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Role of alkali ions in the near-zero thermal expansion of NaSICON-type AZr2(PO4)3 (A = Na, K,
Rb, Cs) and Zr2(PO4)3 compounds
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Zero thermal expansion (ZTE) is a rare phenomenon of great importance in the field of materials design.
AZr2(PO4)3 (A = Na, K, Rb, Cs) exhibit near-zero thermal expansion. In this work, we perform first principles
calculations in AZr2(PO4)3 (A = Na, K, Rb, Cs) and Zr2(PO4)3 compounds to elucidate the effects of A cations
on the thermal expansion behavior. Structural and vibrational analysis shows that the near-zero thermal expansion
is strongly related to the dynamics of the “lantern” units of [Zr2(PO4)3], where the ZrO6 and PO4 polyhedra are
rigid. The calculated Grüneisen parameters reveal that different A-site alkali metal atoms heavily affect the
phonon modes of A atoms and the rotation of ZrO6 and PO4 polyhedra, as well as the acoustic phonon modes,
thus resulting in a different thermal expansion behavior of AZr2(PO4)3 (A = Na, K, Rb, Cs). The absence of A
atoms in Zr2(PO4)3 facilitates the structural flexibility and therefore the occurrence of a stronger negative thermal
expansion. This work provides insights into the modulation of thermal expansion of these NaZr2(PO4)3-type
compounds.
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I. INTRODUCTION

Zero thermal expansion (ZTE, i.e., volume remains con-
stant within a certain temperature range) is a rare and
interesting phenomenon [1]. Due to their excellent dimen-
sional stability, ZTE materials are important for materials
design, such as in high-precision applications. Some ex-
amples of single-phase near ZTE materials are Zn4B6O13,
which exhibits a solid cagelike structure, and the coupled
rotation of BO4 tetrahedra with the Zn-O bond constraint
leads to ZTE [2,3], and Ta2Mo2O11 where the positive ther-
mal expansion (PTE) intralayers are balanced by negative
thermal expansion (NTE) interlayers thus resulting in over-
all ZTE [4]. Very interesting is the case of nano ScF3,
whose ZTE originates from the suppression of transverse
vibrations of F atoms [5]. Other typical ZTE materials are
TaO2F [6], ZrMgMo3O12 [7], MgZrF6 [8], Fe[Co(CN)6] [9],
and Sc1.5Al0.5W3O12 [10]. However, the number of ZTE
materials is low and not sufficient to satisfy the appli-
cation needs. With the discovery of NTE phenomenon
(shrink upon heating) [11–13], the opportunity to regulate
the thermal expansion of materials has become feasible. In
principle, ZTE materials can be obtained by compounding
NTE and PTE materials, just like Mn3Cu0.5Ge0.5N/Cu or
ZrO2/ZrW2O8 [14,15].

Chemical substitution is a common way to regulate the
thermal expansion of materials. For example, with the change
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of M and A atoms in MZrF6 (M = Ca, Mn, Fe, Co, Ni, Zn)
and A2O(PO4)2 (A = Th, U, Zr), the thermal expansion can be
modulated from NTE to PTE [16,17]. In Ni2P2O7, replacing
Ni with different ratios of Mn, we can regulate the phase
transition temperature and broaden the NTE temperature re-
gion. In particular, Ni1.4Mn0.6P2O7 exhibits near ZTE in the
temperature range 180–420 K [18]. In framework structures,
the introduction of guest species is also an effective way to
control thermal expansion. For instance, ZTE can be obtained
by insertion of Na+ ions and H2O molecules in GaFe(CN)6
and TiCo(CN)6, respectively, thanks to the inhibition of the
transverse vibrations of CN bridge atoms [19,20]. Also the
transition from NTE to ZTE to PTE in ScF3 is achieved by
adjusting the amount of inserted Li+ ions which suppresses
the transverse vibrations of F atoms [21]. In general, either
chemical substitution or introduction of guest species affect
crystal structure flexibility, chemical bonds, atomic vibrations,
and magnetic and electronic properties, and thus can modulate
the thermal expansion behavior of materials.

NaZr2(PO4)3 type compounds (NZP) are of wide in-
terest for their negative or low thermal expansion coeffi-
cient, fast ionic conductivity, tunable anisotropic thermal
expansion, facile ionic substitution, and thermal stabil-
ity [22–24]. The chemical formula of NZP can be expressed as
M1M2L2(TO4)3. Two LO6 octahedra and three TO4 tetrahe-
dra form the so-called “lantern” unit of [L2(TO4)3], which are
aligned along the c axis and form holes in the crystal structure.
There are two types of hole locations, related to M1 and M2
cations, where the M1 site can be replaced by alkali metal ions
and the M2 site, in most cases, is unoccupied [25]. NZP ma-
terials generally exhibit anisotropic thermal expansion with
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positive expansion in the c axis and negative expansion in the
a (b) axis [26]. Taking NaZr2(PO4)3 as an example, where
the Na ions occupy only the M1 sites, Alamo argued that
the expansion of the Na-O bonds contributes significantly
to the thermal expansion of NZP materials: the Na-O bonds
expand and the space in the M1 sites along the c axis in-
creases, thus causing the expansion of the crystallographic
c axis and the coupled rotations of the ZrO6 octahedra and
PO4 tetrahedra connected by shared angles, thus creating the
conditions to have NTE along the a (b) axis [27]. Moreover,
it was shown that the thermal expansion of the NZP family
is heavily influenced by the cations at the M site. For ex-
ample, in Na1−xNbxZr2−x(PO4)3, Na1+xZr2(SixP3−x )O12, and
Na1+xYxZr2−x(PO4)3, for 0 � x � 1, the Na ions occupy only
the M1 sites, and as the Na content increases, the c axis and its
thermal expansion increase significantly. When x > 1, the M1
sites are fully occupied (except for Na1+xZr2(SixP3−x )O12)
and M2 sites start to be occupied. As the Na content increases,
the a axis and its thermal expansion coefficient increase.
However, in this case, the thermal expansion caused by the
occupation of the M2 sites leads to the contraction of the PO4

tetrahedra, resulting in a low thermal expansion of the a (b)
axis [28]. In particular, when the M sites are not occupied by
ions, such as TaTi(PO4)3 and NbTi (PO4)3, more free spaces
in the crystal structure lead to a more flexible structure, which
facilitates rotational motion between the polyhedra and the
occurrence of negative thermal expansion behavior [29,30].

It is also important to point out that the M-site ionic ra-
dius influences the thermal expansion. For example, in the
MHf2(PO4)3 series, where M = Na, K, Rb, Cs, when the
M site is occupied by a large ion, the O-P-O bond angle
expands in the c axis and the bridging PO4 tetrahedra contract
along the a-axis direction, promoting a decrease of the average
thermal expansion [31]. The M site can also be occupied by a
two-valent cation, such as M0.5Zr2(PO4)3 (M = Ca, Sr, Ba).
In this family, to balance the valence, only one M atom is
included in each primitive cell. The positive thermal expan-
sion of M0.5Zr2(PO4)3 (M = Ca, Sr, Ba) gradually increases
as the radius of M2+ increases and BaZr2(PO4)3 exhibits a
different thermal expansion behavior than most NZP com-
pounds: αc < 0 and αa, αb > 0 [32,33]. For the AZr2(PO4)3
(A = Na, K, Rb, Cs) family, the M1 sites are completely
occupied by A cations and the average thermal expansion
coefficient αav [αav = (αa + αb + αc)/3] of NaZr2(PO4)3,
KZr2(PO4)3, RbZr2(PO4)3, CsZr2(PO4)3 is 4.5 × 10−6 K−1,
−0.4 × 10−6 K−1, −0.36 × 10−6 K−1, 0.4 × 10−6 K−1

in the temperature range 293–1273 K, respectively [34,35].
The thermal expansion of AZr2(PO4)3 (A = Na, K, Rb, Cs)
changes irregularly as the radius of the A-site cation increases
(Na+ < K+ < Rb+ < Cs+). So far, it is not clear how the
A-site cation affects the thermal expansion behavior of the
AZr2(PO4)3 family.

In this work, to clarify the different effect of A cations
in the thermal expansion of the AZr2(PO4)3 family, first-
principles calculations have been performed for the cases
A = Na, K, Rb, Cs and in the absence of A atoms. The
structural and dynamic properties were investigated to reveal
the factors that promote the occurrence of near-zero thermal
expansion. By comparing the differences in Grüneisen param-
eters, the influence of the various A atoms on specific phonon

modes and thus on the different thermal expansion behavior
of AZr2(PO4)3 compounds has been clarified.

II. COMPUTATIONAL DETAILS

All calculations were carried out within the context of
density functional theory (DFT) by using the Vienna Ab initio
Simulation Package (VASP) [36]. The ion-electron interaction
was described using the projector augmented wave (PAW)
function approach. The exchange and correlation effects were
included within the Perdew-Burke-Ernzerhof (PBE) general-
ized gradient approximation (GGA) [37]. The wave functions
for the primitive cell of AZr2(PO4)3 (A = Na, K, Rb, Cs) and
Zr2(PO4)3 are expanded by plane waves up to an energy cutoff
of 600 eV. The integration over the Brillouin zone is sampled
with a k-point grid of 4 × 4 × 4, generated automatically by
the Monkhorst-Pack approach [38]. The convergence criteria
for the total energy and ionic forces were set to 10−8 eV and
10−4 eV/Å, respectively.

In order to obtain the phonon properties by the PHONOPY

code [39], we have picked a 2 × 2 × 2 supercell with 2 × 2 ×
2 k-point mesh and used the finite displacement method devel-
oped in VASP to calculate the force constants [40]. The thermo-
dynamic properties have been calculated within the quasihar-
monic approximation (QHA) [41]. The QHA theory contains
only implicit anharmonicity (i.e., the volume dependence of
phonon frequencies) and ignores explicit anharmonicity (i.e.,
phonon-phonon anharmonic interactions, which may con-
tribute significantly at high temperature) [42,43]. Therefore,
this approach has been widely used to calculate the thermal
expansion properties of materials well below their melting
points [44–49]. The Helmholtz free energy versus volume
(F−V ) for ten different volumes around the optimized equi-
librium volume has been fitted by the Vinet equation of states
(EOS) [50] in order to obtain the thermal expansion coef-
ficient (CTE). The mode Grüneisen parameters have been
calculated according to the definition γq, j = − V

ωq, j

∂ωq, j

∂V [51].

III. RESULTS AND DISCUSSION

A. Crystal structure and thermal expansion properties

The crystal structure of trigonal AZr2(PO4)3 (A = Na, K,
Rb, Cs) with space group R3̄C is shown in Fig. 1(a): two
ZrO6 octahedra are connected by three PO4 tetrahedra to
form a “lantern” unit of [Zr2(PO4)3] [for clarity, Fig. 1(b)
shows two neighboring lantern units], with the A-site alkali
metal atom located between the two lantern units along the
c axis. The structure of AZr2(PO4)3 (A = Na, K, Rb, Cs)
has been optimized and the calculated lattice constants and
bond lengths are in good agreement with the experimental
values [52,53] as reported in Table I. In particular, it can
be observed that the a axis gradually decreases and the c
axis gradually increases as the radius of the A-site cation in-
creases (Na+ < K+ < Rb+ < Cs+). We have also simulated
the crystal structure without A atoms [i.e., Zr2(PO4)3, not
successfully synthesized experimentally], and the optimized
crystal structure is basically unchanged as shown in Fig. 1(c).
The calculated phonon spectra without imaginary frequencies
(see below for detailed information) prove that the structure is
stable.
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FIG. 1. (a) Crystal structure of AZr2(PO4)3 (A = Na, K, Rb, Cs); (b) two neighboring lantern units of [Zr2(PO4)3]; (c) crystal structure of
Zr2(PO4)3; (d) calculated (lines) and experimental (symbols) [54] relative thermal expansion of AZr2(PO4)3 and Zr2(PO4)3.

The relative volume thermal expansion of AZr2(PO4)3
(A = Na, K, Rb, Cs) and Zr2(PO4)3 has been calculated
in the temperature range 0–520 K and compared with the
experimental data [54], as shown in Fig. 1(d). The calculated
linear CTE (approximated as αl = αV

3 ) and experimental av-
erage CTE are listed in Table II. The calculated values are
fully consistent with the experimental data, except for the
overestimation of the PTE of NaZr2(PO4)3. Indeed, in the low
temperature region 0–520 K, the PTE of NaZr2(PO4)3, the
NTE of KZr2(PO4)3 and RbZr2(PO4)3, and the lower NTE of
CsZr2(PO4)3 have been reproduced. Finally, Table II also re-
ports the calculated elastic constants and bulk modulus, whose
results are similar to those calculated by Kamali et al. [55].

The calculated charge densities (Fig. 2) indicate that all
Zr-O and P-O bonds exhibit covalent bonding properties, re-
sulting in rigid ZrO6 and PO4 polyhedra (in particular the

PO4 tetrahedra will be highly rigid due to the short P-O
bonds and the localized charge density). When the A element
changes, the Zr-O and P-O bond lengths and charge density
distributions are very similar, demonstrating that the different
A element does not affect the Zr-O and P-O bond properties
much. Thus, the lantern unit [Zr2(PO4)3] formed by the rigid
ZrO6 and PO4 polyhedra is very solid and facilitates the near-
zero thermal expansion behavior of AZr2(PO4)3 (A = Na, K,
Rb, Cs).

B. Phonon properties

The thermal expansion of materials with framework struc-
tures is closely related to phonon properties. The phonon
dispersion curves and the density of vibrational states of these
five compounds are shown in Fig. 3. AZr2(PO4)3 (A = Na, K,

TABLE I. Calculated and experimental [52,53] lattice constants and bond lengths in AZr2(PO4)3 (A = Na, K, Rb, Cs) and Zr2(PO4)3.

NaZr2(PO4)3 KZr2(PO4)3 RbZr2(PO4)3 CsZr2(PO4)3 Zr2(PO4)3

Calc. Expt. Calc. Expt. Calc. Expt. Calc. Expt. Calc. Expt.

a (Å) 8.91 8.80 8.84 8.73 8.78 8.71 8.71 8.58 9.01
b (Å) 8.91 8.80 8.84 8.73 8.78 8.71 8.71 8.58 9.01
c (Å) 22.91 22.76 24.13 23.97 24.63 24.3 25.15 24.9 23.08

V (Å3) 1576 1527 1633 1580 1644 1596 1651 1586 1621
Zr-O1 (Å) 2.11 2.08 2.10 2.10 2.10 2.11 2.09 2.16 2.07
Zr-O2 (Å) 2.06 2.04 2.08 2.06 2.08 2.07 2.09 2.0 2.09
P-O1 (Å) 1.55 1.55 1.55 1.54 1.55 1.53 1.55 1.54 1.54
P-O2 (Å) 1.54 1.53 1.54 1.57 1.54 1.58 1.54 1.54 1.54
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TABLE II. Calculated elastic constants, bulk modulus, and calculated linear CTEs (αl ) and experimental average CTE (αav) [54] in
AZr2(PO4)3 (A = Na, K, Rb, Cs) and Zr2(PO4)3 compounds.

NaZr2(PO4)3 KZr2(PO4)3 RbZr2(PO4)3 CsZr2(PO4)3 Zr2(PO4)3

C11 128.465 178.117 196.881 211.437 112.642
C12 51.881 73.431 72.938 69.15 63.191
C13 61.320 87.296 87.541 83.443 76.796
C14 -12.739 -17.77 -18.716 -17.675 -17.437
C33 161.994 164.246 154.301 146.025 155.201
C44 53.247 53.214 53.136 52.457 41.688
C66 46.537 47.169 49.426 53.922 32.194

B (GPa) 87.760 113.522 111.347 105.335 85.624
Calc. αl (×10−6 K−1) 6.4 -2.1 -2.4 -0.8 -3.9

Expt. αav (×10−6 K−1) 1.4 -1.9 -2.1 -1.1

Rb, Cs) present similar phonon spectra [see Figs. 3(a)–3(d)],
which can be divided in three regions: low frequency (0–12.5
THz), middle frequency (15–20 THz), and high frequency
(27.5–35 THz). It can be observed that the vibrations of the
A-site alkali metal atoms are mainly located in the ultralow
frequency region, and the vibrational contribution becomes
more concentrated at lower frequencies as the mass of the
A atom increases. Also, the vibrations of the Zr atoms occur
mainly in the low frequency region, with a weak contribution
in the middle frequency region. The P and O atoms contribute
in the whole frequency region, with a stronger contribution
from O atoms. An interesting aspect, Fig. 3(e) indicates that
the frequencies of all phonon modes in Zr2(PO4)3 are lowered
compare to AZr2(PO4)3 compounds, and the density of states
of Zr, P, and O atoms is similar to that of AZr2(PO4)3.

We have analyzed the eigenvectors of all phonon modes
at the � point of the Brillouin zone and calculated the

corresponding square displacements (u2
j = |e j |2

mj
) [56] of the

different types of atoms to investigate the vibrational motion,
as shown in Fig. 4. AZr2(PO4)3 (A = Na, K, Rb, Cs) and
Zr2(PO4)3 exhibit similar vibrational properties. The phonon
modes in the frequency range 0–8 THz correspond to coupled
rotations (RUM) and bending motions of ZrO6 and PO4 poly-
hedra (mainly contributing to NTE), vibrations of A atoms,
and translational motions of PO4 polyhedra and Zr atoms.
In the frequency range 8–19 THz, the phonon modes mainly
contribute to PTE and are associated to the bending of Zr-O2-

P and Zr-O1-P bonds and motions of P atoms. The phonon
modes from 28–35 THz all contribute to the PTE and are
associated to the stretching motion of the P-O bonds.

C. Effect of A-site alkali metal atoms on the thermal expansion

In quasiharmonic approximation the contribution of the
different phonon modes to the thermal expansion depends
on the positive or negative value of the corresponding mode
Grüneisen parameter: the larger the negative value of the
mode Grüneisen parameter, the stronger the contribution to
the NTE. In AZr2(PO4)3 and Zr2(PO4)3 compounds, all
phonon modes are in the middle and high frequency region
with low positive values of Grüneisen parameter which will
not contribute to the anomalous thermal expansion, so we
focus on the mode Grüneisen parameter in the low frequency
region as shown in Fig. 5. It is clear that the phonon modes
of KZr2(PO4)3, RbZr2(PO4)3, and Zr2(PO4)3 with nega-
tive Grüneisen parameters dominate from 0 to 11 THz [see
Figs. 5(b), 5(c), and 5(e)], corresponding to the NTE behavior
of these three compounds from 0 to 520 K. Interestingly, the
three acoustic phonon branches also contribute to the NTE.
In comparison, the phonon modes of CsZr2(PO4)3 contribute
less to the NTE in the low frequency region [see Fig. 5(d)], for
example, the negative mode Grüneisen parameters are weak-
ened and the acoustic modes contribute mainly to the PTE,
leading to a very weak NTE. In NaZr2(PO4)3, the phonon

FIG. 2. Calculated charge density of (a) NaZr2(PO4)3, (b) KZr2(PO4)3, (c) RbZr2(PO4)3, (d) CsZr2(PO4)3, and (e) Zr2(PO4)3.
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FIG. 3. Calculated phonon dispersion curves and phonon density of states for (a) NaZr2(PO4)3, (b) KZr2(PO4)3, (c) RbZr2(PO4)3, (d)
CsZr2(PO4)3, and (e) Zr2(PO4)3.

modes that contribute to the PTE dominate from 0 to 11THz
[see Fig. 5(a)], consistent with its PTE nature.

To obtain more detailed information, we have extracted
the Grüneisen parameters of all phonon modes within a 30 ×
30 × 30 grid in the Brillouin zone and processed them into
point density maps for the low frequency region (0–8 THz),
as shown in Fig. 6. Figure 6(a) shows that a large number of
optical phonon modes of NaZr2(PO4)3 near 2.4 THz have a
positive Grüneisen parameter and so contribute significantly
to the PTE, and these vibrational modes involve the motion
of Na atoms. Differently, in KZr2(PO4)3 and RbZr2(PO4)3,

the phonon modes where K and Rb play a dominant role [see
Figs. 6(b) and 6(c), at about 1.7 and 1.5 THz, respectively]
have negative Grüneisen parameters and therefore contribute
to NTE. Figure 6(d) shows that the phonon modes related to
Cs atoms near 1.3 THz contribute weakly to the PTE.

The eigenvectors of the phonon mode of AZr2(PO4)3 (A =
Na, K, Rb, Cs) in which the A atom plays a dominant role
at the � point (the Eu mode as an example) are shown in
Fig. 7(a). In addition, the phonon modes in AZr2(PO4)3 and
Zr2(PO4)3 that contribute most to the NTE are the rotational
coupling motion of ZrO6 and PO4 polyhedron, which are

FIG. 4. Calculated phonon frequency (top panels) and square displacements (bottom panels) of each atom type for all phonon modes at �

points in (a) NaZr2(PO4)3, (b) KZr2(PO4)3, (c) RbZr2(PO4)3, (d) CsZr2(PO4)3, and (e) Zr2(PO4)3. The results are normalized to 1.
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FIG. 5. Calculated low frequency phonon dispersion curves of (a) NaZr2(PO4)3, (b) KZr2(PO4)3, (c) RbZr2(PO4)3, (d) CsZr2(PO4)3, and
(e) Zr2(PO4)3. The colored scale ranges from blue for positive Grüneisen parameters, to red for negative Grüneisen parameters.

RUM and give rise to the contraction along the a and b axes;
the eigenvectors of this vibrational mode (the A2g mode at the
� point as an example) are shown in Fig. 7(b). The Grüneisen

parameters of these two representative modes are also listed in
Table III. From Figs. 6(b) and 6(c), it is clear that the coupled
rotational modes in KZr2(PO4)3 and RbZr2(PO4)3 (at about

FIG. 6. The point density map of mode Grüneisen parameters in (a) NaZr2(PO4)3, (b) KZr2(PO4)3, (c) RbZr2(PO4)3, (d) CsZr2(PO4)3,
and (e) Zr2(PO4)3 in the low frequency range 0–8 THz.
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FIG. 7. Eigenvectors of the Eu and A2g modes in AZr2(PO4)3 (A = Na, K, Rb, Cs) and Zr2(PO4)3.

2.1 THz) have the largest negative Grüneisen parameters and
contribute the most to the NTE. In contrast, the coupled
rotational modes in CsZr2(PO4)3 [see Fig. 6(d), at around
2.4 THz] contribute less to NTE and that of NaZr2(PO4)3
[see Fig. 6(a), around 2.6 THz] even less. To summarize the
above analysis, when the A-site alkali metal ion changed, the
contribution of specific three phonon models [(1) the mode
dominated by A-site alkali metal ions; (2) RUM, i.e., rotation
modes of ZrO6 octahedron and PO4 tetrahedron; (3) acoustic
phonon modes] to the NTE followed the order KZr2(PO4)3 ≈
RbZr2(PO4)3 > CsZr2(PO4)3 > NaZr2(PO4)3, resulting in
KZr2(PO4)3 and RbZr2(PO4)3 exhibiting similar low NTE
properties, CsZr2(PO4)3 exhibiting very weak NTE prop-
erties, and NaZr2(PO4)3 exhibiting low PTE properties. In
addition, Figs. 5(e) and 6(e) show that the number of phonon
modes with negative Grüneisen parameter are higher when the
A-site alkali metal ion is not present [i.e., Zr2(PO4)3]. The
frequency of all phonon modes in Zr2(PO4)3 were decreased
[see Fig. 3(e)], resulting in easier excitation of phonon modes
which contribute to NTE, thus Zr2(PO4)3 exhibits relatively
strong NTE properties.

Finally, to evaluate the overall thermal expansion, we have
calculated the overall Grüneisen parameter γ̄ which repre-
sents the weighted sum of all phonon modes excited at a
certain temperature. Figure 8 shows that the calculated γ̄ is
consistent with the thermal expansion behavior of the five
compounds here investigated: γ̄ is negative in KZr2(PO4)3,
RbZr2(PO4)3, CsZr2(PO4)3, and Zr2(PO4)3, and positive in
NaZr2(PO4)3. In particular, CsZr2(PO4)3 exhibits the smallest
negative value of γ̄ , in accordance with its smallest NTE,

TABLE III. Grüneisen parameters of the Eu and A2g modes in
AZr2(PO4)3 (A = Na, K, Rb, Cs) and Zr2(PO4)3.

Eu A2g

ω (THz) γq, j ω (THz) γq, j

NaZr2(PO4)3 2.4 9.5 2.6 -7.8
KZr2(PO4)3 1.8 1.5 2.1 -23.1
RbZr2(PO4)3 1.3 1.0 2.1 -21.9
CsZr2(PO4)3 1.4 1.3 2.4 -14.7

Zr2(PO4)3 2.4 -14.8

while KZr2(PO4)3 and RbZr2(PO4)3 show a similar negative
value of γ̄ , consistent with their similar low NTE. Finally,
Zr2(PO4)3 shows the most negative value of γ̄ indicating
the largest NTE, and NaZr2(PO4)3 exhibits a positive γ̄ in
agreement with its PTE behavior.

IV. CONCLUSIONS

In summary, AZr2(PO4)3 (A = Na, K, Rb, Cs) and
Zr2(PO4)3 compounds have been investigated by first princi-
ples calculations to clarify their different low thermal expan-
sion behavior and the effect of the A-site alkali metal atoms
on the thermal expansion. The calculated charge density indi-
cates that all Zr-O and P-O bonds are covalent, resulting in a
rigid ZrO6 octahedra and PO4 tetrahedra of the [Zr2(PO4)3]
lantern units. This is an important aspect which can be related
to the presence of the low thermal expansion behavior. The
vibrational analysis shows that the phonon modes in the low
frequency region (0–8 THz) mainly contribute to the negative
thermal expansion, in particular the coupled rotational modes

FIG. 8. Overall Grüneisen parameter γ̄ calculated in AZr2(PO4)3

compounds (A = Na, K, Rb, Cs) and Zr2(PO4)3 as a function of
temperature.
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of ZrO6 and PO4 polyhedra. The calculated Grüneisen param-
eters reveal that when the A-site alkali metal ion changed,
the contribution of specific three phonon models [(1) the
mode dominated by A-site alkali metal ions; (2) rotation
modes of ZrO6 octahedron and PO4 tetrahedron; (3) acoustic
phonon modes] to NTE followed the order KZr2(PO4)3 ≈
RbZr2(PO4)3 > CsZr2(PO4)3 > NaZr2(PO4)3, resulting in
KZr2(PO4)3 and RbZr2(PO4)3 exhibiting similar low NTE
properties, CsZr2(PO4)3 exhibiting very weak NTE prop-
erties, and NaZr2(PO4)3 exhibiting low PTE properties.
When the A atom is absent, the structure flexibility in-
creases result in the number of phonon modes contributing
to the NTE increasing and becoming more easily excited,

promoting the occurrence of the NTE. These results help us to
understand the regulation of thermal expansion in NZP-type
materials.
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