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We investigate the thermal transport properties in superconductor-antiferromagnet-superconductor and
superconductor-ferromagnet-superconductor junctions based on buckled two-dimensional materials (BTDMs).
Owing to the unique buckled sublattice structures of BTDMs, in both junctions the phase dependence of the
thermal conductance can be effectively controlled by perpendicular electric fields. The underlying mechanism
for the electrical tunability of thermal conductance is elucidated resorting to the band structures of the magnetic
regions. We also reveal the distinct manifestations of antiferromagnetic and ferromagnetic exchange fields in
the thermal conductance. These results demonstrate that the perpendicular electric field can serve as a knob to
externally manipulate the phase-coherent thermal transport in BTDMs-based Josephson junctions.
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I. INTRODUCTION

The thermal transport in temperature-biased Josephson
junctions has recently garnered considerable attention, due
to the extensive applications ranging from phase-coherent
caloritronics [1–13] to the detection of novel quantum
states [14–22]. In Josephson junctions, the formation of
Andreev-bound states (ABSs) has a profound impact on the
quasiparticle scattering. Since the binding energy and spectral
weight of the ABSs depend on the superconducting phase
difference, the coupling between the quasiparticles and ABSs
gives rise to a phase-coherent component of the thermal
current [23–26]. This effect holds the promise to manipu-
late the thermal transport via the phase coherence intrinsic
to superconducting condensates, boosting the efforts to de-
sign phase-coherent caloritronics devices based on Josephson
junctions [1–6]. During the last decade, there has been tremen-
dous experimental progress in the realm of phase-coherent
caloritronics. Renowned examples include the heat interfer-
ometer [2], heat modulator [3], thermal router [4], and thermal
0 − π phase transition [5] realized in temperature-biased
Josephson junctions.

On the other hand, since the thermal currents are mainly
carried by quasiparticles with energies above the supercon-
ducting gap, they provide complementary information to the
charge currents which derive essentially from the ABSs or
quasiparticles with energies below the superconducting gap
[14,23–27]. In this regard, the thermal transport measurement
opens an alternative route to identify the existence of novel
quantum states. Recent theoretical proposals have shown
that the thermal currents in temperature-biased topological
Josephson junctions can be used to probe the topological
ABSs [14], Majorana zero modes [15,16], Jackiw-Rebbi
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resonant states [17], and helical edge states [18,19]. Further-
more, since the thermal transport is sensitive to the pairing
symmetry of the superconducting condensate, the thermal
transport signature offers a viable way to distinguish the spin-
singlet and spin-triplet pairing states in temperature-biased
topological [20] and conventional Josephson junctions [22].

Although significant achievements have been made in the
thermal transport properties of Josephson junctions, the re-
search attention to date has mainly been restricted to the
phase-coherent aspect of thermal transport [2–10,13–26]. In
practice, the manipulation of the proposed phase dependence
needs to resort to an external magnetic field [2–6]. It is natural
to ask whether the phase-coherent thermal transport can be
managed in a fully electric manner. An exciting possibility
is to consider the thermal transport in Josephson junctions
based on buckled two-dimensional materials (BTDMs) which
harbor electrically tunable low-energy physics.

BTDMs, referring to silicene, germanene, and stanene,
are atomically thin crystals possessing honeycomb lattices
and Dirac-like low-energy excitations [28–40]. It has been
demonstrated that a stable BTDM sheet prefers a buckled
sublattice structure, where the two sublattices A and B are
separated from each other in the direction perpendicular to
the sheet plane [35–38], i.e., the z direction, as shown in
Fig. 1. Owing to the broken sublattice symmetry, a stag-
gered sublattice potential can be generated by applying a
perpendicular electric field along the z direction [39,40].
Consequently, the low-energy bands and relevant transport
properties can be effectively modulated by the perpendicu-
lar electric field [39–46]. Moreover, recent diversified efforts
have predicted that superconducting correlations can be in-
duced in BTDMs through the proximity effect [47–50]. These
advances, together with the unique buckled geometry, ren-
der BTDMs fertile playgrounds to explore the electrically
tunable phase-coherent transport properties [51–58]. One of
the most prominent examples is the occurrence of electrically
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FIG. 1. Sketch of a BTDM-based Josephson junction with a heat
current flowing along the x direction. The BTDM sheet consists of
a monolayer of X atoms (X=Si, Ge, or Sn) arranging in a two-
dimensional honeycomb lattice, where the two triangular sublattices
A (red) and B (cyan) are separated from each other by a distance 2l
in the z direction.

controlled 0 − π phase transition in silicene-based Josephson
junctions [52–54]. Additionally, recent progress has also re-
vealed that both the local and nonlocal Andreev reflections in
silicene-based superconducting hybrid structures can be reg-
ulated by a perpendicular electric field [50,55–57]. However,
up to now the effects of perpendicular electric field on the
phase-coherent thermal transport have been scarcely studied
in BTDMs-based Josephson junctions.

Motivated by the significance but the lack of detailed un-
derstanding about the electrically tunable thermal transport
in Josephson junctions, in this paper we investigate the ther-
mal transport properties in superconductor-antiferromagnet-
superconductor (S-AF-S) and superconductor-ferromagnet-
superconductor (S-F-S) junctions based on BTDMs. Since the
perpendicular electric field can modulate the band structures
of BTDMs, the phase dependence of thermal conductance
is electrically controllable in both S-AF-S and S-F-S junc-
tions. Taking advantage of the band structures in the magnetic
regions, the electrical tunability of phase-coherent thermal
conductance is elucidated. We also illustrate the different
manifestations of antiferromagnetic and ferromagnetic ex-
change fields in the thermal conductance. Our work suggests
that the perpendicular electric field can be put forward as a
knob to manipulate the phase-coherent thermal transport in
BTDMs-based Josephson junctions.

This paper is structured as follows. We present the model
and calculation method in Sec. II. In Sec. III, we give the
numerical results and discuss the effects of the perpendicular
electric field on the thermal conductance. Finally, the conclu-
sion is briefly drawn in Sec. IV.

II. MODEL AND APPROACH

A schematic of the proposed Josephson junction is
shown in Fig. 1, where a BTDM sheet is deposited in the
xy plane, with two superconducting electrodes SL and SR,
respectively, covering the left-hand (L, x < 0) and right-hand
(R, x > d) sides of the junction. To drive a thermal cur-
rent flowing along the x direction, a temperature gradient is
imposed across the junction, where the temperature in the
L (R) region is fixed as TL(R) with TL(R) = T + (−)δT/2. The
superconductivity in the L and R regions can be induced
by the s-wave superconducting electrodes via the proxim-
ity effect, as that has been experimentally carried out in

similar two-dimensional materials such as graphene [59–63]
and transition-metal dichalcogenides [64,65]. In the magnetic
region (M, 0 < x < d) of the S-AF-S (S-F-S) junction, an an-
tiferromagnetic (ferromagnetic) exchange field is introduced
to regulate the thermal transport. As demonstrated by recent
experiments, the proposed exchange fields can be realized in
BTDMs by intercalating rare-earth atoms [66,67].

In the superconducting regions, we consider the same
model as in Ref. [50] and neglect the intersublat-
tice pairing for simplicity. Accordingly, in the basis of
ψ

†
k = {(ψA

k,σ )†, (ψB
k,σ )†, ψA

−k,σ̄ , ψB
−k,σ̄ } spanned in the Nambu

⊗ sublattice space, the Bogoliubov–de Gennes (BdG)
Hamiltonian is given by [50–54]

H =
(

H0 − σh σ�

σ�† −(H0 − σ̄h)

)
, (1)

where the spin index σ = ±1 satisfies σ = −σ̄ . The single-
particle effective Hamiltonian H0 = h̄vF (ηkxτx − kyτy) +
mησ τz − μτ0 [39–46]. In our notation, τ j ( j = x, y, z) denotes
the Pauli matrix in the sublattice space, τ0 is a 2 × 2 unit
matrix, vF represents the Fermi velocity, and η = +(−)1
labels the K (K ′) valley. The effective-mass term mησ =
lEz − ησλSO, where λSO indicates the strength of spin-orbit
coupling, Ez parameterizes the perpendicular electric field,
and 2l is the separation between the A and B sublattices
along the z direction. In the S-AF-S and S-F-S junctions,
the exchange fields are, respectively, characterized as h =
hAF τz
(x)
(d − x) and h = hF τ0
(x)
(d − x), with 
(x)
the Heaviside step function. The chemical potential μ =
μS
(−x) + μM
(x)
(d − x) + μS
(x − d ). In this paper,
we take the superconducting regions to be heavily doped to
satisfy the relation of μS � μM , so that the leakage of Cooper
pairs from the superconducting regions to the magnetic region
can rationally be neglected [50–58]. In doing so, the super-
conducting gap can be effectively modeled by a step function,
i.e., � = �L(TL )τ0eiφL 
(−x) + �R(TR)τ0eiφR
(x − d ), with
the phase difference being defined as φ = φR − φL. The am-
plitude of the superconducting gap is given by �L(R)(TL(R) ) =
�0 tanh(1.74

√
TC/TL(R) − 1), where the critical temperature

TC = �0/(1.76kB) and kB denotes the Boltzmann constant
[8,11]. We notice that although the consequences result-
ing from the employed step-function-like potentials may
quantitatively deviate from the measurements caused by ex-
perimentally available potential profiles, the physical pictures
and main results on the electrically tunable phase-coherent
thermal transport, given by the two types of potential profiles,
should be essentially the same, as that has been extensively
demonstrated in a large amount of similar superconducting
hybrid structures [9–22,49–58,62,63].

In the present work, we study the thermal transport proper-
ties by adopting the scattering wave approach. This method
has been extensively employed to investigate the thermal
transport properties in temperature-biased superconducting
hybrid structures [9–22,27]. As compared to the approaches
of tunneling Hamiltonian and Usadel equations in quasiclas-
sical approximation, the scattering wave method possesses
the advantage to explore the thermal transport properties in
single- or few-channel superconducting hybrid structures with
arbitrary transparency [12].
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To evaluate the thermal conductance in the proposed
Josephson junctions, we first compute the quasiparticle
transmission probabilities. For an electronlike (a holelike)
quasiparticle incident from the L region, the resulting wave
function �

e(h)
L is given by

�
e(h)
L = ψL,+

eq(hq) + ree(hh)
ησ ψL,−

eq(hq) + rhe(eh)
ησ ψL,−

hq(eq), (2)

where ree,hh
ησ and rhe,eh

ησ denote the valley- and spin-resolved
scattering amplitudes of normal reflections and Andreev re-
flections, respectively. The corresponding wave function in
the R region is formulated as

�
e(h)
R = t ee(hh)

ησ ψR,+
eq(hq) + t he(eh)

ησ ψR,+
hq(eq), (3)

with t ee,hh,he,eh
ησ the valley- and spin-resolved transmission am-

plitudes. The details of electronlike (holelike) scattering states
ψL,±

eq(hq) and ψR,+
eq(hq)are presented in Appendix. In the M region,

the wave function �M is a linear superposition of all possible
scattering states, i.e.,

�M = c1ψ
+
e + c2ψ

−
e + c3ψ

+
h + c4ψ

−
h , (4)

where the scattering amplitudes are denoted by c j ( j =
1, 2, 3, 4) and the explicit expressions of scattering states ψ±

e,h
are given in Appendix.

The transmission amplitudes can be obtained by matching
the relevant wave functions at boundaries x = 0 and x = d . In
general, at the boundaries there inevitably exist interfacial im-
perfections such as the structural-deformation-induced lattice
mismatch resulting from the distinct dressing effects caused
by the magnets and superconducting electrodes. To take into
account the influences engendered from the interfacial imper-
fections, at the boundary x = 0 (d ) we place an ultranarrow
square potential barrier characterized by strength UL(R) and
width L(R), and then take the limits of UL(R) → ∞ and
L(R) → 0 with UL(R)L(R)/(h̄vF ) ≡ ZL(R) being finite [14,27].
Parenthetically, the proposed interfacial potential barriers can
also model the effects of ultranarrow insulating layers located
at the boundaries [55,58]. According to the conservation of
the particle current flowing along the x direction, the boundary
conditions can be formulated as

�
e(h)
L |x=0− = M−1

L �M |x=0+ , (5a)

�
e(h)
R |x=d+ = MR�M |x=d− , (5b)

with the transfer matrix ML(R) being defined as

ML(R) = eiν0τxηZL(R) , (6)

where ν0 denotes a unit matrix operating in the Nambu space.
With the aid of the transmission amplitudes, the total

valley- and spin-resolved transmission probability resulting
from the electronlike and holelike incident quasiparticles can
be obtained as

Tησ (ε, θ ) =
∣∣∣∣∣
〈
ψR,+

eq

∣∣ ĵx
∣∣ψR,+

eq

〉
〈
ψL,+

eq

∣∣ ĵx
∣∣ψL,+

eq
〉
∣∣∣∣∣∣∣t ee

ησ

∣∣2 +
∣∣∣∣∣

〈
ψR,+

hq

∣∣ ĵx
∣∣ψR,+

hq

〉
〈
ψL,+

eq

∣∣ ĵx
∣∣ψL,+

eq
〉
∣∣∣∣∣∣∣t he

ησ

∣∣2 +
∣∣∣∣∣
〈
ψR,+

eq

∣∣ ĵx
∣∣ψR,+

eq

〉
〈
ψL,+

hq

∣∣ ĵx
∣∣ψL,+

hq

〉
∣∣∣∣∣∣∣t eh

ησ

∣∣2 +
∣∣∣∣∣
〈
ψR,+

hq

∣∣ ĵx
∣∣ψR,+

hq

〉
〈
ψL,+

hq

∣∣ ĵx
∣∣ψL,+

hq

〉
∣∣∣∣∣∣∣t hh

ησ

∣∣2
, (7)

where the particle current density operator ĵx ≡
−i
h̄ [x, HBdG] = ηvF νzτx, with νz the Pauli matrix operating in

the Nambu space.
We notice that the phonon contribution to the thermal

transport can be profoundly suppressed by the mismatch in
vibrational properties of the superconducting and magnetic
regions [27,68,69]. Therefore, we only concentrate on thermal
conductance contributed by electronlike and holelike quasi-
particles and neglect the contribution from phonons. In terms
of the transmission probability Tησ (ε, θ ), the heat current can
be written as [9–22,27]

J = 1

h

∑
ησ

∫ ∞

�(T )
dε

∫ π/2

−π/2
cos θdθεTησ (ε, θ )

× [ f (ε, TL ) − f (ε, TR)], (8)

where the Fermi distribution function f (ε, TL(R) ) =
[eε/(kBTL(R) ) + 1]−1 and �(T ) = max(�L(TL ),�R(TR)).

For the temperature bias δT → 0, the thermal conduc-
tance in the linear response regime can be defined as κ̃ =
(J/δT )δT →0, and which can be reformulated as

κ̃ = 1

h

∑
ησ

∫ ∞

�(T )
dε

∫ π/2

−π/2

Tησ (ε, θ )ε2 cos θdθ

4kBT 2 cosh2
(

ε
2kBT

) . (9)

To normalize the thermal conductance, it is convenient to in-
troduce a quantity of κ0 = 4π2k2

BT/(3h), where π2k2
BT/(3h)

is the thermal conductance quantum [70] and the factor 4 takes
into account the valley and spin indices. In doing so, the nor-
malized thermal conductance can be expressed as κ = κ̃/κ0.

III. RESULTS AND DISCUSSION

In this section, we proceed to analyze the numerical re-
sults and concentrate in particular on the manifestations of
the perpendicular electric field in the thermal conductance.
Without loss of generality, we choose silicene as a prototype
of BTDM with λSO = 3.9 meV [39]. Considering that the
typical value of the superconducting gap magnitude is of
the order of ∼1 meV [50–54,59–61], we take �0 = 0.2λSO

in the numerical calculation. The superconducting coherence
length is defined as ξ = h̄vF /�0. To ensure the validity of
the model described in Eq. (1), we set μS = 100λSO to satisfy
μS � �(T ) and retain the relationship of μS � μM through-
out this work. In doing so, the quasiparticle scattering angles
in the superconducting regions turn to θL,R

eq, hq 	 0 and the
relevant scattering events reduce into one-dimensional sce-
narios, similar to the studies reported in Refs. [11–14,22].
The employed potential profile under the condition of μS �
μM are oversimplifications, since in practice there may exist
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FIG. 2. Phase-difference-dependent normalized thermal conductance with different perpendicular electric fields, where μM = 0 in (a) and
(c), and μM = λSO in (b) and (d). Panels (a) and (b) and panels (c) and (d) present the results in the S-AF-S junction with hAF = 0.4λSO and
the S-F-S junction with hF = 0.4λSO, respectively. In all panels, d = ξ and T = TC/2.

charge redistributions which can alter the quantity of μM and
smoothen the potential profile to deviate from the rectangu-
lar potential barrier. While the consequences caused by the
charge redistributions may quantitatively change the thermal
conductance, the physical picture and main results on the
electrical tunability of phase-coherent thermal conductance
should remain valid. To be more specific, in the M regions
of S-AF-S and S-F-S junctions only the branches with band
edges approaching the regime of [−�(T ),�(T )] can dom-
inate the thermal transport, thus the electrical tunability of
phase-coherent thermal conductance is rooted in the electri-
cally controllable band edges of M regions, which will be
further elucidated later. Since the band edges can also be
regulated by the exchange field, even in the presence of lo-
cal variations in the chemical potential μM , by appropriately
setting the exchange field the band edges can always be modu-
lated by the perpendicular electric field to be inside or outside
of the regime of [−�(T ),�(T )] to achieve the electrically
tunable phase-coherent thermal conductance. Additionally, in
this work we are not interested in the effects of the interfacial
potential barriers on the thermal conductance and single out
ZL = ZR = π throughout the paper, since the influences of
interfacial potential barriers on the superconducting coherent
transport have been intensively investigated [14,27,55,58]. It

is well known that the transmission probability and resulting
conductance periodically oscillate with respect to ZL,R without
decaying profiles; this phenomenon is a typical hallmark of
the momentum-spin/pseudospin locking in Dirac materials.

As a starting point, we focus on the effects of the
perpendicular electric field on the phase-coherent thermal
conductance. Figure 2 presents the φ-dependent thermal con-
ductance with different perpendicular electric fields. As can be
seen, in all cases the thermal conductance can be effectively
modulated by the perpendicular electric field. Specifically, in
the S-AF-S junction, by varying the strength of perpendicular
electric field, the φ-dependent thermal conductance exhibits
transitions between minimal and maximal values at φ = π , as
shown in Figs. 2(a) and 2(b). In the S-F-S junction, as depicted
in Figs. 2(c) and 2(d), the perpendicular electric field changes
the value of φ corresponding to the maximal and/or mini-
mal thermal conductance, thereby significantly tailoring the
pattern of φ-dependent thermal conductance. The electrical
tunability of the phase-coherent thermal conductance results
from the lEz-dependent band structures of BTDMs. Resorting
to Eq. (1), in the M regions of S-AF-S and S-F-S junctions, the
electronlike (holelike) band edges can be, respectively, formu-
lated as E±,e(h)

η,σ = ±(∓)|lEz − ησλSO − (+)σhAF | − (+)μM

and ε±,e(h)
η,σ = ±(∓)|lEz − ησλSO| − σhF − (+)μM , with the
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FIG. 3. Normalized thermal conductance κ as a function of the junction length d , where μM = 0 in (a) and (c), and μM = λSO in (b) and (d).
Panels (a) and (b) and panels (c) and (d) present the scenarios in the S-AF-S junction with hAF = 0.4λSO and S-F-S junction with hF = 0.4λSO,
respectively. In all panels, φ = π and T = TC/2.

conduction (valence) band edge being indicated by the
superscript +(−) of E±,e(h)

η,σ and ε±,e(h)
η,σ . Accordingly, in both

junctions the perpendicular electric field lEz can effectively
tune the band edges which, in turn, regulate the band gaps
of M regions. Since the quasiparticle transmission probabil-
ities are profoundly influenced by the band gaps, the phase
dependence of thermal conductance can be controlled by the
perpendicular electric field. We point out that the electrical
tunability of the phase-coherent thermal conductance results
from the unique buckled sublattice structures of BTDMs and
is absent in similar conventional [11,12,23–26] and topolog-
ical Josephson junctions [9,10,13–21]. Moreover, we address
that in our model owing to the unique buckled sublattice
structures of BTDMs, the perpendicular electric fields can
effectively tune the phase-coherent thermal conductance by
modulating the band structures of M regions, rather than
the pairing symmetries of superconducting regions. In this
sense, we expect that the physical picture and main results
on the electrical tunability of phase-coherent thermal con-
ductance still hold for other types of pairing symmetries. In
addition, the configurations of φ-dependent thermal conduc-
tance strongly depend on the type of exchange field and on
the chemical potential μM . We will illustrate the underlying
physics in terms of the band structures of M regions.

Since the thermal conductance is essentially contributed
by the propagating quasiparticles with energies just
above the superconducting gap [14,23–26], in the M
region of S-AF-S (S-F-S) only the branches with band
edges satisfying E+(−),e(h)

η,σ � �(T ) (ε+(−),e(h)
η,σ � �(T )) or

E−(+),e(h)
η,σ � −�(T ) (ε−(+),e(h)

η,σ � −�(T )) can dominate
the thermal transport. Keeping this principle in mind, we
first discuss the scenarios in the S-AF-S junction with a
undoped M region, i.e., μM = 0. According to the parameters
fixed in Figs. 2 and 3, in the situations of lEz = 0, λSO,
and 2λSO, all band edges are outside of the regime of
[−�(T ),�(T )] 	 [−0.2λSO, 0.2λSO], so that the thermal
transport is determined by the evanescent quasiparticles.
Consequently, as shown in Fig. 3(a), the thermal
conductance exponentially decays by increasing the
junction length for lEz = 0, λSO, and 2λSO. When the
junction length d = ξ is large enough [see Fig. 3(a)],
the thermal conductance dictated by the evanescent
quasiparticles is strongly suppressed in the cases of
lEz = 0, λSO, and 2λSO, as depicted in Fig. 2(a). While
for lEz = 0.5λSO and 1.5λSO, there are two branches with
band edges being located in the regime of [−�(T ),�(T )],
i.e., E±,e

−1,−1|lEz=0.5λSO = E∓,h
+1,+1|lEz=0.5λSO = ±0.1λSO and

E±,e
+1,+1|lEz=1.5λSO = E∓,h

−1,−1|lEz=1.5λSO = ±0.1λSO, respectively.
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FIG. 4. Contour plots of the normalized thermal conductance κ of (a) S-AF-S junction and (b) S-F-S junction, where φ = π , d = ξ ,
μM = 0, and T = TC/2.

Therefore, in the situation of lEz = 0.5λSO (1.5λSO),
the thermal conductance is mainly contributed by the
spin-down (spin-up) electronlike propagating quasiparticles
of K ′ (K) valley and the spin-up (spin-down) holelike
propagating quasiparticles stemming from K (K ′) valley, as
manifested by the oscillating profile of d-dependent thermal
conductance shown in Fig. 3(a). When the M region is
lightly doped with μM = λSO, for each value of lEz selected
in Figs. 2 and 3, there exist at least two branches that
can approach in the regime of [−�(T ),�(T )] to support
propagating quasiparticles. As a showcase, for lEz = 2λSO

the band edges E+,e
+1,+1|lEz=2λSO = −0.4λSO < �(T ) and

E+,h
−1,−1|lEz=2λSO = 0.4λSO > −�(T ), thus both the spin-up

electronlike branch of K valley and the spin-down holelike
branch of K ′ valley can support propagating quasiparticles.
As shown in Fig. 3(b), the thermal conductance exhibits
pronounced oscillating profiles with respect to the junction
length.

In the S-F-S junction, the dependence of the phase-
coherent thermal conductance on lEz can be analyzed in the
similar way mentioned above. Here we only concentrate on
the distinct scenarios that are absent in the S-AF-S junction. In
the S-F-S junction, although the band edges of M region rely
on the ferromagnetic exchange field hF , the band gap scales
δF,e
η,σ = δF,h

η,σ = 2|lEz − ησλSO| are independent of hF , in con-
trast to the manifestation of antiferromagnetic exchange field
in the S-AF-S junction. Therefore, for a set of fixed valley and
spin indices, the band gap in the M region of S-F-S junction
is solely determined by the perpendicular electric field. This
character leads to intriguing consequences in the special case
of lEz = λSO, where the branches with (η, σ ) = (+1,+1) and
(η, σ ) = (−1,−1) are gapless, thus the spin-up quasiparticles
originating from K valley and the spin-down quasiparticles
emanating from K ′ valley invariably dominate the thermal
transport. Consequently, when lEz = λSO the thermal conduc-
tance obviously oscillates with d , regardless of the values of
μM , as shown in Figs. 3(c) and 3(d).

To further elucidate the different manifestations of an-
tiferromagnetic and ferromagnetic exchange fields in the
thermal transport, in Fig. 4 we present the contour plots
of the normalized thermal conductance in the parameter
plane (lEz, h) with μM = 0. In the S-AF-S junction, the

antiferromagnetic exchange field regulates not only the band
edges, but also the gap scales as δAF,e(h)

η,σ = 2|lEz − ησλSO −
(+)σhAF |. Since the band gap of M region depends both on
the antiferromagnetic exchange field and on the perpendic-
ular electric field, in the (lEz, hAF ) plane the nonvanishing
thermal conductance can only appear in the regions delimited
by the conditions of ±hAF + 0.8λSO � lEz � ±hAF + 1.2λSO

and ±hAF − 1.2λSO � lEz � ±hAF − 0.8λSO, as shown in
Fig. 4(a) . In the S-F-S junction, by contrast, the ferromagnetic
exchange field only shifts the position, rather than the scale
of band gap. For a given choice of spin and valley indices,
the band gaps of electronlike and holelike branches share the
same value, i.e, δF,e

η,σ = δF,h
η,σ = 2|lEz − ησλSO|. Therefore, in

the case of lEz = +(−)λSO both the electronlike and holelike
branches with ησ = +(−)1 are gapless to support propagat-
ing quasiparticles, regardless of the value of hF . As presented
by Fig. 4(b), in the whole range of hF the thermal conductance
keeps finite at lEz = ±λSO; this character is quite distinct
from that of S-AF-S junction. Furthermore, since the ferro-
magnetic exchange field can shift the positions of band gaps
without affecting their scales, the band gaps can be pushed
outside of the regime of [−�(T ),�(T )] when the ferromag-
netic field is large enough. As a consequence, in the whole
range of lEz the thermal conductance is nonvanishing when
|hF | � λSO, visibly differing from that in the S-AF-S junction.

IV. CONCLUSION

In conclusion, we have theoretically studied the thermal
transport properties in BTDM-based S-AF-S and S-F-S junc-
tions by virtue of the scattering wave approach. We have
revealed that, in both S-AF-S and S-F-S junctions, the phase
dependence of thermal conductance can be effectively con-
trolled by perpendicular electric fields. This scenario is rooted
in the exotic buckled sublattice geometries of BTDMs and
is absent in similar conventional and topological Josephson
junctions. Resorting to the band structures of M regions, we
have illustrated the underlying mechanism behind the electri-
cal tunability of thermal conductance. The different influences
of the antiferromagnetic and ferromagnetic exchange fields
on the thermal conductance have also been elucidated in de-
tail. These findings suggest that the BTDM-based Josephson
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junctions provide unique platforms for obtaining electrically
tunable phase-coherent thermal transport, and we anticipate
more interesting results for the thermal transport properties
regarding the crossed Andreev reflections in BTDM-based
superconducting hybrid structures.
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APPENDIX: CALCULATION OF THE BASIS SCATTERING
STATES IN BTDM-BASED S-AF-S

AND S-F-S JUNCTIONS

In this Appendix we give necessary calculation details
regarding the wave functions and related parameters in the
BTDM-based S-AF-S and S-F-S junctions.

We assume that the translational symmetry is preserved in
the y direction of the proposed setup, so that the transverse
momentum ky can be treated as a good quantum number.
Under this assumption, in the S regions solving the BdG
equation H(−i∂x, ky)ψ = εψ straightforwardly yields

ψL(R),±
eq =

⎛
⎜⎜⎜⎜⎜⎜⎝

±ησe±iηθL(R)
eq uL(R)

σγ L(R)
eq uL(R)

±ηe±iηθL(R)
eq −iφL(R)vL(R)

γ L(R)
eq e−iφL(R)vL(R)

⎞
⎟⎟⎟⎟⎟⎟⎠

e±ikL(R)
eq cos θL(R)

eq x,

(A1a)

ψ
L(R),±
hq =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

∓ησe∓iηθ
L(R)
hq vL(R)

σγ
L(R)
hq vL(R)

∓ηe∓iηθ
L(R)
hq −iφL(R) uL(R)

γ
L(R)
hq e−iφL(R) uL(R)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

e∓ikL(R)
hq cos θ

L(R)
hq x,

(A1b)

where we omit the trivial factor eikyy, and the involved param-
eters take the forms of

kL,R
eq(hq) =

√(
μS+(−)sgn(ε)

√
ε2−�2

L,R(TL,R)
)2−m2

ησ /(h̄vF ),

(A2a)

γ L,R
eq(hq) = (√(

h̄vF kL,R
eq(hq)

)2 + m2
ησ − mησ

)
/
(
h̄vF kL,R

eq(hq)

)
, (A2b)

θL,R
eq(hq) = sin−1 (

ky/kL,R
eq(hq)

)
, (A2c)

uL,R =
√

1

2

(
1 +

√
1 − �2

L,R(TL,R)/ε2
)
, (A2d)

vL,R = sgn(ε)

√
1

2

(
1 −

√
1 − �2

L,R(TL,R)/ε2
)
. (A2e)

In the magnetic region (0 < x < d), after omitting the trivial
factor eikyy, the scattering states can be formulated as

ψ±
e =

⎛
⎜⎜⎝

±ηsee±iηseαe

γe

0
0

⎞
⎟⎟⎠e±iseke cos αex, (A3a)

ψ±
h =

⎛
⎜⎜⎝

0
0

∓ηshe±iηshαh

γh

⎞
⎟⎟⎠e±ishkh cos αhx, (A3b)

where the scattering angle αe(h) = sin−1(ky/ke(h) ).
In the S-AF-S junction, the related parameters in Eq. (A3)

are given by

ke(h) =
√

(ε + (−)μM )2 − (mησ − (+)σhAF )2/(h̄vF ),

(A4a)

γe(h) = (
ε + (−)μM − (+)mησ + σhAF

)
/(h̄vF ke(h) ),

(A4b)

se(h) = sgn
(
ε − |mησ − (+)σhAF | + (−)μM

)
. (A4c)

While in the S-F-S junction, the corresponding parameters in
Eq. (A3) are defined as

ke(h) =
√

(ε + (−)μM + σhF )2 − m2
ησ /(h̄vF ), (A5a)

γe(h) = [
ε + (−)μM − (+)mησ + σhF

]
/(h̄vF ke(h) ),

(A5b)

se(h) = sgn
(
ε − |mησ | + (−)μM + σhF

)
. (A5c)
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