
PHYSICAL REVIEW B 108, 125109 (2023)

Weiss oscillations in Galilean-invariant Dirac composite fermion theory
for even-denominator filling fractions of the lowest Landau level
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Standard field theoretic formulations of composite fermion theories for the anomalous metals that form at or
near even-denominator filling fractions of the lowest Landau level do not possess Galilean invariance. To restore
Galilean symmetry, these theories must be supplemented by correction terms. We study the effect of the leading
correction term, known as the dipole term, in the Dirac composite fermion theory (a theory that consists of a Dirac
fermion coupled to an Abelian Chern-Simons gauge field) on quantum oscillations in the electrical resistivity due
to a periodic scalar potential about even-denominator filling fractions. We find the dipole term to be insufficient
to resolve the systematic discrepancy, discovered in Kamburov et al. [Phys. Rev. Lett. 113, 196801 (2014)],
between the locations of the oscillation minima predicted by Dirac composite fermion theory without Galilean
invariance and those observed in experiment. Further, in contrast to Hossain et al., [Phys. Rev. B 100, 041112(R)
(2019)], we find the quantum oscillations about the half-filled and quarter-filled lowest Landau level to have
qualitatively similar behavior. This analysis uses a mean-field approximation, in which gauge field fluctuations
are neglected. Based on this and previous analyses, we speculate that the discrepancy with experiment may be
an indirect signature of the effect of gauge field fluctuations in composite fermion theory.

DOI: 10.1103/PhysRevB.108.125109

I. INTRODUCTION

Normal metals exhibit quantum oscillations [1]; so too do
certain anomalous metals (e.g., Ref. [2]). Here we consider
the anomalous metals that form when a 2d system of interact-
ing electrons is at or near even-denominator filling fractions
ν = 1/2m (for m a positive integer) of the lowest Landau level
[3,4]. Quantum oscillations about ν = 1/2m suggest a Fermi
surface of low-energy excitations that couple to an effective
magnetic field B∗ ≡ B − 2m�0ne (B is the external magnetic
field, �0 = hc/e, and ne is the electron density) [5,6]. In
particular, oscillations in the electrical resistivity (known as
Weiss oscillations [7,8]) occur when a unidirectional periodic
scalar potential is applied and B is varied about ν = 1/2m
(say, at fixed ne). About ν = 1/2, the oscillation minima are
found at magnetic fields Bp satisfying

�2
B∗

p
= a

2k∗
F

(
|p| + 1

4

)
, p = ±1,±2,±3, . . . . (1.1)

Here, �B∗
p
=

√
h̄c/e|B∗

p| is the magnetic length for effective
magnetic field B∗

p = Bp − 2�0ne at the pth oscillation min-
ima, a is the period of the applied potential, and the sign of
p equals the sign of B∗

p. (For the range of ne and a consid-
ered experimentally, the most robust oscillation minima occur
closer to ν = 1/2 than conventional Shubnikov-de Haas oscil-
lations, which are generally obscured by fractional quantum
Hall states.) Prior to 2014, only the first few minima |p| � 2
were resolvable and a good fit to the data could be achieved by
taking k∗

F = √
4πne [5,6]. This and similar results [5,9] help

to form the phenomenological justification for the composite
fermion theory of the ν = 1/2 state due to Halperin, Lee, and

Read (HLR) [10]. In this theory, the ν = 1/2 state is described
by a collection of nonrelativistic composite fermions interact-
ing via a Chern-Simons gauge field, with k∗

F identified as the
composite fermion wave vector.

It came, then, as a surprise when, due to improvements
in sample quality and experimental design, Kamburov et al.
[11] reported oscillation minima that were no longer sym-
metrically distributed about ν = 1/2 (at fixed ne and varying
B). The data can only be fit using Eq. (1.1) if k∗

F now varies
with ν:

k∗
F =

⎧⎨⎩
√

4πne, ν < 1/2,√
4π

(
B
�0

− ne
)
, ν > 1/2.

(1.2)

The error in taking k∗
F = √

4πne for ν > 1/2 is roughly 2%
at the p = −1 minimum; this error decreases for higher |p|
as ν = 1/2 is approached. This result (1.2), which has been
confirmed by subsequent measurements [12–14], presents a
challenge for the HLR theory. There is no obvious reason for
k∗

F to vary about ν = 1/2. One attempt [15] for an explanation,
along the lines suggested by the experiment, is to use the
HLR theory for ν < 1/2 and to introduce an a priori dif-
ferent composite fermion theory of holes (with density nh =
B/�0 − ne) for ν > 1/2, with a (rounded) transition between
the two states at ν = 1/2. Within a mean-field approximation,
in which gauge field fluctuations are ignored, a detailed anal-
ysis [16,17] shows that the two theories do not produce Weiss
oscillations consistent with experiment. What is more, the
composite fermion theory of holes gives precisely the same
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oscillation minima as the HLR theory, both for ν > 1/2 and
ν < 1/2.

An alternative composite fermion theory for the ν = 1/2
metal, proposed by Son [18], uses Dirac composite fermions
interacting via an emergent gauge field without Chern-Simons
term (see also Refs. [19–22]). This Dirac composite fermion
theory was also studied in Ref. [17], within the mean-field
approximation, and found to agree to .002% accuracy (for
the ne and a relevant to experiment) with the predictions of
HLR theory. Going beyond mean-field theory, it was argued in
Ref. [23] that gauge field fluctuations catalyze a B∗-dependent
Dirac mass away from ν = 1/2. When this effect is included
the comparison with experiment is dramatically improved
(almost too well), suggesting that asymmetrically distributed
minima B∗

p may be an indirect signature of the emergent gauge
field.

There are two criticisms of Ref. [23]. The first is that the
analysis used a 1/N expansion, in which the Dirac composite
fermion theory was generalized to a theory with N identical
flavors of fermions, for the (controlled) calculation of the
fluctuation-induced mass. While the 1/N expansion is stan-
dard (e.g., Ref. [24]), there is no guarantee the large-N result
can be smoothly continued to or remain accurate at small N .

Second—and most relevant to this paper—the Dirac com-
posite fermion theory used in Ref. [23] lacks Galilean
invariance. (We remark that the composite fermion wave
function approach does not suffer from this deficiency [9].
The value of k∗

F , extracted from the oscillations in the pair-
correlation functions of Jain states at ν = n/2n + 1 about
ν = 1/2, appears to be consistent with the experimental result
(1.2) [25,26].) This symmetry should be approximate in the
electron system, if disorder is sufficiently weak. The com-
posite fermion theory considered in Ref. [23] can be made
to preserve Galilean invariance, only if additional correction
terms are included [27–29]. These correction terms are or-
ganized in an expansion in momentum |q|, with coefficients
fixed by symmetry. Might these correction terms account for
the discrepancy between Dirac composite fermion mean-field
theory and experiment, without the need to invoke emergent
gauge field fluctuations? Here, we answer this question in the
negative (see Fig. 1), using a composite fermion mean-field
theory in which Galilean invariance is preserved to O(|q|2)
(see Ref. [30] for an analogous study of electromagnetic re-
sponse). To this order, the correction term is known as the
dipole term because it involves a coupling of the composite
fermion dipole moment to the external electromagnetic field.
The use of the Dirac composite fermion theory (rather than
the HLR theory) allows for a direct comparison with the
results in Refs. [17,23]. We find that, while an approximate
Galilean invariance improves the comparison of theory with
experiment, it is insufficient to fully explain the discrepancy
(see Fig. 2).

We remark that the issue of the effects of an approxi-
mate Galilean symmetry on the Weiss oscillations produced
by the Dirac composite fermion theory is independent of
the issue of particle-hole symmetry about half-filling frac-
tion [31]. The observed minima [11–14] and the predictions
of various theoretical analyses [16,17,23], including that of
this paper, are consistent with particle-hole symmetry. To be
consistent with particle-hole symmetry, the minima should

-0.1 -0.075 -0.05 -0.025 0 0.025 0.05 0.075 0.1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.05 0.053
0

0.01

0.02

-0.05 -0.047
0

0.01

0.02

-0.1 -0.075 -0.05 -0.025 0 0.025 0.05 0.075 0.1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.035 0.037
0

0.01

-0.036 -0.034
0

0.01

FIG. 1. (a) The oscillatory part of ρxx near half-filling: Ba =
h̄c/ea2, T = 0.06

√
2B1/2, and Ba/B1/2 = 10−3. (b) The oscillatory

part of ρxx near quarter filling: Ba = h̄c/ea2, T = 0.06
√

2B1/4, and
Ba/B1/4 = 10−3. The blue(red) curves are the predictions of Dirac
composite fermion mean-field theory with (without) dipole term;
the hash marks approximate the oscillation minima locations found
experimentally.

appear symmetrically about half-filling fraction as a function
of δne = ne − B/2�0, with B held fixed. [Note that the exper-
iments are performed at fixed ne and varying B; our statement
regarding particle-hole symmetry assumes the locations of
the oscillation minima continue to be described by Eqs. (1.1)
and (1.2) in a hypothetical experiment at fixed B and varying
ne.] As we mentioned above, the B∗-dependent Dirac mass
distinguishes Ref. [23] from Refs. [16,17]. This mass has the
form m ∼ sign(B∗)|B∗|1/3|B|1/6 and appears quadratically in
the formula that determines the locations of the oscillation
minima. It seems that the asymmetric profile of this mass
at fixed ne and varying B is responsible for the improved
agreement between theory and experiment.

Another motivation for this paper comes from a recent
study of Weiss oscillations about ν = 1/4 [32]. In contrast
to ν = 1/2, the oscillation minima B∗

p are symmetrically dis-
tributed about ν = 1/4 and consistent with k∗

F = √
4πne. This

difference in behavior, when compared to ν = 1/2, may be
due to a lack of experimental resolution, since only |p| � 2
minima are resolvable, similar to the pre-2014 studies of the
ν = 1/2 quantum oscillations. To study if instead there might
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FIG. 2. Error between the predicted |p| = 1 oscillation minima
of Dirac composite fermion-mean-field theory with (blue curve) and
without (red curve) the dipole term and the experimental minima
(3.21) as a function of Ba/B1/2 for (a) ν > 1/2 and (b) ν < 1/2. The
error is defined as |bp − B∗

p|/B∗
p for the minima bp in (3.19); the error

for minima in (3.20) is the same with the replacement bp → b′
p.

be a qualitatively different behavior of the ν = 1/4 metal, we
study the Dirac composite fermion description of the ν = 1/4
state [33–35], with and without approximate Galilean invari-
ance. In principle, an approximate Galilean symmetry should
have greater relevance in the cleaner samples that feature the
ν = 1/4 metal. Nevertheless, in our mean-field analysis, we
do not find qualitative differences in the predicted Weiss os-
cillations. These analyses suggest that gauge field fluctuations
should be included for a satisfactory description: mean-field
theory is inadequate.

The remainder of this paper is organized as follows. In
Sec. II we derive the Dirac composite fermion mean-field the-
ory of the approximately Galilean-invariant ν = 1/2m state.
In Sec. III, we use this theory to determine the effect of an
approximate Galilean invariance on the Weiss oscillations of
the ν = 1/2m state. In Sec. IV, we conclude and discuss
possible directions of future work. In Appendix, we show how
the Dirac composite fermion theory for the ν = 1/2m state
with m > 1, studied in Sec. II, is obtained by applying modu-
lar transformations to the Galilean-invariant Dirac composite
fermion theory of the ν = 1/2 state.

II. DIRAC COMPOSITE FERMION MEAN-FIELD THEORY

In this section, we derive a Dirac composite fermion mean-
field theory with approximate Galilean symmetry for the ν =

1/2m state. Our primary goal is to determine how an external
scalar potential couples to the composite fermion degrees of
freedom. Knowing this coupling will then enable us to calcu-
late the predicted Weiss oscillations in the next section.

We begin with the following Dirac composite fermion La-
grangian for electrons at ν = 1/2m: L = L0 + Ldipole, with
(h̄ = c = e = 1)

L0 = ψ̄ i /Dψ − m − 1

2m

1

4π
ada − 1

2m

1

2π
adA + 1

2m

1

4π
AdA,

(2.1)

Ldipole = εk jE j

2B [ψ†iDkψ + (iDkψ )†ψ]. (2.2)

(See Appendix for a derivation of this Lagrangian for ν =
1/2m, m �= 1, from the corresponding ν = 1/2 Lagrangian.)
Here, L0 is the original Dirac composite fermion Lagrangian
[18], without Galilean invariance, and Ldipole [27,28] is the
dipole term; the Dirac composite fermion is ψ (ψ̄ = ψ†γ 0);

the covariant derivative /D = Dαγ α = (∂α − iaα )γ α , where
α ∈ {t, x, y} = {0, 1, 2} and the γ matrices (γ 0, γ 1, γ 2) =
(σ 3, iσ 2,−iσ 1) (the standard Pauli matrices); aα is a dy-
namical (2 + 1)-dimensional Abelian gauge field and Aα is
the external electromagnetic field; Chern-Simons terms are
defined as AdB = εαβγ Aα∂βBγ , where εαβγ is the totally an-
tisymmetric symbol with ε012 = 1. In this section, we rescale
the Dirac composite fermion velocity vF = 1; we will assume
throughout that the external magnetic field B is spatially uni-
form and time independent. The fields E j and B appearing in
the dipole term are

E j = ∂ jc0 − ∂0c j, (2.3)

B = ε jk∂ jck, (2.4)

where cα is the linear combination:

cα = (m − 1)

m
aα + 1

m
Aα. (2.5)

The dipole term ensures that L has an approximate
Galilean symmetry [27,28]. Under the transformation x′ =
x − vt , A′

0(x′, t ′) = A0(x, t ) + viAi(x, t ), A′
i(x

′, t ′) = Ai(x, t ),
with an identical transformation for aα , the Lagrangian trans-
forms into itself up to

δL =
(

1 − B

m(B − 4π (m − 1)n̄e)

)
× vk

2
[ψ†iDkψ + (iDkψ )†ψ] + O(v2). (2.6)

For m = 1, δL = 0 to O(v2); for m > 1, there is a nonzero
linear in |v| term, whose coefficient is arbitrarily small for
ν → 1/2m. In this sense, we say that the Dirac composite
fermion Lagrangian, (2.1) + (2.2), has approximate Galilean
symmetry.

The dipole term introduces a nonminimal coupling, be-
tween the electromagnetic field Aα and the composite
fermions, which produces a term involving the composite
fermion dipole moment,

d j = εk j

2B [ψ†iDkψ + (iDkψ )†ψ], (2.7)
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in the expression for the electron density ne:

ne = δL
δA0

= 1

2m

1

2π
(B − b) − 1

m
∂ jd j . (2.8)

We denote b = εi j∂ia j .
We now describe the mean-field approximation. Since a0

appears linearly in L, we treat it as a Lagrange multiplier field,
whose equation of motion sets

ψ†ψ − m − 1

2m

b

2π
− 1

2m

B

2π
− m − 1

m
∂ jd j = 0. (2.9)

Equations (2.8) and (2.9) together imply that the composite
fermion density,

ψ†ψ = B

4π
− (m − 1)ne. (2.10)

For m = 1, this is the familiar constraint that the Dirac com-
posite fermion density is fixed by the external magnetic field
B. For m > 1, we see that the composite fermion density
depends on both B and the electron density.

In mean-field theory, b = εi j∂ia j is taken to be uniform and
time independent. (In principle b could be an arbitrary func-
tion, specified by external parameters; the choice of constant b
is sufficient for our purposes.) We claim that spatially uniform
deviations away from ν = 1/2m are fully accounted for by
nonzero b:

b = B − 4mπ n̄e. (2.11)

Here, n̄e = 1
volume

∫
d2x 〈ne〉 is the spatially uniform part of

the electron density (2.8). The dipole moment term (∼∂idi)
does not contribute to the uniform electron density, so long as
the combination PT of parity and time-reversal symmetries
[18,36]1 is preserved:

1

volume

∫
d2x〈∂ jd j〉

∼ 1

volume

∫
d2x 〈εi j∂i[ψ

†(x)Djψ (x)]〉 = 0. (2.12)

(B, which equals B − 4π (m − 1)n̄e for uniform b, has been
factored out of the dipole contribution to the electron density.)
Under PT (at t = 0), the expectation value transforms to

−〈εi j∂i(ψ†(x,−y)Djψ (x,−y))〉 and must vanish when inte-
grated over all of space, even in the presence of nonzero b.
We can see explicitly that this integral vanishes when the
composite fermions fill some number of Landau levels due
to the presence of a uniform b [in principle, different than
B − 4mπ n̄e, if the integral (2.12) is nonzero]. These Landau
levels, filled by the composite fermion with respect to the
effective magnetic field b, are sometimes known as Lambda
levels [9]. Substituting the wave function ψn,ky of the kyth state
of a Dirac particle in the nth Landau level [obtained in the next
section in (3.6)] for ψ , we find the integrand in (2.12) to be

1The PT transformation rules are: PT ψ (x)(PT )−1 = σ 3ψ (x′);
PT a0(x)(PT )−1 = a0(−t, x, −y), PT ax (t, x, y)(PT )−1 = −ax

(−t, x, −y), PT ay(t, x, y)(PT )−1 = ay(−t, x, −y); Aα transforms
identically; PT i(PT )−1 = −i.

equal to

εi j∂i(ψ
∗
n Djψn) ∼ i∂x

((
ky − x

�2
b

)
H2

n

(
x

�b
+ ky�b

)
× e−(x/�b+k�b)2

)
. (2.13)

Integrating this produces a boundary term that vanishes as
|x| → ∞ for any fixed k.

While dipole term does not contribute to the uniform elec-
tron density (for unbroken PT ), it is responsible [29] for
an approximate Girvin-MacDonald-Platzman (GMP) [37] al-
gebra obeyed by the Fourier transformed electron densities
ne(q). When m = 1 (i.e., for ν = 1/2), the densities ne(q)
satisfy the linearized GMP algebra:

[ne(q), ne(q′)] = i�2
Bε jkq jqkne(q + q′), (2.14)

appropriate for a Galilean-invariant system of electrons pro-
jected to the lowest Landau level. This algebra follows from
the canonical anticommutation relations for ψ (and ψ†) and
uses (2.10). That the GMP algebra is only satisfied to O(|q|2)
implies that additional terms must supplement the Lagrangian,
if it is to have an exact Galilean symmetry. When m >

1 (e.g., ν = 1/4), the Fourier-transformed densities ne(q)
don not obey (2.14). Instead, (2.14) is modified by replac-
ing �2

B → �2
mB with B = B − 4π (m − 1)n̄e. Nevertheless, for

(m − 1)|1 − 2mν| 
 1, the linearized algebra is satisfied to
good approximation. Therefore, at the cost of some abuse of
description, we will consider the Dirac composite fermion
theory L to have an approximate Galilean symmetry [in the
sense of (2.14)] for any m � 1.

We now present the mean-field Lagrangian. Into the start-
ing Lagrangian (2.1) + (2.2), we introduce a chemical
potential μ for ψ†ψ to satisfy (2.10) on average, set a0 = 0,
and finally substitute aj → ā j , where ε jk∂ j āk = b, with the
uniform value of b given in (2.11). The result is

Lmf = ψ̄ iD̄αγ αψ + 1

2m

εk j∂ jA0

(B − 4π (m − 1)n̄e)

× [ψ†iD̄kψ + (iD̄kψ )†ψ], (2.15)

where (D̄0, D̄ j ) ≡ (∂0 − iμ, ∂ j − iā j ). In this mean-field La-
grangian, we have dropped terms that only involve external
fields. It is interesting to contrast the coupling between A0 and
the composite fermion dipole moment with what occurs in
Dirac composite fermion theory, without the dipole term. In
the latter, the external scalar potential sources an additional
contribution to the vector potential δā j ∼ ε jk∂kA0, which, in
turn, couples to the Dirac composite fermion current. (This
follows from the a j equation of motion δL0/δa j = 0, without
dipole term.) In the next section, we will show that, despite
these apparently different couplings to A0, the predicted Weiss
oscillations are surprisingly similar.

III. WEISS OSCILLATIONS

In this section, we study the quantum oscillations in the dc
electrical resistivity �ρxx about ν = 1/2m due to the periodic
scalar potential,

A0 = V0 cos(Kx), K = 2π/a. (3.1)
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See, e.g., Ref. [11] for details on how this potential is
implemented experimentally. In Dirac composite fermion
mean-field theory,

�ρxx ∝ �σψ
yy , (3.2)

where �σψ
yy is the correction to the Dirac composite fermion

conductivity due to A0 (see Ref. [17] for a derivation of this
relation). There are generally oscillatory corrections to ρyy and
ρxy, however, their amplitudes are typically less prominent
and so we concentrate on �ρxx. Finite frequency and wave
vector corrections to the formula (3.2)—when the dipole term
is present—have been computed by Hofmann [30] in the
random phase approximation.

We will use the Kubo formula [38] to find �σψ
yy :

�σ
ψ
i j = 1

LxLy
�M (∂EM fD(EM ))τ (EM )vM

i vM
j , (3.3)

where Lx (Ly) is the linear system size along the x direction (y
direction), the sum �M is over single-particle states with quan-
tum number M, τ (EM ) is the scattering time for states with
energy EM , f −1

D (E ) = 1 + exp[β(E − μ)] is the Fermi-Dirac
distribution function for chemical potential μ and temperature
β−1 = T , and vM

i is the velocity correction in the xi direction
of the state M. We assume constant τ (E ) = τ > 0. (We inter-
pret this as a weak breaking of spatial translation invariance.)
To calculate (3.3), we will determine how the single-particle
composite fermion energies EM are affected by A0. This, in
turn, will determine the velocities vM

i . The leading correction
in V0 will be to vM

y . This is the reason we wrote �σψ
yy in (3.2).

The Galilean-invariant Dirac composite fermion mean-
field Hamiltonian, following from (2.15), is H = H0 + H ′,
with

H0 = vF σ j (i∂ j + ā j ), (3.4)

H ′ = 1

2m

iεi j∂iA0

(B − 4π (m − 1)n̄e)
(ψ†D̄ jψ − (D̄ jψ

†)ψ ), (3.5)

where ā j = (0, bx) and we have reinstated the Fermi velocity
vF . The effective magnetic field b = B − 4πmπ n̄e. H0 de-
scribes a relativistic particle placed in a uniform magnetic
field b, with single-particle eigenstates:

ψn,ky = eikyy√
2Ly�b

(
−i�n−1

( x+xb
�b

)
�n

( x+xb
�b

) )
, (3.6)

where

�n(x) = e−x2/2√
2nn!

√
π

Hn(x). (3.7)

Here, n is a nonnegative integer, Hn(x) is the nth-order Her-
mite polynomial, and ky is the wave vector along the y
direction. (We define �−1 = 0.) The energies of these states
are E (0)

n,ky
= ±√

2nvF /�b.
First-order perturbation theory applied to H ′ gives the en-

ergy level corrections:

E (1)
n,ky

= 2

2m

V0b

[B − 4π (m − 1)n̄e]
e−z/2 cos(Kxb)[nLn(z) − Ln−1(z) − (n − 1)Ln−2(z)]

− 1

2m

V0Kb

[B − 4π (m − 1)n̄e]
e−z/2

[
z

K
cos(Kxb) + xb sin(Kxb)

]
[Ln(z) + Ln−1(z)], (3.8)

where xb = ky�
2
b, and Ln(z) with z = K2�2

b/2 is the nth-order
Laguerre polynomial. Near ν = 1/2m, n → ∞ and we have

E (1)
n,ky

≈ 4

2m

V0bn

[B − 4π (m − 1)n̄e]
cos(Kxb)

× e−z/2[Ln(z) − Ln−1(z)]. (3.9)

The leading contribution to the velocity is obtained via the
semiclassical approximation,

�v
n,ky
y =

∂E (1)
n,ky

∂ky

= − 4

2m

V0bK�2
b

[B − 4π (m − 1)n̄e]

× e−z/2 sin(Kxb)n[Ln(z) − Ln−1(z)]. (3.10)

Notice there is no correction to vx.
Hence, we have the correction to the conductivity induced

by H ′:

�σψ
yy = 16

(2m)2

τ̃K2�2
bV

2
0 b2

[B − 4π (m − 1)n̄e]2

∞∑
n=0

βg
(
E (0)

n,ky

)
[
1 + g

(
E (0)

n,ky

)]2

× [ne−z/2Ln(z) − ne−z/2Ln−1(z)]2, (3.11)

with g(E ) = eβ(E−EF ), where the Fermi energy EF = vF kF =
vF

√
B − 4π (m − 1)n̄e. For n → ∞, the Laguerre polynomial

can be expanded as

e−z/2Ln(z) → cos
(
2
√

nz − π
4

)
(π2nz)1/4 + 1

16

sin
(
2
√

nz − π
4

)
[π2(nz)3]1/4

+ O

(
1

n5/4

)
. (3.12)

We note that this expansion is of one higher-order in the
expansion in 1/n than required when A0 induces a scalar or
vector potential perturbation to the Dirac composite fermion
mean-field Hamiltonian, as in, e.g., Refs. [17,23]. The contin-
uum limit is taken by substituting

n → E2�2
b

2v2
F

,
∑

n

→ �2
b

v2
F

∫ +∞

−∞
EdE . (3.13)

Thus, �σψ
yy becomes

�σψ
yy = A

∫ +∞

−∞
dE

βg(E )

[1 + g(E )]2 sin2

(
K�2

bE

vF
− δ − π

4

)
,

(3.14)
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A = 2τ̃K�4
bV

2
0 E3

F

π (2m)2(B − 4π (m − 1)n̄e)2v3
F

sec2 (δ) sin2

(
KvF

EF

)
,

(3.15)

where δ = tan−1(vF /8K�2
bEF ). For low temperatures β−1 


EF , we write E ≈ EF + sβ−1 so that �σψ
yy becomes

�σψ
yy = A

∫ +∞

−∞
ds

es

(1 + es)2 sin2

(
K�2

b

βvF
s + K�2

bEF

vF
− δ − π

4

)
= A

{
1

2

[
1 − T/T0

sinh(T/T0)

]
+ T/T0

sinh(T/T0)

× sin2

(
K�2

bEF

vF
− δ − π

4

)}
, (3.16)

where

T −1
0 = 2πK�2

b

vF
. (3.17)

We plot the oscillatory part of �σψ
yy ∼ �ρxx in Fig. 1.

The oscillation minima in (3.16) occur at

K�2
bEF

vF
− tan−1

(
vF

8K�2
bEF

)
− π

4
= pπ. (3.18)

Solving this condition in terms of the effective magnetic field
b, we find the pth oscillation minima bp:

bp =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

( √
Ba

(p+ 1
4 )+ 1

8π2 (p+ 1
4 )

+
√( √

Ba

(p+ 1
4 )+ 1

8π2 (p+ 1
4 )

)2
+ 1

m B 1
2m

)2
− 1

m B 1
2m

, ν < 1
2m

(
−

√
Ba

(p+ 1
4 )+ 1

8π2 (p+ 1
4 )

+
√( √

Ba

(p+ 1
4 )+ 1

8π2 (p+ 1
4 )

)2
+ 1

m B 1
2m

)2
− 1

m B 1
2m

, ν > 1
2m

, (3.19)

where Ba = h̄c/ea2 is the magnetic field defined by the pe-
riod a of the potential A0 and B 1

2m
is the magnetic field at

ν = 1/2m. For reference, we compare the result (3.19) to the
predicted oscillation minima b′

p of Dirac composite-fermion
mean-field theory without dipole term [17]:

b′
p =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
( √

Ba

(p+ 1
4 )

+
√( √

Ba

(p+ 1
4 )

)2
+ 1

m B 1
2m

)2
− 1

m B 1
2m

, ν < 1
2m(

−
√

Ba

(p+ 1
4 )

+
√( √

Ba

(p+ 1
4 )

)2
+ 1

m B 1
2m

)2
− 1

m B 1
2m

, ν > 1
2m

.

(3.20)

We see that the effect of the dipole term weakens for increas-
ing p.

We may also compare (3.19) with the approximate loca-
tions of the oscillation minima found experimentally. For this,
we set ν = 1/2. Solving (1.1) for B∗

p with k∗
F given by (1.2),

we find

B∗
p =

⎧⎪⎪⎨⎪⎪⎩
2
√

BaB1/2

(p+ 1
4 )

, ν < 1
2

1
2

(
− 2

√
Ba

(p+ 1
4 )

+
√(

2
√

Ba

(p+ 1
4 )

)2
+ B 1

2

)2
− 1

2 B 1
2
, ν > 1

2

.

(3.21)

In Fig. 2, we plot the error, i.e., the percentage difference
between the mean-field predictions (3.19) and (3.20) about
ν = 1/2 and the experimental results (3.21) for the |p| = 1
minima as a function of Ba/B1/2. We observe the small im-
provement provided by the dipole term. Notice that the error
can be increased (decreased) by decreasing (increasing) the
oscillation period a at fixed B1/2.

IV. CONCLUSION

In this paper, we studied the effect of an approximate
Galilean symmetry on the quantum oscillations about even-

denominator filling fractions ν = 1/2m of the lowest Landau
level due to an applied periodic scalar potential. For our anal-
ysis, we used the Dirac composite fermion theory. Galilean
symmetry requires that additional terms be included in the
standard composite fermion Lagrangian; we considered the
leading term, known as the dipole term. In a mean-field ap-
proximation, we found that the dipole term causes a shift
of the locations of the oscillation minima relative to their
locations predicted by the theory without dipole term (see
Fig. 1). This shift improves the comparison of theory with
experiment, however, it does not resolve the disagreement (see
Fig. 2).

While we used the Dirac composite fermion theory to
study the effect of an approximate Galilean symmetry, a
complementary question is to determine the effect of the cor-
responding corrections in the HLR theory [39,40]. Without
these Galilean corrections, the HLR and Dirac theories agree
to high degree, for the electron densities and potential peri-
ods considered experimentally. Whether or not this continues
when Galilean corrections are included is an open question.

The Dirac composite fermion theory, with dipole term,
that we used to study the ν = 1/2 state preserves Galilean
symmetry to O(v2), where v is the velocity parameter of a
Galilean boost [27,28]. This is discussed in Sec. II. The Dirac
composite fermion theory for the ν = 1/2m state, with m > 1,
that we derived in Appendix preserves Galilean symmetry
to O(c|v|), where the constant c ∼ (1 − 2mν). It would be
interesting to engineer a theory for the ν = 1/2m state that
is invariant to O(v2).

Mean-field theory ignores the fluctuations of the emergent
gauge field, present in Dirac (and other) composite fermion
theories. Some fluctuation effects associated with this gauge
field on quantum oscillations due to an applied scalar po-
tential were considered in Ref. [23]. There it was found
that the exchange of gauge bosons with |q| � |q0| produced
a magnetic-field-dependent Dirac mass away from ν = 1/2.
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Taking this mass term to be the leading fluctuation correction
to the Dirac composite fermion mean-field Hamiltonian, the
resulting corrections to the oscillation minima were then com-
puted and found to agree well with experiments. Our results in
this paper support the conclusion that gauge field effects are
important for resolving the discrepancy between composite
fermion theory and experiment. It would be interesting to
improve the calculation in Ref. [23] by considering the effects
of the exchange of gauge fields with |q0| < |q|. In this regime,
Landau damping of the magnetic component of the gauge field
propagator is expected to result in IR dominant Dirac com-
posite fermion self-energy corrections [41–43]. In particular,
it would be interesting to understand this regime when/if a
dynamically generated Chern-Simons term for the gauge field
is present. These studies are expected to be sensitive to the
nature of the electron-electron interactions.

Without the dipole term, Dirac composite fermion mean-
field theory can be argued to obtain in the limit of an infinite
strength Coulomb interaction. This is because the electron
density is parameterized by the flux of the emergent gauge
field in the theory without dipole term and so, in the limit of
an infinite strength Coulomb interaction, fluctuations in the
gauge field are suppressed. When the dipole term is included,
the electron density (2.8) is modified and, if (2.10) is imposed,
the dependence on the gauge field disappears. The physical
meaning of the mean-field approximation becomes less clear.
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APPENDIX: DERIVATION OF THE
ν = 1/2m LAGRANGIAN

In this Appendix, we derive the ν = 1/2m, with m > 1,
Dirac composite fermion theory (2.1) + (2.2) from the ν =
1/2 theory, L1 + L2, with

L1 = iψ̄ �Dψ − 1

2

1

4π
ada + 1

2π
adb̃ − 2

4π
b̃db̃ − 1

2π
b̃dA,

(A1)

L2(A, a) = εk jE j

2B
[ψ†iDkψ + (iDkψ )†ψ], (A2)

where Ej = ∂ jA0 − ∂0Aj and B = εi j∂iA j . Our conventions
are the same as those given below (2.1) + (2.2). Note that b̃α is
an Abelian gauge field and we now indicate the dependence of
Aα and aα in the dipole term. Because b̃ appears quadratically,
we may integrate it out by solving its equation of motion. The
result is (2.1) + (2.2) at ν = 1/2.

The usefulness of the form of the Lagrangian (A1) + (A2)
is that Chern-Simons terms are properly normalized (assum-
ing conventional quantization conditions on the gauge fields

aα and bα) and we may therefore apply modular transfor-
mations [21,44] to generate new Dirac composite fermion
Lagrangians for other metallic states. These modular trans-
formations are defined as follows:

T : L(�, A) �→ L(�, A) + 1

4π
AdA, (A3)

S : L(�, A) �→ L(�, c) − 1

2π
cdB. (A4)

Above, L(�, A) represents a general Lagrangian with dynam-
ical field � and U (1) symmetry, whose current couples to
the external U (1) field Aα; the S transformation means that
we first make the external field Aα dynamical by replacing it
with the new Abelian gauge field cα and we then introduce
a new external gauge field Bα that couples to the (conserved)
flux of cα through a BF term. Following Ref. [33], we obtain
a Dirac composite fermion theory for the ν = 1/2m state
by applying S−1T−2m+2S to (A1) + (A2). See also the re-
lated works [34,35]. We find L1 → L′

1 = S−1T−2m+2SL1 and
L2 → L′

2 = S−1T−2m+2SL2, with

L′
1 = ψ̄ i /Dψ − 1

2

1

4π
ada + 1

2π
adb̃ − 2

4π
b̃db̃ − 1

2π
b̃dc

− 1

2π
cdg − 2m − 2

4π
gdg + 1

2π
gdA, (A5)

L′
2(c, a) = −εi jEi

2B [ψ†iD jψ − i(Djψ )†ψ], (A6)

where Ei = ∂ic0 − ∂0ci, and B = εi j∂ic j . Application of the
two S transformations has produced two new U (1) gauge
fields cα and gα .

The Lagrangian (2.1) + (2.2) is a simplified version of
L′

1 + L′
2 that obtains by approximately solving the equa-

tions of motion for the gauge fields bα, cα, gα . Note here and
below we are leaving the common vector subscript α for these
fields implicit whenever convenient. The equations of motion
for b, c, g are (up to gauge equivalence)

a − c − 2b = 0, (A7)

−b − g + ∂cL′
2 = 0, (A8)

−c − (2m − 2)g + A = 0. (A9)

The first and third equations are solved by taking (for m �= 1)

b = a − c

2
, (A10)

g = A − c

2m − 2
. (A11)

We approximately solve the c equation by dropping the dipole
term ∂cL′

2:

c = (2m − 2)a + 2A

2m
. (A12)

The argument for this approximation is that the dropped term
is of higher order than the term retained, in a 1/B expansion
in the external magnetic field B. Substituting these solutions
into L′

1 + L′
2, we find (2.1) + (2.2).
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