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Multiple types of unconventional quasiparticles in the chiral crystal CsBe2F5
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Unconventional topological quasiparticles have recently garnered significant attention in the realm of con-
densed matter physics. Here, based on first-principles calculations and symmetry analysis, we reveal the
coexistence of multiple types of interesting unconventional topological quasiparticles in the phonon spectrum
of the chiral crystal CsBe2F5. Specifically, we identified eight entangled phonon bands in CsBe2F5, which give
rise to various unconventional topological quasiparticles, including the spin-1 Weyl point, the charge-2 Dirac
point, the nodal surface, and the hourglass nodal loop. We demonstrate that these unconventional topological
quasiparticles are protected by crystal symmetry. We show that there are two large Fermi arcs connecting
projections of the bulk spin-1 Weyl point and charge-2 Dirac point on the (001) surface and across the entire
surface Brillouin zone. Our work not only elucidates the intriguing topological properties of chiral crystals but
also provides an excellent material platform for exploring the fascinating physics associated with multiple types
of unconventional topological quasiparticles.
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I. INTRODUCTION

Crystalline materials offer an excellent platform for the
study of topological quasiparticles in condensed matter
physics [1–7]. Topological quasiparticles typically emerge
around the band degeneracy points and have garnered signif-
icant attention over the past decade. The most well-known
conventional topological quasiparticles include the twofold
degenerate Weyl point [1,8,9] and fourfold degenerate Dirac
point [10–12], which resemble relativistic Weyl and Dirac
fermions and can simulate fascinating effects from high-
energy physics. However, the fundamental symmetry for
condensed matter systems is the space group symmetry, which
is a smaller subgroup of the Poincaré symmetry. This reduced
set of constraints enables the emergence of a diverse range
of unconventional quasiparticles beyond the Weyl and Dirac
fermions. For instance, band degeneracies can lead to higher-
dimensional structures such as nodal lines [13–25] and nodal
surfaces [26–29], as well as high-fold fermions (three-, six-,
and eightfold degenerate fermions) [30–32], and higher-order
fermions with quadratic and cubic dispersions [33,34].

The concept of topological quasiparticles was initially in-
troduced within electronic systems, and subsequently, efforts
were made to extend it to phonon systems [35–39]. Numerous
materials featuring phonons with nodal points, nodal lines,
and nodal surfaces have been theoretically predicted [40–50],
and a portion of these predictions have been effectively vali-
dated through experimentation [43,51].

Chiral crystals are materials characterized by a lattice
structure that possesses a distinct handedness due to the
absence of inversion, mirror, or rotoinversion symmetries.
These crystals hold great promise across diverse fields, in-
cluding biology, chemistry, medicine, optics, and materials
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science. Their chirality can profoundly influence optical, elec-
trical, and mechanical properties, as well as interactions with
other molecules [52–54]. Chiral crystals have demonstrated a
wide array of captivating physical phenomena, encompassing
skyrmions [55], nonlocal and nonreciprocal electron trans-
port [56,57], optical activity and magnetochiral dichroism
[58], ferroelectricity [59,60], and spintronics [61]. More re-
cently, significant attention has turned towards the topological
properties of chiral crystals [62,63]. Within these crystals, var-
ious novel topological chiral fermions have been discovered,
such as Kramers-Weyl fermions and higher-fold degenerate
fermions [32,63–68].

In this paper, based on first-principles calculations and
symmetry analysis, we identify the chiral crystal CsBe2F5

material crystalizing in space group P4132 (No. 213) as an
ideal material candidate for studying the physical properties
of multiple types of unconventional topological quasiparticles
in its phonon spectrum. There exist eight phonon bands en-
tangled together, forming several unconventional topological
quasiparticles, such as the spin-1 Weyl points at the center
of the Brillouin zone (BZ), the charge-2 Dirac points at the
corner of the BZ, the nodal surface on the BZ boundary,
as well as the hourglass nodal loop that emerges from the
spin-1 Weyl points and nodal surface. The schematics of these
unconventional topological quasiparticles are shown in Fig. 1.
The symmetry protection and interesting double-helicoid sur-
face states of these unconventional topological quasiparticles
are discussed.

II. LATTICE STRUCTURE AND PHONON
CALCULATIONS

The CsBe2F5 material has been experimentally synthesized
and belongs to the chiral cubic lattice with space group P4132
(No. 213) [69]. The crystal structure of CsBe2F5 is shown in
Fig. 2(a). The unit cell comprises four molecules of CsBe2F5,
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FIG. 1. (a) Spin-1 Weyl point with Chern numbers of ±2, 0.
(b) Charge-2 Dirac point with Chern numbers ±2. (c) Nodal surfaces
locate on the Brillouin zone (BZ) boundary. (d) Hourglass dispersion
emerges from the triple degenerate point and nodal surface.

FIG. 2. (a) Crystal structure of the CsBe2F5. (b) Bulk BZ and
the projected surface BZ of the (001) plane. The high-symmetry
points are labeled. (c) Phonon dispersion of CsBe2F5 along the high-
symmetry direction. The eight phonon bands (the 65th to the 72nd
bands) are located between the two dashed red lines.

FIG. 3. (a) The eight phonon bands of the CsBe2F5 (the 65th to
the 72nd bands) between 13 and 19.4 THz. The irreducible represen-
tations (IRRs) are given. (b) The zoom-in of the phonon spectrum
around the � and R points, and the calculated Chern numbers are
given. The zoom-in of the phonon spectrum indicated by the box
on the �-R path is shown in (d). (c) Schematic figure showing three
nodal surfaces on the ki = π (i = x, y, z) planes. (e) The shape of the
three hourglass nodal loops in the ki = 0 (i = x, y, z) planes obtained
from first-principles calculations.

with Cs and Be atoms occupying the 4a (0.125, 0.625, 0.875)
and 8c (0.0998, 0.0998, 0.0998) Wyckoff positions, respec-
tively, while F atoms occupy the 8c (0.7574, 0.7574, 0.7574)
and 12d (0.125, 0.0334, 0.2834) Wyckoff positions. The atom
coordinates are measured in units of the respective lattice
parameters. In our calculation, the structure is fully optimized
[see Supplemental Material (SM) [70] for computational de-
tails]. The optimized lattice parameter for CsBe2F5 is 8.068
Å, which is close to the experimental values, 7.936 Å [69].
The bulk and (001) surface BZs of CsBe2F5 are shown in
Fig. 2(b). The phonon spectrum obtained from first-principles
calculations is shown in Fig. 2(c). From Fig. 2(c), one can
observe eight phonon bands (the 65th to the 72nd bands) be-
tween 13 and 19.4 THz that are separated from other phonon
bands and entangle together, as indicated by the two dashed
red lines. The zoom-in image of these eight phonon bands is
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shown Fig. 3(a), and the calculated irreducible representations
(IRRs) for the phonon bands are also provided.

As demonstrated in Fig. 3(a), the eight phonon bands
entangle together forming multiple types of unconventional
quasiparticles, such as threefold degenerate points at the �

point, fourfold degenerate Dirac points at the R point, twofold
degenerate points on the path X -M, and hourglass dispersion
along paths �-X and M-�. In fact, the threefold degenerate
points at the � point correspond to spin-1 Weyl points, the
Dirac points at the R point correspond to charge-2 Dirac
points, the twofold degeneracy along path X -M belongs to
a nodal surface on the kx = π plane [there are a total of
three nodal surfaces located on the ki = π (i = x, y, z) planes],
and the neck point of the hourglass dispersion forms three
hourglass nodal loops on the ki = 0 (i = x, y, z) planes. In
the following sections, we will discuss these unconventional
topological quasiparticles in detail.

III. MULTIPLE TYPES OF UNCONVENTIONAL
QUASIPARTICLES

We first discuss the threefold degenerate points at the �

point. From Fig. 3(a), we can observe two threefold degen-
erate points at the � point, with three-dimensional IRRs T1

and T2, respectively. The calculated Chern numbers of the
three bands that construct the threefold degenerate points
are ±2 and 0, as shown in Fig. 3(b). To further character-
ize the threefold degenerate topological quasiparticles, we
construct a low-energy effective k · p model based on the
symmetry requirements. The generators of the little group at
the � point are S2x = {C2x| 1

2 , 1
2 , 0}, S2y = {C2y|0, 1

2 , 1
2 }, S3 =

{C+
3,111|0, 0, 0}, and S4x = {C+

4x| 1
4 , 1

4 , 3
4 }. The three low-energy

states at the � point belong to the T1 (or T2) representation. We
use it as the basis and write the generators of representation
matrices for T1 (or T2) of the � point as follows:

S2x =
⎡
⎣1 0 0

0 −1 0
0 0 −1

⎤
⎦, S2y =

⎡
⎣−1 0 0

0 1 0
0 0 −1

⎤
⎦,

S3 =
⎡
⎣0 0 1

1 0 0
0 1 0

⎤
⎦, S4x =

⎡
⎣1 0 0

0 0 −1
0 1 0

⎤
⎦

⎛
⎝S4x = −

⎡
⎣1 0 0

0 0 −1
0 1 0

⎤
⎦ for T2

⎞
⎠. (1)

It should be noted that at the � point, the time-reversal T is preserved, given as T = K ⊗ I3×3, where K is the complex
conjugation operator. The generic form of the effective Hamiltonian of the threefold degenerate point at the � point up to
the first order of k is as follows,

HW (k) = α ·
⎛
⎝ 0 ikz −iky

−ikz 0 ikx

iky −ikx 0

⎞
⎠ = α · k · S, (2)

where α is a real constant, and Si are the spin-1 matrix representations of the rotation generators. This model is just the spin-1
Weyl Hamiltonian. Hence, the threefold degenerate points at the � point are termed as spin-1 Weyl points [40]. The spin-1 Weyl
point can be regarded as the monopole with topological charge +2. Through a symmetry analysis, we have shown that the spin-1
Weyl point is protected by space group symmetry, and the detailed analysis is presented in SM [70].

Then we investigate the fourfold degenerate Dirac points at the R point of the BZ corner. As depicted in Fig. 3(a), there are
two fourfold degenerate points at the R point, with both four-dimensional IRRs F2. The calculated Chern numbers of the bands
surrounding the Dirac points at R are ±2, which indicates that they are charge-2 Dirac points, as shown in Fig. 3(b). Furthermore,
it was discovered that all bands at the R point form charge-2 Dirac points. The symmetry analysis of the charge-2 Dirac points is
presented in SM [70]. Notably, the fourfold degeneracy at the R point is independent of the materials and solely determined by
the crystal space group symmetry. From Fig. 3(b), we can also observe that the Chern numbers of the spin-1 Weyl and charge-2
Dirac points are opposite, and in the BZ they appear in pairs. Therefore, the total Chern number is zero, which is consistent
with the no-go theorem [71]. We also construct a low-energy effective k · p model for the charge-2 Dirac point. As mentioned
above, the four low-energy states at the R point belong to the F2 representation. We use it as the basis and write the generators
of representation matrices for F2 of the R point as follows:

S2x = 1√
2

⎡
⎢⎢⎣

−i −1 0 0
1 i 0 0
0 0 i −1
0 0 1 −i

⎤
⎥⎥⎦, S2y = 1√

2

⎡
⎢⎢⎣

i −1 0 0
1 −i 0 0
0 0 −i −1
0 0 1 i

⎤
⎥⎥⎦,

S3 = 1

4

⎡
⎢⎢⎢⎣

1
√

2 + i
√

6 + √
3i −√

3
−√

2 + i 1
√

3
√

6 − √
3i√

6 − √
3i −√

3 1
√

2 − i√
3

√
6 + √

3i −√
2 − i 1

⎤
⎥⎥⎥⎦,

125127-3



XIN-YUE KANG, JIN-YANG LI, AND SI LI PHYSICAL REVIEW B 108, 125127 (2023)

S4x = 1

4

⎡
⎢⎢⎢⎢⎢⎣

1 − √
2i −i −√

3i
√

6i − √
3

i −1 − √
2i −√

3 − √
6i −√

3i√
3i −√

3 − √
6i 1 + √

2i i

−√
3 + √

6i
√

3i −i −1 + √
2i

⎤
⎥⎥⎥⎥⎥⎦

. (3)

At the R point, the time-reversal T is preserved, given as T = K ⊗ I4×4, where K is the complex conjugation operator. The
generic form of the effective Hamiltonian of the fourfold degenerate point at R point up to the first order of k is as follows,

HD(k) =

⎛
⎜⎜⎜⎜⎝

η1 η5 η3 η4

η
†
5 −η1 η4 η3

η
†
3 η

†
4 η2 η6

η
†
4 η

†
3 η

†
6 −η2

⎞
⎟⎟⎟⎟⎠, (4)

where

η1 =
√

2

4
(C1 − 2C2)(kx − ky), η2 =

√
2

4
(C1 + 2C2)(kx − ky),

η3 = −i
1

2

√
3

2
C1(kx − ky), η5 = −C1

4
(
√

2ikx +
√

2iky + 4kz ) − 2
√

2C2(kx + ky +
√

2ikz ),

η6 = C1

4
(
√

2ikx +
√

2iky − 4kz ) + C2

2
(
√

2ikx +
√

2iky + 2kz ), (5)

and C1,C2 are real parameters. After a unitary transformation,

HD(k) = β

(
k · σ 0

0 k · σ

)
, (6)

where β is a nonzero constant. This model is the direct sum
of two identical spin-1/2 Weyl points, and is also referred to
as the charge-2 Dirac point.

Next, we analyze the twofold degeneracy bands along the
path X -M. Figures 2(c) and 3(a) clearly show that all of the
phonon bands on the X -M path are twofold degenerate. In
fact, through symmetry analysis and first-principles calcula-
tions, we reveal that all of the bands on the kx = π plane are
twofold degenerate, and form the nodal surface, as schemati-
cally shown in the green color in Fig. 3(c). Furthermore, we
find another two nodal surfaces on the ky = π and kz = π

planes, as shown in the orange color and crimson color in
Fig. 3(c), respectively. Therefore, there are a total of three
nodal surfaces on the BZ boundary. The three nodal surfaces
are protected by a combination of time-reversal symmetry
T and twofold screw rotation symmetry S2i (i = x, y, z). We
take the nodal surface on the kx = π plane as an example
and perform the symmetry analysis. Any point on the kx = π

plane is invariant under T S2x. In the absence of spin-orbit cou-
pling (SOC), we have (T S2x )2 = e−ikx = −1 on the kx = π

plane. It leads to the Kramer-like degeneracy, and forms the
nodal surface on this plane. The nodal surfaces on ky = π and
kz = π planes are protected by T S2y and T S2z, respectively,
and can be analyzed similarly.

We are now moving on to analyze the band crossings on the
�-X and M-� paths. As shown in Fig. 3(a), we can observe
that the four phonon bands (the 67th to the 70th bands) cross,
forming hourglass dispersions along the �-X and M-� paths.
It should be noted that there is a small gap for the 68th
and 69th bands along �-R, as shown in Fig. 3(d). We also

calculated the IRRs for the 68th and 69th bands along the
paths �-X , M-�, and �-R, as shown in Fig 3(a). One can
realize that the 68th and 69th bands have different represen-
tations 1E and 2E along the path �-X , and B and A along
the path M-�, while they have the same representations 1E
and 1E along the path �-R. As a result, they can exhibit
band crossing along paths �-X and M-�, and exhibit avoided
crossing or anticrossing along path �-R. Actually, the neck
points (the band crossing point formed by the 68th and 69th
bands) of the hourglass are not isolated, and a careful scan
shows that the neck points are located on a nodal loop in
the kz = 0 plane around the � point, forming the Weyl hour-
glass nodal loop. Furthermore, due to the symmetry operators
{C+

4x| 1
4 , 1

4 , 3
4 } and {C+

4y| 3
4 , 1

4 , 1
4 }, there should be another two

Weyl hourglass nodal loops located on the ky = 0 plane and
kx = 0 plane. This is also certified by our DFT calculation, as
shown in Fig. 3(e). These hourglass nodal loops are protected
by PT symmetry, and carry a Berry phase of π . It should be
mentioned that the hourglass dispersions here emerge from
the triply degenerate points at � and the nodal surface on
the ki = π (i = x, y, z) planes. They differ from previously
reported hourglass fermions, which arise from either twofold
degenerate points (in the case of Weyl hourglass fermions)
[72] or fourfold degenerate points (in the case of Dirac hour-
glass fermions) [25].

Finally, we constructed an eight-band tight-binding model
that accurately reproduces all the band crossings in CsBe2F5.
The detailed information regarding the model and band struc-
ture is shown in SM [70].

IV. DOUBLE-HELICOID SURFACE STATES

Topological quasiparticles are typically characterized by
the presence of surface states. The spectra of the (001) sur-
face for the spin-1 Weyl point and charge-2 Dirac point of
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FIG. 4. Double-helicoid surface states for the (001) surface for
the spin-1 Weyl points and charge-2 Dirac points along the high-
symmetry directions. (a) The surface states from 13.5 to 15 THz.
(b) The corresponding Fermi arcs for 14.3 and 14.5 THz. (c) The
surface states from 16.25 to 18 THz. (d) The corresponding Fermi
arcs for 17 and 17.5 THz.

CsBe2F5 are shown in Fig. 4. One can see that two large
topological surface states emerge from �̄ and M̄. Here, the
�̄ point represents the projection of the spin-1 Weyl point at
� and M̄ represents the projection of the charge-2 Dirac point
at R. Additionally, the large Fermi arcs connect the point �̄

to the point M̄ and across the entire surface BZ, as shown in
Figs. 4(b) and 4(d). Previous work has shown that the Weyl
surface states are equivalent to a helicoid [73]. In the present

case, since the surface states arise from the spin-1 Weyl point
and charge-2 Dirac point, two surface sheets encircle these
points, which would give rise to the double-helicoid surface
states, as shown in Fig. 4.

V. DISCUSSION AND CONCLUSION

We have identified eight entangled phonon bands in
CsBe2F5, leading to the emergence of diverse and unconven-
tional topological quasiparticles. It is worth noting that in our
recent work, we demonstrated that a band complex can have
no upper bound for certain space groups, and find that an
accordion-type band complex with NC = 8 (where NC denotes
the number of bands in a complex) can be realized in the
phonon spectra of the crystals AuCl and AuBr [74]. Here, the
eight phonon bands in CsBe2F5 entangle together and form
two distinct types of band complexes with NC = 8: one along
the �-X path and the other along the M-� path. The spin-1
Weyl and charge-2 Dirac phonons can also appear in other
space groups, such as space group P213 (No. 198) [40,75].
Additionally, it should be noted that the charge-3 and charge-4
Weyl phonons have recently been predicted [76–78].

In conclusion, our first-principles calculations and sym-
metry analysis reveal that the phonon spectrum of the chiral
crystal CsBe2F5 harbors several types of unconventional topo-
logical quasiparticles. The entanglement of eight phonon
bands gives rise to the spin-1 Weyl point, the charge-2 Dirac
point, the nodal surface, and the hourglass nodal loop, all of
which are protected by crystal symmetry. We have also shown
that the surface states of CsBe2F5 exhibit intriguing prop-
erties, such as large Fermi arcs and double-helicoid surface
states. In experiments, techniques such as neutron scattering
[79] and x-ray scattering [80] can be used to probe bulk
phonons, while high-resolution electron energy loss spec-
troscopy [81], helium scattering [82], and THz spectroscopy
[83,84] are suitable for investigating surface phonons.
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