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Cladded phononic nodal frame state in biatomic alkali-metal sulfides
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With rapid progress, the current study of topological properties in condensed matter systems has been further
extended from the electronic scope to the phononic perspective. Based on first-principles calculations, we present
a systematic investigation on topological phononic states in a series of biatomic alkali-metal sulfides AB (A =
Na, K; B = S, Se, Te). Taking NaSe as an example, clear topological features of the nodal line and nodal
surface states are revealed, and these two states, originating from the same two bands, concatenate together
into a cladded nodal frame structure. Detailed symmetry arguments and effective Hamiltonian analysis show
that the occurrence of the cladded nodal frame structure is determined by the combination of both symmorphic
and nonsymmorphic symmetries. The phonon surface spectrum is calculated on the (010) surface and clean
surface states are observed, which not only confirms their nontrivial topological feature, but also benefits their
experimental verification. This cladded nodal frame structure can provide an ideal platform to examine the
exotic topological phononic states and, with the present material candidates, especially those that have been
synthesized, the corresponding experimental studies can be immediately advanced.
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I. INTRODUCTION

Topological ordered states, as intrinsic properties of con-
densed matters, have attracted extensive scientific attention in
the recent solid-state physics community. In particular, the
discovery of topological insulators has sparked tremendous
research interest in this field [1–5], and intensive effort has
been dedicated to the study of diverse topological phases
and their corresponding exotic surface properties from both
theoretical and experimental perspectives. Years of contin-
uous development have led to the successful establishment
of topological band theory [6–10], which has been not only
adequately demonstrated from experimental verification, but
also effectively applied to searching for new topological ma-
terials [11–20]. The theoretical studies have been especially
facilitated and, with the combination of high throughput
computation methods, several topological material databases
have been created, such as the topological materials database
[16], the topological materials arsenal [12], materiae [14],
the topological magnetic materials database [17,19], and the
topological phononics of materials [21,22].

With the rapid progress in this field, the study of topo-
logical properties in solid-state systems has been recently
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extended from the conventional electronic scope to the
phononic scale [23–30]. Similar to electrons, phonons, as the
other basic emergent particles of the crystalline lattice, also
share topological features from crystal symmetry constraints.
Two major differences, however, are responsible for the larger
advantage of topological phonons than topological electrons;
i.e., the phonons as boson particles are not restrained by
the Pauli exclusion principle, which can remove the energy
limitation from the search for topological states in electronic
system and the spin orbital coupling effect can be neglected,
which can provide an ideal manner to examine the different
topological states [31–34]. According to the band degener-
acy, topological charge, and dispersion conditions, topological
phononic states can be divided into different types [35]. For
instance, the nodal point [36–40], nodal line [41,42], and
nodal surface [43–45] phonons can be distinguished according
to their band-crossing dimensionality; Weyl [32], triple [46],
Dirac [47–49], and sixfold topological phonon [50] elements
can be differentiated by their band degeneracy; and the linear,
quadratic, and cubic topological phonon states can be discrim-
inated from their band dispersion order [51,52]. In addition,
some other topological phonon structures can be categorized
based on their band-crossing distribution or their interwining
shape, e.g., the nodal link [53], nodal net [54], nodal chain
[55,56], and nodal cage phonon [57].

Like their electronic counterparts, the topological phononic
states are also associated with nontrivial surface states, such as
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surface arc and drumhead states for nodal points and nodal
lines. Indeed, these exotic surface states are the ultimate
topological aspects, especially for the purposes of potential
application. Compared with the enormous studies on topolog-
ical electronic states, the corresponding research on phonons
is still rare, and there is still a great scarcity of ideal ma-
terial candidates. Under these circumstances, we present a
systematic first-principles investigation on a series of biatomic
alkali-metal sulfides AB (A = Na, K; B = S, Se, Te). Their
phonon bands exhibit ideal topological features of the nodal
line and nodal surface states. More importantly, these two
states originate from the same two bands, and they together
form a cladded nodal frame structure. Detailed symmetry
analysis and effective Hamiltonian deliberation revealed that
the concurrence of this cladded nodal frame structure is deter-
mined by both symmorphic and nonsymmorphic symmetries.
Calculated surface states further confirm their nontrivial topo-
logical features. Compared with previous studies, the current
material family and the identified cladded nodal frame state
cannot only serve as an ideal platform to examine the cor-
responding topological phononic states, but also provide an
effective approach to investigate the possible correlation ef-
fects between the nodal line and nodal surface states. Since
some of the presented materials have been synthesized, their
experimental investigation can be immediately inspired.

II. COMPUTATIONAL METHODOLOGY

In the current study, on the basis of first-principles calcula-
tions, we studied the alkali-metal sulfide compounds AB (A =
Na, K; B = S, Se, Te) by using the Vienna ab initio simulation
package (VASP) [58] under the framework of density function
theory (DFT) [59]. The projector augmented wave (PAW)
method [60] was applied for the interactions between ions and
valence electrons, and the generalized gradient approximation
(GGA) of the revised Perdew-Burke-Ernzerhof (PBEsol) for-
malism [61,62] was employed for the exchange correlation
functional. The cutoff energy for the plane wave set was
selected as 520 eV, and a � centered k mesh of 5 × 5 × 6
was set to sample the first Brillouin zone. The ground-state
structure was fully relaxed until the total force was smaller
than 1 × 10−4 eV/Å per atom and the self-consistent loop
was reached when the total energy variation per atom was
smaller than 1 × 10−6 eV. To study the topological proper-
ties, the PHONOPY program [63] was utilized to calculate the
force constant with the density functional perturbation theory
[64,65], and based on this, a Wannier tight-binding Hamil-
tonian was constructed for examination of the topological
surface characteristics by the WANNIERTOOLS package [66].

III. RESULTS AND DISCUSSIONS

The binary alkali-metal sulfides AB (A = Na, K;
B = S, Se, Te) have the hexagonal crystal structure (space
group P63/mmc, No. 194), and they are screened out from
high throughput calculations. Among them, three members
have been experimentally synthesized [67,68], including NaS,
NaSe, and KTe. Taking NaSe as an example, the correspond-
ing unit cell is shown in Fig. 1(a), and it includes four Na
atoms located at the 2a (0, 0, 0) and 2c (1/3, 2/3, 1/4)

FIG. 1. The unit cell (a) of NaSe compound with the hexagonal
crystal structure and the corresponding first Brillouin zone (b) with
high symmetry paths and points labeled. The translucent area on the
right side indicates the (010) surface projection.

Wyckoff sites and four Se atoms located at the 4 f (1/3, 2/3, z)
Wyckoff sites, where z is the local coordination. As displayed
by the different color-shaded areas in the figure, the bonding
between Na and Se atoms forms four polyhedra in which a sin-
gle Na atom or a pair of Se atoms are alternately situated at the
center and Na atoms are distributed at the six corners. From
the fully relaxed crystal structure, the lattice constants are
obtained, a = b = 4.695 Å, c = 10.774 Å, and z = 0.63524,
which are in very good agreement with the experimental
values, a = b = 4.726 Å, c = 10.788 Å, and z = 0.63527,
with deviation less than 1%. Therefore, this optimized crystal
lattice will be used for the following calculations and dis-
cussions. The calculated and experimental lattice constants
of the other compounds are provided in the Supplemental
Material [69].

Based on the relaxed crystal structures, we first calculated
the phononic band structure, and the results for NaSe are
reported in Fig. 2. The high symmetry points and paths were
selected by the SeeK-path tool [70], and their corresponding

FIG. 2. The calculated phononic band structures (a) with element
contribution projected by the different color weights for NaSe com-
pound. Enlargement of the local crossing bands (b) for phononic
topological study. The band crossing point and double degeneracy
are indicated by the red arrow and color-shaded area. The irreducible
representation of the degenerate band along H-K is E.
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locations in the Brillouin zone are shown in Fig. 1(b). For the
other materials, their calculated phonon bands are shown in
the Supplemental Material [69]. From these phononic bands,
we can see that they do not exhibit any imaginary frequency
or soft phonon mode, which indicates their dynamic stability
at low temperature and also reflects the possible experimental
synthesis for three theoretical materials. Taking NaSe as an
example, it is interestingly found that the phononic bands can
be separated into three parts with different frequency ranges,
and at low frequency the acoustic branches are mixed with the
optical branches. In addition, we further projected the element
contribution on the phononic band structure with different
color weights: blue for Se element and red for Na element.
It can be seen that the phononic bands in the frequency range
of 0–3 THz and >6 THz are mainly contributed by the Se
element, while the other bands at 3–6 THz are from Na ele-
ment. The highest part is well separated from the other two
with a gap of about 1 THz to the middle part. It is composed
of only two bands with no other band interference, and its
local enlargement is shown in Fig. 2(b), from which we can
observe that the two bands form a crossing point at the K
point and become completely doubly degenerate along the
two paths A-L-H-A and H-K, as indicated by the red arrow
and color shaded area. Since the K point is also located along
the H-K path, the crossing point at K should actually belong to
the doubly degenerate band along the H-K path. Even though
the entire frequency range can be accessed for the topological
phonon states, we still focus on the top two bands due to
the clean band structure and simple crossing condition. In
the following, we divide the topological investigation of these
top two bands into two regions along the two paths H-K and
A-L-H-A, respectively. For the other compounds, the same
condition can be applied to the top two bands.

First, the doubly degenerate band along the H-K path is
examined. This path is distributed along the vertical border
of the hexagonal Brillouin zone, see Fig. 1(b), and it is per-
pendicular to the horizontal paths M-K and K-�. Considering
the band crossing at the K point along the M-K-� path, the
double degeneracy of this H-K path is formed by the linear
crossing of the same two bands from the horizontal direction,
and it indeed corresponds to a topological nodal line. To
better understand its formation mechanism, we performed a
precise dispersion scan of the same two bands along the kx =
0 plane, and the obtained three-dimensional band dispersion
is displayed in Fig. 3(a). The corresponding high-symmetry
paths and points are shown at the bottom. It can be clearly
seen that the two bands cross only along the four rectangular
borders and that they are separated elsewhere. Their overlaps
at the four borders are highlight by two different colored dots:
magenta for the two lines along the H-A direction and red for
the other two lines along the H-K direction. From this band
dispersion, we confirm that the doubly degenerate nodal line
along the H-K path is formed by the linear crossing of the
same two bands from the perpendicular plane. In addition,
this nodal line stretches through the whole Brillouin zone
along the H-K-H′ path, and based on the rotation symmetry,
there should be six nodal lines in total, which are symmet-
rically identical, and they are all located along the vertical
border of the hexagonal Brillouin zone. To further confirm the
nontrivial band topology of these nodal lines, we calculated

FIG. 3. The three-dimensional phononic band dispersion (a) for
NaSe compound in the kx = 0 plane. The band crossing points at
the rectangular border are highlighted with red and magenta lines
and the coordinate system are shown on the bottom. The local band
structures (b) along different path segments for the same two bands.

the phonon Berry phase γ around them by γ = ∮
L A(q) · dq,

where A(q) = i
∑

m〈ϕm(q)|�q|ϕm(q)〉 is the phonon Berry
connection, ϕm(q) is the phonon Bloch wave function, and
L represents a closed circle around the nodal lines. It is found
that the Berry phases are either +π or −π as the closed loop
encircles the nodal lines, implying their nontrivial signature.
This type of straight nodal line distributed through the whole
Brillouin zone is very rare and it is only found in another
phononic system with a similar crystal structure [71]. The fre-
quency variation of this straight nodal line is very small, and
to have a clear visualization, we additionally perform band
scans along several different path segments, which are evenly
distributed between H-K and H-A, as shown in the bottom
coordinate system of Fig. 3(a). The calculated band structures
along these path segments are presented in Fig. 3(b) and the
same colors as for the band dispersion in Fig. 3(a) are used.
We can find that the crossing points are all located at the path
segment ending points, which correspond to the rectangular
k border, and the frequency variation of the crossing points
along the H-K path is very small, 0.01 THz, compared with
that along the H-A path, 0.07 THz.

Second, we focus on the other doubly degenerate band
along the A-L-H-A path. Since this path is entirely located
within the kz = π plane, we then calculated the full band scan
for these two bands. The obtained three-dimensional band
dispersion in the kz = π plane is shown in Fig. 4(a). For
comparison, we also computed the band variation of the same
two bands in the kz = 0.9π plane and plot it in Fig. 4(b). It
can be seen that the two bands, which are separated in the
kz = 0.9π plane, become a completely doubly degenerate sin-
gle band in the kz = π plane. Indeed, this double degeneracy
corresponds to a nodal surface. In fact, all the bands in the
kz = π plane are constrained into double degeneracy, resulting
into the nodal surface formation. Note that the two bands in
the kz = 0.9π plane shrink into doubly degenerate points at
the six corners, which actually belong to the straight nodal
line states at the vertical borders in the hexagonal Brillouin
zone, as discussed above. Given the small range in the vertical
axis, the current nodal surface also has very small frequency
variation, 0.07 THz, the same as that along the H-A path.

In previous investigations, either nodal line phonons or
nodal surface phonons have been studied. However, they are
mostly examined in a discrete manner and there is scarcely
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FIG. 4. The three-dimensional phononic band dispersions for
NaSe compound in the (a) kz = 1.0π plane and (b) the kz = 0.9π

plane. The coordinate system is shown on the bottom for each figure.
The purple colored surface in the kz = 1.0π plane is merged from
the two bands with red and blue colors, which are separate in the
kz = 0.9π plane.

any combination of these two states together in a single
platform. Even though the coexistence of nodal lines and
nodal surfaces has been revealed in some studies [72,73],
different phonon bands have been selected for the two topo-
logical states, or the different topological states formed by
the same bands are not directly connected. For the current
material system, these two nodal phonon states are formed
by the same band branches, i.e., the nodal line phonon in
the vertical direction, see Fig. 5(a), and the nodal surface
phonon in the horizontal direction, see Fig. 5(b). Constituted
by the homologous two bands, they join together and result
into an exotic cladded nodal frame structure, as shown in
Fig. 5(c). Note that this cladded nodal frame phonon defined
in the current work differs from the nodal cage or nodal link
phonons in other works [53,54,57], which is composed of
only nodal lines intersecting or interconnecting from different
planes. This unique topological nodal frame state has not been
previously reported, and it can offer a special opportunity
to analyze the possible correlation effects between the nodal
line and surface states. Besides, these two phonon branches
that constitute the frame structure are well separated from
the rest of the bands and their determined topological states
are only located along the high symmetry paths and surfaces
without other interference, which can be highly beneficial for
the corresponding experimental characterization.

We present the symmetry analysis for the cladded nodal
frame structure. The important symmetries include the three-
fold rotation C3z, the space-time inversion PT , and the com-
bined antiunitary C̃2zT symmetries, where C̃2z = {C2z|00 1

2 } is

FIG. 5. Illustrations of (a) the nodal line, (b) nodal surface,
(c) and cladded nodal frame, as highlighted by the red color structure
in the Brillouin zone. The combination of nodal line and nodal
surface leads to the formation of the cladded nodal frame structure.

the twofold screw axis along the ẑ direction. This cladded
nodal frame structure consists of two parts: the nodal surface
on the kz = π plane and the nodal lines along the H-K path.
The nodal surface is protected by C̃2zT since (C̃2zT )2 = −1
on the kz = π plane, which guarantees the Kramers degener-
acy. The nodal line is dictated by C3z and PT , which satisfies
the following algebra:

C3
3z = 1, [C3z,PT ] = 0. (1)

Since [C3z,H(k)] = 0 along H-K, the Bloch state can be
chosen as the eigenstate of C3z, which we denote it as |c〉,
with c being the C3z eigenvalues 1, e±i 2π

3 . If PT is represented
by complex conjugation, the states |ei 2π

3 〉 and |e−i 2π
3 〉 must be

degenerate by PT . Away from H-K, C3z is broken and the
degenerate states would be violated. Thus, the two states |ei 2π

3 〉
and |e−i 2π

3 〉 form a nodal line along H-K. To characterized
this nodal line, we construct the k · p effective model in the
basis of {|ei 2π

3 〉, |e−i 2π
3 〉}. The matrix representations of the

generators can be expressed as

C3z = ei 2π
3 σz , M̃y = σx, PT = σxK, (2)

in which M̃y = {My|00 1
2 } is the glide mirror perpendicular to

ŷ direction, K is the complex conjugation, σi(i = x, y, z) are
the Pauli matrices. Constrained by the following symmetry
requirements

C3zHeff(k)C−1
3z = Heff(R3zk),

M̃yHeff(k)M̃−1
y = Heff(kx,−ky, kz ), (3)

(PT )Heff(k)(PT )−1 = Heff(k),

with R3z being the rotation acting on k, the Hamiltonian HH−K
eff

expanded up to the first order is given as

HH−K
eff (k) = υzkzσ0 + c(kxσx + kyσy), (4)

where k is measured from a generic point on the nodal lines,
υz and c are real parameters, and σ0 is the 2 × 2 identity ma-
trix. This effective model confirms the existence of the nodal
line along H-K path. At the H point, which is located on the
kz = π plane, it is found that the states |ei 2π

3 〉 and |e−i 2π
3 〉 form

the Kramers pair ensured by C̃2zT , considering [C3z, C̃2zT ] =
0 and (C̃2zT )2 = −1. Under the basis of {|ei 2π

3 〉, |e−i 2π
3 〉},

C̃2zT can be represented as −iσyK, and the effective Hamilto-
nian becomes (up to the second order)

HH
eff(k) = ε(k) + c1kz(kxσx + kyσy), (5)

where ε(k) = ω1(k2
x + k2

y ) + ω2k2
z , and k is measured from a

degenerate point at H . This explains the intersection between
the nodal line and the nodal surface, which together form the
cladded nodal frame structure.

Generally, topological nodal states are intrinsically char-
acterized by their nontrivial surface state and this feature has
also been successfully verified for the topological phononic
state from both experimental and theoretical perspectives. By
constructing a Wannier tight-binding Hamiltonian, we calcu-
lated the surface states of these phononic nodal lines through
the surface Green’s function of a semi-infinite system, which
is cleaved along the (010) surface. The slab system has two

134310-4



CLADDED PHONONIC NODAL FRAME STATE IN … PHYSICAL REVIEW B 108, 134310 (2023)

FIG. 6. The calculated surface spectrum along the (010) sur-
face for the (a) top and (b) bottom surfaces, respectively. The
drumhead surface states are indicated by the red arrows. The asym-
metric surface state distribution is introduced by the dipolar surface
terminations.

different types of termination surfaces and this leads to differ-
ent topological surface states, which has been demonstrated
by the asymmetric surface spectra in Figs. 6(a) and 6(b). Since
these nodal lines extend straight through the whole Brillouin
zone boundary, we have calculated the surface spectra along
several path segments, which have a parallel distribution be-
tween M̄-K̄-�̄ and L̄-H̄-Ā. Clear drumhead surface states can
be observed, and they have all originated from the band cross-
ing point on the nodal line along H̄-K̄, as indicated by the red
arrows in the figure. Especially for the top surface in Fig. 6(a),
the surface states along the different path segments are all well
separated from the bulk bands. For the L̄-H̄-Ā path, the sur-
face spectrum is covered by the bulk band projection since the
border point H̄ on the nodal line along H̄-K̄ is coincident with
the nodal surface. Considering the other isostructural alkali-
metal sulfides and their similar phonon bands, particularly
for the same cladded topological nodal frame states formed
by the top two bands, the current materials exhibit multiple
advantages compared with previous work [34], such as clean

band structures, simple band crossing conditions, no other
band interference, and evident surface states, and they can be
extremely advantageous for future experimental observation
and potential application.

IV. CONCLUSION

In the current study, we present a systematic investigation
of the phononic topological properties for the alkali-metal
sulfide family AB (A = Na, K; B = S, Se, Te) with the help of
first-principles calculations. Clear topological band crossing
features are revealed by the top two branches of the calculated
phononic band spectrum, and they correspond to a nodal line
along H-K and a nodal surface in the kz = π plane. Taking
NaSe as an example, detailed symmetry analysis and the band
formation mechanism are provided, which demonstrates their
symmetry-determined protection. The surface properties are
calculated based on the Wannier tight-binding Hamiltonian,
and clean surface states are observed for both termination
surfaces along (010) planes, further confirming the topolog-
ically nontrivial feature. Compared with previous studies, the
topological nodal line and surface elements are constituted by
the homologous two bands, and they join together to form
a cladded nodal frame structure. In combination with other
isostructural compounds and similar phonon band structures,
this material family can thus serve as an ideal platform to
examine the corresponding topological phononic states, es-
pecially for the study of possible correlation effects between
nodal line and nodal surface states.
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