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Unveiling exotic magnetic phases in Fibonacci quasicrystals through machine learning
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In this study, we present a comprehensive theoretical analysis of magnetic Fibonacci quasicrystals, which
could potentially be realized through the stacking of ferromagnetic van der Waals layers. We introduce a
model that incorporates up to second-neighbor interlayer magnetic interactions and displays a complex interplay
between geometric frustration and magnetic order. To explore the parameter space and identify distinct magnetic
phases, we employ a machine learning approach. This methodology proves effective in elucidating the intricate
magnetic behavior of the system. We offer a detailed magnetic phase diagram as a function of the model
parameters and notably discover a unique ferromagnetic alternating helical phase among other collinear and
noncollinear phases. In this noncollinear, quasiperiodic, and ferromagnetic configuration, the magnetization

decreases logarithmically with the stack height.
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I. INTRODUCTION

The advent of two-dimensional (2D) materials has opened
up a new chapter in the field of condensed matter physics,
offering a rich platform for exploring novel phenomena [1].
Among these, magnetic van der Waals (vdW) materials have
attracted significant attention due to their unique magnetic
properties and potential for integration into spintronic devices
[2-8]. These materials, characterized by their layered struc-
ture with weak interlayer bonding, offer the possibility of
constructing heterostructures with tailored magnetic proper-
ties [9]. For example, monolayer Crl; has been reported to
be ferromagnetic [4] but the coupling between two layers can
be ferromagnetic or antiferromagnetic depending on the type
of stacking [10-12]. The stacking of magnetic layers in a
single heterostructure provides an opportunity to engineer the
magnetic properties at the atomic scale, potentially leading to
the realization of novel magnetic phases and spin textures.

Over the past few years, machine learning (ML) techniques
have been increasingly utilized in condensed matter physics
research due to their capabilities of dealing with large and
complex data sets [13—17]. Particularly, they provide a means
to identify patterns and correlations within the data, which
would be otherwise challenging or impossible to identify
manually. This has allowed for new insights into several ar-
eas, such as phase transitions [13,18], many-body localization
[19], topological materials [20], and visualization of band
structure spaces from electronic structure databases [15]. In
the realm of 2D materials [21] and magnetic systems, ML
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techniques offer the possibility to help understand the mag-
netic properties of complex heterostructures.

In this theoretical study, we explore the magnetism in
heterostructures having a quasicrystalline stacking of ferro-
magnetic layers. Quasicrystals are aperiodic structures that
display sharp peaks in Bragg diffraction but lack translational
symmetry [22]. These materials have been extensively studied
in the context of electronic transport, phonon propagation, and
optical properties [23-25].

The Fibonacci quasicrystals, often referred to as the “fruit
fly” of quasicrystals, are a remarkable entity in the study of
complex crystal structures [26]. This nickname draws a paral-
lel between the role of fruit flies in genetic research and that
of Fibonacci quasicrystals in the field of quasicrystal studies.
Both are seen as relatively simple, model systems that help
explore more complex phenomena.

The Fibonacci quasicrystals can be interpreted as the pro-
jection of a two-dimensional periodic crystal to a single
dimension. This means that they can be formed by considering
a subset of a regular, repeating structure in a space of higher
dimensions, and then projecting this subset down to a lower-
dimensional space. This process results in a pattern that lacks
the perfect, repeating symmetry of a classic crystal, yet still
exhibits a form of order, which is referred to as quasiperi-
odicity. Magnetic Fibonacci quasicrystals could be realized
experimentally in heterostructures made from semiconducting
nanowires [27-30], manipulating magnetic atoms on solid
surfaces [31], and stacking vdW materials.

The study of magnetism in Fibonacci quasicrystals has
been mainly focused on the nature of the magnetic excita-
tions in a ferromagnetic ground state [29,30,32-39]. Here we
focus on the ground state properties of a model Fibonacci
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quasicrystalline stacking of ferromagnetic layers. The mag-
netic properties of this system are expected to be strongly
influenced by the interlayer magnetic interactions. In par-
ticular, the frustration between first- and second-neighbor
interlayer magnetic interactions is anticipated to play a key
role in the emergence of noncollinear magnetic phases. In this
study, we construct a model of this magnetic heterostructure,
which includes up to second-neighbor interlayer magnetic
interactions. The resulting parameter space is explored us-
ing an unsupervised ML approach which combines principal
component analysis (PCA) [40—44], which is a dimension-
ality reduction technique, with hierarchical density-based
spatial clustering of applications with noise (HDBSCAN),
[45] which is a clustering technique. We supplemented the
powerful pattern recognition abilities of ML with a detailed
analysis of the clusters obtained, constructing a simplified
model that allows to describe the magnetic configuration on
each phase. This approach allowed us to identify and charac-
terize a rich phase diagram, which includes both collinear and
noncollinear phases.

The rest of the paper is organized as follows. In Sec. II,
we present the model and the methods used in this study.
In Sec. III, we present the results of the machine learning
analysis and the phase diagram of the system. In Sec. IV, we
summarize our findings and discuss their implications.

II. MODEL AND METHODS

The construction of a Fibonacci stacking involves consid-
ering two types of interlayer bonds denoted as S (short) and L
(long). This construction follows an iterative procedure, also
known as expansion rules.

(1) Start the process with a bond S connecting two layers.

(2) Apply an expansion step, where each § is replaced
with the bond L and each L is replaced by the sequence LS.

(3) Repeat the expansion step described in the second rule
for each new sequence of bonds until the targeted expansion
step is reached.

By following these rules, a sequence of layers is generated,
which displays quasicrystalline order. Each expansion step
increases the number of layers and bonds by the number of
L bonds in the previous sequence. At the nth expansion step
of a Fibonacci quasicrystal, the quantity of bonds is given
by F, while the number of layers is N = F, + 1, where F,
refers to the nth Fibonacci number. The Fibonacci sequence
of numbers is defined recursively through the formula F,, 1, =
F,11 + F,, starting from Fy = 0 and F} = 1.

Alternatively, the Fibonacci sequence of bonds can be con-
structed concatenating ‘words’. The starting words are w; = S
and w, = L. At step m the word w,, is given by the concate-
nation of the two previous words: w,, = w,—1wy,—2 [46]. The
first concatenation steps results in the words:

w; =,
wr =1L,
w3 = L S 5
S ——
w2 w]

w4 = LS L 5
— ) ——
w3 w2

ws =LSL LS,

w4 w3

we = LSLLS LSL,

s w4
w7 = LSLSLLSL LSLLS .
—— ——
we ws

It is straightforward to verify that the number of letters
in the word w, is the Fibonacci number F,. Additionally the
frequency with which a given sequence of letters appears in a
word is either a Fibonacci number (F;) or a Fibonacci num-
ber minus one (F-1). For example, the number of times the
sequence LLSLL appears in the word w;g is Fi3 — 1 = 232.

A. Fibonacci magnetic model

To devise a magnetic model, we consider ferromagnetic
layers connected by the bonds, and assume that the magnetic
couplings between layers are determined by the type of bonds
separating the layers. It’s important to note that two S bonds
are never adjacent to each other in the Fibonacci quasicrystal.

Considering interactions at a separation of up to two layers,
we identify four distinct types of couplings, namely, {S and L}
for first-neighbor layers and {LS(=SL) and LL} for second-
neighbor layers. To analyze the magnetic ground state we
treat each layer as a single classical magnetic moment, and
the Fibonacci stacking as a one-dimensional chain where each
site corresponds to a layer. The energy that results from these
considerations for a chain of length N = F;, 4 1 is given by

N-1 N-2
E =Y "J(Rit1 = RDS;i - Sis1 + Y J(Risz = RiDS; - Siga,

i=1 i=1
()

where S; is the magnetic moment of layer i, that we nor-
malize to 1, R; is the position of layer i, and we are using
open boundary conditions. The coupling parameters are de-
fined by J(S) = Js, .](L) = ./L, ./(S +L) = .](L + S) = JLs,
and J(L + L) = Jr.. Since the minimum energy configuration
is independent of the energy scale, we define normalized cou-
plings jo = Jo/v/Y_, J2. This allows to focus the analysis on
the relative strength of the couplings, rather than their absolute
values, and it is used below for the graphical representation of
the identified magnetic phases in parameter space. The actual
values of the bond lengths are irrelevant for the determination
of the magnetic phases.

Although more complex models can be envisioned, this
model already displays a rich phase diagram which stems
from the quasicrystalline stacking and the frustration between
first and second-neighbor interlayer interactions. As we show
below, the inclusion of an easy plane magnetic anisotropy
does not change the results for the ground state magnetic
configurations.

B. Machine learning analysis

In order to determine the magnetic phases of the system
we performed a random sampling of the coupling param-
eter space. For each set of coupling parameters, J, (o =
{L,S, LS, LL}), we adjusted the orientation of the magnetic
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moments in order to minimize the energy of the configuration
in finite-size Fibonacci stacks.

We used the Broyden-Fletcher-Goldfarb-Shanno algorithm
(see Appendix for details) to obtain the configuration that
minimizes the energy as defined by Eq. (1). Due to the nature
of the energy minimization procedure, in a handful cases
the configuration obtained corresponded to a local minimum.
However, the broad range of systems analyzed enabled us to
differentiate the magnetic phases of the system.

To analyze the obtained magnetic configuration for each
set of couplings, we calculated the Fourier transform of the
magnetic moments along the stacking direction:

2

N
§ emq]Sj ,

J=1

1S(¢))* =

Z| -

where g = %V_e —1, with £ =0, ..., N — 1. This quantity is
independent of any global rotation of the magnetic moments
as is the proposed model, and the normalized magnetization
per layer can be written as M = |S(g = 0)|. |S(¢)|> was used
to fuel a machine learning methodology aimed at identifying
the magnetic phases of the system.

We performed a dimensionality reduction using a principal
component analysis (PCA) on the normalized! |S (q)l2 data.
PCA identifies axes in the high-dimensional data space that
account for most of the data variation. This procedure can help
to reduce the noise in the data and reduces the computational
cost of the subsequent clustering scheme.”

After reducing the dimensionality, we utilized HDBSCAN
[45], a density-based clustering algorithm, to identify dis-
tinct clusters within the data in this lower-dimensional space.
HDBSCAN is renowned for its capability to detect clusters
of varying densities. In the context of our work, data points
assigned to a specific cluster are in proximity to each other
which means that the magnetic configurations show a degree
of similarity. Since this can imply that the data points belong
to the same magnetic phase, it helped us guide the analysis of
the phase diagram in parameter space.

Finally, we constructed a simplified model that allowed us
to describe the magnetic configuration on each phase, and to
reliably obtain the corresponding ground state configuration
for each set of parameters.

III. RESULTS AND DISCUSSION

We navigated the parameter space, selecting a total of
60 000 sets of random values for the couplings J, (o =
{L,S, LS, LL}). Each value of J, was selected from a uni-
form distribution in the range [—1, 1]. The minimum energy
configuration for each set of parameters was obtained for
systems defined by the 12th expansion stage of a Fibonacci

'The data are normalized to have zero mean and a standard devia-
tion of 1.

2We also performed a dimensionality reduction using UMAP (uni-
form manifold approximation and projection) which is more robust
to noise and outliers [51]. However, the results of the clustering were
similar to those obtained using PCA.

4
@) - M
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0

FIG. 1. (a) Four clusters are obtained after a clustering of the full
data set using HDBSCAN, keeping clusters with 1000 data points
or more. The axes correspond to the two most relevant PCA axes.
(b) The clusters obtained correspond to collinear phases and are well
separated in parameter space.

quasicrystal (this corresponds to N = Fj; + 1 = 145 layers).
The |S(g)|*> was computed for all configurations and used as
input for the machine learning analysis.

A. Collinear phases

We performed the PCA on the normalized |S(g)| data for
the 60000 points in the coupling parameter space. The di-
mensionality of the |S(g)|*> data was reduced from 145 to 65,
while retaining more than 95% of the data variation. The first
two principal components account for less than 10% of the
data variation, which is usually a signature of a complex data
space.

Using a minimum threshold of 1000 data points per clus-
ter, HDBSCAN initially identified four clusters. Figure 1(a)
presents the points belonging to the obtained clusters in the
space of the main two principal component axes. The clusters
are well separated, which suggests that they correspond to
qualitatively distinct groups of states or magnetic phases. The
clusters are also separated in parameter space [see Fig. 1(b)]
and correspond indeed to distinct collinear phases, as it can
be checked by inspection of the magnetic moment config-
urations. The four collinear phases are: ferromagnet (FM),
staggered antiferromagnet (AFM), antiferromagnet with the
magnetic moments across S bonds ferromagnetically aligned
(AFM1), and antiferromagnet with the magnetic moments
across the L bonds ferromagnetically aligned (AFM2).

In order to analyze the identified phases, we first point out
that the energy of the system is symmetric when the magnetic
moments at odd (or equivalently even) layer number are in-
verted and the sign of the nearest neighbor couplings Jg and J;,
is changed [S; — (—1)'S;, Js = —Js, and J, — —J;]. This
reversal of the magnetic moments does not modify the interac-
tion energy between second-neighbor magnetic moments, but
it does change the interaction sign for the first-neighbor ones.
This symmetry can be seen in Fig. 1(b) where the region in
parameter space associated with the antiferromagnetic cluster
AFM can be obtained from the ferromagnetic one by applying
the transformation: Jg — —Js, and J;, — —J;. The same also
holds for the phases AFM1 and AFM2. The inversion of the
odd magnetic moments results in a shift by 1 for the value of ¢
in |S(g)|%. Although the PCA transforms the |S(g)|? data, hints
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of this symmetry can be observed for the clusters in principal
component space [Fig. 1(a)].

1. Magnetic structure of the collinear phases

In the FM phase all magnetic moments are aligned, and the
normalized magnetization is M = 1. In the AFM phase, the
magnetic moments are staggered along the stacking direction,
and the magnetization is M = 0. The AFM1 phase is collinear
and has zero magnetization as the AFM phase, but there is
a ferromagnetic alignment of the magnetic moments across
the S bonds while the alignment of the magnetic moments
across L bonds is antiferromagnetic. This magnetic structure
can be obtained treating the two ferromagnetic layers across
an S bond as a unit and building a staggered antiferromagnet.
For example in this Fibonacci sequence (wg):

ol eSe L el eSe L eSe L el eSe L e eSe
—— —— —— —— ——
O O O O O

the dots correspond to layers. The pairs of sites across an S
bond are replaced by an effective site (square shape). This
leads to

o [l ¢ LLILIL o LUIL o L[]

and setting a staggered magnetization for dot and square sites
leads to the AFMI state:

SN

where the boxed arrows correspond to magnetic moments
separated by an S bond. By construction the sequence of
squares and dots has a Fibonacci quasicrystalline structure,
and consequently, this is also the case for the magnetic state.

An analogous construction can be made for the AFM2
states. The main difference is that for this phase the magnetic
moments on sites across an L bond are ferromagnetically
aligned. Therefore the sites along the chain can be grouped in
sets of two sites (across an L bond) and three sites (across two
consecutive L bonds) that have the same magnetic moment
orientation. Alternatively, an AFM2 state can be obtained
from the AFM1 state by flipping the odd site magnetic mo-
ments using the above-mentioned symmetry of the model.

The four collinear phases are schematically represented
in Fig. 2, where the stacking direction is along the x axis,
the magnetic moments are represented by arrows, and we
have used the rotational symmetry of the model to align the
magnetic moments along the z axis.

2. Energy of the collinear phases

The energy of the collinear ferromagnetic phase and the
three collinear antiferromagnetic phases can be written using
the couplings J,, and the count of each type of coupling. In
a Fibonacci quasicrystal at the nth expansion step (for n >
4), the count is as follows: there are F,_; bonds of type L,
F,_, bonds of type S, F,_» + [(—1)" — 1]/2 >~ F,_, bonds of
type LS, and F,_3 + [(—1)"*! — 1]/2 ~ F,_3 bonds of type
LL. Thus the total energy of the phase 8 can be computed as

Ep(n) = AgJLFumt + MglsFuy + Mg Jis2F 2 + At JiiF s,

where the coefficients A% are defined as follows:

A% a=3S a=1L a=1LS a=LL
B =FM + + + +
B = AFM — — + +
B = AFM1 + — - +
B = AFM2 - + - +

In the thermodynamic limit (n — 00), the energy per site
(layer) Eg = lim,,_, oo Eg(n)/F, can be denoted in terms of the
golden ratio ¢ = lim,— o F,/Fy—1:

Eg =200 + 030572 + M55 152072 + A5 e ()

We verified that the collinear magnetic structures obtained
are robust and that their energy converges to the value given
by Eq. (2) as the system size is increased for a given set of
parameters. Additionally, the magnetization of the antiferro-
magnetic states converges to zero.

B. Noncollinear phases

Of the 60000 sets of coupling parameters, 32319 were
assigned to one of the four collinear phases, while the rest
could not be assigned to a cluster using the threshold of 1000
data points. Reducing the cluster size threshold resulted in
an increasing number of additional clusters that could not be
easily distinguished from each other or classified as magnetic
phases.

To simplify the identification of additional phases, we
conducted a second stage of analysis, excluding data points
associated with the previously identified collinear phases.

15 15

FM AFM
1.0 100000000000 00.040. 000400404004 1.04
»w 0.0 » 0.0
N = l J l l
-1.0 —1.01
-15 y y y r —1.5 y T T -
20 40 60 80 20 40 60 80
X X
1.5 1.5
AFM1 AFM2

. & 0.0/
B
-1.0 —1.0
-1s 20 40 60 s '? 20 40 60 80

X X

FIG. 2. Schematic representation of the different collinear
ground states. The magnetic moment on each site (layer) is repre-
sented by a blue arrow. The stacking direction is x, and the distances
for S and L bonds were set, for plotting purposes only, to 2 and
3, respectively. The segments connecting arrows along the x-axis
correspond to S bonds.
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FIG. 3. (a) Clustering using a reduced dataset without the points
corresponding to collinear phases. Keeping clusters with at least 500
points, three clusters are identified, that correspond to noncollinear
phases. The principal component axes differ from those of Fig. 1.
(b) The clusters correspond to separated regions in parameter space.

Performing the PCA and HDBSCAN procedure on the re-
duced dataset, using minimum cluster size of 500 data points,
led to the identification of three distinct clusters. The clus-
ters are well separated in the principal component space [see
Fig. 3(a)] and correspond to distinct noncollinear phases [see
Fig. 3(b)]. The three noncollinear phases are a ferromagnetic
phase with an alternating helical structure (FMAH), a heli-
cal phase (helical), and an antiferromagnetic phase with an
alternating helical structure (AFAH). The criterion to name
the phases is based on the magnetic structure of each phase,
which is schematically represented in Fig. 4 and will be dis-
cussed below.

1. Magnetic structure of the noncollinear phases

Representative states of three noncollinear phases are
schematically represented in Fig. 4, where the stacking direc-
tion is along the x axis, the magnetic moments are represented
by blue arrows, and we have used the rotational symmetry of
the model to align the magnetic moments perpendicular to the
X axis.

A closer examination of these states unveils a fundamental
difference between the Helical and alternating helical phases.
Specifically, in the alternating helical phases, the magnetic
moments across a double L bond are aligned in parallel. This
characteristic is not present in the Helical phase. Another
feature that distinctly separates the phases is the chirality of
the states:

1 N—1
k’:lﬁ;S,-xSiH. 3)

The Helical phase is characterized by a finite chirality and
vanishing magnetization. The FMAH phase is characterized
by a finite magnetization (0 < M < 1) and vanishing chirality.
The AFAH phase is characterized by vanishing magnetization
and vanishing chirality.

2. Energy of the noncollinear phases

In layered systems, a noncollinear (helical) phase typically
emerges due to a frustration between first- and second-
neighbor interlayer couplings. This requires the second-
neighbor couplings to be antiferromagnetic (greater than

Helical AFAH

FMAH

FIG. 4. Schematic representation of the different noncollinear
ground states. The magnetic moment on each site (layer) is repre-
sented by a blue arrow. The stacking direction is x, and the distances
for S and L bonds are set, for plotting purposes only, to 2 and 3,
respectively. The projection of the magnetic moments on the S,-S.,
x-Sy, and x-S planes are represented using green, light blue, and red
arrows, respectively. The segments connecting arrows along the x-
axis correspond to S bonds. The configurations depicted correspond
to a subset of the sites in systems of 988 sites, for which the energy
minimization was performed.

zero). In the Fibonacci quasicrystal, there are two first-
neighbor couplings and two second-neighbor couplings,
which could lead to anticipate two characteristic angles for the
helix, one for each type of bond. Under this assumption, the
energy of the helical phases would be given by an extension of
the expression for the energy of the collinear phases Eq. (2):

E¥ = J,¢7" cos(0s) + Jsp 2 cos(6)
+ J1s2¢ "2 cos(@s + 01) + Jrp > cos(26,),

Here, 6, = arccos(§,~ . S’,-H) represents the angle between
magnetic moments in nearest neighbor layers across an £ =
{L, S} bond. We have assumed coplanar magnetic moments,
where the relative angle between second neighbors is deter-
mined by the sum of the relative angles in between.

This two-angle model captures the collinear phases exactly
since s =0 or 7 and 6, =0 or = for a collinear phase.
Although it also provides a first approximation to the energy
of the system, it falls short in depicting the intricacies of the
noncollinear phases in the Fibonacci quasicrystal.

Generally, the relative angle for two nearest-neighbor mag-
netic moments is expected to be influenced not just by the
bond type, but by the surrounding environment of the bond
as well. Different angles are generally expected for an L bond
flanked by two S bonds (SLS configuration), and for a central
L bond in the LLS or SLL configurations. A similar situation
is anticipated for the S bonds, where the angle for the LLSLL
configuration and for the central bond in the LLSLS and
SLSLL configurations may differ. To accurately describe the
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ground state, at least two relative angles for each type of bond
(Gf, fori = 1,2 and ¢ = S, L) are generally needed.

For a Fibonacci quasicrystal constructed after n expansion
steps, we find ~F,_s LLSLL configurations, ~F, 4 LLSLS,
SLSLL, and SLS configurations, and ~F,_ 3 LLS and SLL
configurations. Using this four-angles model, the energy of the
noncollinear phases is given in the thermodynamic limit by

EY = Js(¢ 5 cos (67) +2¢* cos (65))
+ JL(¢’4 Ccos (QIL) +2¢73 cos (OZL))
+ Js(2¢77 cos (67 +05) +2¢* cos (0] + 63)
+2¢ " cos (65 +6%))
+Jr¢ 3 cos (05 £6%), “4)

where, in the last term, we have allowed the possibility that
the angle across a double L bond may be twice the angle
across a single L bond or zero. It’s crucial to account for
both positive and negative signs for the rotation angle after
two consecutive L couplings in order to capture all possible
ground state configurations. A negative sign is associated
with an opposing rotation angle of the magnetic moments
in the L bonds of an LL double bond, while a positive sign
indicates rotation in the same direction. Consequently, a
negative sign implies a change in rotation direction, from
clockwise to counterclockwise or vice versa, while a positive
sign indicates continued rotation in the same direction.

We find that the Helical phase corresponds to states de-
scribed by the + sign while the AFAH and the FMAH
correspond to the — sign.

The four-angle description allows a precise calculation of
the ground state configuration energy, for any set of couplings,
minimizing the energy E{’ with respect to the four angles
9;3%*;. The minimization was performed using the differential
evolution method [47] which is a fast stochastic method to
obtain global minima. The two possible signs in the energy
E¥ of Eq. (4) were considered, and the minimum energy
solution retained after comparing the two cases (+ and —).
This approach turned out to be much faster than the energy
minimization of finite size systems using the BFGS algorithm,
and it was more reliable for the identification of the ground
state configuration. Once the angles 95:5; that minimize the
energy are obtained, the magnetic configuration can be con-
structed for systems of arbitrary size and the magnetization
and chirality can be readily calculated. Additionally, the four-
angles solution is an excellent starting point to perform a full
energy minimization of the system using Eq. (1). For a given
set of couplings, the ground state energy obtained from E$’
generally remains within approximately 0.1% of the ground
state energy obtained using Eq. (1) for the largest systems
considered (N = 4182).

A substantial number of data points were not incorporated
by HDBSCAN into the three clusters obtained in our second
stage of analysis, which underscores the inherent complex-
ity of identifying noncollinear phase structures. Nonetheless,
once the seven distinct phases were identified, the four-angles
model allowed the description of the magnetic configurations
for all data points.

(b) ° .
o
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c c ® 9
° ° °
© 072 c ® 0.31 - >
N S N » 504
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g 8 0.72] 2 R °
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> 3 g021¢ %
s c s < 0.21 Gl
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FIG. 5. Scaling of the magnetization with the system size in the
FMAH phase. The magnetization is calculated using the 4 angles
model (disks) and the full minimization (triangles). (a) The cou-
plings are JS = —026, ]LS = 016, and ]LS = —0.66 JLL = —0.68.
(b) The couplings are Jg = 0.66, J.s = —0.57, and J; g = —0.32
Jir = —0.36.

While the four-angles model can be refined considering
longer range environments for each bond, which leads to
consider more possible angles for each bond, it is enough to
characterize the phases of the system.

3. Finite size effects

We analyzed possible finite size effects on the noncollinear
phases minimizing the energy for systems of up to 4182 sites.
The four-angles model provides an excellent approximation
for the ground state energy and magnetic configuration. How-
ever, as the system size is increased, an increasing number of
angles is in general needed to provide a full description of the
magnetic configuration.

The chirality of the alternating helical phase states con-
verges to zero as the system size is increased, while it
converges to a finite value for the Helical phase. The magne-
tization of the AFAH and helical phases converges to zero but
in the FMAH phase shows a peculiar behavior as the system
size is increased.

The results for the magnetization of a state in the FMAH
phase, as a function of the inverse system size, calculated
using both the four-angles model and a full minimization of
the energy are presented in Fig. 5. Interestingly, a very slow
(logarithmic) decay of the magnetization is observed, which
seems to indicate a vanishing magnetization for large enough
systems. However, the decay of the magnetization with system
size is so slow that exponentially large systems would be
needed to observe a vanishing of the magnetization, assuming
the trend continues as the system size is increased. For the set
of parameters in our dataset where the systems showed the
fastest decay of the magnetization, a change in the behavior
is observed showing a decrease in the decay speed for large
enough systems [see Fig. 5(b)].

These results suggest that the magnetization of any exper-
imentally achievable system, when the parameters are in the
FMAH phase, will be finite. Additionally, it is important to
note that depending on the system parameters, the different
phases can be distinguished in systems comprising a few tens
of layers, which could be within the reach of current experi-
mental techniques.
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TABLE 1. Main characteristics of the magnetic Fibonacci qua-
sicrystal phases.

Phase Collinear? oL, ok 05,65 M K

FM Yes 0 0 1 0
AFM Yes T b4 0 0
AFM1 Yes T 0 0 0
AFM2 Yes 0 T 0 0
FMAH No <1 0
AFAH No 0 0
Helical No 0 ~1

C. Phase diagram

In order to plot the different phases of the system, we
selected a uniform grid of points in parameter space and
obtained the ground state configuration using the four-angles
model. The points in parameter space were classified accord-
ing to the value of the four angles that minimized the energy,
the chirality and the magnetization. These features are pre-
sented in Table I for the seven magnetic phases identified.

Only the helical phase presents a nonzero chirality, while
the FM and FMAH phases are the only ones having a fi-
nite magnetization in the ground state configuration. In the
FM phase the four angles of the model are zero (9 = 6 =
65 = 05 = 0) which corresponds to a saturated magnetiza-
tion, while in the AFM phase, the four angles are (91L =
0f = 05 = 65 = 7). In the AFM1 phase, the angles are 6 =
0L = 7 and 67 = 65 = 0, which corresponds to the behavior
described in Sec. IIT A, where the magnetic moments across
an S bond are parallel, while the ones across an L bond

FM AFM

are antiparallel. In the AFM2 phase, the situation is reversed
compared to the AFM1 phase as the angles are 61 = 65 =0
and 67 = 65 = 7. Finally, in the noncollinear phases, the
angles are generic, and the phases can be distinguished by
a finite unsaturated magnetization and zero chirality in the
FMAH phase, a finite chirality and zero magnetization in the
helical phase, and a zero magnetization and zero chirality in
the AFAH phase.

All the magnetic phases identified are presented in Fig. 6
showing on each subplot points in the normalized space of
couplings (Jjs, jr, jrs) that correspond to a given phase [48].
The color code represents the value of the j;; coupling.
The FM phase, with all magnetic moments aligned, includes
the systems in which all couplings ferromagnetic (j, < 0).
This is a collinear phase with saturated magnetization (M =
1) and zero chirality (k = 0). The AFM phase features a
staggered magnetization along the stacking direction and con-
tains systems with antiferromagnetic first-neighbor couplings
(jr, js > 0) and ferromagnetic second-neighbor couplings
(JLs, jur < 0). Both the magnetization and the chirality vanish
in this phase.

The FM and AFM phases in this system do not differ
from the corresponding phases in a periodic stacking of fer-
romagnetic layers. The collinear AFM1 and AFM2 phases,
however, are unique to the Fibonacci quasicrystal. Systems
with ferromagnetic jg and j;; and antiferromagnetic j; and
Jjis couplings are found in the collinear AFM1 phase, while
the AFM2 phase is mainly composed by systems with fer-
romagnetic j; and j;; and antiferromagnetic js and jg
couplings.

The Helical phase is in an antiferromagnetic j;; coupling
region, while in the FMAH and AFAH phases, j; is negative

AFM1 AFM2

Helical AFAH

FMAH

FIG. 6. Magnetic phases of the magnetic Fibonacci quasicrystal. The coupling constants are normalized to the sum of their squares.
Negative (positive) values are associated with (anti-)ferromagnetic couplings. The color code represents the value of the j;; coupling. The
phases indicated in the figure are FM: ferromagnetic, AFM: antiferromagnetic, AFM1: antiferromagnetic with the magnetic moments across
S bonds ferromagnetic, AFM2: antiferromagnetic with the magnetic moments across the L bonds ferromagnetic, Helical: helical structure,
AFAH: antiferromagnetic with an alternating helical structure. FMAH: ferromagnetic with an alternating helical structure.
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TABLE II. Confusion matrix.

Helical AFM AFM2 FMAH AFAH AFM1 FM

Helical 97.0 0.3 0.5 0.6 0.6 0.4 0.6
AFM 06 989 0.0 0.2 0.2 0.0 0.1
AFM2 1.3 00 979 0.2 0.6 0.0 0.0
FMAH 1.5 1.5 0.9 94.5 0.0 0.9 0.8
AFAH 1.4 1.0 3.0 0.0 923 2.1 0.3
AFM1 1.1 0.0 0.0 0.0 0.7 98.2 0.0
FM 1.0 0.0 0.0 0.5 0.1 0.0 983

(ferromagnetic). The sign of js is different in the AFAH
(jrs > 0) and FMAH (j.s < 0) phases. The two lobes in the
FMAH phase are related by the odd site inversion symmetry
discussed above. One of its lobes in parameter space is contin-
uously connected to the ferromagnetic phase, while the other
is connected to the AFM phase.

1. Phase classification using a neural network

The complexity of the phase diagram significantly compli-
cates a priori determination of the phase to which a specific
parameter set belongs. However, by employing a trained
neural network that uses classified points and normalized
parameters as input, we successfully developed a classifier
capable of predicting the phase with an accuracy exceeding
97.5%. Specifically, we trained a multilayer perceptron (MLP)
model? using the MLPClassifier function from the scikit-learn
[49] library in PYTHON. We trained the MLP model on 80%
of the data points, leaving the remaining 20% for testing.
The code to use the neural network is available as a Jupyter
notebook [50].

In a more comprehensive assessment of our MLP model,
we calculated the confusion matrix presented in Table II. The
diagonal elements correspond to the percentage of correctly
classified data points (predicted label equals the true label),
and the off-diagonal elements represent the percentage of mis-
classified data points. Each row signifies the true label, while
each column indicates the predicted label. The MLP model
displays good performance across all categories, and can be
used for a quick exploratory analysis of the phase diagram.
It is, however, important to bear in mind that the model’s
accuracy decreases near the phase boundaries. The multilayer
perceptron (MLP) model, although powerful, does not fully
capture the fine details in situations where the phase transition
is a continuous process and the differences between phases are
subtle. In these cases, the four-angles model is a more reliable
tool to identify the phase of a given set of couplings.

2. Phase boundaries

To analyze the behavior of the system close to the phase
boundaries, we used the four-angle model, which allows us

3The model configuration comprised three hidden layers of sizes
10, 4, and 10, respectively. The “tanh” activation function and the
“Ibfgs” solver for weight optimization were employed. The model
underwent a maximum of 5000 iterations with an L2 penalty param-
eter (alpha) of 0.0001 utilized for regularization.

4 4
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FIG. 7. Magnetization and angles of the four-angle model, (a) for
Jg = —0.26, J, = 0.16, and J;; = —0.68, as a function of J;;. The
system transition from the FMAH phase to the Helical phase at J;;, =
0, where the magnetization vanishes discontinuously, while the an-
gles show a continuous behavior. (b) Same as (a) for Jg = —0.26,
Jis = —0.65, and J;; = —0.68 as a function of J;. The system
transitions from the ferromagnetic to the antiferromagnetic phase
through the FMAH ferromagnetic noncollinear phase. (c) Same as
(a) for Jg = —0.26, Ji s = 0.16, and J; 3 = —0.65 as a function of
Jrs. There is a continuous transition from the FMAH phase to the
AFM?2 phase.

to calculate reliably the ground state configuration for any
set of couplings. Figure 7 presents the magnetization and the
angles of the four-angle model along three different paths in
the parameter space. The transitions as a function of the pa-
rameters are in general continuous. The only exception is the
transition from the FMAH phase to the helical phase, which
is discontinuous. The magnetization vanishes discontinuously,
while the angles show a continuous behavior.

IV. CONCLUSION

In this paper, we presented a study of the magnetic proper-
ties of a Fibonacci quasicrystalline magnetic heterostructure.
We utilized a reduced Heisenberg model incorporating first-
and second-neighbor couplings along the stacking direction
to describe the system’s magnetic frustration effects.

An unsupervised machine learning methodology allowed
for the exploration of the parameter space, aiding in the identi-
fication of the system’s ground state magnetic configurations.
The use of a simplified model, defined by four distinct angles
representing the nearest neighbor magnetic moments’ relative
angles, enabled us to compute and categorize the ground state
configurations and energies for any set of coupling parame-
ters.

The complex phase diagram of the system was found to
include a multitude of magnetic phases, such as ferromag-
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netic, antiferromagnetic, and noncollinear. Particularly, the
noncollinear variants included a helical phase and two nonchi-
ral phases, one of which exhibited ferromagnetic features. The
noncollinear ferromagnetic phase exhibited a highly attenu-
ated but persistent magnetization decay with increased system
size. Additionally, we observed several magnetic phase tran-
sitions of both continuous and discontinuous types.

Dimensional reduction and clustering approaches (PCA
and HDBSCAN) proved useful for distinguishing both
collinear and noncollinear phases. However, the complexity
of the system demanded an in-depth analysis and detailed
modeling in order to attain a precise interpretation of the
results.

Our work contributes to the understanding of magnetism
in quasicrystalline systems and demonstrates the effectiveness
of machine learning techniques for discovering new phases
in complex systems. Future studies will focus on the char-
acterization of magnetic excitations in the different phases
and on the impact of temperature on the system’s magnetic
properties.
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APPENDIX: ENERGY MINIMIZATION
FOR CLASSICAL MAGNETIC MOMENTS

We consider unit-length classical vectors to represent the
magnetic moments. These vectors can be expressed as the

product of a rotation matrix and a unit vector along the z
axis. The rotation matrix can be written as the exponential
of a skew-symmetric matrix. Let k= (k1, k>, k3) be a unit
vector indicating the axis of rotation, and let 6 be the angle
of rotation. The skew-symmetric matrix can be written as

0 k3 ko
Sk =60 k3 0 _kl
—ky K 0

The corresponding rotation matrix, R, can be obtained using
Rodrigues’ formula:

sin(0) 1 —cos(9)
S
+ g Ok + 02

Sz

Here, R represents the rotation matrix derived from the expo-
nential skew-symmetric matrix Sy.

Using these expressions we can represent the energy of the
system as a function of the parameters {6k, Ok,, 6k3} for each
magnetic moment [52]. We can also calculate the derivative of
the energy analytically.

With the expressions of the energy and of the derivative
of the energy with respect to the different parameters that
characterize the orientation of the magnetic moments, we can
use the Broyden-Fletcher-Goldfarb-Shanno (BFGS) method
to minimize the energy.

We are using the version implemented in the Ensmallen
library (flexible c++ library for efficient numerical opti-
mization) [53], which relies on the Armadillo library (a
template-based C++- library for linear algebra) [54].
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