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Closing of gaps, gap labeling, and passage from molecular states to critical states
in a two-dimensional quasicrystal
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The single electron spectrum and wave functions in quasicrystals continue to be a fascinating problem, with
few known exact solutions. We investigate the energy spectra and gap structures for a quasiperiodic tiling in
two dimensions. Varying a continuous parameter, we follow the evolution of the band structure from discrete
molecular or atomic states, to the multifractal states well known from previous studies. We propose a gap labeling
scheme for finite approximants that is different from, but converges to, one introduced by Kellendonk and Putnam
[Directions in Mathematical Quasicrystals, edited by M. Baake and R. Moody, CRM Monograph Series] for
infinite tilings.
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I. INTRODUCTION

Electronic properties of quasicrystals and their topolog-
ical characteristics have been the subject of many recent
studies, with most of them related to the one-dimensional
(1D) Fibonacci chain [1–3]. Less is known about higher
dimensional quasicrystals. In this paper we focus on an
archetypal two-dimensional (2D) system, the octagonal (or
Ammann-Beenker) tiling [4]. This paper considers spectral
gaps and pseudogaps which have posed a conundrum, and
explains their physical origins, their locations, and topological
indices.

The standard hopping model on the octagonal tiling is
defined by

H1 = −t
∑
〈i, j〉

(c†
i c j + H.c.), (1)

where 〈i, j〉 denotes pairs of sites linked by an edge. The
hopping amplitude t is uniform. The on-site energies also
are constant, and have been set to zero. The complexity of
the problem thus arises solely due to the variations in the
local environments. In this model, the ground state is known
to be multifractal [5] and all other eigenstates are believed
to be multifractal as well (see the review in [6]), with the
exception of a set of E = 0 confined states [7]. The density of
states in this model has many pseudogaps (sharp dips, where
the density of states approaches zero) whose origin has been
unclear until now.

The integrated density of states (IDOS) is defined by
I (E ) = 1

N

∑
a �(E − Ea), where Ea are the eigenvalues and

� is the Heaviside function. Kellendonk and Putnam [8]
showed, using the algebraic structure of the octagonal tiling,
that the IDOS in any given gap is given by I (p, q) = [p +
q(2 + √

2)]/8λ, where p and q are integers. This labeling
involves an irrational number, λ = 1 + √

2, also known as the
“silver mean.” It is the limit of Pn+1

Pn
, as n → ∞, where the Pell

numbers Pn obey the recursion relation Pn = 2Pn−1 + Pn−2

with P0 = 0, P1 = 1. The result of Kellendonk and Putnam

extended to a 2D system the celebrated gap labeling theorem
for 1D quasicrystals [9].

We propose here an indexing scheme for gaps in peri-
odic approximants of the octagonal tiling. These structures,
which approach the perfect quasicrystal as n tends to infin-
ity, can be generated by a select-and-project method [10,11]
(see Appendix). One can also transform one approximant to
the next one by means of an inflation. This is the process
of decimating sites of a tiling according to a well-defined
rule, and getting a tiling of the same type with edges λ times
bigger. The number of sites in the nth (n > 0) approximant
is Q2n+1. The numbers Qn are given by the same recursion
relation as the Pell numbers, that is, Qn = 2Qn−1 + Qn−2 with
initial conditions Q0 = 1, Q1 = 1. The two series of numbers
are related by Qn = Pn + Pn−1.

We show that a labeling scheme for gaps in the finite
approximants is

Iq =
[

q
Q2n−1

Q2n+1

]
, (2)

where [x] denotes Mod(x, 1), and for 0 � |q| � Int[Q2n+1/2],
where Int denotes the integer part. Note that a single integer q
suffices to label the gap. The spectrum, gaps, and indexation
are found by a perturbation expansion analogous to that for
the 1D Fibonacci chain due to [12,13]. Our numerical results
confirm these predictions, and show that outside the regime of
validity of perturbation theory, results tend smoothly towards
the limiting case of Eq. (1). Importantly, our approach sheds
light on previously unexplained features of models for mag-
netism, superconductivity, or impurity screening on tilings.

A. Molecular model A

Consider Hamiltonians parametrized by the variable 0 �
ε � 1, as follows:

HA = (1 − ε) Hmol + ε H1,

Hmol = −t
∑
i∈α2

∑
j(i)

(c†
i c j + H.c.), (3)

2469-9950/2023/108(11)/115109(5) 115109-1 ©2023 American Physical Society

https://orcid.org/0000-0001-9875-4967
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.108.115109&domain=pdf&date_stamp=2023-09-05
https://doi.org/10.1103/PhysRevB.108.115109


ANURADHA JAGANNATHAN PHYSICAL REVIEW B 108, 115109 (2023)

FIG. 1. A portion of the original octagonal tiling in red. Larger
dots and gray circles show centers of molecules (model A), and gray
bonds show the inflated tiling.

where j(i) = 1, . . . , z are nearest neighbors of i, the central
site of the molecules which belongs to the subset α2 of z = 8
sites. Figure 1 shows the original tiling (red), the molecule
sites (large dots), and the twice-inflated tiling (gray lines)
obtained by connecting the centers of molecules. When ε →
1, one obtains the uniform hopping Hamiltonian H1 of Eq. (1).
The spectrum for ε = 0 consists of three levels: the bonding
and antibonding levels E = ±2

√
2t , and the central E = 0

level. The degeneracy of the bonding (antibonding) levels is
equal to the number of z = 8 sites. For the nth approximant
their number is given by Q2n−3 (see Table I). For small ε, one
can use perturbation theory for degenerate states much as was
done for chains in [12,13], obtaining three bands. The width
of the lateral bands is extremely small, proportional to ε4

(as neighboring molecules are connected by four intermediate
weak bonds). The perturbation theory for the E = 0 levels
(details will be given elsewhere) predicts that the central band
is much wider, and proportional to ε. Figure 2 shows the
density of states (DOS) ρ(E ) = dI/dE , computed numeri-
cally (N = 8119 sites) for several values of ε (plots have
been shifted along the vertical axis for clarity). Progressive
changes of band widths and the band gaps as ε is increased
can be seen. The arrow shows the location of the principal
gap between the bonding band and the central band, called
g2. Using Table I, one can see that this gap occurs for a
band filling of Q2n−3/Q2n+1 (thus index q = 6), which tends
to λ−4 in the limit n → ∞. g2 closes linearly as ε → 1.
Nota bene: In this and all subsequent plots, the delta function
at E = 0 due to localized states is not shown.

In contrast to the wave functions of the lateral bands which
have largest amplitude on the centers of molecules, the wave
functions in the central band are smallest on these sites. In-
stead they have maximal amplitudes within the plaquettes of
the inflated tiling (i.e., on the dual lattice). Figure 3 shows

TABLE I. The first row gives the number of sites for a given z as
a function of the generation n (see also Appendix). The second row
gives the fraction of each type of site in the infinite tiling. The label j
can take the values 1 or 2 (see text).

z 3 4 5( j) 6 7 8

Nz Q2n 2Q2n−1 Q2n−2 2Q2n−3 Q2n−4 Q2n−3

fz
1
λ

2
λ2

1
λ3

2
λ4

1
λ5

1
λ4

FIG. 2. Model A DOS as a function of E (in units of t) for ε =
0.2 (a), 0.5 (b), and 0.9 (c). The DOS have been shifted vertically
and rescaled for clarity. The E = 0 peaks are not shown. The arrows
indicate the location of the gap g2 in the lower half of the spectrum.
These fractions can be reexpressed in terms of λ in the limit of infinite
size.

an intensity plot of the local density of states at the energy
E = −0.3615t of the central band (the inflated tiling is shown
by thick lines superposed on the original tiling).

B. Molecular model B

In model B sites of the tiling are first divided into two
classes α and β. The α sites are those which remain after
inflation, and become vertices of the inflated tiling and corre-
spond to 5 � z � 8. The β sites are decimated in an inflation,
and have 3 � z � 5. This classification was first used to de-
fine block spins in the renormalization-group treatment of the
antiferromagnetic Heisenberg model [14]. Precise criteria for
classification into these two sets and the two types of z = 5
sites are given in the Appendix. Molecules are clusters of α

FIG. 3. Local density of states for E = −0.315t . The plot shows
the original tiling (thin gray lines) and the inflated tiling obtained on
connecting the molecule centers (thick gray lines). Wave functions
are concentrated within plaquettes of the inflated tiling, because they
originate from E = 0 molecular wave functions (see text).
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FIG. 4. Top: Model B molecules. Small molecules (eight or nine
sites) correspond to isolated star clusters, while larger ones result
from clusters that are joined. Bottom: A portion of the tiling showing
how molecules are arranged. The molecules are centered on z = 8
sites (red), on z = 7 sites (blue), on z = 6 sites (orange), and on z = 5
and z = 6 sites (black).

sites and their nearest neighbors and cover the entire tiling as
shown in Fig. 4. The smallest molecules are centered on z = 8
and 7 (colored red and blue, respectively). Larger molecules
are formed around sites with z = 6 and 5 (colored orange and
black, respectively). Note that the set α2 ∈ α introduced in
model A are those sites which remain after two inflations.
Table I (whose derivation is described in [15]) gives the num-
ber of sites of coordination number z in the nth approximant.
The index j = 1, 2 in N ( j)

5 refers to two different types of
z = 5 sites. The last line gives the fraction of sites of each
type fz = Nz/N in the infinite size limit.

Consider the family of Hamiltonians given by

HB = (1 − ε)H̃mol + εH1,

H̃mol = −t
∑
i∈α

∑
j(i)

′(c†
i c j + H.c.), (4)

where the prime in the double sum indicates that sites should
not be double counted. For ε = 0, this Hamiltonian describes
a system of decoupled molecules. For ε = 1, one obtains
the Hamiltonian H1 [Eq. (1)]. As for model A, degenerate
perturbation theory gives the bands and the gaps structure
for small ε. We illustrate the results obtained by numerical
calculations of the DOS in Fig. 5 for three values of ε (system
size N = 8119). As before, curves have been shifted along
the vertical axis for clarity. Narrow bands of discrete bonding
and antibonding molecular levels for the six different types
of molecules can be clearly seen in the bottom curve (ε =
0.2). For larger ε these levels merge progressively, to form a
single bonding (antibonding) band for ε = 0.5. The bonding
(antibonding) bands are separated from the central band by
two main gaps, g1. The corresponding band filling is given by
the total fraction of α sites, Qn−2/Qn. Equation (2) then gives
us the values q = ±1 for the label of gap g1. This fraction

FIG. 5. Model B DOS as a function of E (in units of t) for ε =
0.2 (a), 0.5 (b), and 0.9 (c). The plots have been shifted vertically and
rescaled for clarity. The arrows indicate the location of the gap g1 for
the lower half of the spectrum.

tends to the value λ−2 as n → ∞ (see Appendix). Indexes
of the smaller gaps which occur between molecular bonding
states (see, e.g., the lowest curve in Fig. 6) can be similarly
determined in terms of the Qn given in Table I. Whenever a
gap is open, it necessarily corresponds to a filling given by
the indexing scheme in Eq. (2). By continuity, this labeling is
expected to hold also in the limit of ε = 1.

For ε = 1 the two main gaps close, becoming the main
pseudogaps of the hopping Hamiltonian H1 located at the en-
ergies E ≈ ±1.9t . The merging of molecular bands explains
numerical observations on the structure of the local density of
states [16], and studies of transport, magnetic phases, screen-
ing, or superconductivity [17–22]. It explains, for example,
why the local charge is largest on high z sites for small filling
(occupation of only molecular bonding states) and becomes

E

0.2

0.4

0.6

0.8

1.0

I(E)

(1)

(1')

(2)

(2')

A B H1 H2

FIG. 6. Comparisons of the IDOS I (E ) for model A for ε =
0.5, model B for ε = 0.4, and H1 and H2 (model C for ε = 0.5).
Horizontal lines show positions of some of the main gaps. (1) and
(2) denote the two main pseudogaps (see text). Curves have been
shifted along the energy axis for clarity.
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constant when the Fermi level approaches the band center
(filling of center band states).

C. Starting from the atomic limit

Our third model is described by the Hamiltonian

HC = (1 − ε)Hat − εH1,

Hat = t
N∑

i=1

zic
†
i ci. (5)

When ε = 0, this Hamiltonian describes N decoupled
“atoms” whose on-site energies depend on their coordination
number Ei = zi [23]. Particle-hole symmetry is broken. The
spectrum is composed of six discrete levels which for nonzero
ε broaden into bands. For ε = 1

2 , HC = H2 is the discretized
Laplacian model (up to a factor 1/2) that has been studied
in [24–26]. Further increasing ε leads to the pure hopping
model H1 when ε → 1. Near the atomic limit ε → 0, gap po-
sitions can be easily determined using Table I. The first large
gap—when all z = 3 sites are occupied—has IDOS equal to
Q2n/Q2n+1 which tends to λ−1 in the infinite tiling, and one
can proceed similarly for other gaps.

Figure 6 shows the topological equivalence of all the
above-mentioned models by plotting results obtained numer-
ically for the IDOS for models A, B, C (for the Laplacian
H2), and H1. Horizontal lines indicate the positions of some
gaps present in one or more of the models. The two main
pseudogaps of the uniform hopping model are indicated by
the labels 1 and 2. All of the models possess localized states
which give rise to a step discontinuity of I (E ).

II. CONCLUSIONS

We show how to go from the disconnected molecule or
atom limits to the singular continuous quasicrystal limit, and
thus gain a better understanding of the electronic properties
of the 2D octagonal tiling. Our arguments (details will follow
elsewhere) generalize perturbative 1D analyses introduced for
the 1D Fibonacci chain [12,13,27]. We show a gap labeling
scheme for finite systems which is different from the one
proposed by Kellendonk and Putnam but does converge to it
in the infinite size limit, and is more pertinent for numerical
studies or experiments.

Gap labels were discussed previously for a 2D quasiperi-
odic system in a magnetic field [28]. There, the labeling
reflects both the algebraic structure of that tiling and the
winding properties due to the magnetic flux threading the tiles.
In contrast, for our present models there is no magnetic flux,
and no gaps, only pseudogaps whose locations depend solely
on the algebraic structure of the quasiperiodic tiling. Although
not a rigorous demonstration, our study plausibly shows how
the main pseudogaps of the uniform hopping model arise,
when seen in terms of molecular and atomic bands. It ex-
plains physical properties, such as the real-space distribution
of BCS superconducting order parameters [29]. Another ex-
ample concerns the effects of disorder, when the states near
the main pseudogaps localize much faster than the other band
states [30].

FIG. 7. The octagonal selection window W and its decomposi-
tion into subdomains labeled according to the type of site (see text).

ACKNOWLEDGMENTS

I thank Pavel Kalugin and Frédéric Piéchon for many dis-
cussions and Jean-Noël Fuchs for helpful comments on this
paper.

APPENDIX: SUPPLEMENTARY DETAILS ON
CUT-AND-PROJECT METHOD FOR THE OCTAGONAL

TILING AND SQUARE APPROXIMANTS

The cut-and-project method [10] is a relatively simple way
to obtain the infinite tiling and its square approximants [11].
We recall briefly the procedure used to generate the infinite
quasicrystal first. The parent lattice is a 4D hypercubic lat-
tice Z4 which has two orthogonal sublattices in 2D planes,
called the “physical” and the “perpendicular” planes both
having symmetry under 8-fold rotations. These are aligned
irrationally with respect to Z4, with their associated projection
matrices 	 and 	′. Each of the points of Z4 is tested to see if it
satisfies the selection rule, if it does, the point is then projected
onto the physical plane. A site is selected if its projection onto
the perpendicular plane lies within the “selection window” W ,
an octagon of side λ, as shown in Fig. 7.

The perpendicular space window can be divided into
polygonal subwindows for each of the types of sites as shown
in Fig. 7. There are altogether 7 different subdomains cor-
responding to each of the 6 different values of 8 � z � 3
(indicated in the figure by the letters A,B,C etc – only one of
the subdomains is labeled for each type, others are related by
8-fold rotations). There are two types of sites of coordination
number z = 5 which we call D1 and D2. The former belongs in
the α class, the latter in the β class. The lower row of Table I
gives the fractions of sites of each type in the infinite tiling.
These are easily computed in terms of λ as they simply given
by the area of the corresponding subdomains.

This procedure must be modified in order to obtain
approximants, which are periodically repeating structures
in the plane [11]. The selection window is a distorted
octagon, formed by the intersection of two squares. To ob-
tain approximants of different order n, the sides of these
squares are chosen to be a(n) = [2

√
2/N (n)]Pn+1 and b(n) =

[
√

2/N (n)](Pn + Pn+1). Here N (k) = √
(4Pn + (−1)n) is a

normalization factor. Table I of the paper can be obtained from
computing subdomain areas. In the limit n → ∞, the a(n) and
b(n) tend to λ, and their intersection gives a perfect octagon.
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W

WB
WA

FIG. 8. The selection windows W, WA and WB for all sites, α2

sites (model A) and α sites (model B).

Upon projection one now obtains a pattern which repeats in
the 2D plane, with a unit cell of N (n) sites. For the series of
square periodic approximants that we have considered, there
is a recursive relation giving the number of sites of successive

approximants. Let N (n) be the total number of sites and N (n)
3

the number of z = 3 sites in the nth square approximant, then
(

N (n+1)

N (n+1)
3

)
=

(
5 2
2 1

)(
N (n)

N (n)
3

)
(A1)

where the 2 by 2 matrix is the square of the substitution matrix
for the Pell numbers. The initial conditions are N (1) = N (1)

3 =
1. Successive approximants thus have the number of sites
equal to 1, 7, 41, 239, 1393, 8119, . . ., The number of z = 3
sites in successive approximants takes values 1, 3, 17, 99, . . ..
One notes that these numbers are odd and even members
respectively of the series Qn.

Fig. 8 shows the selection window WA corresponding to
the ensemble α2 of model A, and the selection window WB

to the corresponding to the ensemble α of model B. They are
obtained by shrinking W —for an infinite system the rescaling
is given by the factors 1/λ2 and 1/λ respectively. For further
details see the review by Jagannathan and Duneau [15].
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and V. Dobrosavljevć, Phys. Rev. Lett. 115, 036403
(2015).

[18] B. Passaro, C. Sire, and V. G. Benza, Phys. Rev. B 46, 13751
(1992).

[19] D. Pérez Daroca and A. A. Aligia, Phys. Rev. B 104, 115125
(2021).

[20] R. N. Araujo and E. C. Andrade, Phys. Rev. B 100, 014510
(2019).

[21] S. Wessel, A. Jagannathan, and S. Haas, Phys. Rev. Lett. 90,
177205 (2003).

[22] N. Takemori, R. Arita, and S. Sakai, Phys. Rev. B 102, 115108
(2020).

[23] Even for the decoupled ε = 0 limit, the on-site potential of each
site can be determined from its perpendicular space coordinates
(see Appendix).

[24] V. G. Benza and C. Sire, Phys. Rev. B 44, 10343 (1991).
[25] C. Sire and J. Bellissard, Europhys. Lett. 11, 439 (1990)
[26] J. X. Zhong and R. Mosseri, J. Phys. (Paris) 4, 1513

(1994).
[27] D. Barache and J. M. Luck, Phys. Rev. B 49, 15004 (1994).
[28] J.-N. Fuchs and J. Vidal, Phys. Rev. B 94, 205437 (2016).
[29] T. Fukushima, N. Takemori, S. Sakai, M. Ichioka, and A.

Jagannathan (unpublished).
[30] A. Jagannathan, P. Jeena, and M. Tarzia, Phys. Rev. B 99,

054203 (2019).

115109-5

https://doi.org/10.1103/PhysRevLett.112.146404
https://doi.org/10.1103/PhysRevLett.109.106402
https://doi.org/10.1103/PhysRevB.104.184202
https://doi.org/10.1103/PhysRevB.96.045138
https://doi.org/10.1103/PhysRevB.104.014204
https://doi.org/10.1142/S0129055X92000029
https://doi.org/10.1088/0305-4470/22/21/017
https://doi.org/10.1103/PhysRevLett.57.2057
https://doi.org/10.1103/PhysRevB.42.10329
https://doi.org/10.1103/PhysRevLett.92.047202
https://doi.org/10.1103/PhysRevB.71.115101
http://arxiv.org/abs/arXiv:2308.07701
https://doi.org/10.1051/jp1:1994126
https://doi.org/10.1103/PhysRevLett.115.036403
https://doi.org/10.1103/PhysRevB.46.13751
https://doi.org/10.1103/PhysRevB.104.115125
https://doi.org/10.1103/PhysRevB.100.014510
https://doi.org/10.1103/PhysRevLett.90.177205
https://doi.org/10.1103/PhysRevB.102.115108
https://doi.org/10.1103/PhysRevB.44.10343
https://doi.org/10.1209/0295-5075/11/5/009
https://doi.org/10.1051/jp1:1994204
https://doi.org/10.1103/PhysRevB.49.15004
https://doi.org/10.1103/PhysRevB.94.205437
https://doi.org/10.1103/PhysRevB.99.054203

