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We study theoretically interaction of short optical pulses with triangular graphene quantum dots. If such
quantum dots have zigzag edges then there are in-gap degenerate edge states, the number of which depends
on the size of the system. We show that the nonlinear optical response, such as high harmonic generation, of
triangular quantum dots is sensitive to the initial electron population of their edge states. In general, the emission
spectra of quantum dots have weak dependence on the number of occupied edge states, but if half of the edge
states are initially occupied, which can be realized only in the quantum dots with even number of edge states,
then the even high harmonics are strongly suppressed. The suppression is the strongest when the frequency of
the pulse is well below the band gap and it is weak when the pulse frequency becomes comparable to the band
gap of the system.
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I. INTRODUCTION

Interaction of optical pulses with solids and gases is char-
acterized by nonlinear effects, such as nonlinear absorption
and high harmonic generation (HHG) [1–9]. The generation
of high harmonics, which is due to highly nonlinear electron
dynamics in the field of the pulse, results in efficient fre-
quency conversion, for example, conversion of visible light
into extreme ultraviolet light. The HHG has been observed
experimentally both in gases, i.e., in systems with randomly
positioned atoms, and in solids, where the atoms have periodic
spatial arrangements. The physics behind the generation of
high harmonics in these two systems is different. HHG in
gases occurs through a three-step process, which is a tunnel
ionization of an electron, its acceleration in a laser field,
and a subsequent recollision with the same atom [1,10]. In
solids, the distance between the atoms is small enough and the
recollision after electron excitation can occur with a different
atom. Also, in solids, the generation of high harmonics is
usually described in terms of interband and intraband electron
dynamics [4–6,11–13]. Within this picture, the field of a pulse
redistributes electrons between the bands of a solid, which is
described by the interband dynamics, and the excited electrons
are transferred through the nonparabolic bands, which results
in nonlinear intraband electron dynamics. The high harmonics
are generated during both of these processes and depending
on the band gap of a solid and the frequency of a pulse, either
interband or intraband dynamics gives the main contribution
to HHG. One of the differences in HHG in solids and gases is
the dependence of the HHG energy cutoff on the amplitude of
the pulse. While, for solids, such dependence is linear [4], for
gases, the HHG energy cutoff has linear dependence on the
pulse intensity [1].

To observe the high harmonics in solids, which are gen-
erated by a short optical pulse, the intensity of the pulse
should be relatively large, with the corresponding amplitude
that is comparable to internal electric fields in solids. Such
strong and short pulses were intensively used to control the

transport and optical properties of solids [14–27]. Such con-
trol is determined by ultrafast nonlinear electron dynamics
in the field of the pulse. The nonlinear electron dynamics
and correspondingly the generation of high harmonics can be
tuned by changing the band gap of the material, the level of
the internal disorder, and also by changing the dimensional-
ity of solids going from 3D to 2D, then to 1D, and finally
to zero-dimensional systems. Zero-dimensional systems or
quantum dots (QDs) [28,29] have a finite size and a finite
number of atoms of the corresponding solid. They can be
also considered as very large artificial atoms with quasiperi-
odic spatial structure. Due to dimensional quantization, the
energy spectra of QDs are discrete, which results in unique
optical properties of QDs and the possibility to use them as an
energy storage [30–34]. Although the energy spectra of QDs
are discrete, generally, the corresponding QDs’ states can be
identify as belonging to the conduction of valence bands of
the original solid. The electron dynamics in a QD in the field
of an optical pulse can be described as transitions between
QD states. Thus, such a dynamics can be also described as
a combination of intraband and interband dynamics. Genera-
tion of high harmonics in quantum dots is a manifestation of
nonlinear features of both intraband and interband dynamics.
For small QDs, electron transitions to continua that are similar
to the ones in gases become important. Thus, by varying the
size of a QD, it is possible to trace a transformation of a HHG
spectrum from the atomic one to the crystalline solid one [35].
In Ref. [35], it was shown that such a transformation occurs
for a QD that consists of just six atoms.

In addition to discrete energy spectra of QDs, QDs of
topological materials can have some other interesting features.
Namely, under some conditions, there are in-gap edge states,
which can change the nonlinear optical response of such QDs.
One of the topological materials with nontrivial in-gap edge
states is graphene [36–39]. Graphene is a monolayer of car-
bon atoms with honeycomb crystal structure [40,41], which
results in a specific relativistic low-energy dispersion of the
Dirac type [42–45]. A graphene monolayer placed in a strong
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optical pulse shows interference patterns in the conduc-
tion band population distribution in the reciprocal space
[46]. When the inversion symmetry of graphene is bro-
ken, e.g., in graphene-like materials such as transition-metal
dichalcogenides, an ultrashort circularly polarized optical
pulse produces a finite residual valley polarization [24,47].
In graphene QDs, the nonlinear optical response, which de-
pends on the size and the shape of QDs, is also expected.
For example, the nonlinear absorption by graphene QDs of
different sizes has been reported theoretically in Ref. [48],
while the HHG from a small hexagonal graphene QD with
just 24 atoms has been studied numerically in Ref. [49], where
the dependence of the HHG spectra on the relaxation rate has
been reported. In graphene QDs considered in Ref. [48] there
are no edge states due to the hexagonal shape of the QDs. At
the same time, if a graphene QD has zigzag edges, then there
are corresponding in-gap degenerate edge states. Such edge
states can be populated by electrons, for example, by applying
a gate potential. The population of the edge states follows the
atomic physics Hund’s rule, which is also valid for graphene
QDs; see Ref. [50]. The dependence of HHG in CdSe and CdS
quantum dots has been studied experimentally in Ref. [51] for
quantum dots of small sizes, 2 and 3 nm.

In the present paper, we consider nonlinear optical prop-
erties of graphene QDs with zigzag edges, which can be
partially occupied. We characterize the nonlinear optical
response of such graphene QDs in terms of HHG. The popula-
tion of the in-gap edge states before the optical pulse increases
the in-gap electron density, which can change the nonlinear
electron dynamics in the field of the pulse and correspond-
ingly affect the generation of high harmonics.

The paper is organized as follows. In Sec. II, we introduce
the model and main equations. In Sec. III, we discuss the
results, which are summarized in the concluding Sec. IV.

II. MODEL AND MAIN EQUATIONS

We consider triangular graphene QDs (TGQDs) with
zigzag edges. Such QDs have in-gap edge states, which are
degenerate, and the number of such states depends on the size
of the TGQD. For example, for a 24-atom TGQD there are
two edge states, while for a 46-atom TGQD there are four
edge states. Such TGQDs are shown in Fig. 1. The system of
TGQDs placed in the external field of an ultrafast optical pulse
is described by the following time-dependent Hamiltonian:

H (t ) = H0 + H ′(t ). (1)

Here, H0 is the field-free Hamiltonian that describes the
TGQD electron system within the tight-binding model. The
corresponding tight-binding Hamiltonian has the following
form:

H0 = −t
∑

〈i j〉
(ĉ†

i ĉ j + H.c.), (2)

where i and j label the sites of the TGQD, ĉ†
i and ĉi are

creation and annihilation operators for an electron at site i, and
t = −2.8 eV is the hopping integral. For a TGQD consisting
of N atoms, numerical diagonalization of the tight-binding
Hamiltonian (2) gives N electron levels with wave functions
ψn and the corresponding energies En.

FIG. 1. Triangular graphene quantum dots with zigzag edges.
The quantum dots consist of 22 atoms (a) and 46 atoms (b). The
distance between the nearest-neighbor atoms is a = 1.42 Å.

Interaction of the TGQD with an optical pulse is described
within the length gauge with the following interaction Hamil-
tonian,

H ′(t ) = −e
∑

i

ĉ†
i ĉiri · F(t ), (3)

where ri is the position of the ith atom and F(t ) is the time-
dependent electric field of an optical pulse. Below we only
consider a linearly polarized optical pulse with the profile of
the following form,

F (t ) = F0e−(t/τ0 )2
cos(ω0t ), (4)

where F0 is the amplitude of the pulse, ω0 is its frequency, and
τ0 is the duration of the pulse.

To incorporate the relaxation time, we describe the electron
dynamics within the density matrix approach. With the den-
sity matrix operator ρ̂, the dynamics of TGQDs is described
by the density matrix equation

d ρ̂

dt
= i

h̄
[ρ̂, H] = i

h̄
[ρ̂, H0] + i

h̄
[ρ̂, H ′], (5)

where [Â, B̂] is the commutator of operators Â and B̂.
Taking the matrix elements of the left- and right-hand sides

of Eq. (5) between the states ψn of field-free Hamiltonian H0,
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we obtain the following matrix equation,

ρ̇mn = iωmnρmn + i

h̄

∑

k

(ρmkH ′
kn − H ′

mkρkn), (6)

where ωmn = En−Em
h̄ , En is the energy corresponding to the

state ψn, ρmn = 〈ψm|ρ̂|ψn〉, H ′
kn = −DknF(t ), and Dkn =

e〈ψk|r̂|ψn〉 is the dipole matrix element of the dipole operator
er̂. The density matrix equations (6) describe the coherent
electron dynamics and are equivalent to the time-dependent
Schrödinger equation. The advantage of the density matrix ap-
proach is that we can include the relaxation processes into the
model by introducing the corresponding phenomenological
relaxation rates. The fastest relaxation processes correspond
to dephasing, which are described by the relaxation of the non-
diagonal matrix elements of the density matrix. We introduce
the corresponding dephasing time τ , which we assume is the
same for all nondiagonal matrix elements. In all calculations
presented below, we assume that the dephasing time is τ = 10
fs. Then the density matrix equations (6) take the following
form,

ρ̇mn = iωmnρmn + i

h̄

∑

k

(ρmkH ′
kn − H ′

mkρkn)

− (1 − δnm)ρmn/τ, (7)

where δnm is the Kronecker delta symbol.
It is convenient to introduce the interaction representation

for the density matrix,

ρ̃mn = ρmne−iωmnt . (8)

Then, Eq. (7) takes the following form,

˙̃ρmn = i

h̄

∑

k

[ρ̃mkeiωnkt H ′
kn − H ′

mk ρ̃kneiωkmt ]

− (1 − δnm)ρ̃mn/τ. (9)

The system of equations (9) is solved numerically using the
ODEINT library. The initial conditions, i.e., the initial pop-
ulations of the TGQD levels, are defined as follows. As we
discuss below, the energy spectra of the TGQD systems con-
sist of the valence band (VB) states, the conduction band (CB)
states, and the in-gap edge states. Before the pulse, all the VB
states are initially populated and all the CB states are empty.
For the edge states, below, we consider different cases with
different numbers NPES of populated edge states.

Interaction of an optical pulse with the electron system
of the TGQD results in redistribution of electrons between
the states of the TGQD. To characterize such a redistribution
we introduce two characteristics that determine the electron
populations of the excited states. The first one defines the
number of excited electron in the conduction band states,

NEE ,CB(t ) =
∑

m∈CB

ρ̃mm(t ). (10)

Here the sum is over all TGQD CB states.
Another characteristics of the level of excitation is defined

as the number of excited electrons in the CB states and in the

initially empty edge states,

NEE (t ) = NEE ,CB(t ) +
∑

m∈ES,m/∈PES

ρ̃mm(t ), (11)

where ES means the edge states and PES means initially, i.e.,
before the pulse, populated edge states.

With the known solution of the density matrix equation (9)
we can also find the time-dependent dipole moment from the
following expression:

d(t ) =
∑

mn

ρ̃mn(t )eiωmnt Dnm. (12)

The time variation of the dipole moment determines the radia-
tion of the system. At a given frequency ω, the intensity of the
corresponding radiation is given by the following expression,

I (ω) = μ0ω
2

12πc
[|Fω[ḋx]|2 + |Fω[ḋy]|2], (13)

where Fω[ḋx] and Fω[ḋy] are frequency Fourier transforms of
the time derivatives of the corresponding components of the
dipole moment.

The order of the generated high harmonic is defined in units
of ω0, i.e.,

Nω = ω

ω0
. (14)

III. RESULTS AND DISCUSSION

We consider graphene QDs of triangular shape with zigzag
edges. Such QDs are shown in Fig. 1 for two QD sizes, with
22 and 46 atoms in the dot. The energy spectra of TGQDs
are obtained within the tight-binding model and are shown in
Fig. 2. For all sizes of QDs, the edge states are clearly visible.
They have zero energy and are degenerate. The number of
edge states depends on the size of TGQD, where for 22-atom
and 46-atom QDs the number of edge states is even, while for
33-atom QD this number is odd. Below, we will mainly study
the QDs with even number of edge states.

In QDs, due to dimensional quantization, the energy spec-
tra have a finite band gap, which separates the valence and
conduction band states. Here we define the valence band states
as the states with negative energies, while the conduction band
states are the states with positive energies. For the sizes of
the QDs that we consider below the band gap between the
conduction and valence band states is around 4 eV. There
are also degenerate in-gap edge states with zero energy. The
edge states are mainly localized near the edges of QDs. The
triangular graphene QDs have D3h symmetry group, and the
corresponding energy states are characterized by irreducible
representation of D3h, which are 1D A′′

1 and A′′
2 and 2D E ′′.

All edge states belong to A′′
2 representation, while the bulk

conduction band and valence band states are mainly A′′
1 and

E ′′. There is a strong dipole coupling between the edge states
and lowest CB and VB states, which belong to either A′′

1 or E ′′
representations.

The edge states lower the effective band gap, making it
close to 2 eV. Each level in Fig. 2 is double-degenerate due
to spin. Below we are interested in the effects of edge state on
the nonlinear optical properties of TGQDs. Thus, we consider
the cases when all valence band states are fully occupied and
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FIG. 2. Energy spectra of TGQDs consisting of 22 atoms (a), 33
atoms (b), and 46 atoms (c). States with positive energies belong to
the conduction band, states with negative energies correspond to the
valence band, and zero-energy degenerate states are the edge states.
The number of edge states is two, three, and four for 22-, 33-, and
46-atom TGQDs, respectively.

the in-gap edge states are partially occupied. Therefore, all
valence band states, i.e., both spin-up and spin-down states,
are occupied, and the population of the edge states follows
the Hund’s rule, which means that extra electrons first popu-
late the degenerate edge states with one spin component, for
example a spin-up component. Thus, below we consider the
following situation: for a spin-down component, all valence
band states are populated and edge states are empty, while
for a spin-up component, all valence band states and NPES

edge states are populated. We change the population of the
edge states to see their effect on the nonlinear optical response
of graphene QDs. Since the populations of the spin-down
electron states remain the same, below we study only the
response due to spin-up states with variable population of the
edge states.

For triangular graphene QDs shown in Fig. 1, only the y
axis is the axis of symmetry. In this case, if a linearly polarized
incident optical pulse is y polarized then the generated dipole
moment has only the y component, while if an incident pulse
is x polarized, then both x and y components of the generated
dipole moment are nonzero. First we analyze the response of
the system to the pulse polarized in the x direction. The profile
of the corresponding electric field and the x and y components
of the generated dipole moment are shown in Fig. 3. While
the x component of the dipole moment follows the profile of
the electric field of the pulse, the y component of the dipole
moment shows high frequency oscillations.

FIG. 3. Panel (a): Profile of a linearly polarized optical pulse.
The pulse amplitude is 0.1 V/Å and its frequency is h̄ω0 = 1 eV.
The pulse is polarized in the x direction. The corresponding gener-
ated dipole moment is shown in panels (b) (x component) and (c)
(y component) as a function of time. The number of atoms in the
quantum dot is 46. No edge states are populated before the pulse.

The strongest interlevel coupling and the corresponding
interlevel electron transfer is realized between the states with
the smallest energy separation, i.e., between the valence band
states and the edge states and between the edge states and the
conduction band states. Such couplings determine the leading
contribution to the nonlinear electron dynamics in the field
of the pulse. To illustrate this property we show in Fig. 4
the time-dependent populations NEE (t ) and NEE ,CB(t ) for dif-
ferent values of NPES . The results are shown for a 22-atom
QD with two edge states but similar results are expected for
other sizes of TGQD. When the edge states are not initially
populated, see Fig. 4(a), then the main electron transfer occurs
between the valence band states and the edge states; i.e., the
total population of the conduction band states is small, around
0.01, while the population of the edge states is relatively
large, around 0.1. Here the number 0.1 describes the electron
transfer to the two edge states, which means that the electron
transfer to one edge state is 0.05. If only one edge state is pop-
ulated, see Fig. 4(b), then the total number of electrons trans-
ferred to the conduction band is 0.05, which is similar to the
number of electrons transferred from the valence band states
to the edge states in case (a). If both edge states are occupied,
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FIG. 4. Populations of the excited states, NEE and NEE ,CB, as a
function of time. Panel (a): No edge states are initially populated.
Panel (b): One edge state is populated before the pulse. Panel (c):
All edge states are populated before the pulse. The filled dots in the
inset represent the populated edge states and the open dots describe
the empty edge states. The frequency of the pulse is h̄ω0 = 1 eV and
the pulse amplitude is 0.3 V/Å. The number of atoms in the quantum
dot is 22.

see Fig. 4(c), then the number of electrons transferred from
the edge states to the conduction band states is around 0.1,
which is similar to the total number of electrons transferred
from the valence band states to the edge states in case (a).

The strength of the interlevel electron transfer depends on
the frequency of the pulse. In Fig. 5, the residual populations
of the conduction band states and the edge states are shown for
two different frequencies of the pulse and its different ampli-
tudes. The QD consists of 22 atoms and has two edge states.
Initially, all edge states are populated. For all parameters of
the pulse, the residual populations of the edge states remain
the same, which means that the electron transfer from the
edge states to the conduction band states is compensated by
the electron transfer from the valence band states to the edge
states. Also, for larger frequency of the pulse, h̄ω0 = 2 eV,
which is almost in the resonance with the edge states to the
conduction band states transitions, the residual populations of

FIG. 5. Residual populations of the conduction band states and
the edge states. Two edge states are populated before the pulse. The
number of atoms in TGQD is 46. The corresponding pulse amplitude
is marked in each panel. The frequency of the pulse is h̄ω0 = 1 eV
(a) and h̄ω0 = 2 eV (b).

the conduction band states are relatively large. As expected,
mainly the lower-energy conduction band states are popu-
lated.

The emission spectra of TGQDs for a linearly polarized
pulse in the x direction are shown in Fig. 6 for different
sizes of TGQDs and different initial populations of the edge
states. Due to particle-hole symmetry of the system, the results
when NPES and Nedge − NPES edge states are populated are
the same. Here Nedge is the total number of edge states. For
example, for a 46-atom QD with four edge states, the emission
spectra for the systems with 1 edge state populated and 3
edge states populated are identical. Therefore, in Fig. 6 and
in all other figures below, only the data for NPES � Nedge/2
are shown. The general tendency that can be seen in Fig. 6 is
suppression of generation of even harmonics when the edge
states are populated, i.e., when NPES > 0. Such suppression is
very strong when half of the edge states are initially populated.
This is the case for 22-atom QDs with two edge states, see
Fig. 6(a), where for NPES = 1, there is a strong suppression
of even harmonics compared to the NPES = 0 case. Also, for
46-atom QDs with four edge states, strong suppression of even
harmonics is realized for NPES = 2; see Fig. 6(c). Population
of half of the edge states is possible only for the systems with
even number of edge states, e.g., for 22-atom and 46-atom
QDs, but not for 33-atom QDs with three edge states.

In Fig. 7, the HHG spectra are shown for the systems with
even number of edge states and for different amplitudes of the
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FIG. 6. Emission spectra of TGQDs. The number of atoms in the
dot is 22 (a), 33 (b), and 46 (c). High harmonics with well-defined
cutoffs are clearly visible in each spectrum. The numbers of popu-
lated edge states are marked for each graph. The frequency of the
pulse is h̄ω0 = 1 eV. The dephasing time is τ = 10 fs. An offset was
introduced to make the plotted data more readable.

optical pulse with the frequency of the pulse h̄ω0 = 1 eV. For
all cases, the even harmonics are strongly suppressed when
the edge states are initially half filled. The suppression is more
pronounced for smaller field amplitudes when mainly the low-
energy conduction band states are populated during the pulse
and strongly contribute to generation of high harmonics. Thus,
the suppression of high harmonics is mainly determined by
the lower-energy conduction band states. Since the population
of the conduction band states during the pulse is sensitive to
the frequency of the pulse, i.e., at higher frequencies, which
are closer to the band gap, more conduction band states are
populated during the pulse, the suppression of high harmonics
should be sensitive to the frequency of the incident pulse.

In Fig. 8, the radiation spectra are shown for incident pulses
with the frequencies that are comparable to the interlevel
energy separation between the edge states and the conduction
band states. In this case, the suppression of even harmonics
at half filling of the edge states is not that strong compared
to the low-frequency pulses and the peaks corresponding to
even harmonics are clearly visible. For such frequencies of
the pulse, there is a relatively strong population of high-energy
conduction band levels during the pulse. Also, similarly to a
low-frequency pulse, suppression of even harmonics becomes
less pronounced for high field amplitude. Thus, the suppres-
sion of even harmonics, when half of the edge states are
populated, is less pronounced when high-energy conduction
band levels are excited during the pulse, which happens when
the frequency of the pulse is close to the resonant condition or
when the amplitude of the pulse is large.

FIG. 7. Emission spectrum of TGQDs: The number of atoms is
22 (a) and 46 (b). High harmonics with well-defined cutoffs are
clearly visible in the spectra. The corresponding populated edge
states are marked for each graph. The frequency of the pulse is
h̄ω0 = 1 eV. With the increasing size of TGQDs, the number of
harmonics as well as the cutoff frequency increase. The dephasing
time is τ = 10 fs. An offset was introduced to make the plotted data
more readable.

The total radiation spectra produced by TGQDs have two
contributions, which come from the x and y components of
the dipole moment. Since for a TGQD only the y axis is
the axis of symmetry, the pulse polarized in the x direction
generates the dipole moment, which has both the x and y
components. The corresponding contributions, Ix,x and Ix,y,
to the radiation spectra are shown in Fig. 9 for a 46-atom
QD and different initial populations of the edge states. Here
Ix,x is determined by the x component of the dipole moment,
while Ix,y is due to the y component of the dipole moment.
Since the y axis is the axis of symmetry of the system, then
Ix,x has only odd harmonics, see black lines in Fig. 9, and Ix,y

shows only even harmonics, see red lines in Fig. 9. In general,
both contributions, Ix,x and Ix,y, have comparable magnitudes,
see Figs. 9(a) and 9(b) where NPES = 0 and NPES = 1, which
results in comparable intensities of both even and odd har-
monics in the total radiation spectra. When half of the edge
states are populated, see Fig. 9(c), then Ix,y becomes strongly
suppressed, which results in suppression of the intensities of
even harmonics in the total radiation spectrum.

All the above results correspond to optical pulses polar-
ized along the x direction. For a pulse polarized along the y
direction, which is the axis of symmetry of the system, only
the y component of the dipole moment is generated during
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FIG. 8. Emission spectra of TGQDs. Column (a) corresponds to
22-atom TGQD, while column (b) describes the 46-atom TGQD.
The number of populated edge states are marked for each graph.
The amplitudes of the optical pulses are also shown in each panel.
The frequency of the pulse is h̄ω0 = 2.3 eV in column (a) and
h̄ω0 = 2 eV in column (b). With increasing the size of TGQDs,
the number of generated harmonics increases. The dephasing time
is τ = 10 fs. An offset was introduced to make the plotted data more
readable.

the pulse, while the x component is zero. In general, for a
pulse polarized in the y direction, all high harmonic orders are
generated. At the same time, similar to the case of a pulse po-
larized in the x direction, when the edge states are half filled,
the even harmonics are strongly suppressed. In Fig. 10 we
present comparison of the results for two polarizations of the
incident pulse: x and y. For all cases, for the low harmonics,
the radiation spectra are very similar with comparable in-
tensities. For high harmonics, the x-polarized pulse produces
much more intense harmonics than the y-polarized pulse does.
Also, the cutoff frequency is larger for the x-polarized pulse.
Thus, the main difference between the x and y polarized
pulses is visible at harmonics with large frequencies, >10ω0.
The results in Fig. 10 are shown for the pulse frequency
of h̄ω0 = 1 eV when harmonics of up to 20th order can be
generated. For larger frequency of the pulse, e.g., h̄ω0 = 2 eV,
the condition is close to the resonant one and a low number of
harmonics is generated. In this case the radiation spectra are
almost the same for both x and y polarized pulses.

Suppression of even-order harmonics reported above oc-
curs when the edges states of graphene QDs are half filled.
Such a system also has a particle-hole symmetry. The edge
states, which belong to the A′′

2 representation of the D3h

symmetry group, are strongly coupled by a linearly polarized

FIG. 9. Radiation spectra due to x and y components of the
dipole moment. The incident pulse is linearly polarized in the x
direction. The radiation spectra labeled by Ix,x are determined by
the x component of the dipole moment, while the radiation spectra
Ix,y are due to the y component of the dipole moment. The number
of atoms in TGQD is 46. Panel (a): No edge states are populated;
panel (b): one edge state is populated; and panel (c): two edge states
are populated before the pulse. The radiation spectra Ix,x have only
odd components, while radiation spectra Ix,y have only even compo-
nents. The contributions to the radiation spectra associated with the y
component of the dipole moment are suppressed significantly when
two edge states are initially populated. The dephasing time is τ = 10
fs. The frequency of the pulse is h̄ω0 = 1 eV and its amplitude is
F0 = 0.3 V/Å.

optical pulse to the lowest CB and the highest VB states,
which belong to the A′′

1 and E ′′ representations. At the same
time, the direct dipole coupling between the CB and VB states
with the same symmetry is suppressed. In this case, in the field
of the pulse, the electron transfer from the VB to the CB states
occurs through the edge states. Because of the particle-hole
symmetry of the system, the amount of the electron transfer
from the VB states to the edge states is the same as the corre-
sponding transfer from the edge states to the CB states. Thus,
during the pulse, the edge states stay half filled and effectively
electrons are transferred between the highest-energy VB states
and the lowest-energy CB states with the same symmetry. As
a result, the y component of the dipole moment, which is
responsible for the even-order harmonics, is suppressed. Such
suppression becomes less pronounced for the pulses with high
frequency, when the coupling between the CB and the VB
states occurs not only through the edge states but also directly
between the states of different symmetries, i.e., A′′

1 and E ′′.
One of the important characteristics of the HHG is the

harmonic cutoff, which is the maximum harmonic order that
can be generated. The cutoff frequency as a function of the
field amplitude, F0, is shown in Fig. 11 for different systems
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FIG. 10. Radiation spectra of TGQD consisting of 46 atoms in the field of a linearly polarized pulse. The spectra corresponding to the
pulses polarized along the x and y directions are shown by the red and black lines, respectively. The amplitudes of the corresponding optical
pulses are shown in each panel. Different columns have different numbers of populated edge states before the pulse. Column (a): No edge
states are populated; column (b): one edge state is populated; and column (c): two edge states are populated. The frequency of the pulse is
h̄ω0 = 1 eV. The dephasing time is τ = 10 fs.

and different numbers of populated edge states. For almost
all cases, the cutoff frequency has linear dependence on F0.
Such linear dependence is more clearly pronounced for high
frequency of the incident pulse. Another property is that, gen-
erally, with increasing the initial population of the edge states
the cutoff frequency decreases. This is due to decrease of the
number of available states for electron excitations when the
number of edge states increases. Also, with increasing size of
the system, from 22 to 46, the cutoff frequency monotonically
increases, which is related to the corresponding increase in the
number of electron states, both occupied and empty, in the QD
system with increasing QD size.

FIG. 11. Harmonic cutoff versus the amplitude of the optical
pulse. The frequency of the pulse is h̄ω0 = 1 eV (a), (b), and (c);
2.3 eV (d); 2.2 eV (e); and 2 eV (f). The numbers of populated edge
states are shown next to the corresponding lines in each panel.

IV. CONCLUSION

The radiation spectra of TGQDs placed in the field of
an optical pulse depend on the size of the system and also
on the parameters of the optical pulse, its amplitude, and
frequency. Another characteristic of graphene QDs that can
control the radiation spectrum and the corresponding gen-
eration of high harmonics is an initial electron population
of QD edge states. Such edge states exist in graphene QDs
with zigzag edges. Since the edge states in such systems are
in-gap states, they can strongly affect the generation of high
harmonics. Namely, the generation of high harmonics depends
on the number of initially occupied edge states. The strongest
effect is observed for the systems, i.e., TGQDs with zigzag
edges, which have an even number of edge states. In this case,
if half of the edge states with the same spin component are
initially populated then even high harmonics in the radiation
spectra are suppressed. The level of suppression strongly de-
pends on the frequency of the pulse. If the frequency of the
pulse is close to the resonant condition, i.e., to the energy
difference between the edge states and the conduction band
states, then the even harmonics are weakly suppressed and
the corresponding peaks in the emission spectra are clearly
visible. But if the frequency of the pulse is small and far from
the resonant condition, then suppression of even harmonics is
strong with almost no peaks visible in radiation spectra at even
frequencies.

The suppression of even harmonics at half-filled edge
states is almost the same for different polarizations of the
incident pulse, i.e., for x and y linearly polarized pulses.

Strong suppression of even harmonics in radiation spectra
of TGQDs at a specific filling of TGQD edge states opens the
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possibility of control of the intensity of high harmonics by
variation of gate voltage.
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