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Gating ferromagnetic resonance of magnetic insulators by superconductors via
modulating electric field radiation
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We predict that ferromagnetic resonance in an insulating magnetic film with in-plane magnetization radiates
electric fields polarized along the magnetization with opposite amplitudes at two sides of the magnetic insulator,
which can be modulated strongly by adjacent superconductors. With a single superconductor adjacent to the
magnetic insulator, this radiated electric field is totally reflected with a π -phase shift, which thereby vanishes at
the superconductor side and causes no influence on the ferromagnetic resonance. When the magnetic insulator
is sandwiched by two superconductors, this reflection becomes back and forth, so the electric field exists at
both superconductors that drives the Meissner supercurrent, which in turn shifts efficiently the ferromagnetic
resonance. We predict an ultrastrong coupling between magnons in the yttrium iron garnet and Cooper-pair
supercurrent in NbN with a frequency shift achieving tens of percent of the bare ferromagnetic resonance.
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I. INTRODUCTION

“Magnonics” exploits magnetic excitations, i.e., spin
waves or their quanta, magnons, as potential information car-
riers for spin transport in insulators with low-energy consump-
tion [1–10]. Interaction between magnons and Cooper-pair
supercurrent in heterostructures composed of magnets and
superconductors may modulate the transport of spin informa-
tion [11–20], strongly enhance the magnon-photon interaction
[21–27], and lead to the emergence of triplet Cooper pairing
[28–32], which may bring unprecedented functionalities in
spintronics [28–30], quantum information [33–39], and topo-
logical quantum computation [40]. In this heterostructure, the
hybridized quantum states and distribution of macroscopic
electromagnetic fields govern its properties. For example, the
“ultrastrong coupling” [41] with the coupling strength close
to the ferromagnetic resonance (FMR) frequency unveils the
importance of the dipolar interaction in the superconductor–
metallic ferromagnet–superconductor (S-F-S) heterostructure
[22–24], where the photon mode with a large mode density is
localized in the nanoscale between two superconductors [42].

The importance of the dipolar interaction also manifests in
the superconductor gating effect on magnons [14,15,20,43–
46], in which the frequency of magnons with finite wave
number [47–50] can be shifted up to tens of GHz, as recently
predicted [14,15] and observed [20] in the superconductor–
ferromagnet insulator (S-FI) heterostructure. The stray elec-
tric field of magnons drives the supercurrent in the adjacent
superconductor which in turn generates the Oersted magnetic
field that affects the low-frequency magnetization dynamics.
This gating effect favors the spin diode [10,51] and magnon
trap [52–54] in proper gating configurations. The FMR fre-
quency in this S-FI bilayer is not affected, however.

*taoyuphy@hust.edu.cn

On the other hand, the FMR of the metallic ferromagnet
sandwiched by two superconductors was shifted up to 50 mT
in the resonant field when the thickness of the two supercon-
ductor layers is larger than the London’s penetration depth,
as observed in several recent experiments [55–57]. Above the
superconducting transition temperature, the FMR frequency
recovers to the Kittel mode [58], which may be exploited to
realize the magnetic logic gate through a phase transition in
the superconductor. This phenomenon may be related to the
frequency splitting induced by spin-triplet superconducting
state [55], Meissner screening [57], and giant demagnetization
effects [16,59]. It appears that this modulation could be absent
for the FMR in the ferromagnetic insulators [16,55,57,59],
however, which has not been reported in the experiments
yet [60–62]. Silaev predicted recently ultrastrong coupling
between magnons and microwave photons in a magnetic in-
sulator when sandwiched by two superconductors of infinite
thickness, where the radiation of the electric field out of the
heterostructure is completely suppressed [25]. The experiment
[55] showed that inserting a thin insulator layer in the het-
erostructures composed of a metallic ferromagnet sandwiched
by two superconductors completely suppresses the shift of
FMR. This raises the issue of whether the FMR can be gated
or not in magnetic insulators by adjacent superconductors in
proper configurations.

In this work, we study this issue by going beyond the
quasistatic approximation for magnetostatic modes [63] and
demonstrate that although the stray magnetic field of Kittel
magnon with uniform magnetization precession is vanishingly
small outside of the in-plane magnetized ferromagnetic in-
sulating film, the radiated electric field is significant with
opposite amplitudes at two sides of the magnetic film and
polarization parallel to the magnetization direction. This dis-
tribution of the radiated electric field is sensitive to the
adjacent superconductors due to the total reflection, as illus-
trated in Fig. 1 for snapshots of the distribution of electric
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FIG. 1. Snapshots of magnetization-radiated electric fields in
different heterostructure configurations. The electric field changes
linearly across the thickness of the ferromagnetic insulating film.
(a) The electric field amplitude is opposite at two sides of the thin
magnetic insulator. (b) When fabricating a superconductor thin film
on a ferromagnetic insulator, the electric field is suppressed to vanish
at the superconductor side but enhanced at the other side of the
magnet. When the magnet is sandwiched by two superconductors,
the electric field exists but differs at both sides in both symmetric
(c) and asymmetric (d) configurations.

fields in different heterostructure configurations. The electric
field is opposite at two sides of a single thin ferromagnetic
insulator [Fig. 1(a)]; contraintuitively, in the S-FI bilayer this
electric field is suppressed to vanish at the superconductor
side [Fig. 1(b)], when the superconductor thickness is larger
than a nanometer; nevertheless, when sandwiched by two
superconductors, the electric field is neither shifted to vanish
nor screened completely, as plotted in Figs. 1(c) and 1(d) for
symmetric and asymmetric configurations. These features are
well understood by our mechanism of modulated reflection
of magnetization-induced electric fields by superconductors,
which predicts the absence of FMR shift in ferromagnetic
insulator–superconductor heterostructure and the ultrastrong
modulation of FMR, shifted up to tens of percent of the bare
frequency when the ferromagnetic insulator is sandwiched by
two thin superconductors.

This paper is organized as follows. We address the model
and general formalism in Sec. II. In Secs. III, IV, and V,
we analyze the distribution of the electric fields from FMR
of a single ferromagnetic insulator, S-FI bilayer, and S-FI-S
heterostructure, respectively, and address the ultrastrong inter-
action between the FMR and supercurrent. We conclude and
discuss in Sec. VI.

II. MODEL AND GENERAL FORMALISM

We consider a heterostructure composed of a ferro-
magnetic insulating film of thickness 2dF ∼ O(100 nm)
with in-plane magnetization sandwiched by two thin su-
perconductor layers with thickness dS � λ and d ′

S � λ,
respectively, as illustrated in Fig. 2. Here λ ∼ O(100 nm)
is London’s penetration depth of conventional supercon-
ductors. In the ferromagnetic insulators, the dynamics of
magnetization M = Mxx̂ + Myŷ + M0ẑ, where M0 is the sat-
urated magnetization, is phenomenologically governed by the
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FIG. 2. S(1)-FI-S(2) heterostructure. The thickness of super-
conductors above and beneath the thin ferromagnetic insulator of
thickness 2dF is dS and d ′

S , respectively. The driven supercurrents
Js and J′

s by FMR flow oppositely along the magnetization direction.

Landau-Lifshitz-Gilbert (LLG) equation [64]

∂M/∂t = −μ0γ M × H + αG(M/M0) × ∂M/∂t, (1)

where μ0 is the vacuum permeability, −γ is the electron
gyromagnetic ratio, and αG is the damping coefficient of the
magnetic insulator. The magnetization precesses around the
effective magnetic field H = Happ + Hr that contains the ex-
ternal static field Happ = H0ẑ and the radiated dynamic field
Hr generated by the “magnetic dipole radiation” [14,65]. The
energy flow out of the magnetic insulator then causes the
radiation damping since the radiated magnetic field out of
phase of the magnetization can exert a dampinglike torque on
the magnetization. The exchange interaction plays no role in
the FMR since the gradient of M vanishes for the uniform
precession.

The oscillating magnetic induction B = μ0(M + H) gov-
erns the radiation of electric fields inside and outside the
ferromagnetic insulator according to [65]

∇ × E = −∂B
∂t

, ∇ × H = Js + ε0
∂E
∂t

, (2)

where ε0 is the vacuum permittivity. When coupled with su-
perconductors, this electric field drives the supercurrent Js via
London’s equation [66]

∂Js

∂t
= 1

μ0λ2
E, ∇ × Js = − 1

μ0λ2
B. (3)

Here London’s penetration depth at different temperatures
T < Tc follows the relation [66]

λ(T ) = λ0

[
1 −

(
T

Tc

)4
]−1/2

, (4)

where λ0 is London’s penetration depth at zero temperature.
The boundary condition describes the fields at the inter-

faces [65]. For the magnetic induction and field, B⊥ and H‖
are continuous at the boundaries. Since there is no surface cur-
rent or charge accumulation, the electric field E is continuous
at interfaces.

At low frequencies and with near fields, the quasistatic
approximation is usually applied [65], in which situation the
radiation damping should be negligibly small. This is proved
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according to the calculation of radiation damping in Sec. III A.
It is then sufficient to express the radiated magnetic field Hr

as the summation of the dipolar field Hd and the Oersted field
Hs from the superconductor [63,64]. The dipolar field

Hd,β (M) = 1

4π
∂β

∑
α

∂α

∫
dr′ Mα (r′)

|r − r′|

= 1

4π
∂β

∫
dr′ −ρm(r′)

|r − r′| (5)

is governed by Coulomb’s law in terms of the magnetic charge
ρm = −∇ · M.

With the quasistatic approximation, ∇ × B = μ0Js in su-
perconductors. Taking the curl of Eq. (2) and substituting
Eq. (3) into it, the electric field inside the superconductor
obeys

∇2E − E/λ2 = 0. (6)

On the other hand, taking the curl of ∇ × B = μ0Js and
combining with Eq. (3), the magnetic induction inside the
superconductor obeys ∇2B − B/λ2 = 0. The driven supercur-
rent then affects the magnetization dynamics. From Eq. (3),
the electric field drives supercurrent inside the supercon-
ductor, which then generates the vector potential. With the
uniform magnetization precession, the system is translational
invariant in the y − z plane, so the supercurrent only depends
on x and as it for the vector potential [65]

A(x) = μ0

4π

∫
dr′ Js(x′)

|r − r′| . (7)

Accordingly, the Oersted magnetic field

Hs = (1/μ0)∇ × A (8)

only contains the y component Hy = −∂xAz(x)/μ0, which
drives the magnetization.

III. SINGLE THIN FERROMAGNETIC INSULATOR

We start with a single insulating ferromagnetic film to
address the significant radiated electric fields from the uni-
form magnetization precession. For a single ferromagnetic
insulator of thickness 2dF biased by a static magnetic field
Happ = H0ẑ, the magnetization M for the FMR is uniform
inside the ferromagnetic layer by the constant demagnetiza-
tion factor Nxx = −1. Since the magnetic film is sufficiently
thin, we stick to the uniform precession throughout this work.
The opposite magnetic charges at the two surfaces of the film
generate opposite magnetic field outside, which results in van-
ished stray magnetic field Hd = 0 outside the ferromagnetic
layer, as also calculated from Eq. (5); inside the ferromag-
net, Hd = {−Mx, 0, 0} and B = {0, μ0My, μ0(H0 + M0)}, in
which only the y component of B oscillates with frequency ω

that can radiate the electric field.

A. Full solution

Here we go beyond the quasistatic approximation and solve
the radiated electric field. According to Eq. (2), the oscillating
electromagnetic field is the source for radiating microwaves
in space. Taking the curl of the first equation in Eq. (2), the

electric field of frequency ω obeys

∇2E + ε0μ0ω
2E = −iωμ0∇ × M. (9)

Such a radiation process is governed by the oscillating “mag-
netization current” JM = ∇ × M, which is analogous to the
radiation caused by the normal oscillating charge current [65].

Via the Green function technique [65], Eq. (9) has the
solution

E(r) = iμ0ω

4π

∫
[∇′ × M(r′)]eik|r−r′ |

|r − r′| dr′, (10)

where k = ω/c is the wave number of microwaves. Since only
the x and y components of M oscillate with frequency ω and
M is uniform inside the ferromagnetic layer, (∇ × M)x,y = 0
in all space, leading to Ex = Ey = 0 and

Ez(x) = iμ0ω

4π

∫
[∂x′My(r′)]eik|r−r′ |

|r − r′| dr′. (11)

Using Weyl identity [10]

eik|r−r′ |

|r − r′| =
∫

dk′
zdk′

y

ieik′
z (z−z′ )+ik′

y (y−y′ )ei
√

k2−k′2
z −k′2

y |x−x′|

2π
√

k2 − k′2
z − k′2

y

,

(12)

we obtain the electric field

Ez = μ0ωMy

2k

⎧⎪⎪⎨
⎪⎪⎩

e−ik(x−dF ) − eik(x+dF ), −dF < x < dF

eik(x−dF ) − eik(x+dF ), x > dF

e−ik(x−dF ) − e−ik(x+dF ), x < −dF .

(13)

From Eq. (2), we find the magnetic induction Bx = 0, Bz =
μ0(H0 + M0) is static, and By = −∂xEz/(iω) follows

By = μ0My

2

⎧⎪⎪⎨
⎪⎪⎩

eik(x+dF ) + e−ik(x−dF ), −dF < x < dF

eik(x+dF ) − eik(x−dF ), x > dF

−e−ik(x+dF ) + e−ik(x−dF ), x < −dF .

(14)

We can understand the radiated electric field (13) well via
the oscillating “magnetization current” JM . For the uniform
magnetization precession, JM is located at the surfaces of the
ferromagnetic insulator, i.e., the dynamic component

JM (x) = [δ(x + dF ) − δ(x − dF )]Myẑ ∝ My (15)

has the same magnitude but opposite sign at two surfaces
x = ±dF , as illustrated in Fig. 3. Such oscillating magnetiza-
tion current then radiates the electromagnetic waves of wave
vector kx̂ and −kx̂ with k = ω/c into two opposite directions.
Due to the opposite sign of JM at x = ±dF , the amplitudes
of the electric fields radiated by the left and right surfaces
are of opposite sign EL = −ER ≡ E0 ∝ My. At the right-hand
side of the sample, i.e., x > dF , the propagation phases of the
radiated electric field from the left and right surfaces are k(x +
dF ) and k(x − dF ), respectively, resulting in a net electric
field E = E0(eik(x+dF ) − eik(x−dF ) ). Similarly, when x < −dF ,
E = −E0(e−ik(x−dF ) − e−ik(x+dF ) ). These recover exactly the
solution (13).
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FIG. 3. Electric field radiated from the surface magnetization
current at the two surfaces of the magnetic insulator.

With the full solutions (13) and (14), we are allowed to
calculate the radiation damping of the FMR due to the energy
radiated out of the magnetic insulator. According to Eq. (14),
the radiated magnetic field inside the magnetic insulating film

Hr
x = −Mx,

Hr
y = i

ωdF My

c
= −dF

c

dMy

dt
(16)

drives the magnetization, leading to the linearized LLG equa-
tion

−iωMx + μ0γ MyH0 = i(αG + αR)ωMy,

iωMy + μ0γ H0Mx = −μ0γ M0Mx + iαGωMx, (17)

where the damping coefficient contributed by the radiation
reads as

αR = μ0γ M0dF /c. (18)

It is negligibly small: For the YIG film of thickness 2dF =
120 nm and μ0M0 = 0.2 T [67,68], αR ≈ 7.3 × 10−6 �
αG ∼ 5 × 10−4. However, the radiation damping is enhanced
with thicker films.

We are interested in the field near the ferromagnet with
a distance ∼λ. In ferromagnetic insulators, ω ∼ 2π × 4 GHz
[14], and λ ∼ 100 nm for conventional superconductors, so
kλ ∼ 10−5 � 1. When kx → 0, we have

Ez(x) =

⎧⎪⎪⎨
⎪⎪⎩

−iμ0ωMyx, −dF < x < dF

−iμ0ωMydF , x > dF

iμ0ωMydF , x < −dF

(19)

as plotted in Fig. 1(a) for a snapshot. The magnetic induction

By(x) =

⎧⎪⎪⎨
⎪⎪⎩

μ0My, −dF < x < dF

0, x > dF

0, x < −dF

(20)

recovers to the results from quasistatic approximation [63]
with vanishing magnetic field Hy outside of the ferromagnet.

B. Quasistatic approximation

The above analysis implies that when focusing on the near-
field limit, we may apply the quasistatic approximation that
sets ∇ × H = 0 in Eq. (2). When focusing on the FMR case,
E is translation invariant in the y − z plane. i.e., ∂zEx = 0.

FIG. 4. Radiated electric field of the FI-S heterostructure.

Taking the y component of Eq. (1), the oscillation of By only
generates Ez parallel to the magnetization:

−∂xEz = iωμ0My. (21)

Integrating along x across the ferromagnet yields

Ez(x) = −iωμ0My(x + dF ) + Ez(x = −dF ). (22)

Thereby, Ez depends linearly on x inside the ferromagnet.
Outside the ferromagnet,

Ez(x) = −2iωμ0MydF + Ez(x = −dF ) (23)

is uniform, which is consistent with the vanished magnetic
field Hy|outside = 0 in the quasistatic approximation. According
to the symmetry, Ez(x = 0) = 0, so the electric field is exactly
the same as Eq. (19).

IV. S-FI HETEROSTRUCTURE

We consider the S-FI heterostructure composed of a fer-
romagnetic film of thickness 2dF and a superconductor of
thickness dS , as shown in Fig. 4. We demonstrate the adjacent
superconductors modulate strongly the radiated electric field
which explains the absence of the FMR shift in this configu-
ration [20,55].

A. Full solution

Inside the ferromagnet, since ∇ × M = 0 for uniform M,
Eq. (9) has the solution Ez(x) = E1eikx + E ′

1e−ikx . Inside the
superconductor, according to Eqs. (1) and (3), the electric field
obeys

∂2
x Ez + (ε0μ0ω

2 − 1/λ2)Ez = 0, (24)

which has the solution Ez(x) = E2eik′x + E ′
2e−ik′x, where k′ =√

(ω/c)2 − 1/λ2 ≈ i/λ is purely imaginary with microwave
frequencies. For example, with frequency ω ∼ 2π × 4 GHz,
k = ω/c ∼ 83.8 m−1 is much smaller than 1/λ ∼ 107 m−1

with London’s penetration depth λ ∼ 100 nm. Therefore, due
to the Meissner effect, the low-frequency electromagnetic
waves no longer propagate but decay in the superconduc-
tor. Out of the heterostructure, the electric fields E3eikx and
E4e−ikx are radiated. These radiated electric fields are illus-
trated in Fig. 4.

The amplitudes {E1, E ′
1, E2, E ′

2, E3, E4} are governed by
the boundary conditions, i.e., Ez and Hy are continuous at
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FIG. 5. Reflection coefficient Re(R) as a function of the super-
conductor thickness dS with different London’s penetration depth
λ = 100 nm and 1 μm. We take the frequency ω = 2π × 4 GHz.

interfaces. The continuous Ez at interface requests

E1eikdF + E ′
1e−ikdF = E2eik′dF + E ′

2e−ik′dF ,

E2eik′(dF +dS ) + E ′
2e−ik′(dF +dS ) = E3eik(dF +dS ),

E1e−ikdF + E ′
1eikdF = E4eikdF . (25)

In the superconductors, Hy = −1/(iωμ0)∂xEz, while in the
ferromagnet, Hy = −1/(iωμ0)∂xEz − My, so the continuous
Hy at interfaces leads to

k′(E2eik′dF − E ′
2e−ik′dF ) = k(E1eikdF − E ′

1e−ikdF )

+ ωμ0My,

k′(E2eik′(dF +dS ) − E ′
2e−ik′(dF +dS ) ) = kE3eik(dF +dS ),

k(E1e−ikdF − E ′
1eikdF ) + ωμ0My = −kE4eikdF . (26)

Combining Eqs. (25) and (26), we obtain all the ampli-
tudes. In the ferromagnetic insulator,

Ez(−dF < x < dF ) = RE0e−ik(x−dF ) + Esingle(x), (27)

where the amplitude E0 = −[ωμ0My/(2k)](e2ikdF − 1),
Esingle(x) is the radiated electric field from a single magnetic
insulator [Eq. (13)], and

R = eik′dS (k2 − k′2) + e−ik′dS (k′2 − k2)

eik′dS (k − k′)2 − e−ik′dS (k + k′)2
(28)

is the reflection coefficient of the electric field at the super-
conductor surface.

We plot the dependence of R on the superconductor thick-
ness dS in Fig. 5 with different London’s penetration depth
λ under the frequency ω ∼ 2π × 4 GHz. The reflection co-
efficient saturates to R → −1 when dS > 0.1 nm, but is
reduced to 0 when dS → 0, recovering the solution (13) of the
single-layer case. We conclude that even with a small dS � λ,
since |k| = ω/c is much smaller than |k′| ≈ 1/λ when ω ∼
2π × 4 GHz, R → −1. This implies the total reflection of
the electric fields at the FI-S interface even with an ultrathin
conventional superconductor layer. As shown below, this indi-
cates the absence of FMR shift in all the available experiments
with thick superconductors [20,55].

Inside the superconductor,

Ez(dF < x < dF + dS )

= 2kE0

eik′dS (k − k′)2 − e−ik′dS (k + k′)2

× ((k − k′)e−ik′(x−dF +dS ) − (k + k′)eik′(x−dF −dS ) ), (29)

which is indeed very weak since |k| � |k′|. Out of the het-
erostructure,

Ez =

⎧⎪⎨
⎪⎩

−4kk′E0eik(x−dF −dS )

eik′dS (k−k′ )2−e−ik′dS (k+k′ )2 , x > dF + dS

RE0e−ik(x−dF ) + Esingle(x), x < −dF .

(30)

At low frequencies and near the heterostructure, kx → 0,
kdF → 0, and kdS → 0, so the electric fields

Ez(x) =

⎧⎪⎪⎨
⎪⎪⎩

0, x > dF

−iωμ0My(x − dF ), −dF < x < dF

2iωμ0MydF , x < −dF

(31)

which is illustrated in Fig. 1(b) for a snapshot. The electric
field vanishes in the superconductor due to the total reflection
with a π -phase shift R = −1 that generates no supercurrent
and thereby leads to no modulation on the FMR.

B. Quasistatic approximation

The full solution clearly shows the absence of electric
fields at the superconductor side of the S-FI heterostructure,
which can be well understood within the quasistatic approx-
imation ∇ × H = 0 or Js. Assuming Ez(x = dF ) = Ẽ0 at the
FI-S interface, according to Eq. (6) the electric field in the
adjacent superconductor

Ez(x) = Ẽ0
cosh [(x − dS − dF )/λ]

cosh (dS/λ)
(32)

drives the supercurrent. For a thin superconducting film of
thickness O(λ), we are allowed to take an average of the
supercurrent Js,z = [Js,z(x = dF ) + Js,z(x = dF + dS )]/2, and
from the first equation of Eq. (3)

Js,z = i

μ0ωλ2
Ẽ0

1 + cosh(dS/λ)

2 cosh(dS/λ)
. (33)

The supercurrents generate the vector potential (7) and the
Oersted magnetic field according to Hy = −∂xAz/μ0. Taking
k = 0 at low frequencies in the Weyl identity (12), i.e., [10]

1

|r − r′| =
∫

dk′
xdk′

y

eik′
x (x−x′ )+ik′

y (y−y′ )e−
√

k′2
x +k′2

y |z−z′ |

2π
√

k′2
x + k′2

y

, (34)

we obtain the Oersted magnetic field generated by the super-
currents

Hs,y(x) =
{

dSJs,z/2, x > dF + dS

−dSJs,z/2, x < dF .
(35)

However, constant Hs,y independent of x should vanish out
of the heterostructure within the quasistatic approximation
since a constant magnetic field renders the radiated electric
field divergent, which requests Js,z = 0 when dS = 0 and
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FIG. 6. Radiated electric field of the S-FI-S heterostructure.

Ez(x > dF ) = 0. Since the electric field is continuous at inter-
faces, Ez(x = dF ) = Ẽ0 = 0 and according to Eq. (21) Ez(x =
−dF ) = 2idF ωμ0My. These simple calculations thereby cap-
ture precisely the key physics of the full solution (31).

V. S-FI-S HETEROSTRUCTURE

Further, we consider the S-FI-S heterostructure as illus-
trated in Fig. 2 composed of the ferromagnetic insulator of
thickness 2dF and two adjacent superconductor films of thick-
ness dS and d ′

S , respectively. In comparison to that of the S-FI
bilayer, the distribution of the electric field in S-FI-S het-
erostructure changes much due to its back-and-forth reflection
by the superconductors, as addressed in this section.

A. Full solution

Similar to the S-FI heterostructure, inside the ferromagnet,
Ez(x) = E1eikx + E ′

1e−ikx; in the superconductor “1,” Ez(x) =
E2eik′x + E ′

2e−ik′x; and in the superconductor “2,” Ez(x) =
E3eik′x + E ′

3e−ik′x. Out of the heterostructure, the electric
fields E4eikx and E5e−ikx are radiated. These electric fields are
illustrated in Fig. 6.

The amplitudes {E1, E ′
1, E2, E ′

2, E3, E ′
3, E4, E5} are gov-

erned by the boundary conditions. The continuous Ez at
interfaces requests

E1eikdF + E ′
1e−ikdF = E2eik′dF + E ′

2e−ik′dF ,

E1e−ikdF + E ′
1eikdF = E3e−ik′dF + E ′

3eik′dF ,

E2eik′(dF +dS ) + E ′
2e−ik′(dF +dS ) = E4eik(dF +dS ),

E3e−ik′(dF +d ′
S ) + E ′

3eik′(dF +d ′
S ) = E5eik(dF +d ′

S ), (36)

and the continuous Hy at interfaces leads to

k′(E2eik′dF − E ′
2e−ik′dF )

= k(E1eikdF − E ′
1e−ikdF ) + ωμ0My,

k′(E3e−ik′dF − E ′
3eik′dF )

= k(E1e−ikdF − E ′
1eikdF ) + ωμ0My,

k′(E2eik′(dF +dS ) − E ′
2e−ik′(dF +dS ) )

= kE4eik(dF +dS ),

k′(E3e−ik′(dF +d ′
S ) − E ′

3eik′(dF +d ′
S ) )

= −kE5eik(dF +d ′
S ). (37)

Combining Eqs. (36) and (37), we obtain the electric field
distribution. In particular, when dS = d ′

S , in the ferromagnetic
film,

Ez(|x| < dF ) = −ωμ0My sinh (ikx)

k cosh (ikdF ) − k′ f (u) sinh (ikdF )
, (38)

where u = −[(k + k′)/(k − k′)] exp(−2ik′dS ) and

f (u) = u − 1

u + 1
= k′ sinh (ik′dS ) − k cosh (ik′dS )

k sinh (ik′dS ) − k′ cosh (ik′dS )
. (39)

In the superconductor “1,”

Ez(dF < x < dF + dS )

= −ωμ0My(ueik′(x−dF ) + e−ik′(x−dF ) )

k(1 + u) coth(ikdF ) − k′(u − 1)
, (40)

and in the superconductor “2,”

Ez(−dF − dS < x < −dF )

= ωμ0My(ue−ik′(x+dF ) + eik′(x+dF ) )

k(1 + u) coth(ikdF ) − k′(u − 1)
. (41)

They both exist, and Ez(x = −dF ) and Ez(x = dF ) are op-
posite. This feature may be understood from the magnetic
dipole radiation: Since the magnetization current JM (15) is
opposite at the two surfaces x = ±dF of the magnetic film, the
amplitudes of the electric fields radiated by the two surfaces
x = ±dF are of opposite sign, which launches to supercon-
ductors and drives the opposite supercurrents in them.

Out of the heterostructure,

Ez(x > dF + dS ) = −ωμ0My(ueik′dS + e−ik′dS )

k(1 + u) coth(ikdF ) − k′(u − 1)
eikx,

Ez(x < −dF − dS ) = ωμ0My(ueik′dS + e−ik′dS )

k(1 + u) coth(ikdF ) − k′(u − 1)
e−ikx,

(42)

which, when far away from the heterostructure, is reduced to
a simpler form

Ez(x) ≈ iωμ0dF λMy

λ cosh (dS/λ) + dF sinh (dS/λ)

×
{−eikx, x � dF + dS

e−ikx, x � −(dF + dS ).
(43)

The radiation out of the heterostructure is then completely
suppressed when dS � λ.

We refer to Appendix A for the solution of asymmetric
configuration. We illustrate in Fig. 7 the distribution of the
electric fields Re[Ez/(iωμ0MydF )] at T = 0.5Tc = 5.5 K in
the symmetric d ′

S = dS = 60 nm and asymmetric d ′
S = 2dS =

120 nm S-FI-S heterostructure, respectively, in the near-field
limit. For NbN, Tc = 11 K, the London penetration depth
λ(T = 0) = 85 nm [69] and λ(T = 0.5Tc) = 87.8 nm. The
fields are opposite at the two superconductors in the symmet-
ric heterostructure but are skewed when dS = d ′

S . These fields
carrying energy are radiated out in the far zone [65]. When
the superconductors are sufficiently thick {dS, d ′

S} � λ, these
electric fields are confined between them, which corresponds
to an excellent waveguide with small size [42].
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FIG. 7. Distribution of electric fields in symmetric dS = d ′
S = 60

nm (a) and asymmetric d ′
S = 2dS = 120 nm (b) S-FI-S heterostruc-

ture. The thickness of the ferromagnetic film 2dF = 120 nm and
London’s penetration depth λ(T = 0.5Tc ) = 87.8 nm.

B. Ultrastrong interaction between Kittel magnon and
Cooper-pair supercurrent

Above we address that the dynamics of magnetization M
generates Hr

y via the backaction of superconductors, which, in
turn, drives M in the ferromagnet, imposing a self-consistent
problem that is solved by combining the Landau-Lifshitz and
Maxwell’s equations. In other words, the precession of the
magnetization radiates the electric field that drives the super-
current in the superconductor via microscopically generating
the center-of-mass momentum of the Cooper pairs. Such a
collective motion of Cooper pairs, i.e., the supercurrent in turn
generates the Oersted magnetic field that affects the dynamics
of the magnetization, i.e., a shift in its FMR frequency.

Using Eq. (38) and By = −∂xEz/(iω), we find the radiated
magnetic field inside the ferromagnetic insulator of the sym-
metric S-FI-S heterostructure

Hr
y (|x| < dF ) = Myk cosh (ikx)

k cosh (ikdF ) − k′ f (u) sinh (ikdF )
− My,

(44)
which drives the precession of the magnetization. In terms of
the (linearized) LLG equation (1), we arrive at

−iωMx + μ0γ MyH0 = μ0γ M0Hr
y + iαGωMy,

μ0γ H0Mx + iωMy = −μ0γ M0Mx + iαGωMx. (45)

We see that the real part of the radiated magnetic field (44)
is in the same phase of My, which provides a fieldlike torque
for the magnetization. Retaining the leading order in k, the
homogeneous

Re
(
Hr

y

) = − dF tanh(dS/λ)

λ + dF tanh(dS/λ)
My (46)

renormalizes the FMR frequency to be

ωK = μ0γ

√
(H0 + M0)

(
H0 + dF tanh(dS/λ)

λ + dF tanh(dS/λ)
M0

)
,

(47)

which differs from the bare Kittel frequency ω̃K =
μ0γ

√
H0(H0 + M0) [58]. When dS � λ, the solution (47)

recovers that in Ref. [25], where an ultrastrong coupling
between magnons and microwave photons is predicted in a
magnetic insulator when sandwiched by two superconductors
of infinite thickness.

On the other hand, the imaginary part of the radiated mag-
netic field is out of phase of My, which thereby contributes to
a dampinglike torque. Retaining the leading order in k,

Im(Hy) ≈ MykdF

cosh2 (dS/λ)

(
1 + dF tanh (dS/λ)

λ

)−2

contributes to a damping coefficient

αR = μ0γ M0dF

c cosh2 (dS/λ)

(
1 + dF tanh (dS/λ)

λ

)−2

.

In comparison to a single layer of magnetic insulator
(Sec. III A), the radiation of magnetization is suppressed
when shielded by two superconductors, and the radiation
damping is expected to be reduced. With dS = dF = 60 nm,
λ ∼ 85 nm, and ω ∼ 2π × 4 GHz, αR ≈ 2.2 × 10−6 is indeed
smaller than that of a single magnetic insulator (7.3 × 10−6).
When dS � λ, αR → 0 since no field is radiated out of the
S-FI-S heterostructure.

The general solution of ωK [Eq. (A8)] and αR [Eq. (A10)]
in the asymmetric S-FI-S heterostructure is calculated in
Appendix A. In Appendix B, we calculate them with the
quasistatic approximation.

To show the FMR shift, we assume an oscillating magnetic
field H̃e−iω0t ŷ of frequency ω0 applied along the ŷ direction
(the associated microwave electric field is along the normal x̂
direction). The wavelength of this microwave is much larger
than the thickness of the heterostructure, so it can be treated as
uniform across the heterostructure thickness. It can penetrate
the superconductor easily when {dS, d ′

S} ∼ λ. With the wave
vector (along ẑ) parallel to the film, it only excites M in the
ferromagnet but does not drive the superconductor.

Including the external pump field H̃e−iω0t ŷ into the LLG
equation (45), we find when αG � 1

My = μ2
0γ

2M0(H0 + M0)

ω2
K − ω2

0 − i�
H̃ ,

Mx = −iMy

[
ω0

μ0γ (H0 + M0)
+ iαGω2

0

[μ0γ (H0 + M0)]2

]
, (48)
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where

� = αGω3
0

μ0γ (H0 + M0)
+ μ0γ (H0 + M0)(αG + αR)ω0. (49)

From Eq. (40), we find the average electric field Ez = [Ez(x =
dF ) + Ez(x = dF + dS )]/2 in the thin superconductor “1” as

E (1)
z = − H̃

2

ωμ0(u + 1 + ueik′dS + e−ik′dS )

k(1 + u) coth(ikdF ) − k′(u − 1)

× μ2
0γ

2M0(H0 + M0)

ω2
K − ω2

0 − i�
. (50)

From Eq. (3), the corresponding average supercurrent inside
the superconductor is

J (1)
z = − iH̃

2λ2

u + 1 + ueik′dS + e−ik′dS

k(1 + u) coth(ikdF ) − k′(u − 1)

× μ2
0γ

2M0(H0 + M0)

ω2
K − ω2

0 − i�
. (51)

We illustrate the numerical results considering a yttrium
iron garnet (YIG) film of thickness 2dF = 120 nm sand-
wiched by two NbN superconductors of thickness dS = d ′

S =
60 nm. Insulating EuS thin magnetic film [70,71] is also a pos-
sible candidate to test our prediction. For YIG, μ0M0 = 0.2 T
and αG = 5 × 10−4 [67,68]. We use λ(T = 0.5Tc) = 87.8 nm
for NbN [69]. We take the bias field μ0H0 = 0.05 T and the
excitation field μ0H̃ = 0.01 mT. Figure 8 shows the radiated
electric field in (one of) the superconductors and the excited
amplitudes of M as a function of the excitation frequency ω0.
The frequency shift is 2π × 1.6 GHz, comparable to half of
the bare FMR frequency ω̃K = 2π × 3.2 GHz, corresponding
to the decrease of the resonant magnetic field as large as
55 mT. This demonstrates the potential to achieve ultrastrong
interaction between magnons and Cooper-pair supercurrent
even with magnetic insulators.

Before we address the temperature dependence of the fre-
quency shift, we first show that the normal current mainly
provides additional damping to the FMR with a tiny frequency
shift even when T → Tc. We estimate the contribution of the
normal current via the two-fluid model with the conductivity
at low frequencies [66]

σ̃ (ω) ≈ ρne2τ

me
+ i

ρse2

me

1

ω
= σn + i

1

ωμ0λ2
. (52)

where τ is the relaxation time of electrons and ρn (ρs) is
the normal fluid (superfluid) density. ρn equals to the elec-
tron density ne when T > Tc. Incorporating the conductivity
(52) into Maxwell’s equation, the radiated magnetic field con-
tributed by both the normal and supercurrents in the symmet-
ric S-FI-S heterostructure (to the leading order of k) reads as

H̃y = My
ik̃dF [k̃ tanh (ik̃dS ) − k]

tanh (ik̃dS )(k − ik̃2dF ) + k̃(ikdF − 1)
, (53)

FIG. 8. FMR spectra with the excitation field μ0H̃ = 0.01 mT.
In (a) and (b), we use the temperature T = 0.5Tc = 5.5 K. (a) Plots
the excited electric field amplitude in (one of) the superconductors
in the symmetric S-FI-S heterostructure. The amplitude of the reso-
nance electric field Ez ∼ 14 V/m. (b) The excited amplitudes of the
magnetization My with and without two adjacent superconductors.
Mx ≈ 0.6My and 0.5My with and without the superconductors. The
frequency shift is as large as 2π × 1.6 GHz ∼ ω̃K/2. (c) The tem-
perature dependence of FMR frequency ωK by solutions with the full
calculation (black line) and quasistatic approximation (dashed line).
The bare FMR frequency ω̃K = 2π × 3.2 GHz.
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where k̃2 = iωμ0σn − 1/λ2, with which we find the FMR
frequency and the additional damping coefficient

ωK = μ0γ
√

H0 + M0

√
H0 − M0Re(H̃y)/My,

α̃ = μ0γ M0Im(H̃y)/(ωKMy). (54)

When T → Tc, with σn ∼ 1.1 × 106 (� m)−1 for NbN [72],
dS = dF = 60 nm, and ω ∼ 2π × 4 GHz, we find the fre-
quency shift δω = ωK − ω̃K ∼ 10−5 GHz is negligibly small,
while the additional damping is considerably large α̃ ∼ 2 ×
10−4 for YIG.

Since the normal current can be disregarded in the fre-
quency shift, we calculate the temperature dependence of the
FMR frequency according to Eq. (4), as plotted in Fig. 8(c)
with the same parameters used in Figs. 8(a) and 8(b). When
T → 0, the resonance frequency reaches its maximum, while
when T → Tc, the resonance frequency recovers to the Kittel
bare frequency since the superconductivity is depleted. We
compare the full solution (black line) and the quasistatic so-
lution (dashed line) and find the quasistatic approximation is
excellent in all the temperature regimes when dS � λ.

VI. CONCLUSION AND DISCUSSION

Magnetic insulators are ideal candidates for long-range
spin transport [1,2,5,6,8–10], strong coupling between
magnons and microwaves [38], and quantum information pro-
cessing [33,34,36,37,39], gating which by superconductors
may bring new control dimensions. In comparison to metal-
lic magnets, the mutual proximity effect may differ between
magnetic insulators and superconductors, which may be help-
ful to distinguish different competitive mechanisms [30] in
future studies. Our model system differs from the metallic
ferromagnets since there are no electric currents flowing in
the insulators that, if large, may affect the field distribution
via radiation.

The formulation of the response in the superconductor by
London’s equation is phenomenological, which, nevertheless,
captures the key physics of the interplay between FMR in the
magnetic insulator and supercurrent in the superconductor.
Some interesting effects, such as the role of impurity and
finite correlation length of Cooper pairs, may be not precisely
taken into account in the classical London model, however.
Our work can be a starting point for an extension to a fully
microscopic model in terms of, e.g., the Usadel equation [73],
in the future.

In conclusion, we analyze the interaction between the
Kittel magnons in insulating magnetic film and Cooper-pair
supercurrent in superconductors mediated by the radiated
electric fields from the magnetization dynamics. Via high-
lighting the role of the total reflection of the electric fields
at the ferromagnet-superconductor interface that are solved
beyond the quasistatic approximation, we provide a compre-
hensive understanding of the absence of the FMR shift in the
FI-S heterostructure and predict its existence in the S-FI-S
heterostructure with the Meissner screening. The coupling
between magnons and Cooper-pair supercurrent is ultrastrong
with the frequency shift achieving tens of percent of the
bare FMR frequency, which may bring superior advantage

in information processing in on-chip magnonics and quantum
magnonics.
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APPENDIX A: GENERAL SOLUTION OF Ez IN S-FI-S
HETEROSTRUCTURE

Here we list the general solution of Ez(x) in the S-FI-S het-
erostructure when dS = d ′

S in Fig. 6. Inside the ferromagnet,

Ez(−dF < x < dF )

= −ωμ0My(Geikx + e−ikx )

k(GeikdF − e−ikdF ) − k′ f (u)(GeikdF + e−ikdF )
, (A1)

where

G = −−2k sinh(ikdF ) + k′[ f (u)e−ikdF + f (u′)eikdF ]

−2k sinh(ikdF ) + k′[ f (u)eikdF + f (u′)e−ikdF ]
,

(A2)

and u′ = −[(k + k′)/(k − k′)] exp(−2ik′d ′
S ). In the supercon-

ductor “1,”

Ez(dF < x < dF + dS )

= ueik′(x−dF ) + e−ik′(x−dF )

1 + u

× −ωμ0My(GeikdF + e−ikdF )

k(GeikdF − e−ikdF ) − k′ f (u)(GeikdF + e−ikdF )
.

(A3)

In the superconductor “2,”

Ez(−dF − d ′
S < x < −dF )

= eik′(x+dF ) + u′e−ik′(x+dF )

1 + u′

× −ωμ0My(Ge−ikdF + eikdF )

k(GeikdF − e−ikdF ) − k′ f (u)(GeikdF + e−ikdF )
.

(A4)

Out of the heterostructure,

Ez(x > dF + dS )

= ueik′dS + e−ik′dS

1 + u

× −ωμ0My(GeikdF + e−ikdF )eik(x−dF −dS )

k(GeikdF − e−ikdF ) − k′ f (u)(GeikdF + e−ikdF )
,
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Ez(x < −dF − d ′
S )

= e−ik′d ′
S + u′eik′d ′

S

1 + u′

× −ωμ0My(Ge−ikdF + eikdF )e−ik(x+dF +dS )

k(GeikdF − e−ikdF ) − k′ f (u)(GeikdF + e−ikdF )
.

(A5)

The magnetic field follows By = −∂xEz/(iω), which inside
the magnetic insulator reads as

Hy = − (2MydF /λ) f (u) f (u′)
[ f (u) + f (u′)] + 2(dF /λ) f (u) f (u′)

. (A6)

Retaining the leading order in k, its real part

Re(Hy) ≈ −2dF My tanh(dS/λ) tanh(d ′
S/λ)

× [λ(tanh(dS/λ) + tanh(d ′
S/λ))

+ 2dF tanh(dS/λ) tanh(d ′
S/λ)]−1 (A7)

leads to the FMR frequency

ωK = μ0γ
√

H0 + M0

√
H0 − M0Re(Hy)/My, (A8)

and its imaginary part

Im(Hy) = 2kdF My

(
tanh2(d ′

S/λ)

cosh2(dS/λ)
+ tanh2(dS/λ)

cosh2(d ′
S/λ)

)

× [tanh(dS/λ) + tanh(d ′
S/λ)

+ 2dF /λ tanh(dS/λ) tanh(d ′
S/λ)]−2, (A9)

contributes to the damping coefficient

αR = μ0γ M0Im(Hy)/(ωKMy). (A10)

APPENDIX B: QUASISTATIC APPROXIMATION
IN S-FI-S HETEROSTRUCTURE

As justified, the quasistatic approximation ∇ × H = 0 or
Js is allowed when solving the electric fields near the het-
erostructure [65]. In the FMR case, the radiated electric field
is uniform in the y − z plane, so from ∇ × E = iωB, the x
component Bx = Hd,x + Mx = 0 generates no electric field
outside the magnet. On the other hand, in the linear response
regime for the magnetization dynamics, Mz = M0, so Bz =
μ0(H0 + Mz ) is static, so only By = μ0My in the magnet ra-
diates the time-dependent electric field according to −∂xEz =
iωμ0(My + Hs,y). Integrating along x across the ferromagnet
yields the net electric field at the interfaces obeying

Ez(x = dF ) − Ez(x = −dF ) = −2dF iωμ0(My + Hs,y).

(B1)

Out of the heterostructure, from the z component of ∇ × H =
0, Hy|outside is a constant, which can be proved to vanish as in
Sec. IV B.

In the quasistatic approximation, the electric field in the
superconductors “1” and “2” obeys Eq. (6). From the bound-
ary conditions with continuous Ez and Hy at interfaces and
Hy|outside = 0, the electric field in the superconductors reads

as

Ez(dF < x < dF + dS )

= Ez(x = dF )
cosh[(x − dS − dF )/λ]

cosh(dS/λ)
,

Ez(−dF − dS < x < −dF )

= Ez(x = −dF )
cosh[(x + d ′

S + dF )/λ]

cosh(d ′
S/λ)

, (B2)

which drive the supercurrents in the superconductors adjacent
to the magnet. For thin superconducting films of thickness
O(λ), we are allowed to take an average of the supercurrents
J(1)

s = [Js(x = dF ) + Js(x = dF + dS )]/2 and J(2)
s = [Js(x =

−dF ) + Js(x = −dF − dS )]/2, i.e.,

J (1)
s,z = i

ωμ0λ2
Ez(x = dF )

1 + cosh(dS/λ)

2 cosh(dS/λ)
,

J (2)
s,z = i

ωμ0λ2
Ez(x = −dF )

1 + cosh(d ′
S/λ)

2 cosh(d ′
S/λ)

. (B3)

The supercurrents generate the vector potential (7) and the
Oersted magnetic field according to Hs,y = −∂xAz/μ0. Using
the Weyl identity (34) we obtain

Hs,y(x) =

⎧⎪⎪⎨
⎪⎪⎩

(
dSJ (1)

s,z + d ′
SJ (2)

s,z

)
/2, x > dF + dS(−dSJ (1)

s,z + d ′
SJ (2)

s,z

)
/2, − dF < x < dF(−dSJ (1)

s,z − d ′
SJ (2)

s,z

)
/2, x < −dF − d ′

S.

(B4)

Hs,y|outside = 0 requests

dSJ (1)
s,z + d ′

SJ (2)
s,z = 0, (B5)

so the Oersted magnetic field inside the ferromagnetic slab is
reduced to

Hs,y(−dF < x < dF ) = d ′
SJ (2)

s,z = −dSJ (1)
s,z . (B6)

Thereby, when dS = d ′
S , the supercurrents are opposite in

the two superconductors. When d ′
S → 0, Hs,y vanishes in

the magnet.
Substituting Eqs. (B3) and (B1) into (B5), we obtain the

electric field at the surface of the ferromagnetic film:

Ez(x = −dF )

= iμ0ωdSdF (My + Hs,y)
cosh(dS/λ) + 1

cosh(dS/λ)

×
(

dS[cosh(dS/λ) + 1]

2 cosh(dS/λ)
+ d ′

S[cosh(d ′
S/λ) + 1]

2 cosh(d ′
S/λ)

)−1

.

(B7)

Substituting it into Eq. (B6), the Oersted magnetic field in the
ferromagnetic film

Hs,y(−dF < x < dF ) = −My
dF d ′

SdSG(dS, d ′
S, λ)

λ2 + dF d ′
SdSG(dS, d ′

S, λ)
,

(B8)
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where

G(dS, d ′
S, λ)

= [cosh(dS/λ) + 1]

cosh(dS/λ)

[cosh(d ′
S/λ) + 1]

cosh(d ′
S/λ)

×
(

dS[cosh(dS/λ) + 1]

cosh(dS/λ)
+ d ′

S[cosh(d ′
S/λ) + 1]

cosh(d ′
S/λ)

)−1

.

(B9)

These results capture precisely the key physics of the full so-
lution and are convenient for the calculation of the interaction
between Kittel magnon and Cooper-pair supercurrent.

In the linear regime of the magnetization dynamics, substi-
tuting Bx = Mx + Hd,x = 0 into the Landau-Lifshitz equation

−iωMx + μ0γ MyH0 = μ0γ M0Hs,y,

iωMy + μ0γ MxH0 = μ0γ M0Hd,x, (B10)

we find My relates to Hs,y via

My = μ2
0γ

2M0(H0 + M0)

μ2
0γ

2H0(H0 + M0) − ω2
Hs,y. (B11)

When d ′
S → 0, Hs,y = 0 according to Eq. (B8), and

the FMR frequency recovers the Kittel formula ω̃K =
μ0γ

√
H0(H0 + M0) [58]. With finite dS and d ′

S , the FMR
frequency is self-consistently solved via combining Eqs. (B8)
and (B11), leading to the modified FMR frequency

ωK = μ0γ

√
λ2H0(H0+M0)+dSd ′

SdF G(dS, d ′
S, λ)(H0+M0)2

dSd ′
SdF G(dS, d ′

S, λ) + λ2
.

(B12)

In particular, when dS = d ′
S ,

ωK = μ0γ

(
2λ2 cosh (dS/λ)H0(H0 + M0)

dSdF [cosh (dS/λ) + 1] + 2λ2 cosh (dS/λ)

+ dSdF [cosh (dS/λ) + 1](H0 + M0)2

dSdF [cosh (dS/λ) + 1] + 2λ2 cosh (dS/λ)

)1/2

.

(B13)

Approaching Tc, λ → ∞, cosh(dS/λ) → 1, so the FMR
frequency (B13) recovers the Kittel formula ωK → ω̃K; oth-
erwise T < Tc, it is shifted.
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