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Recently, an exotic quantum Hall ferromagnet with spin-filtered helical edge modes was observed in mono-
layer graphene on a high-dielectric constant substrate at moderate magnetic fields, withstanding temperatures of
up to 110 Kelvin [L. Veyrat et al., Science 367, 781 (2020)]. However, the characteristic quantized longitudinal
resistance mediated by these edge modes departs from quantization with decreasing temperature. In this work,
we investigate the transport properties of helical edge modes in a graphene nanoribbon under a perpendicular
magnetic field using the Landauer-Biittiker transport formalism. We find that the departure of quantization of
longitudinal conductance is due to the helical-edge gap opened by the Rashba spin-orbital coupling. The quan-
tization can be restored by weak nonmagnetic Anderson disorder at low temperature, increasing the localization
length, or by raising temperature at weak disorder, through thermal broadening. The resulted conductance is very
close to the quantized value 2¢?/h, which is qualitatively consistent with the experimental results. Furthermore,
we suggest that the helical quantum Hall phase in graphene could be a promising platform for creating Majorana

zero modes by introducing superconductivity.

DOLI: 10.1103/PhysRevB.108.125409

I. INTRODUCTION

The quantum spin Hall effect (QSHE) is an intriguing two-
dimensional (2D) topological state of matter characterized
by a pair of gapless helical edge states within the bulk gap.
These helical edge states, when accompanied by time-reversal
symmetry, exhibit remarkable immunity to backscattering,
resulting in a distinct quantized edge conductance. Initially
proposed by Kane and Mele, the QSHE was first identified
in monolayer graphene, where the presence of intrinsic spin-
orbital coupling (SOC) led to the opening of a band gap and
the emergence of edge states [1,2]. However, due to the weak
SOC in graphene, observing the QSHE in this material proved
challenging [3,4]. Subsequently, the QSHE was predicted to
exist in other systems such as the HgTe/CdTe quantum well
and InAs/GaSb quantum well, as well as in the 1T'-WTe2
monolayer [5-10]. Nevertheless, the direct experimental ob-
servation of the hallmark quantized edge conductance plateau
in the QSHE has thus far been limited to a few specific
materials at very low temperatures (a few Kelvin) [11-15].

On the other side, graphene, a monolayer honeycomb lat-
tice of carbon atoms, has attracted enormous interest in the
scientific community over the past two decades [16-23]. As a
topological semimetal, graphene exhibits a unique electronic
band structure where the conduction and valence bands lin-
early intersect at Dirac points located at the K and K’ valleys.
Quasiparticles in graphene obey a 2D analog of the Dirac
equation, lending to their relativisticlike transport behavior.
One of the most striking examples of this behavior is the
unconventional integer quantum Hall effect (IQHE) observed
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in graphene under a perpendicular magnetic field. This IQHE
is caused by the quantum anomaly of the n =0 Landau
level. The Zeeman spin splitting, which can be enhanced
by exchange interaction, removes the spin degeneracy of the
Landau level and can induce a topological inversion between
the electron-type and hole-type n = 0 Landau level [24-26].
Consequently, a pair of counterpropagating, spin-filtered heli-
cal edge channels emerges between the two inverted Landau
levels, similar to those observed in the QSHE. Such a spin-
polarized ferromagnetic phase with zero Chern number is
termed a quantum Hall topological insulator [27] or helical
quantum Hall phase [28], and it is protected by CT invariance
(where C is the charge conjugation operation and 7 is the
time-reversal operation) [29].

Remarkably, a recent experiment observed a quantized
longitudinal resistance in the helical quantum Hall phase of
monolayer graphene under moderate perpendicular magnetic
fields, reaching temperatures of up to 110 Kelvin [28]. How-
ever, as the temperature decreases, the quantized two-terminal
resistance of graphene increases and deviates from its origi-
nally quantized value. This behavior contradicts the transport
properties of the QSHE, where the quantized transport is
lost as the temperature increases. To address this discrep-
ancy, it is crucial to consider the Rashba spin-orbit coupling
(RSOC) arising from the structural inversion asymmetry in-
duced by the substrate, which has been overlooked in previous
studies [25,26]. In practice, the RSOC can be significantly
enhanced, as experimentally demonstrated, reaching values on
the order of 10 meV [30]. In the case of graphene deposited
on a Ni substrate, the RSOC can even reach values as high
as 200 meV [31]. Therefore, conducting a systematic inves-
tigation of the strong RSOC effect on the transport of helical
quantum Hall phase in graphene is of utmost importance. In
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FIG. 1. (a) Schematic diagram of a zigzag edged six-terminal device. (b) The energy band structure under open boundary condition (OBC)
along the y direction, in the presence of a perpendicular magnetic field. (c) The Chern number C and spin Chern number C.. versus the chemical
potential Er under PBC with ¢ = /40 and Az = 0.005. (d) The longitudinal conductance G,, as a function of Er under zero temperature.
In (b) and (d), RSOC Ax = 0 and Ax = 0.005 for blue and red lines, respectively. (e) Dependence of G,, on disorder strength W for various
temperatures kg7 . g = O for dashed black line and Ax = 0.005 for others. (f) G,, for various kg7 and W at Lz = 0.005. G,, are averaged over
200 random configurations. Other parameters are chosen as N, = 160, Ny = 100, N;, =40, N, = 100,¢ =1, ¢ = 0.05, and M, = 0.15.

this paper, we numerically study the transport properties of
the helical quantum Hall phase in a graphene nanoribbon with
RSOC subjected to a perpendicular magnetic field. Specifi-
cally, we consider a six-terminal device configuration [32,33]
[see Fig. 1(a)] to determine the longitudinal conductance with
the aid of the Landauer-Biittiker formalism. The introduction
of RSOC results in the opening of an energy gap in the helical
edge states, leading to a suppression of the edge conductance
and hindering the quantization process. We found that the
quantization of edge conductance could be restored in two
ways: (i) the application of weak nonmagnetic disorder in
the low-temperature regime or (ii) an increase in temperature
under the influence of weak disorder. To gain insight into the
impact of disorder on the edge transport, we employ the trans-
fer matrix method to calculate the localization length. Our
calculations reveal that weak nonmagnetic disorder increases
the localization length, thereby enhancing the conductance.
Furthermore, we propose that when in proximity to an s-wave
superconductor, the helical edge modes in the helical quantum
Hall phase of the graphene can naturally host Majorana zero
modes.

II. MODEL HAMILTONIAN

For a zigzag edged graphene nanoribbon with the RSOC
in perpendicular magnetic field, the tight-binding Hamiltonian
can be written as

H=- Z tei¢ffcjcj + ZC;MZOZC,-
(ij).o i

— Zi)LRei(z)i/C?(O’ X i'ij)zcjv
(ij)

ey

where c? and c; are the creation and annihilation operators
for electrons with two spin components at discrete site i on
honeycomb lattice. The Pauli vector o describes the elec-
tron’s spin, ¢ is the nearest-neighbor hopping integral, and
M, denotes the Zeeman splitting. In the presence of a per-
pendicular magnetic field B, , a phase factor ¢;; is introduced
to the hopping integral, where ¢;; = fij A -dl/®y with the
vector potential A = (yB, 0, 0) and @y = 7/e. The magnetic
flux in each honeycomb lattice is denoted by ¢, where ¢ =
(3\/§/4)a23 1/ [29]. The third term in the Hamiltonian
describes the RSOC with a strength Az. Here 7;; represents the
unit vector along the bond that connects the nearest-neighbor
sites j and i [1]. In the subsequent calculations, we adoptt = 1
as the energy unit. Zigzag edged graphene nanoribbons are
considered throughout this paper, while the edge geometry is
unessential in the presence of (strong) magnetic field [21,24].

In the absence of the Zeeman spin splitting, the Landau
levels in graphene have spin degeneracy. When a Zeeman
magnetic field M, is applied, the spin degeneracy is lifted
and the zeroth Landau levels of spin-up (spin-down) electrons
are shifted to E = +M, (—M,), respectively. This gives rise
to a pair of gapless dispersive edge modes crossing at band
center £ = 0 as shown the blue lines in the inset of Fig. 1(b).
The RSOC admixes the spin-up and spin-down components,
opening an edge-state gap around E = O [see red lines in the
inset of Fig. 1(b)].

To verify the topological origin of the edge modes, we
calculate the Chern number (CN) of the system using the
noncommutative Kubo formula C = 27iTr[Q[0, O, 0k, Oll,
considering the periodic boundary conditions (PBC) in the
y and x directions. Here Q is the projector onto the occu-
pied states of H. Similarly, the spin Chern numbers (SCNs)
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of spin-up and spin-down subsystems can be expressed as
Cy = 2miTr[Q+ [0k, O, 9k, O+1] [34,35], where Q4 is spec-
tral projector onto the positive/negative eigenvalue of Qo.Q.
In Fig. 1(c), we plot the Chern numbers as a function of
Er. When the chemical potential lies within the energy gap
of the inverted zeroth Landau levels Er € [—0.14, 0.14], the
Chern number C = 0, while the spin Chern numbers Cy =
41 [Fig. 1(c)] resembling those observed in the QSHE [36].
This indicates that the helical edge modes originate from the
nonzero spin Chern numbers and are protected by CT invari-
ance, where C represents the charge conjugation operation and
T is the time-reversal operation [29].

III. EFFECT OF DISORDER AND TEMPERATURE ON
EDGE TRANSPORT IN THE PRESENCE OF RSOC

Within the Laudauer-Biittiker transport formalism, the
transmission coefficient from the terminal g to the terminal p
can be obtained from T, (Er) = Tr[I",G"T";G“] [37], where
G =[G represents the Green’s function and the line width
functionI', = i[E; — 21‘;] [38]. The current in lead p is given
by 1, =", Tpy(T, Er)(V, — V,) with V, is the bias in the lead
p. Here, the transmission coefficient at finite temperatures
T is given by Ty (T, Er) = [ Tpy(e)(—42)de [38], where
the Fermi distribution fy = [e“~E-/%T 1 117! and kg is the
Boltzmann constant. When a current ;4 flowing from lead 1
to lead 4, longitudinal conductance G423 = Gy = I14/ (V2 —
V3), where 114 = —I} = I4. G, is averaged over 200 random
configurations in our calculation.

In Fig. 1(d), we show the conductance G,, as a function
of the chemical potential Er. In the absence of RSOC, we
observe that G, = 2¢*/h when Ep € [—0.14, 0.14] (see the
blue line). The conductance plateau arises from the ballistic
transport of the gapless helical channel modes [the blue lines
in the inset of Fig. 1(b)]. In contrast, when Ax = 0.005, the
longitudinal conductance G,, exhibits a pronounced dip at
Er =0 (see the red line), attributed the edge gap opened
by RSOC [see the red lines in Fig. 1(b)]. We note that the
nonzero conductance within the gap and the unquantized
conductance outside it in the presence of Ag are owing to
the finite-size effect. The systems used in experiments are
usually large enough (such as a graphene sample with size
3 umx6 um [28]) to suppress the finite-size effect.

Disorder usually plays a crucial role in the quantum Hall
effect [39]. To investigate the impact of disorder on the he-
lical quantum Hall phase, we introduce the disorder term
as H,, = Zi c;L\/ic[, where V; = U0y represents nonmagnetic
disorder, or V; = U;oi_,,,; represents the magnetic disorder.
Here o denotes the 22 identity matrix and U; is uniformly
distributed in the range [—W/2, W/2] with W representing the
disorder strength. For nonmagnetic disorder, when iz = 0,
the longitudinal conductance G,, at Er = 0 remain quantized
as long as W < 1.8 [Fig. 1(e) dashed black line]. However,
when W > 1.8, the helical edge modes are scattered into the
zeroth Landau level at E = £0.15, leading to the suppression
of ballistic transport. This observation suggests that the helical
edge modes in the helical quantum Hall phase exhibit sim-
ilar robust transport characteristics to those observed in the
QSHE. Interestingly, when Az = 0.005, G,, at Er = 0 gradu-
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FIG. 2. (a) Gy, versus W for different types of disorder. (b) IPR
P~! as a function of number of sites in x direction N, with strength
W = 1.5. op-type and o,-type disorder are marked by blue and red
points, and the linear fit of blue points is shown as black line.
The local-current-flow configurations for (c) oy-type and (d) o,-type
disorder with W = 1.5 and size N, x N, = 160x100. The data in
(a) and (b) are averaged over 200 and 8000 random configurations,
respectively. Other parameters are the same as those in Fig. 1.

ally increases from 1.1e? /h to 1.8¢? /h at zero temperature [the
black line in Fig. 1(e)] as the disorder strength increase from
W =0 to 1.1. This disorder-enhanced edge transport persists
until kg7 = 0.01 [the blue line in Fig. 1(e)]. These findings
indicate that weak nonmagnetic disorder can enhance the edge
conductance in the low-temperature regime.

On the other hand, when examining a clean sample (W = 0)
at Er =0, it is observed that the conductance tends to
reach 2¢%/h as the temperature increase, as shown by the
different colored lines in Fig. 1(e). The behavior of the finite-
temperature conductance G,,(Er =0,T) at Er = 0 can be
approximated by considering the finite-temperature transmis-
sion coefficient Ty, (T, Er) = [ Tpy(€)(—2L)de, where — 30
represents the thermal broadening function. Consequently,
G (Ep =0,T) at Er =0 can be estimated as a weighted
average of zero-temperature conductance G.,(Er, T = 0) at
various Er. As the temperature increases, the contribution of
conductance away from Er = 0 becomes more significant,
leading to an increase in Gy (Er =0, T). In summary, we
calculate G, in the band gap induced by the RSOC for various
W and T in Fig. 1(f). The results demonstrate that weak
disorder can enhance the longitudinal conductance G,, at low
temperature. Additionally, for 0 < W < 1.2, the conductance
G, can also be increased by raising temperature.

For comparison purposes, we plot G,, for different types
of magnetic disorder in Fig. 2(a). It can be observed that
both o,-type and oy-type disorder have a similar effect on
G, resulting in a monotonic suppression of G,,. This can be
attributed to the coupling between the spin-up and spin-down
helical edge modes caused by o,-type and oy-type disorder,
which leads to strong backscattering. In contrast, weak o-
type disorder, which conserves spin in the z direction, actually
enhances G,,. However, it is important to note that the en-
hancement caused by o,-type disorder is weaker compared to
nonmagnetic disorder.
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To provide a clearer distinction between oy-type and o,-
type disorder, we calculate the inverse participation ratio
(IPR) and the local-current-flow vector at a moderate disorder
strength of W = 1.5. Figure 2(b) depicts IPR as a function
of number of sites in x direction N,. IPR reflects the spatial
extension of the eigenstates and the average IPR is defined
as [40-43]

ool _ < > vl >

[ 1wl
where N; = N, x N, is the total number of sites, v; is the wave
function of site i, and (...) represents the disorder average. In
the thermodynamic limit, IPR P~! approaches constant for
localized states, while it scales as P~! 1/N, for extended
edge states [40,44,45]. As illustrated in Fig. 2(b), the blue
points exhibit a well-fitted linear relationship (indicated by
the black line), indicating the extended nature of the wave
functions under op-type disorder. However, if o,-type disorder
is applied, P! is independent of sample length N, [Fig. 2(b)
red points], indicating that the states are localized due to
the presence of disorder. Moreover, based on the multitermi-
nal nonequilibrium Green’s function method [38,46,47], the
current vector from site p to g for a two-terminal device is
Jpsg = (262V)//’l Im[H,,(G'T1G%)gpl, where V is the voltage
between left and right leads, H,, denotes the hopping matrix
element between site p to site g, the linewidth function of the
lead 'y = i[X] — X7], and the retarded (advanced) Green’s
function G" (G?). We plot Figs. 2(c)-2(d) the logarithm of
the truncated local currents [48—50] observed in a device with
dimensions N, x Ny = 160x100 under op-type and o,-type
disorder, respectively. For oy-type disorder, the local currents
locate mainly on the y directional edge [Fig. 2(c)], while the
local currents are localized by o,-type disorder as shown in
Fig. 2(d).

IV. ORIGIN OF THE DISORDER-ENHANCED
CONDUCTANCE

To elucidate the underlying cause of the disorder-enhanced
conductance, we proceed with the calculation of the local-
ization length using the transfer matrix method [50-54]. We
consider a 2D finite sample with dimensions N x L, where
N represents the number of propagating channels along the
length L. Utilizing the transfer matrix method, we determine
the Lyapunov exponents (LEs), denoted as y;, which charac-
terize the exponential decay behavior of the corresponding
channels. LEs can be obtained by calculating the logarithms
of the positive eigenvalues of the transfer matrix. The local-
ization length A and conductance G without leads can be,
respectively, expressed in terms of LEs as follows:

1

9
¥Ymin

N
1
Clawen @

where ymin is the smallest LE [55,56]. Note that to en-
sure stability of the numerical calculation, a negligible
term representing the next-nearest-neighbor hopping term
— Y iio 2€%¢; i is added to the model Hamiltonian
with #, = 0.005. This additional term only shift the gap cen-
ter Ey from 0-0.015, and its influence on the energy band
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FIG. 3. Localization length A as a function of chemical potential
Ep for various disorder strength W under (a) PBC and (b) OBC,
respectively, ¢ = m /40. (c) Conductance G calculated by the transfer
matrix method versus W for different chemical potential Ex. (d) G
versus W for various temperatures kg7. ¢ = 0.05 in (c) and (d).
Other parameters N = 320 (N, = 160), L = 100, Az = 0.005 and
M, =0.15.

structure can be ignored. As shown in Fig. 3(a), employing
the PBC in the y direction results in small the renormal-
ized localization lengths (A/N, < 1), indicating an insulating
behavior. On the contrary, when employing the OBC as
shown in Fig. 3(b), A near Er = 0 can be significantly en-
hanced either by introducing weak disorder or by shifting
the Fermi energy outside the gap of edge states. The ob-
served enhancement of A by transitioning from the PBC
to the OBC strongly suggests the dominant role played by
the helical edge modes in determining the conductance. Ac-
cording to Eq. (2), for large A, Ymin — 0T, the contribution
of corresponding channel to conductance G tends to quan-
tized value e*/h (considering two-spin species, G — 2¢2/h).
Similarly, the conductance at finite temperature can be ex-
pressed as G(T, Er) = fG(e)(—%)de. In Figs. 3(c)-3(d),
we calculate G as a function of W for various Er and tem-
peratures 7. By applying moderate disorder, the conductance
G at Er =0 can be enhanced [see Figs. 3(c)-3(d)] due to
the increased localization length. Additionally, raising the
temperature also amplifies the conductance G(Er = 0) as
illustrated in Fig. 3(d), since G(T,Er =0)isa weighted aver-
age of zero-temperature conductance G(Er ) at different Ep. It
is worth mentioning that the conductance G calculated using
transfer matrix method is independent of leads, excluding
the influence of contact resistance [43]. Consequently, G is
slightly larger than G,, [Figs. 1(e) and 1(f)].

V. RSOC EFFECT ON LONGITUDINAL CONDUCTANCE

Furthermore, we conduct further investigations into edge
transport in the presence of varying RSOC by examining
the longitudinal conductance G, in a two-terminal device
[inset of Fig. 4(a)] [48]. The dependence of Gj, on the
RSOC Ar and system size N, x N, of clean system (W =
0) are plotted in Figs. 4(a) and 4(b), while the case of
W =1 (averaged over 48 random configurations) are shown in
Figs. 4(c) and 4(d). When Az = 0, the conductance exhibits a
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FIG. 4. Two-terminal conductance G, versus RSOC Ay for dif-
ferent system sizes N, x N, with (a) disorder strength W =0 and
(c) W = 1, respectively. G, as a function of system size for various
Mg with (b) W =0 and (d) W = 1, respectively. The error bar in
(d) denotes conductance fluctuation. The inset of (a) shows a zigzag
edged two-terminal device. In (c) and (d), G|, are averaged over 48
random configurations. Er = 0, other parameters are the same as
those in Fig. 1.

quantized value of G, = 2¢*/h, which is independent of
system size. As Ag increases, the coupling between the spin-
up and spin-down channels of helical edge states becomes
stronger leading to increased backscattering between them
and consequently reducing the conductance. For a given Az >
0, as the size increases, the probability of backscattering
among edge modes also increases, resulting in a monotonic
decrease in G1,. Applying weak disorder slows down the de-
crease in conductance, as demonstrated in Figs. 4(a) and 4(c)
for varying Ax and Figs. 4(b) and 4(d) for different system
sizes.

VI. SUPERCONDUCTIVITY AND MAJORANA
ZERO MODES

In proximity to an s-wave superconductor (SC), the helical
quantum Hall phase of the graphene serves as a natural plat-
form for hosting Majorana zero modes [as shown in Fig. 5(a)].
The effective Hamiltonian of graphene and SC heterostructure
can be written as [57]

HGS =H+ Z(A,‘C;C:‘L + H.C.),
i

where A; is the superconducting paring potential at the site i.
Due to the Meissner effect, the magnetic field is zero within
the SC region, and thus we set ¢ =0 and M, = 0 in this
region.

As depicted in Fig. 5(a), the Josephson junction can be
formed by coupling two s-wave SCs to the two ends of
graphene, where Ae*#/2 denotes the pairing order parameter
of the SCs with a tunable phase ¢ [58,59]. The presence
of SCs induces a superconducting gap on the helical edge
modes, resulting in the creation of a small number of Andreev
bound states within the gap. Figure 5(b) shows the Andreev
bound state spectrum as a function of the phase difference ¢,

0 L L L o
0.00 0.01 0.02 0.03 0.04 0.05
Ap

FIG. 5. (a) Schematic picture of a SC/graphene/SC junction,
where ¢ is the phase difference between two SC regions, and N, =
320, Ngry = 100, Nsc = 50. (b) Andreev bound state spectrum of the
Josephson junction as a function of ¢ with Er = 0. (¢) Schematic
diagram for a lead/graphene/SC device. Here N, = 320, Ng, = 50,
and Nsc = 100. (d) Andreev reflection 7 at zero energy from the
lead versus RSOC Ay for various chemical potential Er. For the SC
region, the superconductor gap A = 0.05, ¢ =0, and M, = 0. The
parameters of zigzag edged graphene region are the same as those in
Fig. 1.

the bands crossing at zero energy signals the emergence of
Majorana zero modes.

To explain the origin of the Andreev bound states, we con-
sider a single lead coupled to the graphene/SC heterostructure
[see Fig. 5(a)] to investigate the Andreev reflection (AR) pro-
cess at the SC and graphene interface. AR involves an incident
electron from the metal state being reflected as a hole, thereby
generating a Cooper pair within the superconductor. The AR
coefficient can be evaluated by using the Green’s functions
Ty =Tr[l'.G,T'1,Gy ], where T' o is the electron (hole)’s
line width function in the left lead, and G, is the full Green’s
function of the system [57,60,61].

When the chemical potential Er lies within the gap of
the helical quantum spin Hall, there is only one channel per
edge. Due to the SC gap, the probability of transmission from
the lead to SC tends to 0, while the probability of reflection
tends to 1. As a result, for small Ag, Ty = 2¢> /h as shown in
Fig. 5(d). Therefore, we conclude that the zero-energy Andree
bound states in Fig. 5(b) arise from the quantized AR at the in-
terface between the SC and graphene. Moreover, the quantized
AR at zero energy is also the fingerprint of the emergence of
a MZM in the graphene/SC heterostructure region [62—-64].

VII. DISCUSSION AND CONCLUSION

For a graphene nanoribbon, the nearest-neighbor hopping
integral is t = 2.7 eV and lattice constant a = 0.142 nm. In
our work, the width L, = (3aN,)/4 = 17.04 nm, the length
of Hall bar Ly = ~/3a(N, + 2Ny 4 2N;,) = 93.35 nm, and
the length of bar Ly, = /3ax100 = 24.59 nm. The system
sizes are too small to avoid finite-size effect for a small
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magnetic field, since the magnetic length Iz = /Ii/(eB) ~ 25
nm/+/B, [Tesla]. Following the Ref. [29], we amplify the
perpendicular magnetic field B, = 4h¢/(6+/3mea®) ~ 10° T
such that L/, > lp = 0.8 nm, and Landau-level spacing ap-
proximates to be €p = 800 meV, while the Zeeman splitting
is set as M, = 0.15x2.7 eV =~ 400 meV. Here, the RSOC
Ag =0.005x2.7 eV = 13.5 meV, and the edge gap E, opened
by Ag is also around 13.5 meV. We will see the conductance is
mainly determined by the edge gap (or RSOC) E, = Ag, and
other energy scales only reduce finite-size effect.

Then we compare the model parameter we use with the
experimental values [28]. We note that the adopted parameters
in our calculations are much larger than the experimental ones,
so only the scaled parameters can compare to the experi-
ments. The longitudinal conductance in the edge gap is mainly
determined by G, o exp[—E,/(k,T)] in the large-size and
low-temperature limit, where E; = Ag is the edge gap and T
is the temperature. As a consequence, the edge gap E, = Ag is
the characteristic energy scale of the system. In weak disorder
regime, the G,, can approximately restore quantized value
through thermal broadening when kT > 4E, [see Figs. 1(e)
and 1(f)]. So if the RSOC Az = 1-3 meV in the experiment,
the temperature T = 4E,/kp ~ 46-139 K and the thermal
broadening plays a dominated role in the experiment. On the
other hand, for a larger Ax > 3 meV, the quantization G, is
mainly attributed to disorder-enhanced localization length in
the experiment.

In conclusion, our study reveals that in a graphene
nanoribbon subjected to a perpendicular magnetic field, the
suppressed longitudinal conductance by RSOC can be en-
hanced by raising the temperature under weak disorder or
by applying weak nonmagnetic Anderson disorder at low
temperatures. Remarkably, we demonstrate that this disorder-
increased conductance can approach the quantized value of
2¢%/h, in certain regions. These findings align qualitatively
with the transport results of the helical quantum Hall phase
observed in the recent experiments [28]. Furthermore, we
demonstrate that, in proximity to superconductivity, such a
helical quantum Hall phase in graphene has the potential to
host Majorana zero modes.
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