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Finite-size scaling analysis of the two-dimensional random transverse-field Ising ferromagnet
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The random transverse-field Ising ferromagnet (RTFIF) is a highly disordered quantum system which contains
randomness in the coupling strengths as well as in the transverse-field strengths. In one dimension, the critical
properties are governed by an infinite-randomness fixed point (IRFP), and renormalization-group studies argue
that the two-dimensional (2D) model is also governed by an IRFP. However, even the location of the critical
point remains unsettled among quantum Monte Carlo (QMC) studies. In this work, we perform extensive QMC
simulations to locate the quantum critical point and attempt a finite-size scaling analysis to observe the critical
behavior. We estimate the critical field strength of the 2D RTFIF as �c = 7.52(2), together with critical exponents
such as β = 1.5(3), ν = 1.6(3), and z = 3.3(3) or ψ = 0.50(3). We have also considered the McCoy-Wu model,
which has randomness in the ferromagnetic coupling strengths but not in the transverse-field strength. Our QMC
calculation shows that the critical behavior of the 2D McCoy-Wu model is closer to that of the 2D transverse-field
Ising spin glass than to that of the 2D RTFIF. These numerical findings enhance our understanding of disordered
2D quantum systems.
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I. INTRODUCTION

Novel phases of matter in disordered materials have pro-
vided fruitful insights for theoretical physics [1] as well as
for information processing through neural networks [2,3]. If
we shift our attention to quantum phase transitions [4], we
may consider a natural generalization of the Ising model as
follows:

H = −
∑
〈i, j〉

Ji j σ̂
z
i σ̂ z

j −
∑

i

�iσ̂
x
i , (1)

where σ̂ α
i denotes the Pauli spin matrix in the α direction

at site i. As usual, the first summation runs over the nearest
neighbors. The coupling strength Ji j between spin sites i and
j is drawn from the distribution Pcoupling(Ji j ) to be specified
below, and the transverse-field strength �i at site i is drawn
from another distribution, Pfield(�i ). An important special case
of Eq. (1) is the celebrated McCoy-Wu model [5], which
is equivalent to a one-dimensional (1D) disordered quantum
spin chain as in Eq. (1), but with a uniform transverse-
field strength, i.e., corresponding to Pfield(�i ) = δ(�i − �).
Although introduced as a theoretical extension of the classical
Ising system to a quantum-mechanical one, Eq. (1) now has an
experimental realization in one dimension, where Pcoupling(Ji j )
and Pfield(�i ) are both Lorentzian [6].

The 1D random transverse-field Ising ferromagnet (RT-
FIF) defined by Eq. (1) has been successfully put into the
renormalization-group (RG) context [7]. It has turned out
that Pcoupling and Pfield renormalize to broader ones as the RG
procedure continues, which means that the randomness in Ji j

and �i will eventually dominate the macroscopic behavior of
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the system. In other words, the system becomes more and
more random as we move to larger and larger length scales, so
the RG procedure eventually arrives at an infinite-randomness
fixed point (IRFP) [8]. A characteristic feature of such strong
randomness is the difference between the average and typical
correlations: Suppose that we look at the disordered phase
in the vicinity of the quantum critical point. Although the
correlations between almost all pairs of spins decay with a
typical length scale ξtyp, anomalously long spin clusters may
form with small probabilities in the presence of strong disor-
der. As such rare events contribute to the average correlations,
the “true” correlation length ξ , which is the macroscopically
measurable one, generally differs from ξtyp in the following
way:

ξtyp � ξ 1−ψ � ξ, (2)

where ψ quantifies the deviation from the nonrandom behav-
ior. Whereas the energy gap of a pure quantum spin system
scales with the length scale L as 
 ∼ L−z, where z is the
dynamical critical exponent, the 1D RTFIF shows a strik-
ing difference because ln 
 ∼ −Lψ , which means that z is
effectively infinite. We could alternatively say that the typ-
ical correlation between spins i and j still decay as Ci j ∼
exp(−|�ri − �r j |/ξtyp) even at the critical point, where �rk means
the position of spin k. By contrast, their average behaves as
Ci j ∼ |�ri − �r j |−η. Although this looks similar to the conven-
tional scaling form, the statistics behind this average quantity
is entirely different because of the existence of the rare
events.

The same scenario has been believed to hold in higher di-
mensions: Most of the existing results for the two-dimensional
(2D) RTFIF have been obtained either from the world-line
quantum Monte Carlo (QMC) or from the strong-disorder RG
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TABLE I. Earlier results on the 2D RTFIF, together with our results in the last row. The last column has been calculated from β = νη/2 [8],
and the results in the third last row have been obtained by using the projected cavity mapping [9]. This table presents the data in chronological
order and does not contain studies with different distributions for Ji j [13,14]. In the last row, we report z and ψ depending on which of the
conventional and activated scaling scenarios is used. Note that we cannot have both at the same time because z must be infinite if ψ > 0.

Method �c z ψ ν η β

QMC [15] 4.2(2) ∞ 0.42 1.95
SDRG [16] ∞ 0.42(6) 1.07(15) 2.0(2) 1.1(2)
SDRG [17] 5.3 0.5
QMC [18] 7.5 ∞ 0.58 1.33 2.3 1.53
SDRG [18] 5.4(1) ∞ 0.48 1.25 2.06 1.29
SDRG [19] 5.35 ∞ 2.02(10)
SDRG [20] 5.344(26) 0.51(3) 1.25(8) 1.99(3) 1.24(8)
SDRG [21] 5.3570(5) ∞ 0.48(2) 1.24(2) 1.964(30) 1.22(4)
Cavity [9] 7.5 3.03
Boundary SDRG [22] 5.15 0.49 1.32
This work 7.52(2) 3.3(3) 0.50(3) 1.6(3) 1.5(3)

(SDRG). In those studies, the coupling strengths and trans-
verse fields are drawn from

Pcoupling(Ji j ) = �(Ji j )�(1 − Ji j ), (3a)

Pfield(�i) = �−1�(�i)�(� − �i), (3b)

respectively, where � is the Heaviside step function and �

is the control parameter that defines the upper bound of �i.
The quantum phase transition occurs at � = �c. As sum-
marized in Table I, those studies consistently report z = ∞
and ψ > 0 in agreement with the IRFP scenario. The only
exception is the cavity method [9], according to which z is
predicted to be finite at the critical point. Table I additionally
shows numerical estimates of the critical exponent β, which
describes the spontaneous magnetization as M ∝ εβ , where ε

is the distance from the critical point in the ordered phase. It
is worth mentioning that numerical results of the critical 2D
random contact process [10,11] support the idea that it be-
longs to the 2D RTFIF universality class (Table II), although
it is a nonequilibrium phenomenon. The random walk in a
two-dimensional quenched random potential shows similar
behavior [12], but its relation to the RTFIF is unclear.

Considering the fundamental importance of the RTFIF in
the context of disordered quantum systems, we find it puz-
zling that little consensus exists about the critical point �c

in two dimensions, even within the world-line QMC studies
(Table I). Note that SDRG predicts �c ≈ 5 all the way
through, which lies between the two QMC estimates: If �c =
4.2(2) [15], SDRG could be said to underestimate the ran-
domness in transverse fields but that it nevertheless leads
to the IRFP. Or, if �c ≈ 7.5 [18], which coincides with the

TABLE II. Critical exponents from the 2D random contact pro-
cess [11], which is believed to belong to the 2D RTFIF universality
class. For comparison with Table I, we have calculated η by assuming
the following scaling relation: η = 2β/ν⊥ [8].

Method ψ ν⊥ η β

Monte Carlo 0.51(6) 1.20(15) 2.0(5) 1.15(15)

prediction of the projected cavity mapping [9], we could in-
stead say that SDRG overestimates randomness. One might
even argue that the 2D IRFP scenario is a consequence of
such systematic overestimation. For this reason, we wish to
begin by locating the critical point through extensive QMC
calculations for sampling rare events. We will then carry out
finite-size scaling (FSS) at the critical point so as to estimate
the critical exponents.

II. METHODS

A. World-line Monte Carlo method

The world-line QMC method maps a d-dimensional
quantum system to the corresponding (d + 1)-dimensional
classical system by adding an imaginary-time axis through
the Suzuki-Trotter decomposition [23]. We have implemented
the continuous imaginary-time code [24] by modifying our
previous one [25] to handle L × L square lattices with
random couplings and random field strengths as given in
Eq. (3). The periodic boundary conditions are imposed in
both the spatial directions as well as in the imaginary-time
direction.

In the continuous imaginary-time QMC method [26], each
quantum spin i is represented as a line along the imaginary-
time axis, and the transverse field �i flips the spin direction
from up to down or vice versa, cutting the line into segments
of spin up and down. The positions of the cuts are given by a
Poisson process with intensity �i. Likewise, if two neighbor-
ing segments i and j are pointing in the same spin direction
and have an overlap along the imaginary-time axis, we insert
connections between them with a Poisson process with the
intensity 2Ji j so that they can be flipped together by the Wolff-
typed cluster update algorithm [27]. The insertion of cuts and
connections introduces a high degree of heterogeneity in the
system: Recall that if a line is broken into segments by a
Poisson process with the intensity λ, the probability to find a
segment longer than t is e−λt , which implies that the segment
length τ is roughly of an order of λ−1. If λ itself is a random
variable drawn from a uniform distribution pintensity(λ) as in
Eq. (3), the distribution plength(τ ) becomes extremely broad
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FIG. 1. Comparison between QMC and ED for a single disorder
realization with L = 4. By m and s, we mean Eqs. (5) and (9),
respectively, whereas sED denotes the spontaneous magnetization of
the ground state obtained from ED. We set b = 300 in units of kB/J
to make the contribution from the ground state dominant in the QMC
calculation.

because it is given as

plength(τ ) = pintensity(λ)

∣∣∣∣dλ

dτ

∣∣∣∣ ∝ τ−2, (4)

whose mean diverges [28]. Such large correlation in the
imaginary-time direction is the origin of Griffiths singularities
in quantum disordered systems [29].

B. Observables

The first measurable quantity is total magnetization
defined as

m ≡ 1

L2b

[〈∣∣∣∣∣
∑

i

∫ b

0
σ z

i (t )dt

∣∣∣∣∣
〉]

, (5)

where b ≡ (kBT )−1 and σ z
i (t ) ∈ {+1,−1} is the value of spin

i projected onto the z direction at imaginary time t . An average

over disorder is denoted by [· · · ], and a statistical-mechanical
averages for a given sample is by 〈· · · 〉. The conventional FSS
form is assumed to be

m = L−β/νM[(� − �c)L1/ν, bL−z], (6)

where M denotes the scaling function. In the activated scal-
ing, which is characteristic of the IRFP, a more appropriate
scaling variable would be (ln b)L−ψ instead of bL−z. To locate
the critical point, we use Binder’s cumulant defined as

U = 1 −
[ 〈m4〉

3〈m2〉2

]
, (7)

where the disorder average is taken over the ratio of ensemble-
averaged moments [30]. Again, the conventional FSS form is
given by the following ansatz:

U = U [(� − �c)L1/ν, bL−z], (8)

where U is the corresponding scaling function.
We also measure the magnitude of spontaneous magne-

tization at a fixed position on the imaginary-time axis as
follows [25]:

s = 1

L2

[〈∣∣∣∣∣
∑

i

σ z
i (0)

∣∣∣∣∣
〉]

. (9)

Unlike Eq. (5), it converges to a finite value as b → ∞ at
� = �c. To see its meaning from a different angle, let us
consider the set of z-basis vectors, {|sl〉} with l = 1, . . . , 2N ,
where N ≡ L2 is the number of spins. If we represent the
jth eigenstate as |� j〉 ≡ ∑

l a j
l |sl〉 and denote its eigenvalue

as Ej , Eq. (9) corresponds to Z−1 ∑
j |s j |e−bEj , where Z is

the partition function and |s j | ≡ ∑
l |a j

l |2|〈sl |
∑

i σ
z
i |sl〉| is the

quantum-mechanical expectation value of
∑

i σ
z
i . The eigen-

states are obtainable from exact diagonalization (ED), and

FIG. 2. World-line QMC results for the pure 2D transverse-field Ising model [Eq. (11)]. (a) Binder’s cumulant U [Eq. (7)] for various sizes
at �pure

c = 3.044 330(6) in units of J [31]. The horizontal line represents the universal amplitude of the 3D Ising model, U ∗ = 0.465 48(5)
[32]. (b) Scaling collapse of U with z = 1. (c) Scaling collapse of total magnetization [Eq. (5)] with β = 0.3269(6) and ν = 0.629 912(86) of
the 3D Ising model [32,33]. (d) Scaling collapse of Eq. (9) with the same exponents.
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FIG. 3. World-line QMC results for the 2D McCoy-Wu model [Eq. (12)]. We depict Binder’s cumulant at (a) � = 1.56, (b) � = 1.57, and
(c) � = 1.58 in units of J . These results locate the quantum critical point of the 2D McCoy-Wu model at � = �MW

c = 1.57(1).

the results coincide with Eq. (9) (Fig. 1). We expect that this
quantity behaves similarly to m; therefore, we write

s = L−β/νS[(� − �c)L1/ν, bL−z], (10)

where the scaling function is denoted by S .

III. RESULTS

A. Pure model

To test our code, we begin by simulating the pure
2D transverse-field Ising model, for which Pcoupling(Ji j ) =
δ(Ji j − J ) and Pfield(�i ) = δ(�i − �). The Hamiltonian is thus
written as

Hpure = −J
∑
〈i, j〉

σ̂ z
i σ̂ z

j − �
∑

i

σ̂ x
i . (11)

With z = 1, the system is equivalent to the three-dimensional
(3D) Ising model. Our QMC results are depicted in Fig. 2, and
they successfully reproduce the existing numerical estimates
including the position of the critical point, �

pure
c .

B. McCoy-Wu model

By the McCoy-Wu model, we mean that the transverse
fields in Eq. (1) are fixed to a constant, i.e., Pfield(�i) = δ(�i −
�), whereas the disorder in coupling strengths is still given by
Eq. (3a). The 2D version of the McCoy-Wu Hamiltonian is
given as follows:

HMW = −
∑
〈i, j〉

Ji j σ̂
z
i σ̂ z

j − �
∑

i

σ̂ x
i , (12)

where the nearest neighbors are now defined on a square
lattice. Although no rigorous proof is available, this model has
been believed to belong to the universality class of the 2D RT-
FIF in general: The scaling function of the 1D RTFIF obtained
from RG is identical to the exact result of the 1D McCoy-Wu
model [7], and RG calculations support the conclusion that
the 2D RTFIF and the 2D McCoy-Wu model exhibit the same
critical behavior (Table III).

In Table III, we have listed existing results of the 2D
McCoy-Wu model. The QMC results in the second last row

 0
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L=48

 0.05
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 8  12  16  24  32  40 48
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L

L-0.62
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FIG. 4. (a) Spontaneous magnetization of the 2D McCoy-Wu model at a fixed point on the imaginary-time axis. Note that this quantity
reaches a plateau as b grows. (b) The same observable at the largest available b ∼ 2 × 102 for each system size. We have plotted L−0.62 for
comparison.
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TABLE III. Earlier results on the 2D McCoy-Wu model, together with our results in the last row. In the first row, we write the same
value for ψ as in Table I, as well as for η, because these exponents have not been estimated separately from those of the RTFIF in Ref. [21].
To estimate β, we have used the following formula: β = νη/2 [8]. The QMC study in the second last row has been conducted on a diluted
Chimera graph whose degree of connectivity at each site is 3 [34].

Method �MW
c z ψ ν η β

SDRG [21] 0.84338(2) ∞ 0.48(2) 1.23(2) 1.964(30) 1.21(3)
Real-space RG [35] 0.920 ∞ 1.20(6)
QMC [34] 1.78 >2.5(7) 1.5
This work 1.57(1) 1.7(2) 0.38(3) 0.95(2) 0.6(2)

[34] are likely to contain strong finite-size effects for the fol-
lowing reasons: The coupling strengths are uniformly drawn
from {0, 0.2, 0.4, 0.6, 0.8, 1.0} instead of the continuous unit
interval, and the system sizes are limited to 8 × L × L × M,
with L � 12 and M = 150, where M is the number of time
slices in the imaginary-time direction, and the factor of 8
is due to the topology of the diluted Chimera graph used
in the quasi-2D simulation [34]. It is not easy to compare
the different structures with different sizes directly. On the
one hand, the diluted Chimera graph has a smaller degree of
connectivity than the 2D square lattice, which suggests that
the ferromagnetic order will be more fragile. On the other
hand, the periodic boundary conditions tends to underestimate
fluctuations in such small systems [36]. In any case, the strik-
ing difference in �MW

c between the RG and QMC calculations
suggests that QMC would give a higher value for the critical
field strength than the SDRG calculation, which in turn lends
some support to �c ≈ 7.5 in the 2D RTFIF case. By using
the continuous imaginary-time QMC code, we estimate the
critical point of the 2D McCoy-Wu model as �MW

c = 1.57(1)
(Fig. 3). For the 2D McCoy-Wu model, we have used more
than 3 × 103 disorder realizations for each system size.

At this critical point, we begin our FSS analysis by ob-
serving the behavior of s (Fig. 4). In Eq. (10), this quantity
is assumed to be a function of b and L at � = �c, but it
becomes insensitive to b for sufficiently large values of b
[Fig. 4(a)]. We thus end up with a function of L only. By
fitting s(L) to L−β/ν , we find β/ν = 0.62(20) [Fig. 4(b)]. As
shown in Fig. 2(c), the dynamic critical exponent z (or ψ)
can then be checked from the scaling collapse of mLβ/ν in the
low-temperature region, based on the above estimate of β/ν.
Finally, to obtain ν separately, we measure Binder’s cumulant
by lowering the temperature according to b ∝ Lz (or b ∝ eLψ

)
as L grows (Fig. 5).

A notable point in our numerical results is that the critical
amplitude of U is around 0.4 [see Fig. 3(b)], whereas that of
the 2D RTFIF has been reported as close to 1/3 [15]. Indeed,
our FSS analysis at �MW

c gives β = 0.6(2), ν = 0.95(2), and
z = 1.7(2) or ψ = 0.38(3) (Fig. 5), and these values clearly
differ from the earlier estimates in the 2D RTFIF (Table I).
Interestingly, they are actually closer to those of the 2D
transverse-field Ising spin glass (Table IV). It implies that
the existence of frustration could be irrelevant to the critical
behavior of these 2D systems. Such irrelevance of frustration
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/
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(c)
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ln(b)/L
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FIG. 5. Scaling collapse of the 2D McCoy-Wu model at �MW
c = 1.57. (a) By observing the large-b behavior of s, we estimate β/ν =

0.62(20) [see also Fig. 4(b)]. (b) If we use this value, the large-b behavior of m is best described by z = 1.7(2) if we assume the conventional
scaling or (c) ψ = 0.38(3) in the activated scaling form. (d) By choosing b = b∗ at which U reaches a maximum for each given L, we increase
the system size in both space and time. From the resulting FSS of Binder’s cumulant U , we estimate ν = 0.95(2).

144204-5



JIWON CHOI AND SEUNG KI BAEK PHYSICAL REVIEW B 108, 144204 (2023)

 0.2

 0.3

102 103

(a) =7.51

U

b

L=16
L=24
L=32
L=36

 0.1

 0.2

 0.3

 0.4

102 103

(b) =7.52

U

b

L=16
L=24
L=32
L=36

 0.1

 0.2

 0.3

102 103

(c) =7.54

U

b

L=16
L=24
L=32
L=36

FIG. 6. Binder’s cumulant of 2D RTFIF at (a) � = 7.51, (b) � = 7.52, and (c) � = 7.54 in units of J . The horizontal line represents the
critical value of Binder’s cumulant U ∗ ≈ 0.33 from Ref. [15]. This result locates the quantum critical point of the 2D RTFIF at �c = 7.52.

is obvious in a 1D chain because the coupling strengths and
the transverse-field strengths can always be made positive by
simple gauge transformation as long as no external field exists
in the z direction [7], but it is far from trivial in 2D systems.
Of course, this observed difference between the 2D RTFIF
and the 2D McCoy-Wu model needs to be taken with care be-
cause we have dealt with small sizes, whereas the true scaling
behavior will manifest itself in the infinite-size limit. Even in
the 1D McCoy-Wu model for which the IRFP behavior is well
established, crossover effects can be dominant in finite-sized
systems [37].

Before proceeding, we note a controversy about the dy-
namic scaling behavior of the 2D transverse-field Ising spin
glass: A recent study argues that it is governed by an IRFP
[38] in contrast with an earlier numerical study [39]. If the
2D McCoy-Wu model belongs to the universality class of the
spin glass as suggested here, it may provide another window

TABLE IV. Earlier world-line QMC results on the 2D transverse-
field Ising spin glass. The Hamiltonian takes the same form as
in Eq. (12), but the distribution of coupling strengths differs.
By “Bimodal,” we mean P(Ji j ) = 1

2 [δ(Ji j − 1) + δ(Ji j + 1)], and
N (μ, σ 2) denotes the Gaussian distribution with mean μ and vari-
ance σ 2. The QMC studies in this table are parametrized with K ≈
(1/2) ln coth(�τ�), which becomes exact in the limit of infinite
imaginary-time slices, i.e., �τ → 0, but all these studies have es-
timated the critical point Kc with setting �τ = 1 [38,39].

Pcoupling(Ji j ) Method �c z ψ ν

N (0, 1) [39] QMC 0.608(3) 1.50(5) 1.0(1)
N (0, 1) [38] QMC 0.615(4) 1.55 0.44(3) 1.13(5)
Bimodal [38] QMC 0.638(1) 1.7 0.46(1) 1.2(4)
N (0, 1) [35] Real-space RG 1.195 1.21(9)

into this problem between the conventional and activated scal-
ing forms because the McCoy-Wu model is a ferromagnetic
system with no frustration, which is expected to reach equilib-
rium faster than the spin glass. The validity of this conjectured
universality, as well as a detailed comparison between the
conventional and activated scaling forms, is left as a future
work.

C. Random transverse-field model

Now we deal with the 2D RTFIF as defined by Eq. (1),
where disorder exists in both coupling and the transverse field
[Eq. (3)]. The 2D RTFIF exhibits serious finite-size effects:
Figure 6 shows the world-line QMC results for Binder’s cu-
mulant at various values of �. For the 2D RTFIF, we have used
more than 2 × 103 disorder realizations for each system size.
We can locate the critical point �c only by comparing the two
largest sizes, L = 32 and 36. Our estimate is �c = 7.52(2),
which is consistent with �c = 7.5 in Ref. [18].

FIG. 7. Spontaneous magnetization at a fixed point on the
imaginary-time axis, when we take the largest available b ∼ 4 × 103

for each system size. We have plotted L−0.93 for comparison.
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FIG. 8. (a) Estimation of A, B, and � based on Eq. (13). The solid line depicts the fitting result with A = 0.32(6), B = 0.70(25), and
� = 0.63(33). (b) Estimation of the correlation-length exponent ν = 1.6(3) when the subleading correction is included.

We then estimate critical exponents by using FSS. The
spontaneous magnetization at a fixed imaginary-time slice
[Eq. (9)] is a convenient observable in estimating β/ν because
it converges to a finite value for sufficiently large b. For every
L, our data points at the largest values of b overlap within the
error bars. By observing the behavior of s as a function of L,
we estimate β/ν = 0.93(11) (Fig. 7). Even if we observe only
the two largest system sizes, it does not alter this result in any
significant way.

The total magnetization m suffers more from finite-size
effects. Let us assume the following subleading correction to
the scaling:

mLβ/ν = A + BL−�, (13)

where A, B, and � are unknowns to be found by data fit-
ting (Fig. 8). For sufficiently large values of b, we expect
that the unknowns will converge to constants describing the
zero-temperature behavior. Of our primary interest is A, which

describes the leading contribution to scaling. Let us use
β/ν = 0.93 to describe the large-b behavior of m, with the
subleading correction taken into account. If we choose the
conventional scaling ansatz [Eq. (6)], we have few data points
in the scaling region, i.e., bL−z � O(10−2), but z = 3.3(3)
cannot be ruled out [see Fig. 9(b)]. We may compare this re-
sult with the prediction of the cavity method (Table I). If we al-
ternatively assume the activated scaling, we get ψ = 0.50(3)
[Fig. 9(d)]. The scaling collapse is more convincing in the
activated scaling form, but we should check larger system
sizes to reach a conclusion.

To estimate β and ν separately, we perform FSS in
space-time by increasing L and lowering the temperature
accordingly. Although our QMC results do not provide a
clear-cut answer between the conventional and activated
scaling hypotheses, a phenomenological procedure is still
possible: For each L in Fig. 6(b), let us choose b∗(L) at
which Binder’s cumulant reaches a maximum. We lower the
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FIG. 9. Scaling collapse of the 2D RTFIF at �c = 7.52. In the same way as in Fig. 5, (a) we estimate β/ν = 0.93(11) by observing the
large-b behavior of L = 32 and 36. Based on this value, (b) we estimate z = 3.3(3) using the conventional scaling. If we assume the activated
scaling, we estimate ψ = 0.50(3) in panels (c) and (d). The vertical arrows indicate b∗(L) at which Binder’s cumulant reaches a maximum for
each given L (see Fig. 6).
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FIG. 10. Normalized histograms of CL/2, the correlation between two spins at a distance of L/2. (a) For the 2D RTFIF at b∗(L), the
histogram develops long tails, signaling the existence of anomalously long spin clusters. (b) By contrast, the histogram takes the simple
Gaussian form in the critical 2D McCoy-Wu model.

temperature according to b∗(L) as L increases. Also by taking
into account the subleading correction in Eq. (13), we estimate
ν = 1.6(3) (Fig. 8), which is consistent with an earlier QMC
result [18].

Between the conventional and activated scaling scenarios,
however, our results from the FSS are not enough to rule out
any of them, although it is easier to fit the data in the activated
scaling form. Therefore, we have checked the two-spin corre-
lation at a large distance to detect the presence of anomalously
long spin clusters. The correlation between spin i and j is
defined as [18]

C(i, j) = 1

b

∫ b

0
σ z

i (t )σ z
j (t )dt − 1

b2

∫ b

0
σ z

i (t )dt
∫ b

0
σ z

j (t ′)dt ′.

(14)

We average this quantity over every pair of i and j at a
distance of L/2, separated either vertically or horizontally
in the square lattice, to obtain CL/2. In Fig. 10(a), we draw
normalized histograms of CL/2 in the 2D RTFIF at the critical
point, obtained from 103 disorder realizations for L = 12 and
from 2 × 103 disorder realizations for L � 16. We have also
repeated the measurement of CL/2 over 5 × 105 Monte Carlo
steps to improve the statistics for each disorder realization.
The resulting histograms have long tails, indicating the emer-
gence of anomalously long spin clusters, and this pattern
survives in large systems. The tail parts will thus make the
average behavior different from the typical one, which is a
characteristic feature of the IRFP. Note that this histogram is
sharply contrasted with that in the McCoy-Wu model, where
such long tails are totally absent [Fig. 10(b)]. This comparison
supports our earlier observation that these two models do not
belong to the same universality class.

IV. DISCUSSION AND SUMMARY

To summarize, we have carried out FSS analysis to under-
stand the critical properties of the 2D RTFIF by conducting
the world-line QMC simulations. The first contribution of this
work is that we have found the critical field strength �c =
7.52(2), confirming an earlier, almost forgotten, result [18].
Regarding this estimate of the critical point, the cavity method
[9] shows striking agreement, which is nontrivial because the
cavity method assumes a locally treelike structure, whereas
we are dealing with a 2D system. The geometric aspects of
the critical RTFIF would thus be worth investigating, such as

whether the performance of the cavity method is related to
the percolation threshold of the underlying lattice structure as
well as to the distributions of disorder [Eq. (3)]. In contrast
with the cavity method, the SDRG tends to overestimate dis-
order (see Table I).

The earlier QMC calculation [18] and the cavity method
[9], however, yield different predictions on the dynamic scal-
ing behavior: The former supports the activated scaling with
ψ > 0, whereas the latter does the conventional scaling with
z ≈ 3. Overall, our results favor the activated scaling sce-
nario in the sense that the system exhibits a characteristic
phenomenon of the IRFP when we look at the spin-spin cor-
relation [see Fig. 10(a)].

As for other critical exponents, we have estimated β =
1.5(3) and ν = 1.6(3), both of which are consistent with the
existing ones [18]. The main difficulty in FSS arises from
the strong finite-size effects: Even for L = 36, the inverse
temperature needs to be as large as O(103) to access the
critical region (Fig. 6), and it will increase more drastically for
larger system sizes, whether the peak position follows b∗ ∼ Lz

according to the conventional scaling or b∗ ∼ exp(Lψ ) ac-
cording to the activated one. The high value of the critical field
strength �c ∼ O(10) causes a heavy memory load because a
large number of cuts must be introduced to such long world
lines. We have added the subleading correction to cope with
the finite-size effects, but numerical approaches other than
the world-line method would also be desirable to probe the
low-temperature behavior of larger systems.

In addition, according to our results, the 2D McCoy-Wu
model belongs to a different universality class from that of
the 2D RTFIF, differently from the 1D case. Although the
SDRG makes the same prediction for both the models, it
is not supported by our QMC calculation: The distribution
of the transverse-field strength seems to make a qualitative
difference in 2D systems. Furthermore, we have suggested
that the 2D McCoy-Wu model could rather belong to the
universality class of the 2D transverse-field Ising spin glass.
Whether they are governed by the same fixed point regardless
of the existence of frustration is an intriguing question to be
scrutinized in detail.

From a broader perspective, our work shows that we still
need more precise understanding of 2D quantum systems in
the presence of disorder. The picture of Anderson localization
implies that disorder will dominate the physics of 2D quantum
systems at large. However, as we have seen by comparing the
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2D McCoy-Wu model and the 2D RTFIF, a variety of different
aspects may exist in this picture, and the lack of rigorous the-
oretical answers calls for extensive numerical experiments to
understand the interplay between disorder and quantumness.
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