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Higher-order topological superconductors characterized by Fermi level crossings
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We demonstrate that level crossings at the Fermi energy serve as robust indicators for higher-order topology
in two-dimensional superconductors of symmetry class D. These crossings occur when the boundary condition
in one direction is continuously varied from periodic to open, revealing the topological distinction between
opposite edges. The associated Majorana numbers acquire nontrivial values whenever the system supports
two Majorana zero modes distributed at its corners. Owing to their immunity to perturbations that break
crystalline symmetries, Fermi level crossings are able to characterize a wide range of higher-order topological
superconductors. By directly identifying the level-crossing points from the bulk Hamiltonian, we establish the
correspondence between gapped bulk and Majorana corner states in higher-order phases. In the end, we illustrate
this correspondence using two toy models. Our findings suggest that Fermi level crossings offer a possible avenue
for characterizing higher-order topological superconductors in a unifying framework.
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I. INTRODUCTION

Topological states of matter are usually endowed with a
bulk-boundary correspondence, which facilitates the identi-
fications of topologically protected gapless boundary modes
without going into the details of the energy spectrum at open
boundaries [1-3]. Recent advancements in higher-order topo-
logical systems have extended this correspondence to include
gapped boundaries [4—13], with gapless corner (hinge) modes
appearing at the intersections of adjacent edges (surfaces).
Tremendous efforts have been devoted to classifying and
characterizing these topological states, mostly in crystalline-
symmetry-protected systems [14-34]. However, it is well
known that gapless corner or hinge states persist when crys-
talline symmetries are broken. This is especially evident
in higher-order topological superconductors [35-40], where
Majorana zero modes [41-46] remain stable as midgap states
unless the bulk or boundary gap closes. Hence it would
be desirable to characterize higher-order states regardless of
whether crystalline symmetries are present.

Higher-order topology can be understood from a boundary
perspective, as different parts of the whole boundary, such
as the four edges of a square lattice, may exhibit a distinct
topology in higher-order phases. For intrinsic higher-order
states, the relevant crystalline symmetry requires symmetry-
related edges or surfaces to be topologically inequivalent
[14-16]. A topology change is only possible through bulk-
gap closing. Consequently, bulk invariants, such as symmetry
indicators related to the crystalline symmetry, can be defined
[17-20]. This stands in contrast with boundary-obstructed
topological states, which fall within an extrinsic higher-order
classification [11,40]. Without the protections of crystalline
symmetries, the boundary topology in these states could
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change while the bulk gap remains open. One may charac-
terize the topology by Wilson loop eigenvalues of Wannier
bands that are obtained from Wilson loops of energy bands,
the so-called nested Wilson loop approach [4,5]. However,
the quantization of such topological invariants still requires
the presence of crystalline symmetries, such as mirror symme-
try [11,38]. Establishing bulk-boundary correspondence under
broken crystalline symmetries remains an open question. Con-
sidering that boundary topology is ultimately determined by
the bulk properties for both intrinsic and boundary-obstructed
phases, it should be possible to associate a topological invari-
ant with it based on bulk information, which applies in both
phases.

In this paper, we focus on two-dimensional (2D) super-
conductors of symmetry class D [3] and higher-order phases
featuring two Majorana corner states. The higher-order topol-
ogy can be characterized by a pair of Majorana numbers,
which are intimately related to Fermi level crossings that
emerge during the continuous variation of the boundary condi-
tion along one direction, as illustrated in Fig. 1(a). We further
introduce a generic method for locating these crossings from
the bulk Hamiltonian. As a result, bulk-boundary correspon-
dence is established in both higher-order phases discussed
earlier, due to the robustness of the Fermi level crossings
against crystalline-symmetry-breaking perturbations.

II. GENERAL THEORY

To demonstrate how Fermi level crossings determine the
higher-order topology of D-class superconductors, we start
from a 2D periodic lattice and modulate its boundary con-
dition in one direction. The resulting Bogoliubov—de Gennes
(BdG) Hamiltonian can be expressed as

o, =Y My, Gka) =T — (1= 2) Y Balka), (1)

ka ka
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FIG. 1. (a) Higher-order topology characterized by Fermi level
crossings in the D symmetry class. Crossings occur at high-
symmetry momenta K = 0, 7, when the system on a torus (A, = 1)
is continuously deformed into a cylinder (A, = 0). (b) Topology of
edges determined by Majorana numbers. When M., = —1, two
opposite edges along the y(x) direction exhibit a distinct topology,
indicated by different colors. (c) Schematic plots of the BdG spec-
trum at K = 0(zr ) with or without level crossings. The fermion parity
of the ground state (“+4” for even, “—” for odd) switches at each
crossing. The crossing may disappear when the bulk or boundary
gap closes.

where a = y(x) when a = x(y), and the real parameter A,
controls the boundary condition in the a direction, with A, =
1, —1,0 corresponding to the periodic (PBC), antiperiodic
(APBC), and open boundary condition (OBC), respectively.
In Eq. (1), H,, (kz) represents the 1D boundary-modulated
Hamiltonian at wave vector kz, and B, (k;) involves all terms
that cross its boundary. The lattice terminations we consider
are compatible with unit cells, thus allowing the specific form
of B to be directly read off from the bulk Hamiltonian 7{;. The
process of varying A, from 1 to 0 is akin to gradually cutting
a torus along the a direction until it eventually becomes a
cylinder, as illustrated in Fig. 1(b) for the case of a = x.

Here, we consider a gapped bulk with trivial first-order
topology, which means the cylindrical system described by
”Flkﬂ:o is fully gapped. Treating it as a quasi-1D system along
the a direction, we may characterize the higher-order topology
with the Majorana number [47-49]

M, =sgn 1_[ Pf[ — iH;,—0(K)], (2)
K

where “Pf” is shorthand for Pfaffian, K = 0,  represents the
high-symmetry momentum, and H refers to the matrix rep-
resentation of H in the Majorana basis. In 1D, the Majorana
number being —1 implies the presence of a single Majorana
zero mode at each end. If either M, or M,, or both of them,
take the value of —1, we will instead have two Majorana zero
modes at the corners of a 2D sheet. To elaborate this let us
consider the cylindrical system in the lower left-hand panel
of Fig. 1(b) with M, = —1. If we cut it along the axis, the

resulting two edges along the x direction will each harbor one
Majorana mode. Due to the trivial first-order topology, these
localized modes cannot propagate along the edges and must
be confined to their respective ends, i.e., the corners. If, in
addition M, = —1, the two modes would also appear at the
two edges in the y direction. As a result, they can only reside at
opposite corners, as depicted in the upper right-hand panel of
Fig. 1(b). If M, = 1, however, they would appear at adjacent
corners along the y direction, as shown in the lower right-hand
panel of Fig. 1(b).

The Majorana number defined in Eq. (2) is closely re-
lated to level crossings at the Fermi energy € = O that appear
while A, varies in the range [0,1]. Notably, Eq. (2) only
involves the 1D Hamiltonian at high-symmetry momenta K.
Therefore, we only need to consider Fermi level crossings in
these subsystems, as shown in Fig. 1(a). At each crossing,
the fermion parity of the ground state switches, indicated by
the sign change of Pf[—iH, (K)]. We can then characterize
the fermion-parity difference between PBC and OBC by the
number of crossings in between, denoted by 1, k, as Fig. 1(c)
demonstrates. This is formally expressed as

sgn Pf[ — iHAa:O(K)]

—1)lak —
=D sgn Pf[ - iHAa:l(K)]'

3

We may also define a Majorana number for the toroidal system
H,,=1 (H1) similar to Eq. (2), which due to trivial first-order
topology must be positive, i.e.,

sgn [ [ P — i1 (K)] = 1. )
K

Combining Egs. (2)—(4), we arrive at

Ma =10 = =1ym, 3)
K

where 7, denotes the total number of crossings at K = 0, 7.
An odd value of n, or 5, implies the system resides in
a higher-order phase. Fermi level crossings are protected
by fermion-parity conservation and particle-hole symme-
try, making them immune to crystalline-symmetry-breaking
perturbations [50].

Intuitively, we may understand the relation between Fermi
level crossings and higher-order topology from the view-
point of boundary topology. As shown in Fig. 1(b), an odd
value of n, (M, = —1) reveals that opposite edges along
a are topologically inequivalent (shown in different colors).
This explains the possible locations of Majorana zero modes,
which appear at the intersections of topologically distinct
edges. In some simple models, as we demonstrate later, the
edge topology can be characterized by the sign of the mass gap
in the edge Hamiltonian, allowing us to validate this argument.

To establish the bulk-boundary correspondence, we will
demonstrate how the Fermi level crossings of the 1D subsys-
tems are identified from the bulk Hamiltonian. For brevity, we
use H, to replace H,,(K), where

Hy=H,—(1-1)B (6)

represents a generic 1D Hamiltonian of D class. Following
the prescription given by Ref. [51], we first define a retarded
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QGreen’s function
Gi(e) = (e — H, + i)' = AT (€)Gi(e), (7

where § is a positive infinitesimal, G;(¢) is the Green’s func-
tion corresponding to the bulk Hamiltonian H;, and A, (¢) =
1 + (1 — 1)G;(e)B. Since we focus on the parameter regime
in which the bulk is fully gapped, in-gap states of H;, are
solely determined by the poles of A;' (€). Consequently,
level-crossing points are identified as roots of

det[A; (e =0)] =0, (8)

where A, is the matrix representation of A;. As B only in-
cludes intracell terms crossing the boundary, we then have
[A; 17y = 8;; if J does not appear in these terms. This enables
us to calculate det(A) using a much smaller matrix D, which is
obtained by projecting A into the eigenspace of B and satisfies
det(D) = det(A). The entries of D are given by

|\n, k){(n, k|B|j
DxONyy = 8y + (1 — 3 Y B RLEEL) - )
nk

€ — €nk

where ¢, ; denotes the energy spectrum of the bulk Hamil-
tonian 7; in the Brillouin zone, with |n, k) being the
corresponding eigenstate, and [i), | j) represent the eigenvec-
tors of . The dimension of D, is equal to the rank of B,
denoted by N,. We then obtain the characteristic equation

det[D; (e = 0)] =0, (10)

which has N, roots in total. The number of Fermi level cross-
ings 7 is half the number of real roots in the interval [0,1],
from which we can readily obtain Majorana numbers accord-
ing to Eq. (5).

Compared to Eq. (2), where Majorana numbers are de-
termined by calculating the Pfaffian of finite systems with
open boundaries [52], i.e., Pf[—iH, —o(K)], and the accuracy
crucially depends on system size, identifying the Fermi level
crossings is computationally more accurate and efficient for a
translation-invariant system. It does not suffer from finite-size
effects, and the computational cost is similar to Wilson loop
calculations. Moreover, it provides a potential path to char-
acterizing higher-order topological superconductors in other
symmetry classes such as the DIII or BDI classes, where
Fermi level crossings might be protected by their topological
charges. Additionally, by pinpointing the crossings directly
from the bulk Hamiltonian, we establish the correspondence
between gapped bulk and gapless corner states in higher-order
phases. In the following, we shall illustrate this in specific
models.

III. TOY MODELS

First, we consider a two-leg Kitaev ladder [53-56] as
schematically shown in Fig. 2(a), and demonstrate how level
crossings are identified from the bulk Hamiltonian. Each unit
cell contains four Majorana fermions denoted by «; ; and
Bs,j» with s = 1,2 being the chain index and j referring to
the cell index. The boundary-modulated Hamiltonian with
N unit cells has the form H, = I'"H,I" in the Majorana

basis I' = @, I';, where T; = {ay . aa,j, B1. Boj} /V/2

(a)
Ato tq
a B1 E
+
a2 B2 g
t2 t1
(b) Y1 Im| > |dm|
B, ] — 1,1
E.1
ey S ‘ ] < |m]
o APBC OBC PBC

FIG. 2. (a) Geometry of the two-leg Kitaev ladder. A controls the
boundary condition. (b) The fermion-parity switch in a dimerized
lattice (#; = 0). For the case of |m| > |6m|, the ground state switches
from the even-parity sector (E, ;, solid lines) to the odd-parity sector
(E,.1, dashed lines) while the boundary condition varies from PBC
(APBC) to OBC. Level crossings are indicated by black arrows.

and the Hamiltonian matrix is given by

H, = Z T" @ h +MTV"' @k} + Hec.). an
r=0,=%1

Here, T denotes the translation operator that moves each
cell by one site to the left, with T|j) =|j— 1) and T|j =
1) =0 [57]. Hamiltonian (11) includes the intracell term
hy = —t17, — moy, — dmt,0,, and intercell term by =h' | =
t2(ty +it¢)/2, with T and o being Pauli matrices that act
in the chain and rung space separately. ¢; and f, represent
couplings of Majorana fermions along the chain, while m and
dm are those along the rung. For brevity, we assume #; and ,
to be non-negative.

In this model, m and ém determine whether level crossings
occur when X varies in the range [0,1]. This is readily seen
in a perfectly dimerized lattice (#; = 0), in which case only
the boundary block shown in Fig. 2(b) depends on A, and its
Hamiltonian has the form

Hy = — 22| Y1 + Y ¥n — 1)
+ 2i(my{ Yy + Smy{ Yl — Hee), (12)

where ¥, = (a5, +ifsn)/2 are fermionic operators. The
conservation of fermion number parity enables us to study the
lowest-energy levels in the even- and odd-parity sectors sepa-
rately, with E, ; = —2,/A%3 4+ dm? and E,; = —2|m|. While
the boundary condition goes from PBC to OBC, the two levels
would cross if 0 < m? — §m? < 7, signaling a switch in the
ground-state fermion parity, as demonstrated in Fig. 2(b). This
parity switch could be observed from the zero-bias peak in an
experimental setup that consists of two quantum dots coupled
by a nanowire-superconductor heterojunction [58,59]. The pa-
rameters m and ém are related to the electrochemical potential
of quantum dots, and #, or X is controlled by tuning cross the
Andreeyv reflection and elastic cotunnelling.

For generic #;, we have H; = Zk kaHk I'y in k space,
with the basis T'y = {1 1, a2.x, Bix. Bax} /+/2, and the Bloch
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FIG. 3. (a)—~(c) Fermi level crossings in a BdG spectrum. The
fermion parity switches at each crossing. The crossing appears when
|m| > |6m|. Blue dashed lines indicate signs of the Pfaffian of a
1D Hamiltonian. (d) The variation of crossing points A with m.
dm =05, =1,and1r, =2.

Hamiltonian
Hy = (—t; + tpcosk)ty — tr sinkt, — mo, — dmr.0y. (13)

The energy spectrum is given by

€ = (1 +13 —2ntycosk +om> m).  (14)

with n being the band index. Substituting €,; and B =
I'Lh T + H.c. into Egs. (9) and (10), we obtain
) 2A
M=l — (15)
A—a+2t
with A = Va2 — b2, a =1} +t} + dm*> — m?, and b = 21,1.
From Egq. (15), we find that the number of crossings n =1
when 0 < m? —8m? < (t, —1;)? and f, < t,, as shown in
Fig. 3. This indicates that the boundary phase transition occurs
at |m| = |dm| as in the dimerized case, which is verified by the
exact boundary spectrum (see Supplemental Material [60] and
Ref. [61] therein). In the special case where §m = 0, Hamilto-
nian (13) is invariant under inversion, with the corresponding
operator being 7,, up to a gauge factor. The inversion sym-
metry facilitates the direct determination of the Fermi level
crossings from the differences of the ground-state inversion
eigenvalues between PBC and APBC [60]. With the knowl-
edge of n in a 1D system, we can proceed to determine the
higher-order topology in a 2D system, according to Eq. (5).
The 2D Hamiltonian we consider takes the form

szD = [tr(cos kx + cos k) — t; — o]ty — dmt.0,
— tr(sink, T, + sink,7,0,) — m(cos Oo, + sin01,0y),
(16)

when written in the Majorana basis as in Eq. (13), and re-
duces to the 1D Hamiltonian at k, = 0, 6 = 0. This model
is equivalent to the p £ ip superconductor under an in-plane
Zeeman field [62,63]. According to Eq. (5), Majorana num-
bers (M,, M,) are determined by Fermi level crossings of
four 1D Hamiltonians, H,,(K). In Fig. 4(a), we draw the
(6,8m) phase diagram. Here, the crossings only occur at

0.4(9m (1,1) -
(-1,1) (1,-1)
of (-1,-1) ]

FIG. 4. (a) Phase diagram of the 2D model in (6, ém) space. Four
different phases are characterized by Majorana numbers (M, M,).
(b) Evolutions of crossing points with 6. No crossings appear at
K = 7 in this case and hence only those at K = 0 are displayed.
(c) Distributions of Majorana zero modes in three nontrivial phases
that are separated by boundary phase transitions. Majorana zero
modes appear either at two adjacent corners (6 = 0, 7 /2), or at
opposite corners (0 = m /4). The symbols “+” and “—" indicate the
signs of the edge gaps. t; = 0.5,, = 1, and m = 0.4.

K = 0 as Fig. 4(b) shows, although it is possible they emerge
at K = for #; and t, taking other values. Two Majorana
corner states emerge when at least one Majorana number takes
—1, as illustrated in Fig. 4(c).

To corroborate previous arguments concerning the relation
between level crossings and boundary topology, we obtain the
mass gap for an arbitrary edge [60], given by

A(¢) = 8m — mcos(¢ — ), (17)

where ¢ indicates the normal direction of the edge (¢ =
0, /2 for right and top edges, respectively). The topology of
the edges in D-class systems can be characterized by the sign
of the mass gap. As seen from the three representative cases
in Fig. 4(c), gaps of opposite edges along y(x) indeed take
different signs when 7,y is an odd number, or equivalently,
My = —1. This can be guaranteed when inversion sym-
metry is enforced, by noting that A(¢) = —A(¢ + 7) in the
absence of §m. In this intrinsic higher-order phase, we always
have M, = M, = —1. Turning on ém breaks inversion sym-
metry and drives the system into a boundary-obstructed phase,
in which process the gap signs do not change immediately, so
is the number of Fermi level crossings. We can therefore use
Fermi level crossings to characterize the higher-order topol-
ogy in both phases.

The robustness of Fermi level crossings is also reflected in
their persistence under weak disorder or boundary impurities
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[60]. While Egs. (5) and (10) may not be directly applicable
due to potential broken translation symmetry, the number
of Fermi level crossings remains unchanged. This reinforces
their role as a reliable tool to characterize higher-order topo-
logical superconductors.

IV. CONCLUSION

In conclusion, Fermi level crossings can serve as useful
indicators for higher-order topology in the D symmetry class
when the nontrivial phase accommodates two Majorana cor-
ner states. The applicability of this approach extends beyond
the toy models introduced above, as demonstrated in the Sup-
plemental Material [60] for a Rashba bilayer system. The level
crossings we consider emerge while the boundary condition
continuously varies from PBC to OBC, during which two

opposite edges gradually decouple. An odd number of cross-
ings signals a topological distinction between the two edges.
From this point of view, one may consider Fermi level cross-
ings emerging under variations of other twisted boundary
conditions [64] when dealing with higher-order phases with
four or more Majorana corner states, where one needs to
associate the crossings with topological distinctions between
neighboring edges.
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