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Quantum many-body scars in spin-1 Kitaev chain with uniaxial single-ion anisotropy
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To establish a solid-state-based framework for the coexistence of quantum many-body scars and quantum
criticality, we investigate the spin-1 Kitaev chain with uniaxial single-ion anisotropy (SIA). In the subspace with
uniform Z, gauge fields, this model can be exactly mapped to the spin-1/2 effective detuned PXP Hamiltonian,
where the SIA plays a role of the static detuning term. The quench dynamics starting from the product states is
symmetric between positive and negative values of the SIA, while a quantum phase transition from the Kitaev
spin liquid to the dimer phase only occurs at the critical point with a negative D, implying the spontaneous
breaking of the translational symmetry. We find that the coherent oscillations of quantum fidelity and certain
local observables are sustained against small SIA perturbations in a quantum quench from special initial states.
While the oscillation amplitudes of these observables decay with time as the SIA strength is increased, the system
completely thermalizes upon approaching the critical point. In contrast, the initial polarized state, which shows an
absence of revivals of quantum fidelity, will exhibit long revivals for D < D,. Finally, we investigate the evolution
of phase boundaries of the Kitaev spin liquid and dimer phase by introducing Heisenberg interactions, which
spoil the Z, gauge fields. A complete phase diagram is given by the infinite time-evolving block decimation
method and the ground-state properties of each phase are accurately captured by various spin correlations. Our
paper opens the door to understanding exotic connections between many-body scars and quantum criticality in

systems with higher spins.
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I. INTRODUCTION

In the past decade, there has been significant progress in
understanding out-of-equilibrium dynamics of isolated quan-
tum systems [1]. The eigenstate thermalization hypothesis
(ETH) [2-7] has been regarded as a cornerstone of contempo-
rary statistical mechanics, which states that in a thermalizing
system, the expectation value of a generic local observable
in individual eigenstates should be equivalent to its micro-
canonical average. Despite the significant success of ETH
in explaining thermalization of chaotic systems, instances of
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ergodicity breaking are continually being discovered. The in-
tegrable systems [8—13] and many-body localization [14-20]
are the most noteworthy exceptions. The strong ergodicity
breaking phenomena in counterexamples, where most of the
eigenstates violate the ETH, can be ascribed to the presence of
conserved quantities [21]. In an integrable system, the number
of conserved quantities is equal to the number of degrees
of freedom [22]. On the other hand, many-body localization
occurring in systems where disorder and interactions pre-
vent the system from thermalizing can also be described by
the emergence of an extensive set of quasilocal integrals of
motions [23]. Recently, a Rydberg-atom quantum simulator
[24] revealed the emergence of another type of ETH-violating
eigenstates in certain nonintegrable quantum many-body
systems, dubbed quantum many-body scar (QMBS) states
[25-35]. Some specific low-entanglement states in a many-
body quantum system are exceptional in that they violate the
ETH and can retain quantum coherence for long times, even
when the system is chaotic and thermalizing [36].

To be specific, the number of QMBSs is exponentially
smaller than the Hilbert space dimension. The discovery
of QMBSs has opened a paradigm for studying unusual

Published by the American Physical Society


https://orcid.org/0009-0009-1236-493X
https://orcid.org/0000-0001-5511-2040
https://orcid.org/0000-0002-9162-0154
https://orcid.org/0000-0002-2270-9876
https://orcid.org/0000-0003-0616-3460
https://orcid.org/0000-0002-8954-3233
https://orcid.org/0000-0003-1388-3861
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.108.104411&domain=pdf&date_stamp=2023-09-13
https://doi.org/10.1103/PhysRevB.108.104411
https://creativecommons.org/licenses/by/4.0/

WEN-YI ZHANG et al.

PHYSICAL REVIEW B 108, 104411 (2023)

nonequilibrium phenomena including many-body revivals and
nonthermal stationary states [37,38]. Soon after, the scarred
states were observed in a variety of physical systems, in-
cluding inter alia, interacting spin chains [39,40], cold atom
systems [41-43], superconducting qubits [44,45], etc. In par-
allel with exciting experimental advances, theoretical studies
have shown that QMBSs are not related to the usual symme-
tries [46]. Known systems that host QMBS states also include
the Affleck-Kennedy-Lieb-Tasaki model [47,48], the spin-1
XY model [49], and the generalized Fermi-Hubbard model
[50]. The associated weak ergodicity breaking not only chal-
lenges the validity of ETH but also poses a different scenario
of nonthermal dynamics.

Later, it was pointed out theoretically that the Rydberg
experiment can be described by the one-dimensional (1D)
chain of spin-1/2 degrees of freedom [51-56], where the
spin-up state |1) corresponds to a Rydberg atom occupy-
ing an excited state and the spin-down state |0) denotes an
atom in the ground state. Such a spin-1/2 spin chain, known
as the PXP Hamiltonian and resulting from the first-order
Schrieffer-Wolff transformation applied to a tilted Ising chain,
is described by

N
Hpxp = ZPi—IXiPi+la (D

i=1

where N is the number of sites, X = |0)(1| 4+ [1)(0] and
P = 0)(0] is the projector onto the ground state, ensuring that
the nearby atoms are not simultaneously in the excited state.

Such a Rydberg blockade-induced kinetic constraint is re-
sponsible for the atypical dynamics of QMBS states. When
the system is initialized at time # = 0 in the product state
[V (0)) = |Zi) (k =1, 2,3,4), namely,

1Z1) = [0000---00), |Z,)=]010101---01),

2)
1Z3) = 001001 - - - 001),

|Z.4) = 00010001 - - - 0001),

the system then follows the evolution governed by the PXP
Hamiltonian, |y (1)) = exp(—iHpxpt )| (0)). It was noted that
the quantum quench from either |Z,) or |Z3) exhibits periodic
revivals in the quantum fidelity,

F@) = [y O)ly0)1, 3

while |Z;) or |Z4) thermalize under time evolution. The
observed oscillations and apparent nonergodic dynamics
are due to the existence of equal spacing of the QMBS
eigenstates [57].

Considering the experimental realization and the impor-
tant role of the emergence of QMBS in the PXP model, the
intensive study of the PXP model has been the subject of
a separate thread of investigation of much current interest
[58-62]. In fact, this effective model has a long history dating
at least as far back as an effective Hamiltonian for the tilted
Bose-Hubbard model [63]. The PXP model has been studied
in various other contexts, including Fibonacci anyon chains
[64-66], Ising models on dimer ladders [67,68], U(1) lattice
gauge theory in its quantum link [69-72], dipole-conserving
Hamiltonians [73], the quantum Hall effect on a thin torus
at filling v = 1/3 [74], etc. Meanwhile, the PXP model was
extended to Floquet Hamiltonians [75], higher spins [76], and

higher dimensions [77]. The PXP model can be deduced from
the biaxial Ising model with both transverse and longitudinal
fields at zero detuning [78] and the Bose-Hubbard model at
resonance [79]. It was also claimed that there is an intimate
relation between QMBS and quantum criticality [80] or quan-
tum integrability [81].

Remarkably, the 1D PXP chain is shown to be embedded
in the spin-1 Kitaev model [82,83], highlighting a solid-
state-based realization of the PXP model. The celebrated
Kitaev model is renowned as a prototype model of quantum
spin liquid (QSL), which hosts massive long-range entan-
glement and fractional quasiparticles from localized spins
described by bosonic/fermionic spinons and Z, gauge fields
[84]. Solid-state material realizations of the bond-dependent
Kitaev interactions with S = 1/2 local moments have vital-
ized the research in QSLs [85,86], where strong spin-orbit
coupling in a strongly correlated Mott insulator plays an
essential role. 4d and 5d transition-metal compounds are pro-
posed to be candidate materials, such as the triangular lattice
YbMgGaOy, [87], 1T-TaSe, [88], and NaYbS, [89]; kagome
lattice ZnCu3(OH)6Cl, [90] and Naylr;Og [91]; honeycomb
lattice @-RuCls [92], H3Lilr,Og [93], CuyIrO; [94], RuBr3
[95], and BaCo;,(AsOy4), [96]; pyrochlore lattice Ce;Zr, Oy
[97] and BazYb,Zns04; [98]. After the groundbreaking pro-
posal for realizing the higher-spin analogs of the Kitaev
interactions [99], a number of materials with strong Hund’s
coupling among two electrons in e, orbitals of transition metal
ions and strong spin-orbit coupling of anions have emerged
as potential candidates for the S = 1 Kitaev model. Recently
the importance of studying the higher-spin Kitaev physics has
attracted a lot of attention.

Both experimental and numerical analyses have been in-
dispensably carried out to explore the higher-spin Kitaev
physics, such as § =1 [100-105], S = 3/2 [106-108], and
even § = 2 systems [109]. It is noteworthy that non-Kitaev
interactions widely exist in candidate materials, which is a
chief obstacle of keeping the system away from the pure
Kitaev limit. The ferromagnetic Heisenberg interactions are
generated from superexchange paths together with Kitaev in-
teractions, in parallel with the antiferromagnetic Heisenberg
term from direct-exchange paths.

For Mott insulators with two or more atoms per site,
the direct on-site interactions can give rise to a nonlinear
term ocDZj(Sj)2 for S > 1, where D is the so-called
uniaxial single-ion anisotropy (SIA) constant. Recently,
theoretical [110-112] and experimental [113] studies on the
Kitaev model with additional SIA have attracted increasing
attention. In this paper, we will show that the static detuning
in the PXP model, which describes the static frequency
difference between the ground and excited states, can be
mimicked by the additional SIA in the spin-1 Kitaev model,
which normally stems from zero-field splitting due to a
crystal-field anisotropy. Upon varying the strength of the SIA,
a corresponding second-order phase transition will occur with
a translational symmetry breaking. A comprehensive study
of the phase diagram has been conducted by incorporating
significant Heisenberg interactions. In the numerical calcu-
lation, we employ the exact diagonalization (ED) method,
the time-evolving a matrix product state (MPS) with matrix
product operators (MPOs) [114] based on ITensor [115]
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and the infinite time-evolving block decimation (iTEBD)
algorithm [116].

The remainder of this paper is organized as follows: In
Sec. II, we present the spin-1 Kitaev model with SIA (the
KD model) and deduce the effective spin-1/2 detuned PXP
model in the ground-state manifold. The QMBSs in the spin-1
KD model are studied in detail. In Sec. III, we investigate the
quantum criticality in the KD model and find the characteris-
tics of the dimer phase. Under the cooperative effects of the
SIA and Heisenberg interactions (the KHD model), we reveal
the rich quantum phase diagram of KHD model in Sec. IV.
The summary and conclusion are given in Sec. V.

II. SPIN-1 KITAEV CHAIN WITH UNIAXIAL
SINGLE-ION ANISOTROPY

In this paper, we consider a spin-1 Hamiltonian composed
of the Kitaev interaction and SIA, given by

NJ2 N
Hyp = Z (sz_ngj_lS + KZ}S%]S;JJH) ZDJ(S§)2,
j=1 =
“4)

where K; parameterizes the strength of the bond-dependent
Kitaev exchange coupling between two neighboring sites
(j, j+1), and D; denotes the amplitude of the SIA at the jth
site. S (a = x, y, 2) is the a component of the spin-1 operator
at the jth site among total NV sites, obeying the SU(2) algebra,
ie., [S¢, Sj?] =ié; jeachj, with the antisymmetric tensor €,
and (S;)> =SS+ 1)=2.
We will work with a special spin-1 representation, i.e.,

1 i
[x) = —=(=1) = 1)), |y) = —=(-1)+[1)),
V2 V2
lz) = 10}, Q)
where |m) is the eigenstate of the spin operator S° with
eigenvalues m = —1, 0, 1. In such a representation, we have

Sp. = —i€apc, and {S*, §¥, §%} are given by
0 0 O 0 0 i 0 —i O
0 0 —i|,|0 O O],|i O Of. (6
0 i O —i 0 0 0 0 O

The corresponding site parity matrices are defined as

T4 = emSi =1 - 2(84)* and become diagonal:
1 0 0 -1 0 O —1 0 O
0 -1 0 0 1 0 0 -1 0

0 0 -1 0 0 -1 0 0 1
(N

It has been revealed that different Ising interactions on odd
and even bonds in Eq. (4) can be rewritten into a similar form
through a unitary transformation on the even sites [83,117],

that the order of rotations about x and z axes in Eq. (8)
is essential as they do not commute. After the unitary
transformation, the Kitaev exchange couplings in Eq. (4) take
a translation-invariant form'

HK_ZKS] - )

It is easy to see that the SIA term remains in its original form
and the Hamiltonian Eq (4) can be rewritten:

Axp = Z K;StS),, +D;(5%)". (10)
Note that the sign of the Kitaev interactions is still under de-
bate with conflicting results from theoretical and experimental
studies [118,119]. Hereafter, the uniform couplings with
K;=1 and D; =D (Vj) are assumed unless otherwise
specified.

Under the rotation Eq. (8), the local bond parity operators
are defined by

Wy =303t (11)

One can readily find that Wj is invariant by inspecting
[Wj, Hxp]l = 0. As the eigenvalues of E;? in Egs. (7) are £1,
the eigenvalues of Wj are related to Z,-valued invariants, i.e.,
w; = £1. It is straightforward to deduce from Eq. (7) that
for a pair of nearest-neighbor sites (j, j+1), total 3x3 =9
allowed states can be distinguished into the w; =1 sector
spanned by |xy), |xz), |yx), |zy), |zz), and the w; = —1 sector
spanned by |xx), |yy), |yz), |zx). Hence, the whole Hilbert
space H can be decomposed into 2V dynamically discon-
nected Krylov subspaces of unequal sizes characterized by
w = {wy, w,, ..., wy}as

2
H=PK.. (12)

The Krylov subspace /C, is spanned by
{K:n}ESpan{“bn)v ﬁKDan)s I:IéD"[/}’I)""}v (13)

where |,) is the so-called root state, which is a product state
having explicit Z, symmetries.

We have identified the ground state of the spin-1 Kitaev
chain lies within the flux-free sector, i.e., w = {1, 1,..., 1}
[82]. In such a constrained Hilbert space, there is one-to-one
mapping between base configurations {Ks_,} of Eq. (9) within
the flux-free sector and the configurations {Ks—;/2} of Eq. (1)
with nearest neighbor exclusion. The rule for constructing the
mapping is simple. The one-to-one mapping between the five
allowed two-site configurations for a pair of nearest-neighbor
sites (j, j+1) and spin-1/2 degree of freedom for the bond
center j + 1/2 is given by [120]

which gives US3 U"
—ng, as well as Ulx) =

U = l_[exp mSzJ) exp( Szj) 8)

=8, US,U"
v), Uly) =

=53 and UngUT =
|x), Ul|z) = —|z). Note
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FIG. 1. The Hilbert space graph of the Kitaev Hamiltonian in
Eq. (9) within the w=(1,1,1,1, 1,1} subspace for N = 6 sites
with periodic boundary conditions. The nodes of the graph |m)
(m=20,1,2,...,17) label the allowed product states, and the edges
connect product state configurations that differ by an excitation
|--+zz+-+) <> |---yx---) due to the action of the Hamiltonian.

It is worth noting that the prime lattice of the spin-1 Kitaev
chain is defined on sites {j}, while the dual lattice of the spin-
1/2 PXP model lives on the linking bonds at sites {j + 1/2}.
This mapping from sites to bonds includes links to the two
surrounding sites and vice versa, which becomes subtle for
open boundary conditions. As an example, the four product
states given by Eqs. (2) can be mapped to the following states
in {Ks=1}:

~

|Z\) = |zzz2---22), |Zo) = |xyxyxy - - - xy),

\Z3) = lyxzyxz---yxz),  |ZLs) = |yxzzyxzz---yxzz). (15)

The_simplest root configuration in {Ks—1} is the product
state |Z), which is the ground state in the D — oo limit,
and the Hilbert space of this sector can be constructed by
successively applying the Hamiltonian on this root state, i.e.:

{Ks=i} = Span{|Zy), Ax|Z,), B2\ Z1),---}.  (16)

The corresponding dimension d of the flux-free sector is
proven to be a Lucas number [83], i.e., d = Fy—1 + Fy+1,
where F; is the fth Fibonacci number. More precisely,
d=g"+g™", with g= (14 +/5)/2 being the golden ra-
tio. This exponentially large subspace belongs to the largest
Krylov subspace among the exponential number of Krylov
subspaces, implying strong fragmentation of the Hilbert
space. The graphical representation of the constrained Hilbert
space inthe w={1, 1, ..., 1} subspace is schematically shown
in Fig. 1 for N = 6. The vertices in the 18-dimensional hy-
percube are uniquely labeled by the connected configurations
Egs. (16), which have been arranged by the action of the
Kitaev Hamiltonian Hy on the product state | - - - zzzz - - - ).
The process of bond converting |---zz---)jjr1 <
|---yx---) 1 under the action of Hg corresponds to the
spin flip [-+-0---)jp1p <[+ 1) jp12 in {Ks=12}. In
this regard, the spin-1 Kitaev chain with periodic boundary
conditions can be exactly mapped to the a single qubit-flip
model represented by the effective spin-1/2 PXP model in
Eq. (1). Remarkably, we find the ground state remains in the
flux-free sector even in the presence of the SIA. The action of

FIG. 2. Characteristic quantum features of the spin-1 KD model
and the spin-1/2 detuned PXP model with D = 0.1. Quantum fidelity
F (1) for Hxp in Eq. (10) [Hapxp in Eq. (18)] starting from the initial

states: (a) |Z») (|Z,)) with N = 18 and (b) |Z5) (|Z3)) with N = 18

the SIA term on the active bases yields

D[(S5)" + (85,1) ]Iy
D[(S§)2 + (S§+1) Jl-ozz-- )41 =0, (17)

which results in an effective detuning term on the spin-1/2
degrees of freedom, such that the effective Hamiltonian can
be mapped to the spin-1/2 detuned PXP model,

“)jj+1 =2D[ e yx )t

N N
Awpxp =Y P1XiPiy1 +2D Y PoaniPyy,  (18)

i=1 i=1

wheren = 1 — P = |1)(1]. Note that in both Egs. (1) and (18),
i labels the bonds between sites, while the index j labels the
sites in Eq. (10). The detailed derivation of Eq. (18) can be
found in Appendix A.

The detuning term is commonly prevalent in practical ex-
periments. The static detuning (also called chemical potential
[121]) of the driving laser from the excited state can be
finely tuned in cold-atom platforms. It has been noted that
quantum quench from initial states |Z,) or |Z3> results in co-
herent oscillations, indicating the existence of ETH-violating
QMBS:s. In our ED simulation [122], the time-evolved opera-
tor exp(—iHt) governed by either Hyp as defined in Eq. (10)
or Hapxp as given in Eq. (18) is discretized using time steps
of dt =0.01, and the time-evolved state |y (¢)) is subse-
quently computed using the fourth-order Runge-Kutta method
within the corresponding constraint Hilbert space. Figure 2
demonstrates these oscillations in the dynamics of the quan-
tum fidelity for D = 0.1. The periodic revivals for the spin-1
KD model Eq. (10) starting from the |Z,), |Z3) initial states
completely coincide with the ones observed for the spin-1/2
detuned PXP model, which starts from the corresponding
|Z,), |Z3) initial states.
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FIG. 3. (a) The contour map of time evolution of (O) defined
in Eg. (19) of Hyp Eq. (10) in a system of N = 28 spms prepared
in |Z,) obtained by ED. (b) The time evolution of (O) for different
values of D. The curves correspond to D = 0.0, —0.1, —0.2, —0.3,
—0.4, —0.5, —0.655 (from bottom to top att = 5). The dashed lines
are fits capturing the amplitude decay. Inset shows inverse lifetime
of (O(t)) envelop with increasing D?. We extract the decay time by
fitting the data to the scaling ansatz (O(t)) = Ae™"/" cos wt (see main
text).

Recent studies have signified an intimate relation between
QMBS and quantum criticality [80,81]. As D is tuned to
D, ~ —0.655, the ground state of the detuned PXP model
undergoes an Ising phase transition associated with a spon-
taneous breaking of Z, symmetry [123—-126]. The nonther-
malizing dynamics can also be captured by measuring the
expectation values of certain local observables [127], e.g.:

(0) = 1S + (7). (19)

Under the dual transformation Egs. (14), the correlator (0)
of the KD model in Eq. (10) is found to be equivalent to the
density imbalance, (n,) — (n;), an observable corresponding
to the staggered magnetization in the detuned PXP model in
Eq. (18). Performing a quantum quench from an initial state

" ——D=0.0 --- D=-0.655 ——D=-1.5
............. =-0.4 --=---D=-0.9

t
1 ‘ : ‘
(b) + D=-04 - D=0655 <{ D=-09
0.8F X D=-0.5 0O D=-0.8

0 0.02 0.04 0.06 0.08
1/N

FIG. 4. The dynamic evolution of the spin-1/2 detuned PXP
model starting from the initial state |Z,): (a) The quantum fidelity
F(t) with respect to different D for N = 28. (b) Finite-size scaling
of F(¢) for the first peak in (a).

|Zz) leads to nearly perfect coherent dynamics. The coherence
oscillations persist for long times for D = 0, as shown in
Fig. 3. Note that the values of F () and (O) are independent of
the sign of D when the system starts from the product states,
|Zy) (see details in Appendix B).

As exhibited in Fig. 3(a), these oscillations are found to be
remarkably robust to small SIA perturbations, while moder-
ate perturbations make the oscillations dampen sharply until
D reaches a threshold value. One carefully observes from
Fig. 3(b) that the oscillations remain strong for deviations up
to D & +D,, and there is barely oscillation at D = D,, upon
which the thermalization completely sets in. Suppose that the
envelope of (O) can be described by exponentially decay-
ing oscillations, (O(r)) = Ae™"/™ cos wt over time ¢, with the
fitting parameters A, t, and w. We observe that the inverse life-
time approximately follows 7~! ~ D? at small D, reminiscent
of Fermi’s golden rule [128]. Additionally, it is worth noting
that the decay rate of oscillations =" at D = 0 remains small
but finite, suggesting that the |Z,) initial state only approxi-
mates the near-perfect scar states in the standard PXP model.
The fact that the quantum critical point D, is negative and
there is no quantum phase transition for positive D, combined
with the significant difference between the ground states as
D tends to infinity, undermine the viewpoint that QMBSs and
quantum criticality are directly bridged.

For D = 0, the quantum fidelity revivals do not occur for
the initial state |Z). As D decreases from zero, surprisingly,
there will be a slight revival in fidelity for the same initial
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FIG. 5. Dynamics of quantum fidelity for the detuned PXP
model: (a) Starting from initial state |Z,) for N = 28 sites; (b) the
overlaps between the product state |Z,) and the time-evolved state
starting from |Z,) (solid) and |Z}) (dashed) with D = —0.1 for
N = 28 sites. The inset shows the overlap of the prequench ground
state with |Z,) and |Z5}). (c) Starting from initial |Z3) state for
N = 24 sites.

state. As D continues to decrease, the oscillation becomes
more clearly visible with smaller periods, as observed in
Fig. 4(a). When the value of D is smaller than the critical
value D., the revivals become more pronounced. Finite-size
scaling in Fig. 4(b) reveals that the first peak will disappear for
large N before the value of D exceeds D.. When D > D,, the
intercepts of the finite-size scaling curves become negative,
which is an unphysical artifact and indicates that the linear fit
is no longer applicable. In contrast, the first peak will always
have a finite value for D < D, in the thermodynamic limit,
which may be related to asymptotic scars [129].

Figure 5(a) shows the quantum fidelity of ﬁdpxp with dif-
ferent values of D for N = 28 using the initial |Z,) state.
Remarkably, when D decreases from zero, persistent oscilla-
tions first decrease when D > D,, then dampen in the critical
regime D =~ D,, and finally revive beyond the critical point
for D < D.. Figure 5(b) shows the overlaps between the |Z;)
state and the time-evolved state starting from |Z,) and |Z5),
where |Z5) = |101010- - - 10) is obtained by translating one
lattice spacing on |Z,).

The peaks of the oscillations of |(Z| exp(—iHt)|Z5)|* and
|(Zz|exp(—iI-AIt)|Z/2)|2 are separated by half a period. We

also show the fidelity between the |Z,) state and the ground
state |1) at different values of D, as shown in the inset of
Fig. 5(b). We observe that as D approaches negative infinity,
the fidelity between the ground state and |Z,) (|Z})) gradually
approaches 1/2. We remark that due to the Hilbert space con-
straint, at most, half of the atoms could be in the spin-up states.
In fact, in the limit of D — —oo, the ground state becomes
an antiferromagnetic phase in the zero-momentum sector, i.e.,
[Yo(D = —00)) = (|Z7) + |Z/2))/\/§. In contrast, Fig. 5(c)
demonstrates a complete absence of revivals for D < D, in the
case of an initial state of |Z3), featuring approximate QMBS
states vanish.

We next investigate the dynamics of bipartite entanglement
entropies in both the KD model and the detuned PXP model.
We choose region A to be one-half of the chain and com-
pare the dynamics of half-chain entanglement entropy S in
a quantum quench from different initial states for both the
spin-1 KD model and the spin-1/2 detuned PXP model with
periodic boundary conditions. In our numerical calculation
for the S = 1 KD model [cf., Figs. 6(a) and 6(b)], we utilize
the time-evolving MPS approach with MPOs [115], where
the bond dimension is set as y = 500 and the time step is
dt = 0.025. The bipartite entanglement of the evolved state
starting from the initial state |Z,) is shown in Fig. 6(a).
When D is small negative, S increases slowly over time
while exhibiting coherent oscillations, featuring the many-
body revivals. As D becomes more negative, the temporal
growth rate of the bipartite entanglement increases and the
coherent oscillation becomes weak. When D approaches D,,
the entanglement S almost increases linearly with time until
saturation and the coherent oscillations disappear, implying
that the system quickly thermalizes.

When D is smaller than D,, the linear growth rate of
entanglement decreases with a smaller saturated value of en-
tanglement. We find that the growth of entanglement entropy
starting from the initial state |Z3) exhibits a similar trend, as
shown in Fig. 6(b). For comparison, we show the evolution of
the bipartite von Neumann entanglement entropy of the spin-
1/2 detuned PXP model when the system is initially prepared
in the state |Z;) (|Z3)) in Fig. 6(c) [6(d)]. One observes S is
gradually growing for D being small negative, while under-
going an extremely fast growth until saturation at D = D,.
When D < D, the growth of entanglement entropy slows
down again. Although the two Hamiltonians and their corre-
sponding initial states are unitarily equivalent under the local
transformation Eqgs. (14), the entanglement evolution displays
noticeable differences. Notably, the coherent oscillations for
S = 1/2 become considerably weaker compared to those for
S =1when 0 > D > D,. The bipartite entanglement entropy
heavily depends on the choice of presentations and bipartition
methods. This can be perceived by an analytical example
presented in Appendix A of Ref. [83].

III. QUANTUM PHASE TRANSITION OF SPIN-1 KITAEV
CHAIN WITH UNIAXIAL SINGLE-ION ANISOTROPY

In the previous section, we discovered a close relationship
between QMBS states and quantum criticality. Accordingly,
we proceed to investigate the quantum phase transition of
the spin-1 KD model given by Eq. (4). We adopt the iTEBD
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FIG. 6. Evolution of the bipartite entanglement entropy in the quantum quench from initial states: (a) |i2), (b) |i3) for the spin-1 KD
model, (c) |Z,), and (d) |Z3) states for the spin-1/2 detuned PXP model with N = 24.

algorithm with a bond dimension of x = 120 [122]. In our
calculations, we set the imaginary time as 107 to en-
sure a truncation error smaller than 1078, The advantage of
using iTEBD is its capability to treat infinite-size systems
directly, providing numerical evidence for the emergence of
a symmetry-breaking phase. According to the core spirit of
the Landau-Ginzburg-Wilson paradigm, the quantum phase
transition of a many-body system can be described by a
well-defined order parameter. We calculate the two-point cor-
relations between the ith and jth sites,

j—1
Ci, j) = <S,.“ exp |if ) St

Sj’> a,b=x,yz, (20)
I=i+1

which can detect different symmetry-breaking phases. Equa-
tion (20) reduces to two-point correlations for & = 0, while it
becomes the den Nijs-Rommelse string order parameter for
0 = m [130,131]. Note that there is no phase accumulated
for two nearest-neighboring sites and a general angle 6 could
capture the hidden topological orders [132]. The Hamiltonian
in Eq. (4) is invariant under a joint operation that combines
a 7 /2-rotation about the z axis and a single-site translation,
which implies that on a finite-size system,

C*(1,2) =C7(2,3), C7(1,2) =C"(2,3),
C*(1,2) = C*(2,3). 21)

The joint symmetry can be expressed in the rotated Hamilto-
nian Eq. (10) as C7(1, 2) = C¥(2, 3), (7*(1, 2) = C**(2, 3),
and C%#(1, 2) = C%(2, 3).

In the zero-field limit, the ground state is a gapped Kitaev
spin liquid (KSL), which is stable against nonzero perturba-
tions [82]. Upon applying the uniaxial SIA D, the ground
state remains in the flux-free sector, i.e., w={1, 1, ..., 1}. At
a large positive D, the spins are confined to |z) (i.e., (Sj) =0),
while for a large negative D the ground states are restricted to
|x) or |y) ((Sj) = =1). Surprisingly, unlike the KSL phase,
a notable difference between C**(1,2) and C(2,3) or,
equivalently, C*¥(1, 2) and C*(2, 3), implies the spontaneous
breaking of the translational symmetry, in the way the system
hosts the dimer order. The dimer phase is characterized by an
alternation of nearest-neighbor spin-spin correlations, which
is characterized by the difference of (S;-S;) between the
odd bonds and even bonds. A finite dimer order parameter is
defined by

Op = 1{8S2j—1 - 82;) — (S2j - Sa2j+1)l. (22)

To be more specific, we can also examine the x, y, and z
components of the dimer order parameter, such as

Op = [{83j-153;) = (82,821l

JjU2j+1
% = |<S§j—lS§j> _( )2Cj §j+1> ’
Op = |<S§j—1S§j> - (ngséj-kl)" (23)

Note that the dimer order arises from the Kitaev interactions
Eq. (4), leading to the characterization of the x and y com-
ponents as the differences between distinct types of Ising
interactions on odd and even bonds. Figure 7(a) illustrates
that the x component of the dimer order parameter increases
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FIG. 7. The three components of dimer order parameter Op as a
function of D. (a) From the dimer phase to the KSL phase at J = 0.
(b) From the FM, phase to the dimer phase to the AFM, phase at
D = —2. Here we use the iTEBD method and the bond dimension is
setas x = 120.

smoothly from zero to a finite value as the parameter D is
decreased and crosses the critical value D, = —0.655, indi-
cating a second-order transition occurs at D,.. The presence of
nonvanishing dimer correlations for D > D, can be attributed
to the limitations imposed by the finite bond dimension. The
dimer orders are associated with the spontaneous breaking
of translational symmetry of O}, in an infinite system. The
emergence of the dimer ordering is distinct from the general
mechanism for the formation of dimerized phases, which is
typically induced by inherent bond alternation and the result-
ing breaking of translational symmetry. The ground state is
two-fold degenerate for D < D, in the thermodynamic limit,
which is in contrast to the gapped ground state for D > D..

IV. EFFECT OF HEISENBERG INTERACTIONS

It has been recognized the scarred states display anomalous
stability in the Kitaev phase in the vicinity of D = 0 [83].
QSLs are widely believed to be crucially driven by the Kitaev
interactions in spin-orbit-coupled materials. While Kitaev in-
teractions are highly anisotropic, the isotropic Heisenberg
interaction, ubiquitous in real materials, can also play an
essential role in the emergence of exotic phenomena in many-
body systems. The relevance of the Kitaev phase in a broader

-2
-2 -1 Jk O 1

FIG. 8. Quantum phase diagram of the spin-1 Kitaev-Heisenberg
model with uniaxial single-ion anisotropy calculated by the iTEBD
method with bond dimension y = 120. The quantum phase tran-
sition from the dimer phase (D) to the KSL phase occurs at
D, = —0.655 for J = 0 (vertical dashed line). At D = 0 (horizontal
dashed line), the KSL is stable in the range of |/| < 0.08.

regime becomes paramount for understanding scar stability
and its potential applications in solid-state systems. To address
this point, we investigate the evolution of the phase boundaries
of the KSL and the dimer phase by introducing Heisenberg
interactions that disrupt the Z, gauge fields, as given by

N
By=7%S; 8. (24)
j=1
When the parameters {D, J} vary, the competitions of various
correlations trigger miscellaneous phase transitions. Figure 8
depicts the phase diagram for the Kitaev-Heisenberg chain
with uniaxial SIA (KHD model). The phase diagram is much
richer than expected. Seven distinct phases are identified, in-
cluding the KSL phase, dimer phase (D), the spin nematic
phase with a left-left-right-right pattern (LLRR), Haldane
phase, x-component ferromagnetic (FM,) phase, z-component
ferromagnetic (FM;) phase, and z-component antiferromag-
netic (AFM,) phase.

The joint symmetry Egs. (21) is preserved in the whole
KSL phase for the infinite system. It has been reported that
on the line of D = 0 (the horizontal dashed line in Fig. 8),
the ground state of the Kitaev-Heisenberg model undergoes
the FM, phase, the LLRR phase, the KSL, and the Hal-
dane phase with increasing J. The successive second-order
quantum phase transitions occur at J. = —0.6, —0.08, and
0.08, respectively [82]. For J = 0 and D = 0, the pure Kitaev
chain hosts only two nearest-neighboring antiferromagnetic
orders (S5, S3;) and (S) jS'zy ;1) while other correlations van-
ish, similar to the spin-1/2 Kitaev honeycomb model [133].
Away from the Kitav limit, the two-spin correlation functions
are found to decay exponentially and the short correlation
length & will extend to a few sites, as shown in Fig. 9(a).
Note that the ground-state properties of integer spin chains
are in stark contrast to those of half-odd integer spin. In
comparison, the ground state of spin-1/2 Kitaev chain
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FIG. 9. The correlation between site 1 and site j with & = 0 for increasing distance r = |j — 1| for representative points in (a) KSL phase
with J = —0.2, D = 2; (b) LLRR phase with J = —0.15, D = —0.8; (¢) Haldane phase with J/ =1, D = —0.8; (d) FM, phase J = -2,
D = 0.1; (e) FM, phase J/ = —2, D = 1.2; and (f) AFM, phase J/ = 1, D = —2. Here we use the iTEBD method and the bond dimension set

as x = 120.

is 2M2=1_fold degenerate [134], and the macroscopic de-
generacy makes the ground state vulnerable. As such, an
infinitesimal Heisenberg coupling is sufficient to lift the
ground-state degeneracy and generate magnetic long-range
order [135,136]. In contrast, the spin-1 chain supports a
gapped KSL ground state, which can sustain a finite Heisen-
berg coupling. It is remarkable that the KSL phase becomes
more robust against the Heisenberg interactions for large pos-
itive D. One can further observe that the size of the KSL phase
enlarges with increasing positive D and becomes narrower for
negative D. However, it is found that the three components
of the dimer order parameter Op are all mismatched in a
fairly small region of the parameter space except for J = 0,
as exhibited in Fig. 7(b).

A hallmark of the Haldane phase is the nonlocal string
order parameter, which was introduced by den Nijs and
Rommelse [130] and later refined by Tasaki [131]. Its limiting
value reveals the hidden Z, x Z, symmetry breaking:

053, j) =

This order parameter serves as a distinct feature of the
Haldane phase. Figure 10(a) illustrates two-site correlations
between sites 1 and 50. One observes that C*(1, 50) is finite
in the FM; phase, while the string order parameter Og(1, 50)
is nonvanishing in two regions, i.e., —0.22 <J < —0.04
and J 2 0.03. To distinguish the two phases, we plot the
spin-spin correlations between site 1 and site 1 + r for typical
parameters in Fig. 9. One can observe in Fig. 9(b) that

—limy 0 C i, ) (25)
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FIG. 10. (a) Two-point correlation C*(i, j) Eq. (20) with 6 =0
and the string order parameter O5(i, j) Eq. (25) between sites 1
and 50 for D = —0.8 and J from —1 to 1. (b) Two-point spin-spin
correlations C*(i, j) Eq. (20) with & = 0 at J = —2. Here we use the
iTEBD method and the bond dimension is set as x = 120.

both C*(1,1+r) and C’(1, 1+ r) alternate between two
successive positive and negative values as the distance of
two sites r increases, indicating the onset of the spin nematic
ordering [137], while C*(1,1+r) and C*(1, 1+ r) decay
exponentially with respect to r, manifesting the existence of
the Haldane phase as demonstrated in Fig. 9(c).

Furthermore, Fig. 9(d) depicts the correlations for
J=-2, D=0.1, in which the z-component correlations
C*(1, j) dominate with a value close to 1, implying the FM,
ground state, while in Fig. 9(e) the dominant correlations
C*(1, j) characterize the FM, phase for J = —2, D = 1.2.
Upon increasing D at J = —2, the transition from FM, to
FM, takes place at D, = 1, see Fig. 10(b). Unlike the FM,
phase, the joint symmetry Eqgs. (21) is broken in the FM,
phase. By further increasing the value of D, the ground state
evolves from the FM, state into the KSL phase, in which
the joint symmetry is restored again. In contrast, the two-site
correlation functions in Fig. 9(f) exhibit a distinct behavior.

Specifically, C*(1, j) shows a periodic oscillation between
values close to —1 and 1, while C*(1, j) and C”(1, j) nearly
vanish. These observations provide strong evidence that the
system is in the AFM, phase.

V. SUMMARY AND CONCLUSIONS

To summarize, we have explored the physics arising from
the cooperative effect of uniaxial SIA and Heisenberg inter-
actions in the spin-1 Kitaev chain. We studied QMBS states
and quantum phase transitions in spin-1 Kitaev chain with
SIA. We find that the local Z, gauge fields, a hallmark of
the Kitaev model, are still conserved in the spin-1 Kitaev
chain with STA (KD model). In this case, the Hilbert space
is fragmented into 2" unequal subspaces characterized by
w = {wy, wy, ..., wy}. Among an exponential number of
Krylov subspaces, it has been recognized that in the uniform
sector with local Z, gauge fields, i.e., w = {1, 1,..., 1}, is
the largest Krylov subspace, in which a local transformation
maps the spin-1 KD model onto the detuned PXP model with
spin-1/2 degrees of freedom, and the SIA acts as a static de-
tuning. The dual transformation suggests a solid-state-based
realization of the PXP model based on Mott insulator with
strong spin-orbit and Hund’s couplings.

Considering the ground states becomes twofold degener-
ate |Z,) state in the limit of D — —oo due to the Hilbert
space constraint, a continuous transition in the detuned PXP
model occurs at D, = —0.655. This quantum phase transition
corresponds to the emergence of a dimer phase induced by
the spontaneous breaking of translational symmetry in the
flux-free sector which can be described by the dimer order
parameter Eq. (22). We find the most prominent coherent
oscillations of quantum fidelity in the quantum quench from
initial states |Z,) and |Z3), a characteristic of the embedded
prototypical PXP model for D = 0. We demonstrate that these
fidelity revivals are robust against small SIA perturbation. The
nonthermalizing dynamics can be also reflected by measuring
the expectation values of certain local observables, which will
vanish for D < D.. Finally, we provide a complete phase
diagram for the spin-1 KD model by describing the interplay
between Kitaev interactions, Heisenberg interactions, and
SIA. In particular, we underline the evolution of the Kitaev
phase in a broader regime, therefore showing the relevance
for the scar stability and possible solid-state applications.
Seven phases are identified by the numerical methods through
the corresponding spin-spin correlations, including the KSL,
dimer phase, LLRR phase, Haldane phase, FM, phase, FM,
phase, and AFM, phase. Our study on the higher-spin Kitaev
chain will likely help identify candidate materials for KSL.
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APPENDIX A: MAPPING THE KITAEV MODEL WITH
SINGLE-ION ANISOTROPY WITHIN FLUX-FREE
SECTOR TO THE DETUNED PXP MODEL

For convenience, we use the rotated Hamiltonian Eq. (10)
and set K; = K. The local two-spin Hamiltonian is given by

7 X QY 7\2 2
Hjj1 = KSiS;, +D[(S])" + (Sj1)] (AD
For the five states satisfying w; = 1, we have

H; ji1lxy) = 2D|xy),
H;jwilzy) =Dlzy),  Hjjyilzz) = Klyx),

Hj j+1lyx) = K|zz) + 2D|yx).

Hj jyi|xz) = Dlxz),

(A2)

Accordingly, the Hamiltonian can be written in the matrix
form as

2D 0 0 0 O
0 D 0 0 O
Hij=|0 0 D 0 0], (A3)
0 0 0 2D K
0 0 0 K O
which yields five energy eigenvalues 2D, D, D,

D £ +/D? + K?. Hence, within the lowest-state manifold
residing in the w; = 1 sector that is spanned by {|zz), |yx)},
Eq. (10) can be written for an effective model of spin-1/2
degrees of freedom, which can be simplified as

Hkp et = X; + 2Dn;. (A4)

It is noted that the Hilbert space constraint is imposed by the
projector onto the low-energy subspace spanned by configu-
rations with no adjacent excited states, which is written as

P =[] —nmnj). (A5)
J

The so-called detuned PXP model Eq. (18) can be derived
via the Schrieffer-Wolff transformation in the limit of strong
interactions (small €) of the following Hamiltonian:

I‘?:ﬂg—i—Eﬂl. (A6)

The leading part of Eq. (A6), Hy = 21;;1 njn;j., vanishes in
this subspace and we must consider the first nontrivial order
that is given by Hgw = ¢ PH,P. If H, describes the transverse

field term,

(A7)

N
A =YX,
j=1

where X is defined in Eq. (1), we have
N N N
PH\P = l_[(l - nini+l)zxj l_[(l — MEMkt1)
i=1 j=1 k=1

=> " A =njnp)(d = njnj)X;
J

X (I =nj_inj)(1 —njnjiy)

=Y (X; —njaX; — Xjnjer +njXjnjin)
j

= Z(l —nj—)X;(1 —njy)
J

=Y PiiXiPis1. (A8)
j
Then we consider the detuned term:
N
A =Y "n; (A9)

In this case, we have

PH\P = 1_[(1 - ”ini+l)znj H(l — MiMi1)
i ; k
=> (A =njnp)(L = njnjiin;
j

X (1 — nj_lnj)(l — n_,nj+1)

=D (1 —njoany —mynjey njoingnga)
j

=> A =ni_njd —njy)
Jj

=Y PinPip
j

Note that a similar form can be derived even when H| is a
non-Hermitian matrix, given by

N
A =Y,
j=1

(A10)

(Al1)

we also have

PHP =[]0 = nini) Y G [ [ = memer)
i j k
=Y (1 = njnp)(1 = njnj1)GY))
J

X (1 — nj_lnj)(l - njnj+1)

= Y LGY)) = nj 1 (iY)) = Ypnjgr +nj 1 (i¥pnj]
J

=3 = nm ) = njp)
J

= Z P; 1 (iY))Pj1. (A12)
J
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However, if A = Z j=1Zj, the PZP cannot be derived. A

crucial difference is that X P =n;X;, Y;P; = n;Y;, n = nj,
while Z;P; # n;Z;

APPENDIX B: DYNAMICAL EVOLUTION IN A QUENCH
FROM INITIAL PRODUCT STATES

Here we use a similar strategy introduced for the dynam-
ics of the generalized Hubbard models [138]. Considering a
Hamiltonian H that can be separated into Hy and AV, where
A denotes the perturbatior} strength, an initial state |1 (0))
evolves into |1/ (¢t)) = e~ "|1(0)) at any time . If we can
find an antiunitary operator U that satisfies the following
conditions:

@) U anticommutes with I-?o and commutes with V, i.e.,

({U,Hy) =0, [U,V]=0. (B1)

(i1) The initial state |1/ (0)) only acquires a global phase factor
under U, i.e.,

Y (0)) = €|y (0)). (B2)

(iii) We consider a given Hermitian operator O that is even or
odd under symmetry operation by U, i.e.,

U100 = £0, (B3)
then we can conclude

(0) 41 = £(0)_. (B4)

Back to the KD model in Eq. (10) which can be rewritten
as H = Hy + Hp. We then apply U = exp(imr §}), which will

yield S} — S, Sf — Si, §% — —57. Considering condition
(i), one finds S '
O~ iHx+Hp) [y — ,~i(Hx—Hp) (B5)

To this end, in the quantum quench starting from the initial
states |Zy), e.g., | Z,), we have

(O)4p = (Zy|eictHor Ge~ithcton| 7,

= (Lo|U o1 (=1 OU e~ = tory =1 Z,y)

= (0)_», (B6)
F(t)1p = (Zale Fcton|7,)

= (Zo|Ue  F—Fory—"\Z,) = F(t)_p,  (BT)

where the following simple relations:

0-"\Zy) =
(Z,10

lx(=y) - - x(=y) = (=DM?|xy - - - xy),
= (x(=y) - - x(=y) = (=DM (xy - - xy|

are used. Therefore, the values of (O) and F () are symmetric
between positive and negative D in the quantum quench start-
ing from the |Z,) state. It is straightforward to generalize the
theorem to other initial product states |Z;) (k # 2).
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