

)) = 1

h̄

(
∂k j v

(m)
αi

)
E (m)

α f eq ′
α

(
E (0)

α

) + 1

2h̄

(
∂k j v

(0)
αi

)
E (m)2

α f eq ′′
α

(
E (0)

α

) + [
v

(m)
αi v

(m)
α j f eq ′

α

(
E (0)

α

)
+ (

v
(0)
αi v

(m)
α j + v

(m)
αi v

(0)
α j

)
E (m)

α f eq ′′
α

(
E (0)

α

) + 1

2
v

(0)
αi v

(0)
α j E (m)2

α f eq ′′′
α

(
E (0)

α

)]
, (A4)

where we have used that ∇k f eq
α (E (0)

α ) = h̄v(0)
α f eq ′

α (E (0)
α ). The term in square brackets is exactly the same that appears in the

first line of Eq. (A3). Besides, upon integration of Eq. (A4) over the Brillouin zone, the left-hand side vanishes due to the
periodic boundary conditions. Hence, the first line of Eq. (A3) can be replaced by the two first terms in the right-hand side of
Eq. (A4). On the other hand, the second term in square brackets in Eq. (A3) can be further simplified in terms of the vector
Qα ≡ �α × (v(0)

α × Bχ ). We obtain

σ
(m,α)
i j = −e2τ

∫
d3k

(2π )3

{
−

[
1

h̄

(
∂k j v

(m)
αi

)
E (m)

α f eq ′
α

(
E (0)

α

) + 1

2h̄

(
∂k j v

(0)
αi

)
E (m)2

α f eq ′′
α

(
E (0)

α

)]

+ e

h̄

[−(
Qαiv

(m)
α j + Qα jv

(m)
αi

)
f eq ′
α

(
E (0)

α

) + (
Bχ iv

(0)
α j + Bχ jv

(0)
αi

)
�α · (

v(m)
α f eq ′

α

(
E (0)

α

) + v(0)
α E (m)

α f eq ′′
α

(
E (0)

α

))]

− e

h̄
(�α · Bχ )v(0)

αi v
(0)
α j E (m)

α f eq ′′
α

(
E (0)

α

) }
. (A5)

Now, using the fact that 1
h̄∇k[E (m)

α f eq ′
α (E (0)

α )] = v(m)
α f eq ′

α (E (0)
α ) + v(0)

α E (m)
α f eq ′′

α (E (0)
α ) and integrating by parts we get

σ
(m,α)
i j = e3τ

h̄

∫
d3k

(2π )3

{(
Qαiv

(m)
α j + Qα jv

(m)
αi

)
f eq ′
α

(
E (0)

α

) + E (m)
α

[
(�α · Bχ )v(0)

αi v
(0)
α j + 1

2e
E (m)

α

(
∂k j v

(0)
αi

)]
f eq ′′
α

(
E (0)

α

)

+ 1

e
E (m)

α

[(
∂k j v

(m)
αi

) + e

h̄
∇k · [

�α

(
Bχ iv

(0)
α j + Bχ jv

(0)
αi

)]]
f eq ′
α

(
E (0)

α

) }
, (A6)

where we have used the periodicity of the Brillouin zone. Finally, using the symmetry of the tensor under the interchange i ↔ j
and the expression E (m)

α = −mα · Bχ we obtain

σ
(m,α)
i j = e3τ

h̄

∫
d3k

(2π )3

{
Qαiv

(m)
α j f eq ′

α

(
E (0)

α

) + 1

2
E (m)

α Bχ ·
[
�αv

(0)
αi v

(0)
α j − mα

1

2e

(
∂k j v

(0)
αi

)]
f eq ′′
α

(
E (0)

α

)

+ 1

e
E (m)

α

[
e

h̄
∇k · (

�αBχ iv
(0)
α j

) + 1

2

(
∂k j v

(m)
αi

)]
f eq ′
α

(
E (0)

α

) }
+ (i ↔ j). (A7)

This result suggests the definition of the tensors in Eq. (13) and yields the final expression for the orbital magnetic moment
contribution, given by Eq. (12).
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APPENDIX B: COMPUTATION
OF THE CONDUCTIVITY TENSORS

Here we evaluate in detail the different contributions
to the magnetoconductivity tensor defined in Sec. II for a
Weyl semimetal. Owing to the rotational symmetry of the
problem, the required integrals can be performed straight-
forwardly by using the spherical coordinate system k =
k(sin θ cos φêx + sin θ sin φêy + cos θ êz ) and the volume el-
ement d3k = k2dkd
, being d
 the differential solid angle.
Note that the difference between the chemical potential and
the energy shift of the node determines the band index, i.e.,
s = sgn(μ − b0χ ), as evinced in Fig. 1. This is so since μ >

b0χ (μ < b0χ ) implies s = 1 (s = −1). Therefore we take
μχ = sμ0χ , with μ0χ = |μ − b0χ | > 0. Besides, we work at
finite temperature.

Let us first consider the B-independent conductivity, given
by Eq. (10). Substituting the required components of the band
velocity v(0)

s = svF k̂ one gets

σ
(0,α)
i j (T ) = −e2v2

F τ

8π3

∫
d3k k̂ik̂ j

∂ f eq
α

(
E (0)

α

)
∂E (0)

α

. (B1)

Owing to the rotational symmetry, the angular integration be-
comes

∫
d
 k̂ik̂ j = ∫

d
 1
3δi j = 4π

3 δi j . Therefore we obtain

σ
(0,α)
i j (T ) = e2v2

F τ

6π2
δi j

∫ ∞

0
dk k2 1

kBT

e
E (0)

α −μχ

kBT

(1 + e
E (0)

α −μχ

kBT )2

, (B2)

where we have used the Fermi-Dirac distribution. Using the
fact that E (0)

α (k) = b0χ + sh̄vF k and μχ = sμ0χ , with μ0χ =
|μ − b0χ | > 0, this result can be written in the simple form

σ
(χ,0)
i j (T ) = e2τμ2

0χ

6π2h̄3vF
δi j f2(�χ ), (B3)

with �χ ≡ kBT/μ0χ and where we have introduced the func-
tion

fn(y) ≡ 1

y

∫ ∞

0
dx xn e(x−1)/y

[1 + e(x−1)/y]2 . (B4)

It is interesting that limy→0 fn(y) = 1, which applied to our
result of Eq. (B3) corresponds to the zero-temperature limit.

We now turn to the Berry curvature contribution, given by
Eq. (11). Using the Berry curvature �α and band velocity
v(0)

α , given in Eq. (15), one finds Qα = −χ vF
2k2 k̂ × (k̂ × Bχ ).

Therefore, Eq. (11) yields

σ
(α,
)
i j (Bχ , T ) = − e4v2

F τ

32π3h̄2

∫
d3k

1

k4
[k̂ × (k̂ × Bχ )]i

× [k̂ × (k̂ × Bχ )] j
∂ f eq

α

(
E (0)

α

)
∂E (0)

α

. (B5)

Algebraic manipulation of the integrand produces

σ
(α,
)
i j (Bχ , T ) = − e4v2

F τ

32π3h̄2

∫
dk

k2

∂ f eq
α

(
E (0)

α

)
∂E (0)

α

∫
d
[Bχ iBχ j

− (k̂ · Bχ )(k̂iBχ j + k̂ jBχ i ) + (k̂ · Bχ )2k̂ik̂ j].

(B6)

These integrals are simple, but not straightforward. The neces-
sary angular integral over products of rectangular components
of k̂ is readily found to be∫

d
 k̂ik̂ j k̂l k̂m = 4π

15
(δi jδlm + δilδ jm + δimδ jl ). (B7)

On the other hand, the required radial integral can be ex-
pressed in terms of the function fn(�χ ), defined by Eq. (B4),
with n = −2, i.e.,∫ ∞

0
dk

1

k2

∂ f eq
α

(
E (0)

α

)
∂E (0)

α

= − h̄vF

μ2
0χ

f−2(�χ ). (B8)

Substituting these results into Eq. (B6) we establish Eq. (19).
We now evaluate the orbital magnetic moment contribution

σ
(χ,m)
i j (Bχ , T ), given by Eq. (12). To this end, we require

the corrections to the energy E (m)
α and band velocity v(m)

α =
1
h̄∇kE (m)

α due to the orbital magnetic moment. Using the OMM
mα , given in Eq. (15), one finds E (m)

α = χevF

2k k̂ · Bχ , and

v(m)
α (k) = χevF

2h̄

Bχ − 2k̂(k̂ · Bχ )

k2
. (B9)

Now we compute separately the three integrals in Eq. (12) in
the order they appear, i.e., σ

(χ,m)
i j = σ

(χ,m)
1i j + σ

(χ,m)
2i j + σ

(χ,m)
3i j .

Let us consider first,

σ
(χ,m)
1i j (Bχ , T ) = 2e3τ

h̄

∫
d3k

(2π )3
Qαiv

(m)
α j

∂ f eq
α

(
E (0)

α

)
∂E (0)

α

. (B10)

Substituting the function Qαi and the velocity (B9) we have

σ
(χ,m)
1i j (Bχ , T ) = − e4v2

F τ

16π3h̄2

∫
d3k

1

k4
[k̂ × (k̂ × Bχ )]i

× [Bχ − 2k̂(k̂ · Bχ )] j
∂ f eq

α

(
E (0)

α

)
∂E (0)

α

. (B11)

Manipulating the integrand we obtain

σ
(χ,m)
1i j = e4v2

F τ

16π3h̄2

∫
dk

k2

∂ f eq
α

(
E (0)

α

)
∂E (0)

α

∫
d
 [Bχ iBχ j

+ 2k̂ik̂ j (k̂ · Bχ )2 − (k̂ · Bχ )(k̂iBχ j + 2k̂ jBχ i )].

(B12)

The angular integration can be performed by using the for-
mula (B7), and the radial integration is given by Eq. (B8).
These results imply

σ
(χ,m)
1i j (Bχ , T ) = − e4v3

F τ

30π2h̄μ2
0χ

(
δi jB

2
χ + 2Bχ iBχ j

)
f−2(�χ ).

(B13)

We now consider the second term in Eq. (12), namely

σ
(χ,m)
2i j (Bχ ) = 2e3τ

h̄

∫
d3k

(2π )3

1

e
E (m)

α ∇k · Tαi j
∂ f eq

α

(
E (0)

α

)
∂E (0)

α

,

(B14)

where Tαi j is defined in Eq. (13). Using the Berry curvature
�α and the contributions to the band velocity v(0)

α and v(m)
α ,

one finds

Tαi j = χevF

4h̄k2
[êiBχ j − 2k̂ j (Bχ ik̂ + êi k̂ · Bχ )], (B15)
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wherefrom we obtain

∇k · Tαi j = χevF

2h̄k3
[(4k̂ik̂ j − δi j )k̂ · Bχ − k̂iBχ j − k̂ jBχ i].

(B16)

Inserting this result into Eq. (B14) and manipulating the inte-
gral we have

σ
(χ,m)
2i j = − e4v2

F τ

16π3h̄2

∫
dk

k2

∂ f eq
α

(
E (0)

α

)
∂E (0)

α

∫
d
 k̂ · Bχ

× [(δi j − 4k̂ik̂ j )k̂ · Bχ + k̂iBχ j + k̂ jBχ i]. (B17)

Finally, using the integrals (B7) and (B8) one gets

σ
(χ,m)
2i j (Bχ , T ) = e4v3

F τ

60π2 h̄μ2
0χ

(
δi jB

2
χ + 2Bχ iBχ j

)
f−2(�χ ).

(B18)

The last term we have to evaluate is

σ
(χ,m)
3i j (Bχ , T ) = e3τ

h̄

∫
d3k

(2π )3
E (m)

α Bχ · V αi j
∂2 f eq

α

(
E (0)

α

)
∂E (0)2

α

,

(B19)

where V αi j is defined in Eq. (13). Using the Berry curvature
�α and the orbital magnetic moment mα , given by Eq. (15),
we find

V αi j = sχv2
F

k̂
4k2

(δi j − 3k̂ik̂ j ), (B20)

and the integral to be solved is

σ
(χ,m)
3i j (Bχ , T ) = e4v3

F τ

64π3h̄

∫
d3k

s

k3
(Bχ · k̂)2(δi j − 3k̂ik̂ j )

× ∂2 f eq
α

(
E (0)

α

)
∂E (0)2

α

. (B21)

Further algebraic manipulations yield

σ
(χ,m)
3i j (Bχ , T ) = e4v3

F τ

64π3h̄

∫
d
 (Bχ · k̂)2(δi j − 3k̂ik̂ j )

×
[

s
∫

dk

k

∂2 f eq
α

(
E (0)

α

)
∂E (0)2

α

]
. (B22)

The angular integration is directly evaluated with the help of
the result (B7). For the radial integration, starting from the
function fn(y) given by Eq. (B8), one can spot the identity

s
∫

dk

k

∂2 f eq
α

(
E (0)

α

)
∂E (0)2

α

= − 1

μ2
0χ

f−2(�χ ). (B23)

All in all, the final result is

σ
(χ,m)
3i j (Bχ , T ) = e4v3

F τ

120π2 h̄μ2
0χ

(
3Bχ iBχ j − δi jB

2
χ

)
f−2(�χ ).

(B24)

Summing up the three contributions, (B13), (B18), and (B24),
we establishes the result of Eq. (20) for the orbital magnetic
moment contribution σ

(χ,m)
i j (Bχ , T ).
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