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Magnon frequency comb (MFC), the spin-wave spectra composing of equidistant coherent peaks, is attracting
much attention in magnonics. A terahertz (THz) MFC, combining the advantages of the THz and MFC
technologies, is highly desired because it would significantly advance the MFC applications in ultrafast magnonic
metrology, sensing, and communications. Here, we show that the THz MFC can be generated by nonlinear
interactions between spin waves and skyrmions in antiferromagnets [Z. Jin et al., Phys. Rev. Lett. 131, 166704
(2023)]. It is found that the strength of the three-wave mixing between propagating magnons and breathing
skyrmions follows a linear dependence on the driving frequency and the MFC signal can be observed over a
broad driving frequency range. Our results extend the working frequency of MFC to the THz regime, which
would have potential applications in ultrafast spintronic devices and promote the development of nonlinear

magnonics in antiferromagnets.

DOLI: 10.1103/PhysRevB.108.134427

I. INTRODUCTION

The far-infrared electromagnetic spectrum in the frequency
region of 0.1-30 terahertz (THz), known as the THz band,
has long been considered the last remaining scientific gap
in the electromagnetic spectrum [1,2]. THz technology has
been widely applied to many fields, such as the wireless
communication [3], medical imaging [4], security inspection
[5], etc. Photonic and/or electronic THz devices, such as
quantum cascade laser [6], uni-traveling-carrier photodiode
[7], Schottky-diode-based multipliers [8], and transistor-based
integrated circuits [9], have already been realized. Very re-
cently, the THz technology started making its way into the
field of spintronics. For example, a novel THz emitter utilizing
the spin degree of freedom in magnetic materials has emerged
[10,11], which presents several unprecedented advantages,
such as the ultrabroad bandwidth (up to 30 THz) [12] and
flexible tunability by external magnetic fields [13] or internal
magnetic textures [14].

Merging THz technology with other powerful techniques
can yield unique multidimensional insight into fundamen-
tal processes at ultrafast time scales. An optical frequency
comb is a spectrum consisting of a sequence of discrete and
equally spaced spectral lines that represent precise marks in
frequency, like an optical ruler [15]. The optical frequency
comb technique revolutionized optical frequency metrol-
ogy and spectroscopy [16-18] and enabled optical atomic
clocks [19-21]. A THz optical frequency comb capable
of high-resolution measurement was recently demonstrated
[22,23], which would significantly advance THz technology
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applications in spectroscopy, metrology, sensing, and high-
speed wireless communications. Most recently, it has been
theoretically suggested that a magnon frequency comb (MFC)
can be generated by the nonlinear scattering between magnons
and topological solitons, such as skyrmion [24], vortex [25],
and domain wall [26,27]. Experimental evidence of MFC was
then reported in a microstructured waveguide [28]. However,
the working frequency of MFC in ferromagnets often lies in
the GHz regime, which would not be able to keep up the
demand of higher-frequency operations. Extending the fre-
quency range of the MFC to THz is therefore of fundamental
interest and necessary as well for ultrafast magnonics.

Antiferromagnets with two opposite magnetic sublattices
have unique advantages, such as the full freedom in magnon
polarization, vanishingly small stray field, and ultrafast mag-
netization dynamics typically in the THz region [29-31].
These properties make antiferromagnets a promising platform
for magnonics [32]. Inspired by the three-wave mixing mech-
anism in ferromagnets [24,25,33,34], we propose to generate
MFC with a THz central frequency by nonlinear interaction
between breathing skyrmions and propagating magnons in
antiferromagnets. By performing systematical micromagnetic
simulations, we find the following differences compared with
its ferromagnetic counterpart: (i) It is difficult to induce the
skyrmion breathing in antiferromagnets merely by propagat-
ing magnons and an additional driving field is demanded. (ii)
There is no frequency window to observe the MFC. Modeling
calculations reveal an unexpectedly large critical microwave
field and show a linear dependence of the three-wave cou-
pling strength on the microwave frequency, which explain the
observed two features.

The paper is organized as follows. In Sec. II, we present
the analytical model describing the nonlinear interaction
between magnons and breathing skyrmions. The linear dis-
persion relation of magnons propagating in antiferromagnets

©2023 American Physical Society
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FIG. 1. (a) Schematic diagram of an antiferromagnetic film host-
ing a skyrmion. (b) The dispersion relation of antiferromagnetic spin
waves obtained by the FFT of the dynamical magnetization from
micromagnetic simulations. The dashed black and red lines are the
analytical formulas Eq. (3) and Eq. (4), respectively. (¢) The FFT
spectra of the antiferromagnetic film with (violet curve) and without
(orange curve) a skyrmion (SK). The gray regions in (b) and (c) cor-
respond to the band gap of spin waves. (d) The time evolution of the
skyrmion center position (x;, y;) and radius (R,) under the driving
field with frequency 0.095 THz.

is given. The dynamical equations of magnon modes in-
volved in three-magnon processes are derived and numerically
solved. Section III gives the full micromagnetic simulations
to verify our theoretical analysis. Conclusions are drawn in
Sec. IV.

II. THEORETICAL MODEL

We consiser an antiferromagnetic film hosting a Néel-type
skyrmion stabilized by the interfacial Dzyaloshinskii-Moriya
interaction (DMI), as shown in Fig. 1(a). The Hamiltonian of
the antiferromagnetic system can be written as

H ZJZS, 'Sj —KZ(S, 2)2+ZD,] . (S, X Sj),
(i j) i (i J)
(H

where S; is the unit vector of the spin at site i. On the right-
hand side of Eq. (1), the first term is the antiferromagnetic
exchange interaction with coefficient J > 0. The second term
is the uniaxial magnetocrystalline anisotropy with the easy
axis along Z direction and K being the anisotropic constant.
The third term describes the DMI where the DM vector D;; =
D(Z x r;;) with D the DMI strength and r;; representing
the position vector connecting two neighboring spins. Under
the continuum description, the antiferromagnetic system is

characterized by the net magnetization m = (S + Sg)/2 and
the staggered magnetization n = (S4 — Sg)/2, where S4 and
Sg are the unit magnetization of two sublattices. Then, the
system Hamiltonian in Eq. (1) can be recast as

Ao, A 2
H= Em + 5[(Vn) + dn - dyn] 4+ Lm - (3,n + dyn)

K. , D,
— 5+ Y n— @ Vn]pdr, )

where A = 8J, A =2Jd? L =2+2Jd, K. = 2K, and D, =
2Dd are the homogeneous exchange, inhomogeneous ex-
change, parity breaking, magnetic anisotropy, and DMI
constants, respectively, and d is the lattice constant.

It has been demonstrated that the MFC can be generated by
nonlinear coupling between magnons and breathing skyrmion
in ferromagnets [24]. It is naturally expected that this mecha-
nism could also work in antiferromagnets. To investigate the
nonlinear interaction between antiferromagnetic magnons and
skyrmion, we express the dynamical staggered magnetization
in terms of the magnon creation and annihilation operators
a'(r,t) and a(r,t) by using the Holstein-Primakoff trans-
formation. Then the Hamiltonian can be rewritten as ‘H =
HO + HO + HP + H® + ..., where fH(O)’ 7.[(2)’ 7.[(3), and
HD are the ground-state energy, two-, three-, and four-
magnon processes, respectively. The dispersion relation of
antiferromagnetic magnons is described by the second-order
Hamiltonian ', which can be expressed as

0 =2y,/Q] + K)? — Pleos(kd) + costhd)P.  (3)

with the gyromagnetic ratio y = 1.76 x 10"'rad s7'T~!, and
k = (k;, k,) being the wave vector of spin waves, in the lattice
model. In the continue limit, the dispersion relation reads

| /A
W=7y )\(Ekz +KC>, 4)

with k = |k|. Micromagnetic simulations agree well with
the analytical formula Eq. (3) [see the dashed black line in
Fig. 1(b)], which justify the validity of the antiferromag-
netic spin-wave dispersion relation. Simulation details can
be found in Sec. IIl. For Eq. (4), the numerical dispersion
shows a good agreement in a low-k region, but deviates
in the high-k region [see the dashed red line in Fig. 1(b)].
It is because the spin-wave dispersion relation Eq. (4) is
valid only when the wavelength of spin waves is much
larger the lattice distance (277 /k >> d). According to Eq. (3)
[or Eq. (4)], the antiferromagnetic resonance frequency is
given by wapmr /27 = (¥ /7)/4JK + K? = 0.369 THz, be-
low which spin waves cannot propagate [see the gray region in
Fig. 1(b)].

The nonlinear interaction between magnons and breathing
skyrmion is described by the third-order Hamiltonian H®,
which involves four modes: the incident magnon mode a,
skyrmion breathing mode a,, confluence mode a,, and split-
ting mode a,. The dynamical equations of four magnon modes
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can be derived as [35]

da ] .
id_tk = (0 — iTax + ggaraq + gpa:ap + hje "M,
.dar . T T —iwyt
i e (o, — il )ay + gqaka, + gpaiap + hae™*,

5

da, . (5)
I— = (a)p - le)ap + gpakar,

dt
.da, . +
l? = (wy — ily)a, + gqara,.,

where 'y = @,w, (v =k, 1, p, q) are the damping rate of the
magnon modes with the effective Gilbert damping constants
o, and mode frequencies w,. g, and g, are the coupling
strength of the three-magnon confluence and splitting, respec-
tively. The incident spin wave is excited by the microwave
field hje~™!. Since the skyrmion breathing mode in antifer-
romagnets is difficult to be excited merely by the incident spin
waves in a nonresonant manner, as will be discussed later,
we apply another microwave field e =" to resonantly excite
the skyrmion breathing mode. Here, #; and w; (i = 1, 2) are
the microwave field amplitude and frequency, respectively.
Then, the incident spin-wave mode (wy) and breathing mode
(w,) of the skyrmion would mix with each other and generate
the sum frequency (w, = wi + w,) and difference frequency
(wg = wx — w,) modes. These two secondary signals fur-
ther hybridize with the skyrmion breathing mode to generate
higher-order frequency modes, eventually leading to the MFC.

III. MICROMAGNETIC SIMULATIONS

To verify the above picture, we perform full micro-
magnetic simulations using MUMAX3 [36]. We consider
a G-type antiferromagnetic film with dimensions 1000 x
1000 x 1 nm?. The cell size of 1 x1x 1 nm® is used
to discretize the film in simulations. Magnetic param-
eters of KMnF; are adopted [37,38]: M, =3.76 x 10°
A/m, AS™ = AM,/4 = 6.59 pJ/m, K™ = K.M,/2 = 1.16 x
10°J/m3, D™ = D.M,/2 = ImJ/m?, and o =1 x 1073
Absorbing boundary conditions are used to avoid the spin-
wave reflection by film edges.

To characterize the intrinsic modes of antiferromagnetic
skyrmion, we apply a sinc-function field h(z) = hgsinc(wyt)Z
with amplitude sy = 10 mT and cutoff frequency wy /27w =
2.5 THz over the antiferromagnetic film. By carrying a stan-
dard fast Fourier transformation (FFT) for each cell and then
averaging over the whole film, we find one main peak at
0.095 THz in the band gap [see the violet curve in Fig. 1(c)].
For the film without a skyrmion, this peak is absent [see the
orange curve in Fig. 1(c)]. This indicates that the peak at 0.095
THz comes from the intrinsic mode of the antiferromagnetic
skyrmion. By analyzing the skyrmion motion under a sinu-
soidal microwave field with frequency 0.095 THz, we identify
this mode as the breathing mode (w,) of the antiferromagnetic
skyrmion, as shown in Fig. 1(d). Here, the position and radius
of skyrmion are obtained by a circular curve fitting of the
m, = 0 contour.

In ferromagnets, when the amplitude of the local exciting
field increases above a threshold, the skyrmion breath-
ing would be excited via a three-wave splitting process.
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FIG. 2. (a) Snapshot of the interaction between propagating
magnons and skyrmion in AFM. The incident spin waves and breath-
ing skyrmion are excited by the microwave fields /4, sin(w;?)% (black
bar) and A, sin(w,?)Z (blue box), respectively. The red rectangle is the
detection region. Black arrows label the Hall trajectory of magnons.
(b) The spin-wave spectrum of the detection region in (a) when
only the exciting field #; = 500 mT is applied. (c) The spin-wave
spectra as a function of the driving field amplitude (/). The driving
frequency is fixed at 1.3 THz. (d) The FFT spectrum at three repre-
sentative fields #; = 0.02 mT (top), 0.08 mT (middle), and 10 mT
(bottom), respectively. In (c) and (d), the skyrmion breathing mode
is excited by the second microwave field with amplitude 4, = 5 mT
and frequency w, /27 = 0.095 THz.

Subsequent wave mixing would result in the MFC [24].
Inspired by this idea, we first apply a linearly polarized mi-
crowave field h(¢) = h; sin(w )X with w,/2m = 1.3 THz in
a narrow rectangular area [black bar in Fig. 2(a)] to excite the
incident spin waves, which then interact with the skyrmion for
generating the MFC. However, there is no sign of the MFC ex-
cept the incident spin-wave mode and its frequency-doubling
signal, even when the field amplitude increases up to 500 mT,
as shown in Fig. 2(b), which is already beyond the scope
of conventional experiments. It is noted that the skyrmion
breathing in chiral antiferromagnets can be conveniently ex-
cited by a modification of the DMI or magnetocrystalline
anisotropy [39,40].

To overcome this obstacle, we apply another microwave
field hy, = hy sin(wyt)Z with w, /27 = 0.095 THz (w; = w,)
in a square region [blue box in Fig. 2(a)] to excite the
skyrmion breathing mode. Then, the incident magnons would
interact with the breathing skyrmion. Black arrows represent
the trajectories of scattered magnons, which may include
both the linear and nonlinear topological magnon spin Hall
effects [41]. The experimental scheme for detection shall be
discussed below. To determine whether the MFC is gener-
ated or not, we detect the magnon spectrum in a rectangular
region behind the skyrmion [red rectangle in Fig. 2(a)] by
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FIG. 3. (a) The amplitudes of three main peaks at w; = w; and
wy £ w, as a function of the driving field amplitude (/). The solid
lines are the fitting curves with the parameter g = 55.7 MHz based
on Eq. (5). (b) Analytical curves of the mode amplitudes, which are
obtained by numerically solving Eq. (5) with parameters w; /27 =
1.3THz, w,/21n = w,/27 = 0.095 THz, h; = 0 mT, @ = 0.001, and
g=55.7 MHz.

performing FFT of the dynamical magnetization. Figure 2(c)
shows the FFT spectra by continuously varying the microwave
field amplitude %;. Around 0.5 and 1.3 THz, two sets of
magnon signals can be observed. The modes around 0.5 THz
correspond to the frequency multiplication of the skyrmion
breathing mode of frequency nw, with n being an integer.
Because of the band gap limited by the antiferromagnetic res-
onance wagmg, only the high-order modes above 0.369 THz
(n > 5) can escape from the skyrmion and are subsequently
detected in the red rectangle region. The modes around
1.3 THz are the MFC modes generated by nonlinear inter-
action between the incident magnons and skyrmion breathing
mode. Since the skyrmion breathing mode is directly excited
by the microwave field h, rather than the incident magnon,
the driving field amplitude is not required to be larger than
the aforementioned threshold value (>> 500 mT). Neverthe-
less, when the incident spin waves are excited by a weak
driving field (h; = 0.02 mT), the MFC signals can hardly
be observed [see the top panel in Fig. 2(d)]. This is mainly
because the amplitudes of newly generated MFC modes are
very small and decay rapidly during their propagation in the
presence of Gilbert damping. By increasing the driving field
amplitude, the MFC modes with frequency spacing equal to
o, clearly emerge, as shown in the middle and bottom panels
of Fig. 2(d).

The coupling strength (g, ,) between spin waves and
skyrmion is crucial for the formation of MFC, which depends
on the mode overlap and is difficult to calculate in our case
due to the lacking of the analytical skyrmion profile. Hence,
we treat them as fitting parameters. For simplicity, we assume
8p,g = & and that all modes have the same damping rates
Qk.r,pq = . By numerically solving Eq. (5) and fitting the
amplitudes of the incident, confluence, and splitting magnon
modes at steady state (see Fig. 6 in Appendix), we obtain the
coupling strength g = 55.7 MHz [see Fig. 3(a)]. Substituting
this coupling strength back into Eq. (5), we can calculate the
threshold field for the excitation of the skyrmion breathing
mode by propagating magnons. We identify the critical value
to be Af" =813 mT, as shown in Fig. 3(b). It is too high
compared to the case in ferromagnets. This result provides
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FIG. 4. (a) The spin-wave spectrum as a function of the driving
field frequency w;. The driving field amplitude is fixed at h; =
30 mT. (b) The FFT amplitudes of three modes at frequencies
w; (top), and w; + w, (middle) as a function of the driving field
frequency. The bottom panel in (b) shows the dependence of the
coupling strength on the driving field frequency. Magenta dots are
extracted from simulation results and the green line is the linear
fitting.

an explanation why propagating magnons alone is not able to
split the skyrmion breathing, as noticed in our micromagnetic
simulations.

Next, we investigate the dependence of the MFC on the
driving frequency, as shown Fig. 4(a). We find that, over a
rather broad driving frequency range, the MFC is still visible
and the mode spacing of the MFC is always equal to the
skyrmion breathing frequency. This result significantly differs
from the MFC generated in ferromagnets, where the MFC
can only be observed in a frequency window and we at-
tributed it to the Gaussian profile of the frequency-dependent
three-wave coupling [24]. By the same fitting method used
in Fig. 3(a), we extract the coupling strengths for different
driving frequencies, as shown in Fig. 4(b). One can see that the
coupling strength g monotonically decreases with the increase
of the driving frequency w;, approximately following a linear
function g = cw; + go with the dimensionless parameter ¢ =
—1.04 x 107* and intercepting coupling go = 0.191 THz.
This result suggests that the nonlinear three-wave coupling
between magnons and breathing skyrmion in ferromagnets
and antiferromagnets has very different frequency dependen-
cies, which might originate from distinct internal modes of
the skyrmion in ferromagnets and antiferromagnets [42]. It
might also be because the dispersion of magnons is parabolic
in ferromagnets, but linear in antiferromagnets. Further inves-
tigations are necessary to elucidate the underlying physical
origin behind such interesting findings, which goes beyond
the scope of this paper.

In Ref. [41], we have identified a so-called nonlinear topo-
logical magnon spin Hall effect by analyzing the real-space
scattering patterns of the MFC. Below, we propose a mul-
tichannel device to measure it, by minimizing the spatial
overlap between different magnon modes, as shown in Fig. 5.
Experimentally, we can excite THz magnons in antiferromag-
nets by femtosecond laser [43]. When the generated magnons
interact with the breathing skyrmion, the MFC emerges and
the incident and nonlinear magnons are scattered to different
channels due to their very different Hall angles. One can
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FIG. 5. Schematic of experimental detection of nonlinear topo-
logical magnon spin Hall effect. THz magnons are excited by fem-
tosecond laser (purple arrow) and scattered by breathing skyrmion
(green arrows). Meanwhile, incident (black arrows) and nonlinear
magnons (blue/red arrows) are scattered to different channels (gray
background) due to the very different Hall angles. At the end of each
channel, the accumulated magnons with different frequencies are
detected through magneto-optical spectroscopy (blue arrows). Here,
the Kerr rotation and Faraday rotation describe the rotation of the
plane of polarization for reflected and transmitted laser, respectively.
It is noted that left-handed magnons will be scattered to top right
channels (not shown).

distinguish the accumulated magnons with different fre-
quencies by magneto-optical effects (e.g., Faraday or Kerr
rotations), as plotted in Fig. 5.

IV. CONCLUSION

In summary, we theoretically demonstrated that the THz
MEFC can be generated in antiferromagnetic film by nonlinear
interactions between magnons and skyrmions. Although the
mechanism of the MFC generation in both ferromagnets and
antiferromagnets comes from the three-wave mixing, there
exist significant differences between them. First, the skyrmion
breathing in antiferromagnets can hardly be excited merely
by propagating magnons because of an unexpectedly large
threshold field amplitude of microwaves. An additional low-
frequency driving source is therefore needed to assist the
MEFC generation. Second, the dependence of the coupling
strength on the driving frequency in two magnetic systems
is different. The frequency dependence follows a Gaussian
profile in ferromagnets [24], while it exhibits a linear de-
pendence in antiferromagnets. As a consequence, the MFC
in antiferromagnets is visible over a broad driving frequency
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FIG. 6. The time-evolution of four magnon modes obtained from
numerically solving Eq. (5). The exciting field of the incident
magnon and skyrmion breathing modes are set as h; =40 mT,
w1 /2w = wi/2xr = 1.3 THz, h, =5 mT, and w,/27 = w, /27 =
0.095 THz. The coupling strength is g = 55.7 MHz and the damping
constant is = 0.001.

range, in contrast to a narrow window in ferromagnets. From
the application point of view, the THz MFC we predicted
can be utilized to detect magnetic textures or defects in an-
tiferromagnets, which is difficult to realize by conventional
means because of the vanishingly small net magnetization.
Our findings bring the MFC to the THz regime, which would
advance MFC technology applications in ultrafast magnonic
metrology, sensing, and communications.
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APPENDIX

In general, the dynamical equations of magnon modes
Eq. (5) is hard to solve analytically. Thus, we numerically
solve it by using the ODE45 solver in MATLAB. The initial am-
plitude of four modes are set as ay = 0, a, = 0.001, a, =0,
and a, = 0. After a long-time evolution (20 ns), a stationary
solution can be obtained, as shown in Fig. 6.
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