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Jastrow wave function for the spin-1 Heisenberg chain: The string order revealed
by the mapping to the classical Coulomb gas
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We show that a two-body Jastrow wave function is able to capture the ground-state properties of the
S = 1 Heisenberg chain with nearest-neighbor superexchange J and single-ion anisotropy term D, in both the
topological and large-D phases (with D/J � 0). Here, the optimized Jastrow pseudopotential assumes a very
simple form in Fourier space, i.e., vq ≈ 1/q2, which is able to give rise to a finite string-order parameter in the
topological regime. The results are analyzed by using an exact mapping from the quantum expectation values
over the variational state to the classical partition function of the one-dimensional Coulomb gas of particles
with charge q = ±1. Here, two phases are present at low temperatures: the first one is a diluted gas of dipoles
(bound neutral pairs of particles), which are randomly oriented (describing the large-D phase); the other one
is a dense liquid of dipoles, which are aligned thanks to the residual dipole-dipole interactions (describing the
topological phase, with the finite string order being related to the dipole alignment). Our results provide an
insightful interpretation of the ground-state nature of the spin-1 antiferromagnetic Heisenberg model.
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I. INTRODUCTION

Since the early days of quantum mechanics, the simulation
of correlated quantum many-body systems has been an inter-
esting problem in physics. Due to the paucity of exact results,
many different approximation schemes have been proposed,
most of them relying on some kind of variational Ansatz, in-
cluding the variational quantum Monte Carlo approach, where
the square modulus of a trial wave function is sampled by
a Markov chain Monte Carlo algorithm [1]. In the last few
years, many efforts have been devoted to improving the vari-
ational description of correlated quantum many-body system
by various approaches, including tensor networks [2–4] and
machine-learning techniques Ansätze [5,6]. However, these
powerful approaches feature a large number of parameters,
which may be difficult to optimize, and do not offer a trans-
parent physical interpretation. By contrast, the Jastrow wave
function [7] was introduced in 1955 to describe strongly
correlated systems on the continuum and found one of its
first and most important applications in the description of
the ground state of 4He [8]. The Jastrow state is a simple
variational Ansatz, including a correlation operator acting on
an uncorrelated state, hence allowing for a clear physical
interpretation of its parameters after the optimization. In its
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simplest definition (as used in the early applications [8]), the
correlation factor involves two-body terms.

While it is obvious that modern Ansätze can provide quan-
titatively better results compared to Jastrow states on several
microscopic systems (e.g., S = 1/2 Heisenberg models [5]),
it would be interesting to identify cases where these sophisti-
cated trial states outperform qualitatively the simple Jastrow
wave functions, i.e., where the application of a more accu-
rate Ansatz predicts the emergence of unconventional phases
of matter. For example, accurate machine-learning inspired
Ansätze have successfully improved the energy of benchmark
problems with known solutions, but only rarely provided addi-
tional understanding on contested phase diagrams. To provide
physical insights on the ground-state properties of correlated
models, they are often combined with more traditional ap-
proaches, like in the case of frustrated spin models in two and
three dimensions, most notably the J1−J2 model on the square
lattice [9] and the Heisenberg model on the pyrochlore lattice
[10].

The quantum S = 1 antiferromagnetic Heisenberg chain,
including the single-ion anisotropy term, provides a fair ex-
ample of a simple model that displays a rich phenomenology.
The Hamiltonian is given by

Ĥ = J
L∑

j=1

Ŝ j · Ŝ j+1 + D
L∑

j=1

(
Ŝz

j

)2
, (1)
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where Ŝ j = (Ŝx
j , Ŝy

j , Ŝz
j ) is the spin-1 operator on the jth site

and periodic boundary conditions are assumed on chains with
L sites. The interest in the model with D = 0 grew after
Haldane proposed his conjecture about integer-spin chains
being gapped [11]. Later, an exact solution was found by
Affleck-Kennedy-Lieb-Tasaki (AKLT) for the case where a
biquadratic interaction is added [12], the ground state being
gapped and unique with periodic boundary conditions, fea-
turing exponentially decaying correlations, as predicted by
Haldane for the Hamiltonian of Eq. (1) with D = 0. Further-
more, the existence of a hidden Z2 × Z2 symmetry has been
highlighted [13], which is broken in this gapped ground state.
More recently, the Haldane state has been recognized as an
example of a symmetry-protected topological phase [14], with
exponentially decaying spin-spin correlation functions and a
nonlocal order parameter that is revealed by the so-called
string operator [13,15]:

Ôstring
i, j ≡ Ŝz

i exp

⎧⎨
⎩iπ

j−1∑
l=i+1

Ŝz
l

⎫⎬
⎭Ŝz

j . (2)

The nonlocal order corresponds to a finite average value
Cstring

i, j ≡ 〈Ôstring
i, j 〉, computed on the ground state, at large

distance:

lim
|i− j|→∞

Cstring
i, j �= 0. (3)

The ground-state properties of the Hamiltonian of Eq. (1)
have been investigated using a large variety of numerical tech-
niques, including exact diagonalizations [16], density-matrix
renormalization group (DMRG) approaches [17,18], and
stochastic-series expansion techniques [19,20]. In addition,
a variational Monte Carlo approach based on Gutzwiller-
projected wave functions in the fermionic representation has
been employed, showing a high accuracy in describing the
ground state of S = 1 Heisenberg model [21]. Besides the
Haldane phase, there are two other phases that are stabilized
for large negative and positive values of D/J (with J > 0):
the first one is a (doubly degenerate) Néel antiferromagnet
that can be adiabatically connected to the Ising configuration
where all spins align along the z axis, i.e., on each site the z
component of the spin operator assumes values mj = ±1; the
second one is a spin-nematic phase, where the ground state
is connected to a state in which the z component of the spin
vanishes on each site, i.e., mj = 0. The transition between
the Haldane and the nematic phases is particularly interesting
because it has a topological character, with a gapless critical
point, which has been recognized to be a gapless Tomonaga-
Luttinger liquid phase [20].

In this paper, we show that, despite its apparent simplic-
ity, a Jastrow wave function is able to give a qualitatively
correct description of the ground state of the S = 1 Heisen-
berg antiferromagnetic chain, including the Haldane phase.
In the following, we will focus on the case with D/J � 0.
Our research is motivated by the fact that, in the context
of the one-band Hubbard model, it has been shown that an
appropriate Jastrow factor is able to turn a gapless metal or su-
perfluid into a gapped Mott insulator [22,23]. We also mention
that a Jastrow wave function for generalized AKLT models
has been proposed [24], exploiting the analogy between the

valence-bond states (within the Schwinger-boson represen-
tation) and the Laughlin wave function for the fractional
quantum Hall effect [25]. Within spin models, the Jastrow
Ansatz has been largely employed, mainly for S = 1/2 cases
[26]. However, it appears rather nontrivial that a Jastrow wave
function is able to represent a state with a finite string-order
parameter. The issue is that the Jastrow wave function is
parametrized by a two-body pseudopotential vr that describes
the spin-spin correlations at distance r and, therefore, it is not
obvious that it is able to capture many-body correlations, like
the string correlation that includes the knowledge of all spin
values between two (distant) sites. Instead, we show that it is
actually possible to properly represent the Haldane phase, the
string correlations arising thanks to the long-range character
of the pseudopotential vr , i.e., vq ≈ 1/q2 in Fourier space.

Remarkably, the fully optimized vr can be well approx-
imated by using only two parameters, one regulating the
density of nonzero mj and the other one defining the strength
of correlations between (distant) pairs of spins, i.e., mj and
mj+r . Most importantly, assuming this simplified version of
the pseudopotential, we perform a mapping between the mod-
ulus squared of the Jastrow factor and the partition function of
a one-dimensional classical Coulomb gas. Then, the proper-
ties of the variational state are related to (thermal) ones of the
corresponding classical model. The use of similar mappings
has proved to be very useful in strongly correlated systems,
the most notable example is given by the Laughlin state for
the fractional quantum Hall effect [25]. On the lattice, a
similar approach has been used for the density-density Jas-
trow factor to investigate the resulting metal-insulator (Mott)
transition [27]. In the present context, the classical model
is a Coulomb gas of particles with charge q = ±1. Here,
two phases are present at low temperatures (relevant for the
actual pseudopotential). The first one is described by a diluted
gas of dipoles with mj = ±1, on top of a background with
mj = 0; these dipoles are randomly oriented, since thermal
fluctuations overcome the residual dipole-dipole interaction.
This phase corresponds to the nematic phase with large values
of D/J . The second one contains a dense liquid of dipoles,
which are aligned (hence, ordered) in space. Here, a finite
string order is present, leading to a correct description of
the Haldane phase for small values of D/J . The transition
between these two phases is first order at low temperatures,
with a jump in the charge density and a string-order parameter
that also jumps from zero to a finite value; instead, at larger
temperatures, the transition changes nature, with no disconti-
nuity in the charge density and a string-order parameter that
varies continuously from zero to a finite value.

The results obtained by using the simplified version of the
pseudopotential give an insightful vision of the ground-state
nature of the S = 1 Heisenberg model. However, on finite
clusters, close to the transition between the topological and
large-D phases, there is a small region where the functional
form of vr deviates from its simplified version, showing
a less singular behavior at small-q values vq ≈ 1/q. Here,
robust spin-spin correlations are present in the x−y plane,
suggesting the existence of long-range order and gapless
excitations. Still, by increasing the number of sites, the width
of this region shrinks, suggesting that this intermediate phase
disappears in the thermodynamic limit and the transition
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point can be described by the classical Coulomb gas
picture.

The paper is organized as follows: In Sec. II, we introduce
the variational Jastrow wave function; in Sec. III, we show
the numerical results and discuss the mapping to the classical
Coulomb gas model, which is pivotal to highlight the physical
properties of the Jastrow Ansatz; finally, in Sec. IV, we draw
our conclusions.

II. THE JASTROW WAVE FUNCTION

Even though the exact ground-state wave function of the
Hamiltonian of Eq. (1) is not known on large clusters, its sign
structure obeys the so-called Marshall sign rule [28]. Indeed,
the model is defined on a bipartite lattice, which can be di-
vided into two sublattices A and B with off-diagonal terms
only connecting different sublattices. In addition, the ground
state belongs to the sector with zero total magnetization, i.e.,
M̂ = ∑

j Ŝz
j = 0. Then, by defining the basis {|x〉} in which

the z component of the spin operator mj is given on each site
(and M = ∑

j m j = 0), the ground state is written as

|�0〉 =
∑

x

(−1)N (x) f (x)|x〉, (4)

where f (x) > 0 is the (unknown) amplitude and N (x) =∑
j∈B[1 + mj (x)], where mj (x) is value of Ŝz

j in |x〉, i.e.,

Ŝz
j |x〉 = mj (x)|x〉.

The Jastrow wave function is obtained by applying a (posi-
tive) Jastrow factor Ĵ to a state |�0〉 that encodes the Marshall
sign rule (within the subspace with M = 0):

|�J〉 = Ĵ |�0〉. (5)

In our case, we take

|�0〉 = P̂M=0

∏
j

1√
3

[(−1) j |0〉 j + |+1〉 j + |−1〉 j], (6)

where P̂M=0 is the projector into the subspace with M =
0 and |0〉 j and |±1〉 j are the eigenkets of Ŝz

j with eigen-
value 0 and ±1, respectively. As a result, |�0〉 is a linear
combination of all possible states with vanishing magnetiza-
tion and equal weights (the signs of the spin configurations
being consistent with the ones of the Marshall-sign rule). We
remark that |�0〉 resembles the Néel antiferromagnetic state
pointing in the x direction, where the local states are given by
1/2[(−1) j

√
2|0〉 j + |+1〉 j + |−1〉 j]).

The Jastrow factor has the following form:

Ĵ = exp

⎧⎨
⎩1

2

∑
i, j

vi, j Ŝ
z
i Ŝz

j

⎫⎬
⎭, (7)

where vi, j defines the so-called pseudopotential, which, in
translationally invariant cases, depends only upon the relative
distance between the two sites i and j: vi, j = v|i− j|. The cor-
rect physical properties are obtained when all the independent
distances (e.g., L/2 on chains with periodic boundary condi-
tions) are optimized independently.

All physical observables have been computed by stan-
dard variational Monte Carlo techniques [1], the error-bars
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FIG. 1. Energy per site E (L)/J as a function of 1/L for the
Jastrow Ansatz of Eq. (5) with optimized parameters for D = 0.
The red dashed line corresponds to the thermodynamic value ob-
tained within DMRG, i.e., EDMRG/J = −1.401484, [30] while a
linear extrapolation of the energies for the largest sizes gives E (L →
∞)/J = −1.3981(1).

being estimated using the binning analysis. The Jastrow pseu-
dopotential is optimized minimizing the variational energy
of the S = 1 Hamiltonian of Eq. (1) by using the stochastic
reconfiguration technique [29]. An excellent approximation
can be obtained by a simple parametrization, which includes
only two parameters, one for the on-site term and the other
one for the long-range behavior (see below). This simplified
form of the pseudopotential has a smooth convergence in
the thermodynamic limit in Fourier space and is pivotal to
give an insightful interpretation of the physical properties. In
this case, the two parameters can be easily optimized within
standard minimization approaches.

III. RESULTS

Here, we discuss the numerical results obtained by the Jas-
trow wave function of Eq. (5) for the generalized Heisenberg
Hamiltonian of Eq. (1). In addition, we also present the map-
ping to the classical partition function and the corresponding
phase diagram.

A. The Haldane phase at D = 0

Let us begin by considering the isotropic Heisenberg point,
with D = 0, corresponding to the Haldane phase, which is
gapped and presents a nonlocal order parameter, see Eq. (3).
First, to check how well the Jastrow Ansatz is able to re-
produce the ground state of the spin-1 Heisenberg model,
we compute the variational energy per site E (L) for various
sizes and compare it with the thermodynamic extrapola-
tion obtained by the DMRG technique [30], see Fig. 1. For
L = 200, the relative error is smaller than 0.5% and gets
lower when the size of the system increases. By a linear
extrapolation of the large-cluster results, we find that the ther-
modynamic energy of the Jastrow state is E (L → ∞)/J =
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FIG. 2. Correlation functions for the optimized Jastrow state for D = 0 and L = 200. (a) Spin-spin correlations Czz
r and C⊥

r and string
correlations Cstring

r [Eqs. (8)–(10)] as a function of r. (b) Absolute value of the correlations Czz
r and C⊥

r in semilog plot: their behavior is
consistent with an exponential decay to zero.

−1.3981(1) (i.e., the relative error with respect to DMRG is
about 0.2%).

Remarkably, the Jastrow wave function is able to reproduce
the Haldane-phase physics, exhibiting nonvanishing string
order and exponentially decaying correlation functions.
To show this fact, we report the spin-spin correlation
functions,

Czz
r ≡ 1

L

∑
j

〈
Ŝz

j Ŝ
z
j+r

〉
, (8)

C⊥
r ≡ 1

2L

∑
j

〈(
Ŝx

j Ŝ
x
j+r + Ŝy

j Ŝ
y
j+r

)〉
, (9)

and the string correlations of the operator of Eq. (2),

Cstring
r = 1

L

∑
j

〈
Ôstring

j, j+r

〉
. (10)

Notice that, since the Jastrow wave function generically
breaks the spin SU(2) symmetry, the spin-spin correlations
along the z axis and in the x−y plane are different, even
though the discrepancy is small. The results for L = 200 are
reported in Fig. 2. Here, both Czz

r and C⊥
r are consistent with

an exponential decay with distance, while Cstring
r reaches a

constant value, hinting at the presence of string order.
Importantly, the optimized pseudopotential has a long-

range tail, which is crucial to reproduce the correct physical
behavior of the Haldane phase. In particular, the optimized
pseudopotential vq in Fourier space behaves as vq ≈ 1/q2 for
small q, see Fig. 3, where we report vq × q2 for various sizes
of the chain. The fact that a short-range Jastrow factor is not
suitable to describe the Haldane phase is clear by optimizing
vr only for distances r < rc (i.e., fixing vr = 0 for r � rc).
In Fig. 4, the results of the x−y spin-spin correlations are
reported for rc = 10 on L = 100, in comparison to the long-
range case with rc = 50. The former case clearly gives a finite
value of C⊥

r for r � rc. Furthermore, the string correlations

are suppressed, indicating that no string order is possible
whenever the Jastrow factor is not long range.

B. The large D/J limit

We now briefly discuss the regime where D/J � 1. It turns
out that the Jastrow wave function of Eq. (5) also correctly
describes this case. Here, the spin-spin correlations are still
exponentially decaying with the distance. However, in con-
trast to the Haldane phase, the string correlations are correctly
vanishing for large distance (not shown). Also in this case,
the Jastrow pseudopotential vr has a long-range tail, with
vq ≈ 1/q2 in the small-q limit (see Fig. 3), as in the Haldane
regime.

0.0 0.1 0.2 0.3 0.4 0.5 0.6
q
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×

v q

D=0: L=200

D=0: L=100

D=0: L=80

D/J=2: L=200

D/J=2: L=100

D/J=2: L=80

FIG. 3. The optimized Jastrow pseudopotential in Fourier space
vq multiplied by q2 as a function of q for the Heisenberg model with
D = 0 and D/J = 2 for different values of L. The results show that
vq ≈ 1/q2 for q → 0.

104417-4



JASTROW WAVE FUNCTION FOR THE SPIN-1 … PHYSICAL REVIEW B 108, 104417 (2023)

10−3

10−1

|C
⊥ r
| (a)

0 10 20 30 40 50
−0.5

0.0

0.5

C
st

ri
n
g

r

(b) rc = 10

rc = 50

FIG. 4. Correlation functions for the Jastrow factor with a cutoff
in the pseudopotential, i.e., vr = 0 for r > rc, compared to the ones
with no cutoff. (a) Spin-spin correlations |C⊥

r | of Eq. (9). (b) String
correlations Cstring

r of Eq. (10). The case with rc = 10 on L = 100
sites is shown for the Heisenberg model with D = 0.

The fact that the same kind of behavior in the Jastrow pseu-
dopotential may give rise to both topological (with finite string
order parameter) and trivial (with no string order parameter)
phases requires a deeper investigation, which is the subject of
the next subsection.

C. The classical Coulomb gas mapping

To gain some understanding from the Jastrow wave func-
tion, we start by noticing that quantum expectation values
over a given variational state can be directly interpreted as
thermal expectation values over classical probabilities. The
idea underlying the classical mapping is that any quantum
average of an operator Ô over a state |�〉 can be expressed
as a sum over the complete basis set |x〉,

〈Ô〉 =
∑

x

|〈x|�〉|2
〈�|�〉

〈x|Ô|�〉
〈x|�〉 =

∑
x

P(x)O(x), (11)

such that the wave function (squared) can be interpreted as a
classical Boltzmann weight P(x),

P(x) = 1

Z e−βE (x), (12)

where βE (x) = −2 ln |〈x|�〉| defines an effective classical
temperature T = 1/β and a classical energy E (x). The quan-
tum expectation value (at zero temperature) is then obtained
by averaging the appropriate observable O(x) over P(x).

In the present scenario, 〈x|�〉 is fully determined by the
Jastrow factor, since 〈x|�0〉 of Eq. (6) is constant (apart from
the Marshall sign, which is irrelevant because of the modulus
squared). The crucial point is that the fully optimized Jastrow
pseudopotential vi, j may be accurately approximated by using
only two parameters (β and μ),

vi, j = β

[
μδi, j − 1

2L

(
di, j − L

2

)2
]
, (13)

where di, j = min{|i − j|, L − |i − j|} is the distance between
two sites i and j. Therefore, the classical energy E (x) acquires
a particularly simple form in terms of {m1, . . . , mL} in the
configuration |x〉 (here, for simplicity, we drop the label x in
mj), namely, E (x) → E ({m1, . . . , mL}) with

E ({m1, . . . , mL}) = −μ
∑

j

m2
j + 1

2

∑
i, j

Ui, jmimj, (14)

This expression of the classical energy identifies a one-
dimensional lattice gas, where each site may be either empty
(mj = 0) or occupied by a unit charge mj = ±1. The interac-
tion potential between charges is given by

Ui, j = 1

L

(
di, j − L

2

)2

, (15)

while the constraint of vanishing total magnetization∑
j m j = 0 implies charge neutrality, which can be easily

enforced by adding a term �(
∑

j m j )2 to the classical energy
of Eq. (14), with � → ∞. This constraint can be enforced
by a shift in the interaction potential: Ui, j → Ui, j + �, whose
Fourier transform acquires a particularly simple form

Uq =
{ 1

2[sin(q/2)]2 for q �= 0,

L� + L2+2
12 for q = 0,

(16)

which indeed corresponds to a Coulomb-like potential. Thus,
the resulting model describes a classical Coulomb gas of
particles with charges q = ±1 in one spatial dimension.

The net consequence of this reasoning is that the quantum
expectation values can be rewritten in terms of a classical
model, whose partition function is

Z =
∑
{mj}

e−βE ({m1,...,mL}). (17)

The physical properties of this classical model are far from
being trivial and depend upon the values of the effective
temperature T = 1/β and of chemical potential μ, which
fixes the average number of charges mj = ±1. After some
straightforward but nontrivial algebra (see Appendix), the par-
tition function can be written in terms of an integral over a
continuous variable Q and the trace of a tridiagonal symmetric
matrix T (Q):

Z =
√

βL

π

∫ 1/2

−1/2
dQ Tr [T (Q)]L. (18)

The matrix T (Q) is defined by

Ts,s′ (Q) = t (Q, s, s′)[δs,s′ + eβμδs,s′+1 + eβμδs,s′−1],

where t (Q, s, s′) = e− β

2 [(Q+s)2+(Q+s′ )2].
As previously noted [see Eq. (11)], the quantum expecta-

tion value (at zero temperature) of an operator Ô is obtained
by averaging the appropriate observable O(x) over P(x). The
matrix elements O(x) can be easily handled if the correspond-
ing operator Ô is expressed in terms of the z component of
the local spins Ŝz

j . In this case, O(x) just becomes a func-
tion of the classical occupation numbers mj and the average
acquires a transparent meaning, like, for example, the case of
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the local density of charges 〈m2
j 〉. Following the same proce-

dure detailed in the Appendix, the average density is shown
to be given in terms of the above matrix T (Q) and another
matrix N(Q), with elements Ns,s′ (Q) = t (Q, s, s′)eβμ[δs,s′+1

+ δs,s′−1]:

〈m2
j 〉 =

∫ 1/2
−1/2 dQ Tr {N(Q)[T (Q)]L−1}∫ 1/2

−1/2 dQ Tr [T (Q)]L
. (19)

Formally, both T (Q) and N(Q) are infinite matrices (s
and s′ run from −∞ to +∞), but in the thermodynamic
limit, two simplifications occur: First, evaluating the trace
of [T (Q)]L in the basis of the eigenvectors of T (Q), only
the contribution of the eigenvector with the eigenvalue of
largest absolute value remains (this is true if the spectrum
of T (Q) is gapped, a condition that is easily checked nu-
merically); in addition, the integral over Q can be evaluated
by the steepest descent method and is dominated by the
values Q∗

σ maximizing the highest eigenvalue. Therefore, de-
noting the largest eigenvalue by κ0(Q) (satisfying the relation
T (Q)|u0〉 = κ0(Q)|u0〉), which is maximized by some values
Q∗

σ , the following expressions hold in the thermodynamic
limit:

lim
L→∞

lnZ
L

= ln

[∑
σ

κ0(Q∗
σ )

]
, (20)

lim
L→∞

〈
m2

j

〉 =
∑

σ 〈u0|N(Q∗
σ )|u0〉∑

σ κ0(Q∗
σ )

. (21)

Density-density correlations 〈mimj〉 or string correlations

〈mieiπ
∑ j−1

l=i+1 ml mj〉 can also be evaluated by relations analo-
gous to Eqs. (19) and (21).

An intuitive picture of the origin of topological order in the
one-dimensional Coulomb gas can be gained by noting that
the energy of two dipoles in the vacuum does not depend upon
the distance between them, being lower for aligned dipoles
(e.g., {0, 0,+,−, 0, 0,+,−, 0, 0} on L = 10) rather than an-
tialigned ones (e.g., {0, 0,+,−, 0, 0,−,+, 0, 0}). As a result,
there is a net dipole-dipole attraction, which favors the onset
of the string order, identified by the string-order parameter:
S = lim|i− j|→∞ 〈mieiπ

∑ j−1
l=i+1 ml mj〉.

The zero-temperature properties of the classical
Coulomb gas model are easily understood: For μ > 1/4,
the lowest-energy configurations are {+,−, . . . ,+,−}
and {−,+, . . . ,−,+}, which correspond to perfect
charge-density-wave (Ising antiferromagnetic) states in
the charge (spin) language. By contrast, for μ < 1/4 the state
{0, 0, . . . , 0, 0} has the lowest energy, corresponding to the
empty (nematic) state in the charge (spin) language. At finite
temperature, the charge-density-wave (antiferromagnetic)
order does not survive, instead a state with finite string order
emerges, signaling the presence of aligned dipoles in the
system. The phase diagram is shown in Fig. 5, displaying
two different phases. For μ > μ∗(T ), there is a (dense)
liquid of aligned dipoles, with finite string order; instead,
for μ < μ∗(T ) a diluted gas of disordered dipoles, with no
string order, stabilizes. In the same figure, we also report the
values of the optimal parameters β and μ of the variational
wave function with the simplified Jastrow pseudopotential of

−0.6 −0.4 −0.2 0.0 0.2 0.4 0.6

μ

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

T

−0.8

−0.6

−0.4

−0.2

0.0

FIG. 5. Phase diagram for the one-dimensional classical
Coulomb gas as a function of μ and T = 1/β for a system with size
L = 200. The color map represents the value of the string correlation
at the maximum distance; it is easy to recognize the two phases, only
the right one displaying string order. The points represented on top
of the plot show the optimal parameters β and μ for the variational
wave function with the simplified Jastrow pseudopotential, Eq. (13),
for a chain of L = 200 sites. The values of D/J span from 0 (violet)
to 3.4 (yellow). A red star marks the tricritical point where, in the
thermodynamic limit, the transition between the phases passes from
first order to second order.

Eq. (13), optimized for a chain of L = 200 sites and values
of D/J ranging from 0 to 3.4. From this picture, we clearly
observe the mechanism by which the Jastrow wave function
is able to represent both the nematic and topological phases
of the Heisenberg chain: while D/J varies, the optimized
parameters lead the variational wave function from one phase
of the classical model to the other.

The nature of the transition between the two phases may be
investigated directly in the thermodynamic limit by inspecting
the density and the string parameter. In Fig. 6, we show the
average density 〈m2

j 〉 and the string order S as a function of
μ for two different values of β. For low temperatures, there
is a jump in both the density and string order, indicating
that the transition between the dense and diluted phases is
first order. In contrast, at higher temperatures, both quantities
are continuous, the string-order parameter being zero on the
diluted region and finite in the dense one. In this case, a
second-order phase transition can be identified. The change
from first- to second-order nature is estimated at β ≈ 2.5, as
shown in Fig. 6.

D. The ground-state phase diagram of the Heisenberg model

In the previous subsections, we have shown how a simple
Jastrow wave function is able to capture the correct physical
content both in the topological (Haldane) and large-D (ne-
matic) phases, through a long-range pseudopotential vr . A
simple parametrization gives important insights on the origin
of the two phases, with and without string order. Still, the op-
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FIG. 6. Density 〈m2
j 〉 and string order S evaluated in the thermodynamic limit as functions of μ for two different values of β; in both

cases, the scale over which μ varies is very small. (a) For β = 2.4, the transition between the two phases is second order. (b) For β = 2.5, the
transition is first order.

timal form of vr deviates from the parametrization of Eq. (13).
From a quantitative point of view, an explicit nearest-neighbor
term is relevant to improve the variational energy, even well
inside the gapped regimes. In Table I, we report the results
obtained by using both the optimal Jastrow state and its sim-
plified version, given by the parametrization of Eq. (13).

Most importantly, the simple parametrization does not re-
produce the correct small-q behavior of the fully optimized
pseudopotential when the the transition between topological
and large-D phases is approached and the cluster size L is not
sufficiently large. Indeed, the transition point is expected to
be gapless with power-law correlations [17], which needs a
less singular Jastrow factor with vq ≈ 1/q for q → 0 [22,23].
On small clusters, this kind of pseudopotential is obtained by
a full optimization, thus broadening the critical point. Within
this intermediate regime, the spin-spin correlations in the x−y
plane C⊥

r show a slow power-law decay, while there are no ap-
preciable string correlations Cstring

r at large distances. In Fig. 7,
we report the results for C⊥

L/2 and Cstring
L/2 , for different sizes L

TABLE I. Total energies of the simplified (second column) and
optimized (third column) Jastrow functions for different values of
D/J . The simplified Jastrow pseudo-potential is given by Eq. (13).
The relative error is also reported in the fourth column, where 
E =
Eopt − Esimpl. The size of the cluster is L = 200.

D/J Esimpl/J Eopt/J 
E/Eopt

0.0 −272.11(8) −279.20(2) 3.64(3) %
0.3 −235.14(7) −241.36(7) 2.58(4) %
0.5 −212.2(1) −218.51(9) 2.89(6) %
0.8 −181.08(8) −188.87(2) 4.12(4) %
1.0 −163.96(7) −170.89(1) 4.06(4) %
1.5 −130.30(7) −132.77(3) 1.86(5) %
2.0 −105.04(4) −105.99(3) 0.90(5) %
2.5 −86.39(3) −86.76(3) 0.43(5) %
3.0 −72.63(2) −72.78(2) 0.21(5) %

and values of D/J . Well inside the stable phases, the situa-
tion is clear: the Haldane phase has finite Cstring

L/2 , while C⊥
L/2

vanishes. Instead, for large values of D/J , the nematic phase
settles down, where all correlations vanish. In the vicinity of
the transition point, for small clusters the in-plane correlations
C⊥

L/2 are remarkably enhanced. Still, this is a finite-size effect,
which disappears when L becomes sufficiently large. Indeed,
by increasing the cluster size L, the string-order parameter
becomes progressively finite when approaching the transition,
while C⊥

L/2 → 0, see Fig. 7. To better quantify this fact, we
report in Fig. 8 the area A below the curve C⊥

L/2 in the
intermediate phase against 1/L: this area clearly shrinks to
zero in the thermodynamic limit. We mention that a similar
effect, with a broadening of the critical behavior is also seen in
recent DMRG calculations [31], suggesting that exceedingly

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
D/J
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C⊥
L/2 : L = 300

C⊥
L/2 : L = 600

C⊥
L/2 : L = 1200

HALDANE GAPLESS TRIVIAL

FIG. 7. Order parameters for the Heisenberg chain with single-
ion anisotropy D/J , for different sizes L.
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FIG. 8. Area A enclosed by the curve C⊥
L/2 for different sizes L

plotted against 1/L. The biggest size we consider is L = 1200 and
the area is computed from the curve C⊥

L/2 sampled on a grid of D
points with spacing 0.1J: the area goes to zero in the thermodynamic
limit.

large clusters are needed to detect the direct transition between
topological and large-D phases.

IV. CONCLUSIONS

In conclusion, we numerically demonstrated that, despite
its apparent simple form, the (two-body) Jastrow wave func-
tion is able to represent the Haldane phase and describe
correctly the phase diagram of a Heisenberg chain with single-
ion anisotropy. Therefore, this simple Ansatz can reproduce
a rich and nontrivial physics, with the advantage of its com-
pactness (it contains only L/2 parameters) and its direct phys-
ical interpretation. Furthermore, the Jastrow pseudopotential
assumes a remarkably simple form, which can be fitted by
using a two-parameter function, with an on-site term and a
long-range tail. This approximation gives a straightforward
interpretation thanks to a mapping between the quantum ex-
pectation values over the variational state and a classical
partition function. The phase diagram of the latter shows two
phases at low temperatures (relevant for the optimized Jas-
trow pseudopotential): one diluted gas of disordered dipoles
(corresponding to the nematic phase of the Heisenberg model
with large values of D/J) and one denser liquid of ordered
dipoles (corresponding to the Haldane phase). Overall, this
paper further highlights the (often overlooked) merits of the
Jastrow wave function, which features an optimal balance
between accuracy and simplicity also in challenging many-
body models.
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APPENDIX: DETAILS FOR THE CLASSICAL
PARTITION FUNCTION

Here we provide the formal derivation of the classical
partition function given in Eq. (18).

Given a positive definite L × L matrix A and a
L-dimensional vector m, the basic identity (Hubbard-
Stratonovich transformation) is

∫ ∞

−∞

∏
j

dφ j exp

⎧⎨
⎩−

∑
j,k

φ jA j,kφk + i
∑

j

m jφ j

⎫⎬
⎭

=
√

πL

det A
exp

⎧⎨
⎩−1

4

∑
j,k

mj (A
−1) j,kmk

⎫⎬
⎭. (A1)

Then, by taking

(A−1) j,k = 2β

L

[(
d j,k − L

2

)2

+ �L

]
, (A2)

the partition function is written as

Z =
√

det A
πL

∫ ∞

−∞

∏
j

dφ j exp

⎧⎨
⎩−

∑
j,k

φ jA j,kφk

⎫⎬
⎭

×
∏

j

∑
m=−1,0,+1

eβμm2+imφ j , (A3)

where the matrix A can be easily found because it is diagonal-
ized by Fourier transform,

Aj,k = 1

2β

[
1

L

(
�L + L2 + 2

12

)−1

+ δ j,k

− 1

2
(δ j,k+1 + δ j,k−1)

]
, (A4)

whose determinant is

det A = 2L2

U0(4β )L
, (A5)

where U0 = �L + L2+2
12 , see Eq. (16). Then, we define

� = 1

2βLU0
, (A6)

such that det A/� = L3/(4β )L−1.
The summation over m in Eq. (A3) can be easily done.

Then, by inserting the identity
∫ ∞
−∞ dxδ(

∑
j φ j − x) = 1 and

using the integral representation of the δ-function δ(t ) =∫ ∞
−∞

dω
2π

eiωt , we get

Z =
√

L3

(4πβ )L−1

∫ ∞

−∞

dω

2π
e− ω2

4� F (ω), (A7)

where

F (ω) =
∫ ∞

−∞

∏
j

dφ j exp

⎧⎨
⎩− 1

4β

∑
j

(φ j − φ j−1)2

⎫⎬
⎭

×
∏

j

eiωφ j [1 + 2eβμ cos φ j]. (A8)
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Now, the parameter � appears only through � ruling the
amplitude of the Gaussian term in Eq. (A7). Charge neutrality
is enforced when � → ∞, i.e., for � → 0. The function F (ω)
must have a δ(ω) contribution for the partition function to
attain a finite limit: If F (ω) ≈ F0 δ(ω) for small ω, the par-
tition function becomes proportional to the amplitude F0.
Therefore, our main task is the evaluation of the small ω

behavior of F (ω).
The partition function can be written in a more symmetric

way by defining the operator [32]:

Kω(x, x′) = 1√
πβ

∫ ∞

−∞
dy e− (x−y)2

2β eiωy

× [1 + 2eβμ cos y]e− (y−x′ )2

2β . (A9)

It is easy to check that F (ω) is just the trace of the product of
L of these integral operators,

F (ω) =
∫

dφ1 . . . dφL Kω(φ1, φ2) Kω(φ2, φ3) . . . Kω(φL, φ1),

(A10)

which can be also written as

F (ω) =
∫

dφ1 dφ′
1 . . . dφL dφ′

L Kω(φ1, φ
′
1)

× δ(φ′
1 − φ2) Kω(φ2, φ

′
2) δ(φ′

2 − φ3) . . . Kω

× (φL, φ′
L )δ(φ′

L − φ1). (A11)

By using the integral representation of the δ function

δ(φ′ − φ) =
∫ ∞

−∞

dq

2π
eiq(φ′−φ), (A12)

the integrals over φ and φ′ can now be performed with the
result

Kω(p, q) =
∫

dφ dφ′ e−ipφ+iqφ′
Kω(φ, φ′)

= 4π
√

πβ e− β

2 (q2+p2 ) [δ(q − p + ω) + eβμδ

× (q − p + ω + 1) + eβμδ(q − p + ω − 1)].

(A13)

In terms of this quantity:

F (ω) =
∫

dq1

2π
. . .

dqL

2π
Kω(q1, q2) . . . Kω(qL, q1). (A14)

Due to the specific form of Kω(p, q) [see Eq. (A13)], for each
choice of q1 there is a unique choice of q2 up to qL and only the
integral over q1 survives. Fixing an arbitrary value of q1, the δ

functions present in Kω(q1, q2) force q2 = q1 − ω + n2 with
n2 = 0,±1. Then q3 = q1 − 2ω + n3 with n3 − n2 = 0,±1
and so on. Then all q j have the form q1 − ( j − 1)ω + nj and
the last term Kω(qL, q1) then gives q1 = qL − ω + (nL+1 −
nL ), i.e., q1 = q1 − Lω + nL+1, meaning that nL+1 = 0 and
the function F (ω) is proportional to a δ(Lω). Setting q1 =
Q + n1 with n1 an arbitrary integer and |Q| < 1

2 , the integral
over q1 splits into an integral over Q and a sum over n1, while
the condition nL+1 = 0 implies that F (ω) is equal to

F (ω) =
√

(4πβ )L δ(ωL)
∫ 1

2

− 1
2

dQ Tr [T (Q)]L, (A15)

which, inserted in Eq. (A7), gives the final expression in
Eq. (18).

[1] F. Becca and S. Sorella, Quantum Monte Carlo Approaches for
Correlated Systems (Cambridge University Press, Cambridge,
2017).

[2] F. Verstraete and J. I. Cirac, arXiv:cond-mat/0407066.
[3] D. Perez-Garcia, F. Verstraete, M. M. Wolf, and J. I. Cirac,

Quantum Inf. Comput. 7, 401 (2007).
[4] R. Orús, Nat. Rev. Phys. 1, 538 (2019).
[5] G. Carleo and M. Troyer, Science 355, 602 (2017).
[6] G. Torlai, G. Mazzola, J. Carrasquilla, M. Troyer, R. Melko,

and G. Carleo, Nat. Phys. 14, 447 (2018).
[7] R. Jastrow, Phys. Rev. 98, 1479 (1955).
[8] W. L. McMillan, Phys. Rev. 138, A442 (1965).
[9] Y. Nomura and M. Imada, Phys. Rev. X 11, 031034

(2021).
[10] N. Astrakhantsev, T. Westerhout, A. Tiwari, K. Choo, A. Chen,

M. H. Fischer, G. Carleo, and T. Neupert, Phys. Rev. X 11,
041021 (2021).

[11] F. D. M. Haldane, Phys. Lett. A 93, 464 (1983).
[12] I. Affleck, T. Kennedy, E. H. Lieb, and H. Tasaki, Phys. Rev.

Lett. 59, 799 (1987).
[13] T. Kennedy and H. Tasaki, Phys. Rev. B 45, 304 (1992).
[14] F. Pollmann, A. M. Turner, E. Berg, and M. Oshikawa, Phys.

Rev. B 81, 064439 (2010).
[15] M. den Nijs and K. Rommelse, Phys. Rev. B 40, 4709

(1989).
[16] W. Chen, K. Hida, and B. C. Sanctuary, Phys. Rev. B 67,

104401 (2003).

[17] S. Hu, B. Normand, X. Wang, and L. Yu, Phys. Rev. B 84,
220402(R) (2011).

[18] A. Langari, F. Pollmann, and M. Siahatgar, J. Phys.: Condens.
Matter 25, 406002 (2013).

[19] A. F. Albuquerque, C. J. Hamer, and J. Oitmaa, Phys. Rev. B
79, 054412 (2009).

[20] J.-H. Huang, G.-M. Zhang, and D.-X. Yao, Phys. Rev. B 103,
024403 (2021).

[21] Z.-X. Liu, Y. Zhou, H.-H. Tu, X.-G. Wen, and T.-K. Ng, Phys.
Rev. B 85, 195144 (2012).

[22] M. Capello, F. Becca, M. Fabrizio, S. Sorella, and E. Tosatti,
Phys. Rev. Lett. 94, 026406 (2005).

[23] M. Capello, F. Becca, M. Fabrizio, and S. Sorella, Phys. Rev.
Lett. 99, 056402 (2007).

[24] D. P. Arovas, A. Auerbach, and F. D. M. Haldane, Phys. Rev.
Lett. 60, 531 (1988).

[25] R. B. Laughlin, Phys. Rev. Lett. 50, 1395 (1983).
[26] E. Manousakis, Rev. Mod. Phys. 63, 1 (1991).
[27] M. Capello, F. Becca, S. Yunoki, and S. Sorella, Phys. Rev. B

73, 245116 (2006).
[28] W. Marshall, Proc. R. Soc. Lond. A 232, 48 (1955).
[29] S. Sorella, Phys. Rev. B 71, 241103(R) (2005).
[30] S. R. White and D. A. Huse, Phys. Rev. B 48, 3844 (1993).
[31] J. Lambert and E. S. Sørensen, Phys. Rev. B 107, 174427

(2023).
[32] V. Démery, D. S. Dean, T. C. Hammant, R. R. Horgan, and R.

Podgornik, J. Chem. Phys. 137, 064901 (2012).

104417-9

http://arxiv.org/abs/arXiv:cond-mat/0407066
https://doi.org/10.1038/s42254-019-0086-7
https://doi.org/10.1126/science.aag2302
https://doi.org/10.1038/s41567-018-0048-5
https://doi.org/10.1103/PhysRev.98.1479
https://doi.org/10.1103/PhysRev.138.A442
https://doi.org/10.1103/PhysRevX.11.031034
https://doi.org/10.1103/PhysRevX.11.041021
https://doi.org/10.1016/0375-9601(83)90631-X
https://doi.org/10.1103/PhysRevLett.59.799
https://doi.org/10.1103/PhysRevB.45.304
https://doi.org/10.1103/PhysRevB.81.064439
https://doi.org/10.1103/PhysRevB.40.4709
https://doi.org/10.1103/PhysRevB.67.104401
https://doi.org/10.1103/PhysRevB.84.220402
https://doi.org/10.1088/0953-8984/25/40/406002
https://doi.org/10.1103/PhysRevB.79.054412
https://doi.org/10.1103/PhysRevB.103.024403
https://doi.org/10.1103/PhysRevB.85.195144
https://doi.org/10.1103/PhysRevLett.94.026406
https://doi.org/10.1103/PhysRevLett.99.056402
https://doi.org/10.1103/PhysRevLett.60.531
https://doi.org/10.1103/PhysRevLett.50.1395
https://doi.org/10.1103/RevModPhys.63.1
https://doi.org/10.1103/PhysRevB.73.245116
https://doi.org/10.1098/rspa.1955.0200
https://doi.org/10.1103/PhysRevB.71.241103
https://doi.org/10.1103/PhysRevB.48.3844
https://doi.org/10.1103/PhysRevB.107.174427
https://doi.org/10.1063/1.4740233

