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Vortex condensate and critical exponents in the (2+1)-dimensional O(2) model
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The vortex in the (2 + 1)-dimensional O(2) model is studied via numerical simulations in a fully nonper-
turbative lattice regularization. We compute the vortex condensate and susceptibility to determine its critical
exponents and a renormalized condensate in the continuum limit. Together with recent results on the vortex
mass, this gives a complete picture of the scaling behavior of the vortex operator in this model and sheds light
on the statistical mechanics of topological excitations.
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I. INTRODUCTION

The (2 + 1)-dimensional O(2) model is a quantum field
theory which supports vortex excitations. In this context, a
vortex is a pointlike defect that lives on a two-dimensional
spatial timeslice and sweeps a vortex line in the three-
dimensional spacetime. This model has a second-order phase
transition corresponding to the “Wilson-Fisher” fixed point,
and its Euclidean field theory describes the superfluid transi-
tion in 4He [1–4].

Topological excitations may be studied in a Euclidean lat-
tice field theory formulation using the construction of [5,6].
The vortex in the (2 + 1)-dimensional O(2) model can be
mapped via an exact duality to the charged particle in an
integer-valued lattice gauge theory. This construction leads to
a vortex operator which has been rigorously shown to give rise
to topological sectors [5] (note that in the language of [5] the
vortex in this theory would be called a “monopole”).

The setup and methods of this work are the same as those
of a previous study [7], which showed that the vortex con-
structed via the duality has a mass which is logarithmically
divergent with the spatial volume. Near the continuum limit,
the (2 + 1)-dimensional O(2) Wilson-Fisher fixed point is
characterized by a set of critical exponents for the ordinary
O(2) field, among which those for the mass ν, magnetization
β, and susceptibility γ . These satisfy a hyperscaling relation,

2β + γ = νd, (1)

with d = 3 in this case. The vortex operator will in turn be
characterized by a set of critical exponents νV , βV , and γV

for its mass, condensate (analogous to the magnetization),
and susceptibility, respectively. Previous work has shown that,
within numerical precision, the vortex mass scales with the
same exponent as the ordinary mass [7,8], i.e. νV = ν. This is
consistent with the expectation of a universal scaling for the
masses.

In this work, we compute the vortex critical exponents βV

and γV for the condensate and susceptibility. In this case we
find that the vortex exponents are significantly different than
the usual O(2) exponents, i.e., βV �= β, and γV �= γ , yet they

still satisfy the hyperscaling relation

2βV + γV = νV d, (2)

where again d = 3. Such a relation allows the identification of
a universal amplitude ratio involving the condensate, suscep-
tibility and mass, which may be alternatively interpreted as a
renormalized condensate.

The critical exponents of the vortex operator are also of
interest because in principle they can be directly related to the
scaling dimensions of relevant deformations of the conformal
field theory at the fixed point. Calculations of scaling dimen-
sions of topological excitations in conformal field theories
have attracted attention in recent years [9–11].

In this work, together with [7], topological excitations are
numerically studied based on the techniques of [5,6] in a
lattice model with a continuum limit. The same operator has
been investigated in the context of monopoles in the four-
dimensional U(1) gauge theory [12,13], which however only
has a first-order phase transition.

The rest of this work is organized as follows. In Sec. II
we give a detailed description of the theoretical setup, in par-
ticular the (2 + 1)-dimensional O(2) model, the dual theory,
and the vortex operator. In Sec. III, we discuss the numerical
calculation and our main results.

II. THE MODEL

A. The XY model and its duality

The (2 + 1)-dimensional O(2) model is the theory of a
complex scalar field �(x) with Lagrangian

L = 1

2
∂μ�∗∂μ� − λ

4!
(|�|2 − v2)2. (3)

At the classical level, it admits vortex excitations whose en-
ergy is logarithmically divergent with the spatial volume. In
the quantum theory, for each fixed value of λ the system can
be driven to the Wilson-Fisher fixed point by tuning v2. In
this work we choose to set λ = +∞, which has the effect
of fixing the absolute value of the scalar field, |�|2 ≡ v2.
The remaining degree of freedom is the angle ϕ defined as
� = v exp (iϕ). One then obtains the Lagrangian of the XY
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model,

L = 1
2v2∂μϕ∂μϕ, ϕ ∈ [0, 2π ). (4)

The theory can be formulated on a three-dimensional
Euclidean lattice, in which case the partition function takes
the form

Z =
(∏

x

1

2π

∫ π

−π

dϕx

)
exp

⎛
⎝−

∑
〈xy〉

s(ϕx, ϕy)

⎞
⎠, (5)

where 〈xy〉 are nearest neighbors. Several equivalent choices
for the action s are possible. Here we choose the Villain form,

e−s(ϕx,ϕy ) =
∑

n〈xy〉∈Z
exp

[
− 1

2g2
(ϕx − ϕy + 2πn〈xy〉)2

]
, (6)

where g2 is the coupling and the action enforces the 2π pe-
riodicity of the ϕ variables. For small g2, the O(2) model is
found in a broken phase with a massless Goldstone boson,
while for large g2 the O(2) symmetry remains unbroken. The
two phases are separated by a second-order phase transition
which (for this specific choice of action) is accurately known
and located at [14]

g2
c = 3.00239(6). (7)

In three dimensions, the XY model admits an exact duality
transformation to a pure integer-valued noncompact gauge
theory. In particular, the dual gauge field A ∈ Z lives on the
links of the dual lattice, and (up to irrelevant prefactors) the
partition function Eq. (5) can be shown to be identical to
the partition function

Z =
∏

l

∑
Al ∈Z

exp

⎛
⎝−g2

2

∑
�

F 2
�

⎞
⎠, (8)

where the product is over all links l of the dual lattice, the sum
is over all dual lattice plaquettes � and the noncompact field
strength is defined as F� = A1 + A2 − A3 − A4 for the four
gauge field variables living on the oriented links belonging to
plaquette �.

The integer gauge theory Eq. (8) may be interpreted as the
κ → ∞ limit of a scalar QED theory with a compact scalar
� ∈ U(1) and a real-valued gauge field A ∈ R, together with
the action

S[A,�] = g2

2

∑
�

(F�)2 − κ
∑
〈xy〉

Re
(
�xe2π iA〈xy〉�∗

y

)
. (9)

In particular, choosing the unitary gauge � ≡ 1 and taking the
limit κ → ∞, the gauge field becomes integer valued, A〈xy〉 ∈
Z and one recovers Eq. (8). The phase diagram of noncompact
scalar QED is shown in Fig. 1. In particular, for small g2 the
integer gauge theory is found in a Coulomb phase (which is
therefore dual to the broken phase of the original XY model),
while for large g2 the theory is found in a Higgs phase (dual
to the symmetric phase). The O(2) vortices exist as particles
in the Coulomb phase, but they condense in the Higgs phase.

The duality between the O(2) model and the integer gauge
theory is not simply an identity between their partition func-
tions, but also provides a dictionary which relates objects in

0 ∞

∞

g2

κ

Higgs

Coulomb

FIG. 1. Phase diagram of noncompact 3D scalar QED. The inte-
ger gauge theory Eq. (8) corresponds to κ = ∞.

the two theories. For example, the massless photon in the
Coloumb phase of the integer gauge theory is dual to the the
massless Goldstone boson in the broken phase of the O(2)
model.

The scalar QED theory Eq. (9) may be interpreted as
the Landau-Ginzburg theory describing the superconducting
phase transition [14]. In this language, the integer gauge
theory Eq. (8) has also been referred to as the “frozen
superconductor” and the Higgs phase is nothing but the su-
perconducting phase.

In this work, we are interested in studying the vortex in the
O(2) model, which is mapped by the duality to the charged
particle in the integer gauge theory. This vortex should not
be confused with the “superconducting” vortex in the Higgs
phase of scalar QED, which is a stable particle with a finite
mass in the infinite volume limit.

B. The vortex operator

Under the duality, the vortex in the original XY model
is mapped to the charged particle in the integer gauge the-
ory [5,7,12]. The scalar field in scalar QED is not gauge
invariant. Therefore, by itself it is not a valid observable and
must be combined with an appropriate factor involving the
gauge field (a “photon cloud”) to make it gauge invariant.
Several choices are possible. Since the vortex is a pointlike
defect which lives on a spatial timeslice, the correct choice
of operator turns out to be equivalent to gauge fixing to the
Coulomb gauge [5,7,12]. This results in the operator

�V (x) = exp (−2π i�−1δA)�x, (10)

where δ is the spatial lattice divergence and � the spatial lat-
tice Laplacian. This is nothing but a lattice version of Dirac’s
dressed electron field [15]. It is important to emphasize that
the operator �V in Eq. (10) is gauge invariant, and is therefore
a valid observable. The exponential in Eq. (10) represents
the photon cloud which surrounds the charged particle in the
spatial directions only, consistently with its interpretation as a
vortex. In the limit where scalar QED reduces to the integer
gauge theory, the operator (10) reduces to

�V (x) = exp (−2π i�−1δA), (11)

where now A is integer valued. In particular, it has been rigor-
ously shown that the operator (11) gives rise to topological
sectors [5], which may be interpreted as vortices. We will
therefore refer to �V as the “vortex operator.” It should be
emphasized that the vortex operator is nonlocal due to its
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Coulomb cloud. In fact, the vortex is an infraparticle [5,16–
18] which is especially infrared sensitive. In the following,
we will be interested in computing the vortex condensate, i.e.,
the condensate of the operator (11). The general problem of
whether the scalar field condenses in scalar QED has been
considered in the past in mathematically rigorous work in
three or higher dimensions, where it was found that the answer
is gauge dependent [19–22]. This is however not directly rel-
evant to our case, since we’re interested in the specific choice
in Eq. (11); in this case, condensation has been shown in the
relevant phase in four dimensions [5], but we are otherwise
not aware of results directly applicable to the operator (11).

C. Boundary conditions

A technical problem in the definition of the vortex opera-
tor (11) is that the Laplacian on a finite lattice with periodic
boundary conditions has a zero mode and is therefore not
invertible. This is a manifestation of the well-known fact that,
since the torus has no boundary, by Gauss’ law it cannot
support states with nonzero charge. This problem can be over-
come by employing C-periodic boundary conditions in the
spatial directions [12,23,24]. In this case, C-periodic bound-
ary conditions amount to a charge conjugation transformation
when crossing the spatial boundary,

Aμ(x + Lî) = −Aμ(x). (12)

In the time direction, the boundary conditions remain strictly
periodic.

Another technical issue is that, with periodic boundary
conditions, due to the noncompactness of the height variables
the partition function of the integer gauge theory Eq. (8) is
infinite, i.e., Z = ∞, even in a finite volume. For a thorough
discussion of this problem, see Appendix A in [25]. The
source of this infinity is two-fold. First of all, since the par-
tition function is gauge invariant, the summation over some of
the gauge field variables is redundant; due to the noncompact
nature of the gauge field, these extra summations then give
rise to the infinity. At the formal level, as long as one considers
only gauge-invariant observables, as we do, this problem can
be resolved by a gauge-fixing scheme which removes the sum-
mation over the redundant variables. However, with periodic
boundary conditions, this is not sufficient to resolve the prob-
lem and the partition function is still infinite. In particular, the
partition function Eq. (8) is invariant under the transformation

Aμ(x) → Aμ(x) + nμ, (13)

where nμ is an integer which depends only on the direction
μ. Importantly, this is not a gauge transformation [25]. Be-
cause of this symmetry, even after gauge fixing, the action
is independent of one of the gauge field variables (or more,
depending on how many directions are periodic), which there-
fore leads to an unconstrained infinite sum in the partition
function Eq. (8). The transformation Eq. (13) is a symme-
try of the action with periodic boundary conditions, but not
with C-periodic boundary conditions; therefore, in our case
this issue only involves the time direction where we apply
periodic boundary conditions. As long as one considers only
observables which are invariant under the symmetry Eq. (13),
removing the summation over the redundant gauge field

variable is then sufficient at the formal level to make the
partition function finite. In practice, this issue will not affect
the calculation of expectation values of observables which
are invariant under Eq. (13), because the summation over the
redundant variable will contribute a constant (albeit infinite)
prefactor identical in both numerator and denominator, which
is therefore irrelevant.

D. Symmetries

We note that, while the action of scalar QED is generally
invariant under noncompact U(1) gauge transformations, C
periodicity explicitly breaks the global U(1) symmetry down
to a Z2 subgroup which acts as a reflection of the scalar
field, � → −�. Under this symmetry, the vortex operator
transforms as

�V → −�V , (14)

and we therefore call this Z2 symmetry “vortex field reflec-
tion.” Since the “vortex field reflection” is a remnant U(1)
gauge transformation, the phase in which it is broken should
be understood as a Higgs phase with a massive photon. As
we will see in the next section, the vortex operator acquires
a vacuum expectation value in the Higgs phase, which is
therefore characterized by the spontaneous breaking of this
Z2 symmetry, which is a remnant of the U(1) symmetry. In
particular, the second-order phase transition in this model is in
the O(2) universality class (not in the Z2 universality class);
this is also clear by the duality.

III. NUMERICAL RESULTS

A. Setup and expectations

The integer gauge theory, Eq. (8), may be simulated nu-
merically using a standard metropolis algorithm. The object
of interest is the vortex operator correlation function. In par-
ticular, we first project the vortex operator to zero momentum,

�V (t ) ≡ 1

L2

∑

x

Re �V (t, 
x), (15)

where x = (t, 
x). Note that, with C-periodic boundary con-
ditions, C-even (resp. C-odd) operators obey periodic (resp.
antiperiodic) boundary conditions. Therefore, only the real
part of the vortex operator admits a projection to the zero
momentum sector (see also [7,12]). We then compute the
correlation function

C(t ) ≡ 〈�V (0)�V (t )〉. (16)

The quantities of interest can be extracted from the correlation
function Eq. (16) by fitting to the spectral decomposition

〈�V (0)�V (t )〉 = 1

Z

∑
n,m

|〈n|�V |m〉|2e−tEm+(t−T )En . (17)

In the Coulomb phase we expect a unique vacuum with
vortex number zero. In this phase, vortices exist as particles.
The Hilbert space also contains other states with zero vortex
number, including those corresponding to vortex-antivortex
pairs, as well as states with nonzero vortex number. These

134520-3



A. MARIANI PHYSICAL REVIEW B 108, 134520 (2023)

latter states are those we are interested in, and they can be
probed via the spectral decomposition for the vortex corre-
lation function. In finite volume, due to C periodicity only
Z2 vortex field reflection is a symmetry. As a result, vortices
and antivortices can mix and vortex number, which is an
integer-valued quantity in infinite volume, is only conserved
modulo 2.

Therefore, in the Coulomb phase, through the exponential
decay of the correlation function of the vortex operator (11),
one may extract the energy of the lowest-lying state in the
zero-momentum, vortex field reflection-odd sector, which can
be naturally identified with the vortex mass mV . This was
studied in a previous work [7] and it was found that it behaves
as

mV ∼ |t |νV log
L

L0
, (18)

where L is the spatial volume and t = g2 − g2
c is the distance

from the phase transition. In particular, the vortex mass is
logarithmically divergent with the spatial volume (much like
in the classical theory) and scales near the continuum limit
with a critical exponent νV , which is found to be numerically
equal to the critical exponent ν for the mass of the ordinary
field, νV = ν [7,8].

In this work, we consider two other quantities which may
be computed from the vortex correlation function: the vor-
tex susceptibility and the vortex condensate. In the Coulomb
phase we compute the vortex susceptibility

χV ≡ 1

2L2T

∑
x,y

〈Re �V (x) Re �V (y)〉, (19)

where L2T is the spacetime volume. This has been defined in
analogy with the susceptibility of the ordinary O(2) field [26].
In the Coulomb phase, the vortices exist as particles and the
vortex operator has no vacuum expectation value. Therefore,
the volume prefactor ensures the correct volume scaling of
the susceptibility. Note that, as can be seen from the spectral
decomposition Eq. (17), the susceptibility Eq. (19) is well
defined in the infinite volume even though the vortex mass
is divergent.

The computation of the susceptibility involves summing
the correlation function, Eq. (16), over t and does not require
any fitting. However, since the correlation function decays
to zero exponentially while the errors are roughly constant
with t , in order to avoid artificial accumulation of errors the
sum must be truncated. The systematic error arising from
the details of the truncation procedure is much smaller than
the statistical error of the final result.

Generally speaking, not much is known about the finite
volume behavior or the scaling behavior of nonlocal operators
such as the vortex operator (11). Therefore, for both the finite
volume dependence and the continuum scaling law of the
observables we compute, we will assume functional forms
which are typical in the scaling theory of local operators, and
show that they find numerical confirmation.

After extrapolating to the infinite volume, we find that the
vortex susceptibility scales near the continuum limit with the
critical exponent γV ,

χV ∼ |t |−γV . (20)

In the Higgs phase, on the other hand, we expect the
vortices to condense. This is only possible due to symmetry
breaking, which allows the vortex operator to acquire a vac-
uum expectation value. In finite volume there is no symmetry
breaking. Instead, the vacuum is always unique and invariant
under the symmetry. Thus, in finite volume one finds two
almost-degenerate states in the spectrum, |+〉 and |−〉, which
are respectively even and odd under Z2 vortex field reflec-
tion [27,28]. Here |+〉 is the finite-volume ground state. They
form linear combinations

|0+〉 = |+〉 + |−〉√
2

, |0−〉 = |+〉 − |−〉√
2

, (21)

which are related by vortex field reflection, i.e., |0+〉 → |0−〉
and |0−〉 → |0+〉. Symmetry breaking implies that these two
states become degenerate in the infinite volume limit. The
vortex condensate is then given by the absolute value of the
vacuum expectation value of the vortex operator,

〈0+| �V |0+〉 = −〈0−|�V |0−〉. (22)

In finite volume, from the spectral decomposition Eq. (17) we
extract the condensate

�V ≡ |〈+|�V |−〉|, (23)

which coincides with the usual definition in the infinite vol-
ume limit.

After extrapolating to the infinite volume, we find that the
condensate scales near the continuum as

�V ∼ |t |βV . (24)

As we will see, within numerical precision these critical ex-
ponents are found to satisfy the scaling relation 2βV + γV =
νV d . We can therefore construct the universal amplitude ratio

RV ≡ �2
V (t )ξ (t )3

χV (−t )
, (25)

which is finite in the continuum limit. Here ξ is the usual
(second-moment) correlation length in the symmetric phase of
the original O(2) model, which scales as ξ ∼ |t |−ν . We choose
to work with ξ because it is finite in the infinite volume limit,
unlike the vortex mass mV . The universal amplitude ratio
Eq. (25) has been previously considered for the ordinary field
in the O(2) model [26] and may be equivalently interpreted
as a renormalized vortex condensate. An attempt to obtain a
renormalized condensate for the same operator had been made
in the four-dimensional pure U(1) gauge theory, but it was
found not to be possible [13]. This is likely because the four-
dimensional pure U(1) gauge theory only has a first-order
phase transition and therefore no continuum limit.

B. Results and discussion

In the Higgs phase, the numerical simulations (for the
condensate) were performed at six different couplings g2

i close
to the phase transition, as listed in Table I. Simulations in
the Coulomb phase (for the susceptibility) were performed
at couplings at the same distance from the phase transition,
i.e., at couplings 2g2

c − g2
i . For each coupling, the simulations

were performed on a lattice of size L2T for fixed time extent T
and increasing spatial extents L. Depending on the coupling,
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TABLE I. Parameters and results of the simulations in the Coulomb and Higgs phases. The couplings in the two phases are chosen so that
they are at the same distance from the phase transition, which is located at g2

c = 3.00239(6). The maximum spatial lattice size is the same for
corresponding couplings. The quoted values for �V , χV , and ξ refer to their extrapolation to infinite volume.

Both Coulomb Higgs

|g2 − g2
c| Lmax g2 Sweeps χV g2 Sweeps �V ξ

0.042051 64 2.960331 2 × 106 83(2) 3.044449 5 × 105 0.67(1) 6.36(2)
0.030270 80 2.972112 2 × 106 138(4) 3.032668 5 × 105 0.626(6) 7.97(3)
0.023123 80 2.979259 2 × 106 223(13) 3.025521 5 × 105 0.60(1) 9.59(3)
0.018407 112 2.983975 4 × 106 285(9) 3.020805 1 × 106 0.55(1) 11.20(4)
0.015103 112 2.987278 4 × 106 419(22) 3.017502 1 × 106 0.53(1) 12.80(4)
0.012683 128 2.989699 8 × 106 541(24) 3.015081 2 × 106 0.51(1) 14.41(5)

between six and eight values of L were simulated. For the
susceptibility, simulations with fixed time extent T = 72 were
found to be sufficient, while for the condensate we found a
small but significant error from the extrapolation to infinite
T . We have therefore repeated each simulation for five in-
creasing values of T and included the difference in the error
budget. A summary of the couplings, largest L, and number of
metropolis sweeps is presented in Table I. Measurements were
taken every 100–400 sweeps depending on the vicinity to the
phase transition, and then further appropriately binned. Note
that more statistics are required in the Coulomb phase in order
to distinguish the exponential behavior of the finite volume
susceptibility (as opposed to other plausible fitting forms such
as power laws).

Both the susceptibility and condensate were then extrapo-
lated to the infinite volume by fitting to the exponential form

f (L) = f (∞) + Ae−BL, (26)

where f (∞), A and B are free parameters. Perhaps
surprisingly, we find exponentially small finite-volume
corrections in both the Higgs phase and Coulomb phases.
For the condensate, the infinite volume fits have χ2/d.o.f. in
the range 0.26–1.04 with the exception of the second-closest
coupling to the phase transition, for which χ2/d.o.f. ≈ 0.06,
while for the susceptibility the χ2/d.o.f. ranges between
0.65 and 1.11. Example fits to the finite volume data for both

quantities are shown in Fig. 2. The susceptibility overall has
much stronger finite volume effects. The quality of our results
could be improved by a better theoretical understanding of
the finite volume effects. The final results of the extrapolation
to infinite volume are also given for each coupling in Table I.

Finally, we extrapolate to the continuum by fitting to a
straight line on a logarithmic scale, as shown in Fig. 3. The
fit for the condensate has a χ2/d.o.f. ≈ 0.59, while the one
for the susceptibility has χ2/d.o.f. ≈ 0.93. This allows us to
extract the amplitude and critical exponents for both quanti-
ties. In Fig. 4 we also plot the amplitude ratio, Eq. (25). The
amplitude ratio requires knowledge of the correlation length ξ

at the couplings in Table I. This we obtained by fitting the ex-
pected scaling form together with corrections to scaling [26]
to raw data computed using the Wolff cluster algorithm in the
original O(2) model and kindly provided by the authors of [7].
We see that the amplitude ratio is consistent with a constant, as
expected if the vortex critical exponents indeed satisfy Eq. (2).
Fitting to a straight line also gives a result consistent with a
constant within error.

The final results are therefore found to be

χV = Cχ |t |−γV , Cχ = 0.61(7), γV = 1.55(3),

�V = C�|t |βV , C� = 1.40(9), βV = 0.23(2),

RV = 1.44(3). (27)
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2500

χ
V

FIG. 2. Finite volume results for the condensate (left) and susceptibility (right) together with an exponential fit at couplings in the two
phases at the same distance from the phase transition, with |g2 − g2

c| = 0.015103.
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−4.4 −4.2 −4.0 −3.8 −3.6 −3.4 −3.2

log |g2 − g2
c |

−0.70

−0.65

−0.60

−0.55

−0.50

−0.45

−0.40

lo
g

Σ
V

−4.4 −4.2 −4.0 −3.8 −3.6 −3.4 −3.2

log |g2 − g2
c |

4.50

4.75

5.00

5.25

5.50

5.75

6.00

6.25

lo
g

χ
V

FIG. 3. Scaling near the continuum for the condensate (left) and susceptibility (right) on a logarithmic scale.

The critical exponents can be compared with the values for
the ordinary field of the O(2) model [29]

ν = 0.67169(7), γ = 1.378(1), β = 0.34864(5), (28)

where β and γ have been obtained from the published values
of η and ν in [29] via scaling relations. While we report the
ordinary critical exponents for reference, we do not expect the
vortex exponents to the be equal to the ordinary ones. In fact,
there’s no a priori reason why critical exponents associated
to different operators should be the same, even in the same
universality class [30].

Overall we find that, within numerical precision, the vortex
critical exponents satisfy the scaling relation (2):

2βV + γV = 2.01(3), (29)

3ν = 2.0151(2). (30)

Since the scaling relation is satisfied, the amplitude ratio (25)
is constant in the continuum limit. This can also be seen from
Fig. 4.

The precision of our results is limited by a number of fac-
tors. The vortex operator is expensive to compute numerically
and since it is nonlocal, it has less favorable finite-volume

0.015 0.020 0.025 0.030 0.035 0.040
1.0

1.2

1.4

1.6

1.8

2.0

R
V

FIG. 4. Scaling near the continuum of the amplitude ratio Eq. (25).

scaling than the ordinary O(2) field. Moreover, the lack of
theoretical understanding of the finite-volume behavior and
the corrections to continuum scaling for the vortex operator
limit the precision of the various fits. It is unlikely that signif-
icantly better precision can be achieved simply by increasing
the statistics.

The vortex operator Eq. (11) is a nonlocal infraparticle, and
it is therefore unclear whether standard RG theory applies to
it. If it can be interpreted as an RG operator, then the standard
scaling hypothesis (see for example [30,31]) predicts that the
scaling relation Eq. (2) holds for the vortex critical exponents,
and νV = ν. This is indeed what we find in our numerical
study, together with the results of [7]. From the same con-
siderations, we can also extract the scaling dimension of the
vortex operator, which we find to be

�V = β

ν
= 0.34(3). (31)

Since this operator is nonlocal and the vortex has infinite
mass in the infinite volume limit, it is unclear whether it
admits a meaningful interpretation in the CFT describing the
Wilson-Fisher fixed point. This provides motivation for fur-
ther investigations in the context of conformal field theories.

IV. CONCLUSIONS

In this work we have computed the critical exponents
for the condensate and susceptibility of the vortex in the
(2 + 1)-dimensional O(2) model. Together with [7], a non-
local infraparticle is investigated in a model which admits
a continuum limit. Our work shows that the vortex critical
exponents obey a scaling relation, which allows the identifi-
cation of a renormalized vortex condensate in the continuum
limit.

The results of this work may in principle be verified ex-
perimentally by studying vortex lines in three-dimensional
superfluids near the Wilson-Fisher fixed point. Moreover, our
results show that the construction of [5,6] may be employed
to study topological excitations in the same way as ordinary
operators in statistical mechanics models [30]. It would also
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be interesting to better understand the vortex operator in the
context of conformal field theories, especially in light of our
result on the scaling dimension.

Finally, it would be worthwhile to also extend the results
of this work to other models which support vortex excitations,
such as the U(1) Abelian Higgs model or the quantum XY
model.
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