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Theory of inverse Rashba-Edelstein effect induced by spin pumping
into a two-dimensional electron gas
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The inverse Rashba-Edelstein effect (IREE) in a two-dimensional electron gas (2DEG) induced by spin
pumping from an adjacent ferromagnetic insulator (FI) is investigated theoretically. In particular, spin and current
densities in the 2DEG in which both Rashba and Dresselhaus spin-orbit interactions coexist are formulated, and
their dependencies on ferromagnetic resonance frequency and orientation of the spin in the FI are clarified. It
is shown that spin density diverges when the ratio between the Rashba and Dresselhaus spin-orbit interactions
approaches unity, while current density stays finite there. These results can be applied for evaluating spin splitting
on the Fermi surface in a 2DEG and designing spintronic devices using IREE.
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I. INTRODUCTION

The conversion phenomenon from charge current to spin
polarization in a system without spatial inversion symmetry is
called the Rashba-Edelstein effect (REE) [1–7]. REE, which
is also known as the inverse spin-galvanic effect [8,9], in a
two-dimensional electron gas (2DEG) with Rashba spin-orbit
interaction has been extensively studied [10–13]. The inverse
conversion from spin polarization to charge current is called
the inverse Rashba-Edelstein effect (IREE) [7,14,15] (or the
spin-galvanic effect [6,16–21]). Both REE and IREE are now
important phenomena in the field of semiconductor spintron-
ics [13,22–25].

Recently, regarding development of spintronic devices,
spin-charge conversion combining REE or IREE with con-
ventional methods of spintronics has been attracting much
attention. For example, ferromagnetic resonance (FMR) has
been used to inject electron spins into a target system
from an adjacent ferromagnet. Combined with IREE, this
technique, called “spin pumping,” has been used [26–28]
to generate charge current in materials such as Ag/Bi
[14,29–32], STO [33–40], topological insulators [41–50],
atomic layers [51–54], and semiconductors [55,56]. Semi-
conductors with the zinc-blende structure exhibit two kinds
of spin-orbit interactions, namely, Rashba ones and Dres-
selhaus ones [12,57,58]. These spin-orbit interactions cause
spin-dependent transport phenomena, such as the Aharonov-
Casher effect [59], and exhibit the persistent spin helix (PSH)
state [60–64] when they compete with each other. REE and
IREE in a 2DEG in the presence of these two types of
spin-orbit interactions have been experimentally investigated
widely [20,65–73] and theoretically analyzed by using the
Boltzmann or Eilenberger equations [72,74–87]. Recently,
IREE combined with spin pumping has begun to be studied

theoretically [88–90]. In these works, spin-orbit interactions
are assumed to be much weaker than energy broadening due to
impurity scattering. However, as for a clean 2DEG formed at a
semiconductor interface, the opposite case, namely, impurity
strength is weaker, is frequently encountered [91].

In this study, as shown in Fig. 1(a), IREE in a 2DEG
induced by spin pumping from an adjacent ferromagnetic
insulator (FI) is considered. The Boltzmann equation is used
to clarify the dependences of spin and current densities pro-
duced by IREE on FMR frequency and orientation of the
spin polarization in the FI [see Fig. 1(b)]. It is shown that the
current induced by IREE includes information of spin texture
near the Fermi surface. The influence of the ratio between
the Rashba and Dresselhaus spin-orbit interactions on the
maxima of spin and current densities is also clarified. These
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FIG. 1. (a) Setup for studying the inverse Rashba-Edelstein ef-
fect (IREE) induced by spin pumping. The red arrow, S, indicates
spontaneous spin polarization of the ferromagnetic insulator (FI),
while the green arrow, j, represents current density generated by
IREE. (b) Relation between laboratory coordinates (x, y, z) and
magnetization-fixed coordinates (x′, y′, z′). The red arrow indicates
S, i.e., the spontaneous spin polarization of the FI.
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FIG. 2. Spin texture on the spin-split Fermi surface: (a) α/β = 0, (b) 1, (c) 3, and (d) ∞. Purple arrows represent spin polarization of
2DEG electrons in each Fermi surface. Note that the spin splitting in the figures is stressed, while the energy splitting is assumed to be much
smaller than the Fermi energy in our calculation.

results can be applied to interfacial 2DEG systems coupled
with an FI, which can be formed in, e.g., YIG/GaAs/AlGaAs
and YIG/GaAs junctions. The experimental feasibility will be
discussed in more detail in Sec. V.

In this study, we focus on the weak-impurity case, namely,
the spin-orbit interactions in the 2DEG are much larger than
energy broadening due to impurity scattering, while they are
much smaller than the Fermi energy. It should be noted that in
this situation either the Dyakonov-Perel (DP) or Elliot-Yafet
(EY) mechanisms do not hold [87,92] and that spin currents in
the 2DEG are no longer well-defined [93,94]. Accordingly, we
formulate the IREE in the 2DEG without using a spin current
[87].

The rest of this work is organized as follows. Model
Hamiltonians of the 2DEG/FI bilayer system are presented
in Sec. II. Spin and current densities in the 2DEG induced
by IREE are calculated using the Boltzmann equation in
Sec. III. In Sec. IV, the spin and current densities are plotted
as functions of FMR frequency and orientation of the spin
polarization in the FI. In Sec. V, the experimental feasibil-
ity of our results is discussed. The results of this study are
summarized in Sec. VI.

II. MODEL

A microscopic model for describing the 2DEG/FI junction
shown in Fig. 1 is introduced. The Hamiltonians for a 2DEG
(Sec. II A), a FI (Sec. II B), and interfacial coupling between
the 2DEG and FI (Sec. II C), are described in that order.

A. Two-dimensional electron gas

A second-quantized Hamiltonian of a 2DEG with both
Rashba and Dresselhaus spin-orbit interactions is written as

Hkin =
∑

k

(
c†

k↑ c†
k↓

)
ĥk

(
ck↑
ck↓

)
, (1)

ĥk = (εk − μ)Î + α(kyσ̂x − kxσ̂y) + β(kxσ̂x − kyσ̂y), (2)

where c†
kσ

(ckσ ) is the creation (annihilation) operator
of an electron with wavenumber k = (kx, ky) and spin
σ (= ↑,↓), εk = h̄2(k2

x + k2
y )/2m∗ is energy dispersion of

conduction electrons, m∗ is effective mass of conduction elec-
trons, and μ is chemical potential. The Fermi energy εF is

defined as the chemical potential at zero temperature, and
the Fermi wave number is defined as εF = h̄2k2

F/2m∗. The
2 × 2 matrix ĥk is written with identity matrix Î and Pauli
matrices σ̂ = (σ̂x, σ̂y)T . The amplitudes of the Rashba and
Dresselhaus spin-orbit interactions are denoted with α and β,
respectively. ĥk can be rewritten in terms of effective Zeeman
field heff = (hx, hy)T as

ĥk = (εk − μ)Î − heff · σ̂, (3)

heff (k) = |k|
(−α sin ϕ − β cos ϕ

α cos ϕ + β sin ϕ

)
, (4)

where k = (|k| cos ϕ, |k| sin ϕ). When spin-splitting in band
dispersion is calculated, it is assumed that the spin-orbit inter-
action energies, i.e., kFα and kFβ, are much smaller than the
Fermi energy and approximated as

heff (k) � kF

(−α sin ϕ − β cos ϕ

α cos ϕ + β sin ϕ

)
. (5)

It follows that heff depends only on azimuth angle ϕ and can
be denoted by heff (ϕ). The conduction band is split into two
spin-polarized bands, whose energy dispersion is given as

Eγ

k = εk + γ heff (ϕ), (6)

heff (ϕ) ≡ |heff (ϕ)| = kF

√
α2 + β2 + 2αβ sin 2ϕ. (7)

where γ (= ±) is an index of the spin eigenstate. The corre-
sponding eigenstates are given as

|k, γ 〉 = 1√
2

(
C(ϕ)

γ

)
, (8)

C(ϕ) ≡ −hx(ϕ) + ihy(ϕ)

heff (ϕ)
. (9)

Note that |k, γ 〉 depends only on ϕ and is independent of |k|.
These wave functions can be used to introduce the annihila-
tion operator of an electron in the eigenbases as

ckσ =
∑

γ

Cσγ (ϕ)ckγ , (10)

C↑γ = C(ϕ)/
√

2, C↓γ = γ /
√

2, (11)

Spin-split Fermi surfaces for various values of α/β are
illustrated schematically in Fig. 2. As shown in Figs. 2(a)
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and 2(d), spin-splitting energy 2heff is constant on the Fermi
surface when only the Dresselhaus spin-orbit interaction ex-
ists (α = 0) or only the Rashba spin-orbit interaction exists
(β = 0). In other cases, 2heff depends on ϕ, i.e., the position
on the Fermi surface as shown in Figs. 2(b) and 2(c). The
arrows on the Fermi surface indicate the spin polarization of
the energy eigenstates.

Electron scattering by nonmagnetic impurities is also con-
sidered as follows. The Hamiltonian of the impurities is given
as

Himp =
∑

l

Himp(Rl ), (12)

Himp(R) =
∑

σ

∫
dr v(r − R)ψ†

σ (r)ψσ (r), (13)

ψσ (r) = 1√
A

∑
k

eik·rckσ , (14)

where v(r) is the impurity potential, Rl is the impurity po-
sition at impurity site l , and A is the junction area. For
simplicity, a pointlike impurity potential is considered as
v(r) = uδ(r), where u is the strength of the impurity potential.
As discussed in Sec. III, the effect of impurity scattering
is taken into account in the Boltzmann equation in terms
of scattering rates, which are calculated by using the Born
approximation. The effect of the impurity scattering is rep-
resented by energy broadening 
 = 2πnimpu2D(εF), where
nimp is the number density of impurities and D(εF) is the
density of states near the Fermi energy. Hereafter, we assume
the weak-scattering condition, namely, 
 � max(αkF, βkF)
(for a detail, see Sec. III).

B. Ferromagnetic insulator

The quantum Heisenberg model for the FI is considered
next. The model is written in laboratory coordinates as

HFI =
∑
〈i, j〉

Ji jSi · S j − h̄γg

∑
i

hdc · Si, (15)

hdc = (−hdc cos θ,−hdc sin θ, 0), (16)

where Ji j (<0) is the ferromagnetic exchange interaction,
〈i, j〉 indicates a pair of nearest-neighbor sites, γg (<0) is
the gyromagnetic ratio, hdc is the external static magnetic
field, and θ is the azimuth angle of the magnetic field.
The spin-wave approximation is used under the assump-
tion that the temperature is much lower than the magnetic
transition temperature and the amplitude of the spin S0 is
much larger than unity (S0 
 1). The expectation value of
the localized spin is then given as 〈Si〉 = (〈Sx

i 〉, 〈Sy
i 〉, 〈Sz

i 〉) =
(S0 cos θ, S0 sin θ, 0). For applying the spin-wave approxima-
tion, it is convenient to introduce new coordinates (x′, y′, z′),
which are fixed in the direction of the ordered spin. In the
new coordinates, the expectation value of the spin is expressed
as 〈Si〉 = (〈Sx′

i 〉, 〈Sy′
i 〉, 〈Sz′

i 〉) = (S0, 0, 0) [see Fig. 1(b)]. The
spin operators in the two types of coordinates are related to
each other as⎛

⎜⎝Sx′
i

Sy′
i

Sz′
i

⎞
⎟⎠ =

⎛
⎝ cos θ sin θ 0

− sin θ cos θ 0
0 0 1

⎞
⎠

⎛
⎝Sx

i
Sy

i
Sz

i

⎞
⎠. (17)

The Holstein-Primakov transformation,

Sx′+
j = Sy′

j + iSz′
j = (2S0)1/2b j, (18)

Sx′−
j = Sy′

j − iSz′
j = (2S0)1/2b†

j, (19)

Sx′
j = S0 − b†

jb j, (20)

and the Fourier transformation,

b j = 1√
NFI

∑
k

eik·r j bk, (21)

can be used to approximate the Hamiltonian of the FI as

HFI =
∑

q

h̄ωqb†
qbq, (22)

h̄ωq = Dq2 + h̄|γg|hdc, (23)

where NFI is the number of unit cells in the FI, h̄ωq is energy
dispersion of a magnon, and D is spin stiffness. Since FMR is
used to excite uniform spin precession by microwave irradia-
tion, the Hamiltonian of the FI can be approximated as

HFI = h̄ω0b†
0b0, (24)

where ω0 = |γg|hdc(> 0).

C. FI/2DEG interface

Spin operators for the conduction electrons in the labora-
tory coordinates are first defined as

sa
q =

∑
σ,σ ′

∑
k

c†
kσ

(σ̂a)σσ ′ck+qσ , (a = x, y, z), (25)

where σ̂a (a = x, y, z) are the Pauli matrices. In addition, spin
operators in the coordinates fixed to the direction of the or-
dered spin are defined as⎛

⎜⎝sx′
i

sy′
i

sz′
i

⎞
⎟⎠ =

⎛
⎝ cos θ sin θ 0

− sin θ cos θ 0
0 0 1

⎞
⎠

⎛
⎝sx

i
sy

i
sz

i

⎞
⎠. (26)

In the new coordinates (x′, y′, z′), the spin ladder operators are
defined as

sx′±
q = 1

2

∑
σ,σ ′

∑
k

c†
kσ

(σ̂ x′±)σσ ′ck±qσ ′ , (27)

σ̂ x′± = σ̂ y′ ± iσ̂ z′ = − sin θ σ̂x + cos θ σ̂y ± iσ̂z, (28)

and used to write the Hamiltonian of the interfacial exchange
coupling between the FI and 2DEG as [95–105]

Hint =
∑

q

(
TqSx′+

q sx′−
q + T ∗

q sx′+
q Sx′−

q

)
, (29)

where Tq represents the magnitude of exchange interaction.1

For a uniform spin precession of the FI, the Hamiltonian of

1The x′ component of the interfacial exchange coupling is dropped
because this term, which is approximated as

∑
q 2Tqsx′

q 〈Sx′
q 〉 �∑

q 2S0Tqsx′
q , works as an effective Zeeman field on the conduction

electrons. It is assumed that this effective field, which is called
exchange bias, is much smaller than other energy scales such as
temperature and spin-orbit interactions.
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the interface with the uniform contribution (q = 0) is approx-
imated as

Hint = T0Sx′+
0 sx′−

0 + T ∗
0 sx′+

0 Sx′−
0

=
√

2S0
(
T0b0sx′−

0 + T ∗
0 sx′+

0 b†
0

)
. (30)

III. FORMULATION

Spin-charge conversion in the 2DEG is formulated by
using the Boltzmann equation in this section. First, the Boltz-
mann equation is introduced, and the assumptions used in
our calculation in Sec. III A are explained. Next, explicit
forms of the two collision terms in Secs. III B and III C are
derived. Finally, the Boltzmann equation is solved, and the
spin and current densities induced by the IREE are derived in
Sec. III D.

A. Boltzmann equation

In the present model, the distribution function in the Boltz-
mann equation becomes a matrix in general, reflecting spin
polarization caused by both the effective Zeeman field and
external driving. The formulation is simplified by assuming
that the spin-orbit interaction is much larger than damping
rate 
. Under this assumption, the distribution function can
be approximated as a diagonal matrix in the eigenstate basis
|k, γ 〉 introduced for the conduction electrons in Sec. II A,
and it is denoted as f (k, γ ) in uniform steady state [87]. The
Boltzmann equation for our model is then described as

0 = ∂ f

∂t

∣∣∣∣
pump

+ ∂ f

∂t

∣∣∣∣
imp

, (31)

where ∂ f /∂t |pump is a collision term due to spin injection from
the FI into the 2DEG through the interface, and ∂ f /∂t |imp is a
collision term due to impurity scattering. Note that this formu-
lation does not require spin current whose definition is subtle
[93,94] for electron systems with spin-orbit interactions.

For the linear response to the external driving, it is suffi-
cient to consider a nonequilibrium distribution function with
an energy shift depending on wave-number vector k and spin
γ as [106–108]

f (k, γ ) = f0(εk + γ heff (ϕ) − μ − δμ(k, γ )), (32)

where f0(ε) = (exp[β(ε − μ)] + 1)−1 is the Fermi distribu-
tion function, and β is inverse temperature. Energy shift
δμ(k, γ ) can be regarded as a nonequilibrium chemical po-
tential driven by spin pumping. Hereafter, the linear response
of the 2DEG with respect to spin pumping is investigated. For
this investigation, it is sufficient to approximate the distribu-
tion function as

f (k, γ ) � f0
(
Eγ

k

) − ∂ f0
(
Eγ

k

)
∂Eγ

k

δμ(k, γ ). (33)

B. Collision term due to spin pumping

Spin injection from the interface into the 2DEG is
described by stochastic excitation induced by magnon ab-
sorption and emission. This process can be expressed by the

collision term as

∂ f (k, γ )

∂t

∣∣∣∣
pump

=
∑

k′

∑
γ ′=±

[Pk′γ ′→kγ f (k′, γ ′)(1 − f (k, γ ))

− Pkγ→k′γ ′ f (k, γ )(1 − f (k′, γ ′))], (34)

where Pkγ→k′γ ′ is the transition rate from initial state |k, γ 〉 to
final state |k′, γ ′〉. Transition rate is calculated with Fermi’s
golden rule as

Pkγ→k′γ ′ =
∑
N0

∑
�N0=±1

2π

h̄
|〈k′, γ ′|〈N0 + �N0|Hint|k, γ 〉|N0〉|2

× ρ(N0)δ
(
Eγ ′

k′ − Eγ

k + �N0 h̄ω0
)
, (35)

where |N0〉 is the eigenstate of the magnon number operator,
i.e., b†

0b0|N0〉 = N0|N0〉, �N0 = ±1 is a change of the magnon
number, and ρ(N0) describes a nonequilibrium distribution
function for the uniform spin precession induced by external
microwaves. It is assumed that distribution function ρ(N0) has
a sharp peak at its average 〈N0〉 and 〈N0〉 
 1. We note that
for the Hamiltonian Hint given in Eq. (30), the transition rate
Pkγ→k′γ ′ is nonzero only for k′ = k. The summation can then
be approximated as∑

N0

ρ(N0)F (N0) � F (〈N0〉), (36)

where F (x) is an arbitrary function. In this approximation,
since the transition rate is proportional to 〈N0〉, 〈N0〉 represents
the strength of spin pumping.

In Sec. III D, the current induced by spin pumping is
evaluated up to the linear response with respect to 〈N0〉. For
this evaluation, it is sufficient to evaluate δμ(k, γ ) up to the
linear contribution of 〈N0〉.2 In the following calculation, it
is essential that the transition rate depends on the overlap of
the spinor wavefunctions between the initial and final states,
〈k′, γ ′|k, γ 〉, which is written in terms of the coefficients Cσγ

given in Eq. (11). Note that this formulation is valid only when
the spin-orbit interaction is much larger than the energy broad-
ening due to impurity scattering, i.e., max (kFα, kFβ ) 
 
.

By straightforward calculation, the collision term due to
spin pumping is obtained as

∂ f (k, γ )

∂t

∣∣∣∣
pump

= −πS0|T0|2〈N0〉γ
h̄

∑
γ ′=±

× γ ′[(ĥeff (ϕ) · m̂(θ ) − γ ′) · (ĥeff (ϕ) · m̂(θ ) + γ )

× [
f0

(
Eγ

k − h̄ω0
) − f0

(
Eγ

k

)]
δ((γ ′ − γ )heff (ϕ) + h̄ω0)

+ (ĥeff (ϕ) · m̂(θ ) + γ ′) · (ĥeff (ϕ) · m̂(θ ) − γ )

× [
f0

(
Eγ

k + h̄ω0
)− f0

(
Eγ

k

)]
δ((γ ′− γ )heff (ϕ) − h̄ω0)

]
,

(37)

2Note that the feedback from the spin injection into the spin-
precession states can be neglected since it only affects the
higher-order contributions with respect to 〈N0〉.
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where ĥeff (ϕ) ≡ heff (ϕ)/heff (ϕ) is the direction of the ef-
fective Zeeman field imposed on the 2DEG electrons, and
m̂(θ ) = (cos θ, sin θ )T is the direction of the localized spin
in the FI. Note that to use Fermi’s golden rule in Eq. (35),
in addition to assuming the weak-scattering condition, it is
assumed that T0 is much smaller than the Rashba and Dres-
selhaus spin-orbit interactions. For detailed derivation, see
Appendices A and B.

C. Collision term due to impurity scattering

The collision term due to impurity scattering is written as

∂ f (k, γ )

∂t

∣∣∣∣
imp

=
∑

k′

∑
γ ′=±

[Qk′γ ′→kγ f (k′, γ ′)(1 − f (k, γ ))

− Qkγ→k′γ ′ f (k, γ )(1 − f (k′, γ ′))], (38)

where Qkγ→k′γ ′ is the transition rate of electron scattering
from initial state |k, γ 〉 to final state |k′, γ ′〉. According to the
Born approximation (or Fermi’s golden rule), the transition
rate is given as

Qkγ→k′γ ′ = 2π

h̄
|〈k′, γ ′|Himp(R)|k, γ 〉|2(Eγ ′

k′ − Eγ

k

)
. (39)

Note that the transition rate due to impurity scattering also
includes the overlap of the spin states between the initial and
final states.

The collision term due to impurity scattering is calculated
as

∂ f (k, γ )

∂t

∣∣∣∣
imp

� 


2h̄kF

∑
γ ′=±

∫ 2π

0

dϕ′

2π
k(ϕ′, γ ′)

× [1 + γ γ ′ĥeff (ϕ) · ĥeff (ϕ′)]

× [δμ(ϕ′, γ ′) − δμ(k, γ )]δ
(
Eγ

k − μ
)
, (40)

where 
 = 2πnimpu2D(εF) is level broadening due to the
impurities, nimp is impurity density, D(εF) = m∗/(2π h̄2) =
kF/(2π h̄vF) is the density of states per unit area, and vF =
h̄kF/m∗ is the Fermi velocity. Here, the Fermi wave number
of electrons with azimuth angle ϕ and spin γ in the absence of
microwave driving and the corresponding chemical potential
shift are defined as

k(ϕ, γ ) = kF − 2πγ D(εF)
√

α2 + β2 + 2αβ sin 2ϕ, (41)

δμ(ϕ, γ ) = δμ(|k|, γ )||k|=k(ϕ,γ ), (42)

respectively. In the derivation of Eq. (40), the sum over the
wave number is replaced with the integral as

1

A
∑

k

(· · · ) = 1

2π

∫ ∞

0
dk |k|

∫ 2π

0

dϕ

2π
(· · · ), (43)

and

−∂ f0
(
Eγ

k

)
∂Eγ

k

� δ
(
Eγ

k − μ
) � 1

h̄vF
δ(|k| − k(ϕ, γ )). (44)

was used. For a detailed derivation, see Appendices A
and B.

D. Current in 2DEG induced by IREE

Integrating Eq. (31) over εk with the two collision terms
presented in the previous two subsections gives the equa-
tion for δμ(ϕ, γ ) as

δμ(ϕ, γ ) = kF

k(ϕ, γ )
γ G(ϕ, γ , θ, h̄ω0)

+ 1

2

∑
γ ′=±

∫ 2π

0

dϕ′

2π

k(ϕ′, γ ′)
kF

× [1 + γ γ ′ĥeff (ϕ) · ĥeff (ϕ′)]δμ(ϕ′, γ ′), (45)

where

G(ϕ, γ , θ, h̄ω0)

≡ −πS0|T0|2〈N0〉h̄ω0




∑
γ ′=±

× γ ′[(ĥeff (ϕ) · m̂(θ ) − γ ′) · (ĥeff (ϕ) · m̂(θ ) + γ ) · L+

− (ĥeff (ϕ) · m̂(θ ) + γ ′) · (ĥeff (ϕ) · m̂(θ ) − γ ) · L−],
(46)

represents the effect of spin pumping. If finite energy broad-
ening due to impurity scattering is taken into account, the δ

function in the transition rate can be replaced with the spectral
functions as follows [104,105]:

L± = 
/2π

(h̄ω0 ± (γ ′ − γ )heff (ϕ))2 + (
/2)2
. (47)

The solution of Eq. (45) is given as

δμ(ϕ, γ ) = kF

k(ϕ, γ )
γ G(ϕ, γ , θ, h̄ω0)

+ γ

2
ĥ

T
eff (ϕ)

(
Î −

∫ 2π

0

dϕ′

2π
ĥeff (ϕ′) · ĥ

T
eff (ϕ′)

)−1

×
∫ 2π

0

dϕ′′

2π

∑
γ ′′=±

ĥeff (ϕ′′)G(ϕ′′, γ ′′, θ, h̄ω0),

(48)

where Î is an identity matrix, a · aT indicates

a · aT =
(

ax

ay

)
(ax ay) =

(
axax axay

ayax ayay

)
, (49)

and Â−1 indicates the inverse matrix of Â. Note that it is
assumed that δμ(ϕ, γ ) of Eq. (48) does not change the number
of electrons in the 2DEG; i.e.,

0 =
∑

k

∑
γ=±

δμ(k, γ )δ
(
Eγ

k − μ
)
. (50)

is satisfied. This solution for δμ(ϕ, γ ) can be used to calcu-
late the spin and current densities in the 2DEG induced by
spin pumping as follows. The spin density in the 2DEG is
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FIG. 3. Color plots of spin density s = (sx, sy ) (two upper panels) and current density j = ( jx, jy ) (two lower panels) as a function of
FMR frequency ω0 and azimuth angle θ of spin polarization in the FI for the Rashba spin-orbit interaction (α/β = ∞). The two right insets
schematically show the change of the distribution function and the direction of the current for θ = π/2 and 0, respectively. Note that δ f
represents a change of the distribution function of the 2DEG electrons, δ f ≡ f (k, γ ) − f0(E γ

k ). It was assumed that 
/kFα = 0.1.

expressed up to the linear order of δμ(ϕ, γ ) as

s = h̄

2A
∑
k,γ

〈k, γ |σ|k, γ 〉 f (k, γ )

= − h̄D(εF)

2

∑
γ=±

∫ 2π

0

dϕ

2π

k(ϕ, γ )

kF
δμ(ϕ, γ )γ ĥeff (ϕ). (51)

In a similar way, the current density induced in the 2DEG is
expressed as

j = e

A
∑
k,γ

v(k, γ ) f (k, γ )

= eD(εF)
∑
γ=±

∫ 2π

0

dϕ

2π

k(ϕ, γ )

kF
δμ(ϕ, γ )v(k, γ )||k|=k(ϕ,γ ),

(52)

where e (<0) is electron charge and v(k, γ ) is electron veloc-
ity defined as

v(k, γ ) = 1

h̄

∂Eγ

k

∂k
= h̄k

m∗ + γ

h̄

∂heff (k)

∂k
. (53)

Note that the current density induced by IREE is formulated
without using spin current.

IV. RESULTS

In this section, spin and current densities in the
2DEG induced by spin pumping are calculated for the
four specific cases. Dependence of the maximum values
of the spin and current densities on α/β is also dis-
cussed in Sec. IV E. In the following, spin density is

expressed in units of sα ≡ π h̄D(εF)S0|T0|2〈N0〉/(2kFα) or
sβ ≡ π h̄D(εF)S0|T0|2〈N0〉/(2kFβ ), and current density is ex-
pressed in units of j0 = π |e|D(εF)S0|T0|2〈N0〉/(h̄kF).

A. Rashba spin-orbit interaction (α/β = ∞)

The case that only Rashba spin-orbit interaction exists
(β = 0) is discussed first. In this case, the effective Zeeman
field heff (ϕ) = kFα becomes independent of ϕ. The four color
plots in Fig. 3 show spin density s/sα = (sx/sα, sy/sα ) and
current density j/ j0 = ( jx/ j0, jy/ j0) in the 2DEG as func-
tions of FMR frequency ω0 and the azimuth, θ , of the spin in
the FI. Both the spin and current densities peak at h̄ω0 = 2kFα

(= 2heff ), i.e., when spin-splitting energy matches microwave
energy.

The peak height of the spin and current densities depends
on θ . For θ = π/2 (indicated by A in a square in each color
plot), spin density s is induced in the −y direction, while cur-
rent density j is induced in the +x direction. This result can be
explained intuitively as follows. The spin in the −y direction
is injected from the FI into the 2DEG when θ = π/2. That
injection of spin induces spin density s in the −y direction.
Note that the direction of spins injected from the FI into the
2DEG is opposite to that of the localized spin in the FI, S,
since spin transfer is induced by spin relaxation in the FI.
As a result, the nonequilibrium distribution function increases
(decreases) the −y-spin (+y-spin) band. The region of the
Fermi surface on which the distribution function increases
(decreases) is shown schematically with the orange (blue) in
the upper-right inset in Fig. 3. Since the density of states of
the outer Fermi surface is larger than that of the inner one,
this change of the distribution function produces a net flow
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FIG. 4. Color plots of spin density s = (sx, sy ) (two upper panels) and current density j = ( jx, jy ) (two lower panels) for the Dresselhaus
spin-orbit interaction (α/β = 0). The two right insets schematically show the change of the distribution function and the direction of the current
for θ = π/2 and 0, respectively. It was assumed that 
/kFβ = 0.1.

of electrons in the −x direction, which produces a current in
the +x direction. For θ = 0 (indicated by the ellipse B in each
color plot), spin density s is induced in the −x direction, while
current density j flows in the −y direction. This result is also
explained intuitively in the same way as for θ = π/2 (see the
lower-right inset in Fig. 3).

The phenomenon obtained here can be regarded as IREE
due to spin density in the 2DEG, which is induced by spin
pumping from the FI, i.e., spin injection through electron-
spin flipping at the interface. While the concept of the spin
current may be helpful for intuitive understanding of this
phenomenon, it is remarkable that the induced current is cal-
culated without introducing it in our study.

B. Dresselhaus spin-orbit interaction (α/β = 0)

The case that only the Dresselhaus spin-orbit interaction
exists (α = 0) is discussed next. Also in this case, effec-
tive Zeeman field heff (ϕ) = kFβ becomes independent of ϕ.
The four color plots in Fig. 4 show spin density s/sβ =
(sx/sβ, sy/sβ ) and current density j/ j0 = ( jx/ j0, jy/ j0) as
functions of FMR frequency ω0 and spin azimuth θ . Both the
spin and current densities peak at h̄ω0 = 2kFβ (= 2heff ) as in
the previous case of Rashba spin-orbit interaction (β = 0). On
the contrary, the dependence of j on θ differs from that in the
previous case. For θ = π/2 (indicated by A in a square), spin
density s is induced in the −y direction, while current density
j is induced in the +y direction. This result can be explained
intuitively in the same way as the previous case as follows.
The spin in the −y direction is injected from the FI into the
2DEG, and that spin injection induces spin density s in the
−y direction. The change of the nonequilibrium distribution

function (see upper-right inset in Fig. 4) produces a net flow
of electrons in the −y direction, which generates a current in
the +y direction. For θ = 0 (indicated by the ellipse B), spin
density s is induced in the −x direction, while current density
j flows in the −x direction. This is explained schematically in
the lower-right inset in Fig. 4.

Notably, j is orthogonal to s in the case of Rashba spin-
orbit interaction, while it is parallel to s in the case of
Dresselhaus spin-orbit interaction. These contrasting behav-
iors are clearly due to the difference in the spin texture on the
Fermi surface, which is determined by the effective Zeeman
field heff (as shown by comparing the right insets in Figs. 3
and 4).

C. Case of α/β = 1.1

When the Rashba and Dresselhaus spin-orbit interactions
compete (α � β), the spin and current densities induced by
spin pumping change significantly. To investigate this differ-
ence, the case of α/β = 1.1 is considered as follows. Effective
Zeeman field heff (ϕ) depends on ϕ and changes in the range
of 0 � heff (ϕ) � 2kFβ. The four color plots in Fig. 5 show
spin density s/sβ = (sx/sβ, sy/sβ ) and current density j/ j0 =
( jx/ j0, jy/ j0) as functions of ω0 and θ . Corresponding to the
distribution of heff (ϕ), both the spin and current densities
are induced in a wide range of 0 � h̄ω0 � 4kFβ, and their
amplitudes take maxima at h̄ω0 � 4kFβ. Spin density s always
points in the (1,−1) direction, while current j flows in the
(1,1) direction.

The amplitudes of s and j depend on spin azimuth θ :
they take maxima at θ = 3π/4 or 7π/4 and almost vanish
at θ = π/4 or 5π/4. This distinctive result can be explained
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FIG. 5. Color plots of spin density s = (sx, sy ) (two upper panels) and the current density j = ( jx, jy ) (two lower panels) in the case of
α/β = 1.1. The two right insets schematically show the change of the distribution function and the direction of the current for θ = 3π/4 and
θ = π/4, respectively. It was assumed that 
/kFβ = 0.1.

as follows (see upper and lower-right insets in Fig. 5). For
θ = 3π/4 (indicated by A in a square in Fig. 5), the 7π/4
component of spin density increases, resulting in a change
of the distribution function in the direction of ϕ = π/4 and
5π/4. This change in the distribution function causes a net
electron flow (a current) in the direction of ϕ = 5π/4 (ϕ =
π/4). On the contrary, for θ = π/4 (indicated by B in a
circle in Fig. 5), the spin in the direction of π/4 cannot enter
the 2DEG because it is always perpendicular to the effective
Zeeman field, i.e., the spin polarization of the conduction
electrons. This inhibition of spin injection (or equally spin
flipping of conduction electrons at the interface) results in
disappearance of the current.

As indicated by the scale of the color plots, when the
Rashba and Dresselhaus spin-orbit interactions compete, the
amplitude of spin density is greatly increased, whereas current
density is decreased. The dependence of spin and current
densities on ratio α/β is discussed in Sec. IV E.

D. Case of α/β = 3

The final case, namely, the Rashba and Dresselhaus
spin-orbit interactions are comparable but have different
amplitudes, is discussed next. As an illustrative example,
the case of α/β = 3 is considered. Effective Zeeman field
heff (ϕ) depends on ϕ and changes in the range of 2kFβ �
heff (ϕ) � 4kFβ. As shown in the color plots in Fig. 6,
spin density s/sβ = (sx/sβ, sy/sβ ) and current density j/ j0 =
( jx/ j0, jy/ j0) are induced in the range of 4kFβ � h̄ω0 �
8kFβ, reflecting the distribution of spin splitting 2heff (ϕ). Note
that the dependence of the spin and current densities on θ

differs in the cases of h̄ω0 � 4kFβ and h̄ω0 � 8kFβ.

Regions A, B, C, and D in the color plots in Fig. 6 are
discussed hereafter. Corresponding to these four regions, the
four schematic insets on the right side of Fig. 6 are shown for
intuitive understanding. In region A, spin injection through
the interface can occur only in the yellow region, where spin-
splitting energy is smallest. In the yellow region, the spin in
the FI is orthogonal to the spin polarization in the 2DEG, so
spin injection cannot occur. This situation leads to disappear-
ance of s and j. On the contrary, in region B, spin-injection
rate becomes a maximum since the spin in the FI is parallel
to the spin polarization in the 2DEG. Therefore, s and j take
maxima in region B, and the current flows in the direction of
ϕ = 7π/4. A similar discussion applies to regions C and D.
Spin injection from the interface can occur only in the blue
region, in which the spin splitting is largest. In region C (D),
spin-injection rate becomes a maximum (zero) since the spin
in the FI is parallel (perpendicular) to the spin polarization in
the 2DEG, leading to the maximum (minimum) of s and j.

It was also found that the direction of the current rotates as
microwave frequency changes. Current j flows in the direction
of ϕ = 7π/4 for h̄ω0/kFβ = 4, while it flows in the direction
of ϕ = π/4 for h̄ω0/kFβ = 8. This finding can be explained
by spin splitting and spin texture on the Fermi surface.

E. Dependence on α/β

Dependence of spin and current densities on α/β is dis-
cussed hereafter. Maximum amplitudes of s and j are shown
as functions of α/β in Fig. 7. As α/β approaches unity,
smax diverges, while jmax does not show singular behavior
there. The former trend reflects the fact that spin-relaxation
time becomes substantially long near α/β = 1 because
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FIG. 6. Color plots of the spin density s = (sx, sy ) (the upper two panels) and the current density j = ( jx, jy ) (the lower two panels) for the
case of α/β = 3. The four right insets schematically show the change of the distribution function and the direction of the current in the four
regions indicated in the four left panels labeled A, B, C, and D. It was assumed that 
/kFβ = 0.1.

effective Zeeman field heff points in almost the same direc-
tion [60–64,105] [see Fig. 2(b)]. On the contrary, jmax does
not diverge at α/β = 1, reflecting cancellation between the
contributions from the majority-spin and minority-spin bands.

V. EXPERIMENTAL RELEVANCE

To observe the inverse Rashba-Edelstein effect induced
by spin pumping discussed in our work, the weak impu-
rity condition, 
 � 2kFα, 2kFβ � εF, have to be satisfied,
where 2kFα or 2kFβ represents the spin-splitting energy near
the Fermi surfaces. As an example, let us consider a two-
dimensional electron gas in AlGaAs/GaAs heterostructures
with a high electron mobility of order of 106 cm2/(V s)
[91]. In this system, the scattering rate is estimated as 
 �
10−1(2kFα) � 10−3εF [104,105] assuming the electron den-

FIG. 7. Maximum spin density smax ≡ max(
√

s2
x + s2

y ) and maxi-
mum current density jmax ≡ max(

√
j2
x + j2

y ) are plotted as a function
of α/β. It was assumed that 
/kFβ = 0.1.

sity n = 5 × 1011 cm−2 and the Rashba spin-orbit interaction
kFα = 0.1 meV (� 25 GHz) [91,109]. Since this estimate
satisfies the weak impurity condition well, we expect that the
inverse Rashba-Edelstein effect due to spin pumping can be
observed if a junction with FI is fabricated.

As another example, we can consider a thin film of
GaAs, where a small number of channels in the thickness
direction contribute transport properties. While YIG/GaAs
junctions have recently attracted attention in the spintron-
ics field [110–112], the inverse Rashba-Edelstein effect has
not been studied experimentally yet. On the other hand,
there are experimental studies for Fe/GaAs junctions [55],
where the magnitude of the Rashba spin-orbit interaction
is about 100 meVÅ.3 Combining this value with the elec-
tron density of n = 1017 cm−3 and the electron mobility
μ = 104 cm2/(V s) at liquid nitrogen temperature in bulk
GaAs [113–116], the scattering rate is estimated as 
 �
0.5(2kFα) � 0.1εF. This estimate indicates that high-quality
YIG/GaAs junction may meet the weak impurity condition.

VI. SUMMARY

The inverse Rashba-Edelstein effect (IREE) induced by
spin pumping from a ferromagnetic insulator (FI) into a
two-dimensional electron gas (2DEG) in which Rashba and
Dresselhaus spin-orbit interactions coexist was theoretically
investigated. Using the Boltzmann equation in the case that
impurity scattering is much weaker than spin-splitting en-
ergy in the 2DEG, spin and current densities in the 2DEG
caused by the IREE were calculated. It was clarified that
the spin and current densities depend on the frequency, ω0,

3We expect that our prediction for the FI-2DEG junctions can apply
also for ferromagnetic metal-2DEG junctions qualitatively. Detailed
discussion will be given elsewhere.
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of the ferromagnetic resonance (FMR) and the azimuth an-
gle θ of the spontaneous spin polarization of the FI. It was
found that these results are well explained by change of the
distribution function of electrons in the spin-splitting bands.
It was also found that only the magnitude of spin density
increases substantially as the ratio of the magnitudes of the
Rashba and Dresselhaus spin-orbit interactions approaches
unity, while current density remains finite there. These results
can be applied for determining spin textures on the Fermi
surface in a 2DEG and would be helpful for understanding
and designing of spintronic devices utilizing IREE in 2DEG
systems.

In this study, as in previous studies [104,105], a sim-
ple parabolic dispersion was considered, and the effect
of exchange bias [117] or band modification due to the
interface [8,118] was neglected for simplicity. It is straight-
forward to extend our formulation of IREE induced by spin
pumping to other physical systems with complex band struc-
tures and modification by interfacial exchange coupling. We
leave such an extended analysis for materials as a future
problem.
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APPENDIX A: DERIVATION OF COLLISION TERMS

The final forms of the collision terms given in Eqs. (37)
and (40) are derived as follows.

The collision term due to spin pumping, given by Eq. (37),
is derived first. Substituting Eqs. (33) and (35) into Eq (34)
gives

∂ f (k, γ )

∂t

∣∣∣∣
pump

� πS0|T0|2〈N0〉
h̄

∑
γ ′=±

∑
σ1,σ2,σ3,σ4

=↑,↓

C∗
σ1γ ′ (ϕ)Cσ2γ (ϕ)Cσ3γ ′ (ϕ)C∗

σ4γ
(ϕ)

× [
(σ̂ x′+)σ1σ2 (σ̂ x′+)∗σ3σ4

[ f0
(
Eγ

k − h̄ω0
) − f0(Eγ

k )]δ
(
(γ ′ − γ )heff (ϕ) + h̄ω0

)
+ (σ̂ x′−)σ1σ2 (σ̂ x′−)∗σ3σ4

[
f0

(
Eγ

k + h̄ω0
) − f0(Eγ

k )
]
δ((γ ′ − γ )heff (ϕ) − h̄ω0)

]
. (A1)

Note that δμ(ϕ, γ ) does not appear in Eq. (A1) because only
up to the first order of 〈N0〉 is considered, and the product
of 〈N0〉 and δμ(ϕ, γ ) is the second order of it. Executing the
summation over the spin variables and using Eqs. (9), (11),
and (28) make it possible to obtain Eq. (37).

Applying a random average over the impurity sites to
Eq. (38) gives

∂ f (k, γ )

∂t

∣∣∣∣
imp

= 2πu2nimp

h̄A
∑
k′,γ ′

∑
σ,σ ′

C∗
σγ ′ (ϕ′)Cσγ (ϕ)Cσ ′γ ′ (ϕ′)C∗

σ ′γ (ϕ)

× [ f (k′, γ ′) − f (k, γ )]δ
(
Eγ ′

k′ − Eγ

k

)
, (A2)

where nimp is impurity density. Calculating Eq. (A2) with
Eqs. (9) and (11) gives

∂ f (k, γ )

∂t

∣∣∣∣
imp

= πu2nimp

h̄A
∑
k′,γ ′

[1 + γ γ ′ĥeff (ϕ) · ĥeff (ϕ′)]

× [ f (k′, γ ′) − f (k, γ )]δ
(
Eγ ′

k′ − Eγ

k

)
,

(A3)

Additionally, substituting Eq. (33) into Eq. (A3) and executing
the summation over k′ with Eq. (43) gives Eq. (40).

APPENDIX B: OFF-DIAGONAL TERMS OF
DISTRIBUTION FUNCTION MATRIX

The Keldysh-Green’s function method can be used to de-
rive the following Boltzmann equation [74,87] in Hamiltonian
Hkin + Himp up to the first order of heff (ϕ):

∂ f̂k

∂t
+ 1

2

{
∂ (ξk − heff (ϕ) · σ̂)

∂k
,
∂ f̂k

∂x

}
− i

h̄
[heff (ϕ) · σ̂, f̂k]

= nimpu2π

4

∑
γ ,γ ′=±

∫
d2k′

(2π )2
(2( f̂k′ − f̂k) − {γ ĥeff (ϕ) · σ̂ + γ ′ĥeff (ϕ′) · σ̂, f̂k′ − f̂k})δ

(
Eγ

k − Eγ ′

k′
)

� 2πnimpu2
∫

d2k′

(2π )2

(
( f̂k′ − f̂k) · δ(ξk − ξk′ ) − 1

2
{[heff (ϕ) − heff (ϕ′)] · σ̂, f̂k′ − f̂k}δ′(ξk − ξk′ )

)
, (B1)
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where ξk ≡ εk − μ, and

f̂k =
(

f ↑↑
k f ↑↓

k

f ↓↑
k f ↓↓

k

)
, (B2)

is the distribution function of a 2 × 2 matrix taking the spin
into account. In the last line in Eq. (B1), the following ap-
proximation with δ′(x) ≡ dδ(x)/dx is used:

δ(Eγ

k − Eγ ′

k′ ) = δ(ξk + γ heff (ϕ) − ξk′ − γ ′heff (ϕ′))

� δ(ξk − ξk′ ) + [γ heff (ϕ) − γ ′heff (ϕ′)]

× δ′(ξk − ξk′ ). (B3)

The distribution function for basis |k, γ = ±〉 can be written
as

U †(ϕ) f̂kU (ϕ) = U †(ϕ)

(
f ↑↑
k f ↑↓

k

f ↓↑
k f ↓↓

k

)
U (ϕ)

≡
(

f ++
k f +−

k

f −+
k f −−

k

)
=

(
f (k,+) f +−

k
f −+
k f (k,−)

)
,

(B4)

U (ϕ) = (|k,+〉 |k,−〉) = 1√
2

(
C(ϕ) C(ϕ)

1 −1

)
. (B5)

In the steady state and spatial uniform system, the left-hand
side of Eq. (B1) can be written by using Eqs. (B4) and (B5) as

(LHS) = − i

h̄
U †(ϕ)[heff (ϕ) · σ̂, f̂k]U (ϕ)

=
(

0 2iheff (ϕ) f +−
k /h̄

−2iheff (ϕ) f −+
k /h̄ 0

)
. (B6)

As previously noted in the Supplement of Ref. [87], or-
der estimation of the right-hand side of Eq. (B1) using the
relaxation-time approximation gives the following equation:

2iheff (ϕ) f +−
k

h̄
∼ f γ γ

k − f0(εk)

τ
,

f +−
k

τ
,

f −+
k

τ
, (B7)

where γ = ± and τ is the electron-relaxation time. Note that

 can be written as 
 = h̄/τ . Under the weak-scattering con-
dition, namely, h̄/τ � max(2kFα, 2kFβ ) � εF, the following
equation holds [87]:

f +−
k

τ
= h̄

2heff (ϕ)τ
· 2heff (ϕ) f +−

k

h̄

∼ h̄

2kFατ
· 2heff (ϕ) f +−

k

h̄
� 2heff (ϕ) f +−

k

h̄
, (B8)

where heff (ϕ) ∼ kFα is approximated. Note that this ap-
proximation fails around ϕ = 3π/4, 7π/4 when α competes
with β. From Eq. (B8), the leading term of (B7) is [ f γ γ

k −
f0(εk)]/τ , and the following equation can be obtained [87]:

2iheff (ϕ) f +−
k

h̄
∼ h̄

2kFατ
· 2kFα

[
f γ γ

k − f0(εk)
]

h̄
(B9)

⇒ f +−
k

f γ γ

k − f0(εk)
∼ h̄

2kFατ
� 1. (B10)

Similarly, f −+
k /[ f γ γ

k − f0(εk)] � 1 holds under the weak-
scattering condition. Therefore, the off-diagonal terms in
Eq. (B4) can be ignored, and the diagonal components of
Eq. (B1) agree with the expressions of the impurity-collision
term calculated by using Fermi’s golden rule in Sec. III C as
noted in the supplement of Ref. [87]. In this work, Y. Suzuki
and Y. Kato also clarified that [87], even in the tunneling
Hamiltonian, when the transition rate of the Hamiltonian is
much lower than 2kFα, the off-diagonal terms in the dis-
tribution function matrix are small enough to be ignored,
and the expression of the collision term calculated by using
Fermi’s golden rule is correct. Note that the transition rate of
the tunneling Hamiltonian, T0, is much lower than 2kFα for
semiconductor heterostructures such as GaAs/AlGaAs [105],
and the collision term due to spin pumping was calculated by
using Fermi’s golden rule in Sec. III B.
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