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Finite momentum superconductivity in superconducting hybrids: Orbital mechanism
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Normally, in superconductors, as in conductors, in a state with zero current I the momentum of super-
conducting electrons h̄q = 0. Here we demonstrate theoretically and present experimental evidence that in a
superconducting/normal metal (SN) hybrid strip placed in an in-plane magnetic field Bin a finite momentum state
(h̄q �= 0) is realized when I = 0. This state is characterized by current-momentum dependence I (q) �= −I (−q),
nonreciprocal kinetic inductance Lk (I ) �= Lk (−I ), and different values of depairing currents I±

dep flowing along the
SN strip in opposite directions. The properties found have orbital nature and originate from the density gradient
of superconducting electrons ∇n across the thickness of the SN strip and field-induced Meissner currents.
We argue that this type of finite momentum state should be a rather general phenomenon in superconducting
structures with artificial or intrinsic inhomogeneities.
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I. INTRODUCTION

Normally, in superconductors, as in normal conductors
(metals or semiconductors), the state with zero total cur-
rent I = 0 is characterized by zero momentum h̄q = 0 of
superconducting electrons (q = ∇φ + 2πA/�0, where φ is
the phase of the superconducting order parameter, A is the
vector potential, and �0 = π h̄c/|e| is the magnetic flux quan-
tum). Such an ordinary superconductor has antisymmetric
current-momentum dependence I (q) = −I (−q) and symmet-
ric kinetic inductance Lk (I ) = Lk (−I ) [see Figs. 1(a) and
1(d)]. Kinetic inductance Lk ∼ −dq/dI is a measure of inertia
of superconducting electrons possessing the kinetic energy
Ek ∼ ∫

nh̄2q2/(2m)dV ∼ ∫
Lk (I )IdI (m is the mass of the su-

perconducting electrons, n is their density, and V is the volume
of the superconductor). In superconductors, Lk contributes to
the total inductance L = Lk + Lg, where Lg is the ordinary
(geometric) inductance, which does not depend on I .

However, it has been predicted that q �= 0 despite I being
equal to 0 for some superconducting systems. The most famil-
iar examples are a ferromagnetic superconductor with mag-
netic exchange energy of the order of the superconducting gap
� and a thin superconducting strip placed in a large in-plane
magnetic field μBBin ∼ �. In these systems, superconducting
pairing occurs with finite center-of-mass momentum of elec-
trons qFF, as has been shown by Fulde and Ferrell [1], due to
Zeeman splitting of the energy of electrons having opposite
spin. Recently, a similar Fulde-Ferrell (FF) state has been
found theoretically in superconductor/ferromagnet (SFM)
[2,3], superconductor/ferromagnet/normal metal (SFMN) [4],
and nonequilibrium SN hybrids [5–7]. In these hybrid su-
perconductors there are local nonzero currents flowing in
opposite directions in different layers, which distinguishes
this state from the original FF state. Both cases are referred to
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here as FF states or superconductors. A FF superconducting
strip at I = 0 has two degenerate states with q = ±qFF due to
the finite size effect [8] (for an infinite sample, qFF may have
any direction) and antisymmetric I (q) = −I (−q) dependence
[8,9] [see Fig. 1(b)]. At small currents −I∗ < I < I∗ this
system has two stable states [9] which have different values of
kinetic inductance Lk [10]; see Fig. 1(e). The depairing current
in a FF superconductor does not depend on current direction,
which reflects the absence of a particular direction for qFF. As
the current increases and approaches ±I∗ [see Fig. 1(b)], the
FF superconductor switches to the state having opposite qFF

at I = 0. If during this transition the FF superconductor is not
heated considerably, it stays in the superconducting state [8].

Besides the FF superconductors, there is another class of
superconducting materials where finite momentum supercon-
ductivity may exist. These are the so-called noncentrosym-
metric (NCS) superconductors, which have no inversion
center and where, in the presence of spin-orbit coupling
and in-plane magnetic field, finite momentum of supercon-
ducting electrons qNCS with a particular direction appears
[11–13]. It has been discussed recently that such a NCS super-
conductor should have different depairing (critical) currents
flowing either parallel or antiparallel to �qNCS [14–16] and
nonreciprocal kinetic inductance Lk (I ) �= Lk (−I ) [17] follow-
ing from the current-momentum dependence I (q) �= −I (−q)
[see Figs. 1(c) and 1(f)]. The difference between critical cur-
rents means that ac current with an amplitude between these
critical values should produce, in a NCS superconductor, volt-
age of only one sign. This is the reason why the difference
between critical currents is called the superconducting diode
effect (SDE).

In this paper we present theoretical and experimental
results which demonstrate that finite momentum superconduc-
tivity (FMS), typical for the noncentrosymmetric supercon-
ductors discussed above, is realized in superconductor/normal
metal hybrids without spin-orbit coupling in the presence of an
in-plane magnetic field [see Fig. 2(a)]. In the SN bilayer there
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FIG. 1. Current-momentum dependence in ordinary (a), Fulde-Ferrell (b), and noncentrosymmetric (c) thin and narrow superconducting
strips with uniform current distribution over the width of the superconductor. In the FF strip, I (q) = −I (−q) (as in an ordinary superconductor),
and there are two degenerate finite momentum states (±qFF), while in the NCS strip I (q) �= −I (−q) and there is one finite momentum state
with q = qNCS. In (d)–(f) we present the corresponding dependencies of the kinetic inductance Lk (I ) ∼ −dq/dI . In the NCS superconductor,
Lk (I ) �= Lk (−I ), which is a fingerprint of this state, as well as the diode effect (I−

dep �= I+
dep). In the ordinary and FF superconductors, I−

dep = I+
dep,

while Lk (I ) is twofold degenerate in the FF superconductor in the current range −I∗ < I < I∗.

is a thickness-dependent “density” of superconducting elec-
trons n(z) which is a coefficient between the superconducting
current density and momentum: j(z) ∼ −|e|n(z)q(z). In the
normal metal (N) layer, finite n appears due to proximity-
induced superconductivity, and usually it is smaller than in
the superconductor (S) layer [this case is shown in Fig. 2(b)].
An in-plane magnetic field induces Meissner currents j(z),
and superconducting electrons possess momentum q(z). For

FIG. 2. (a) SN strip with transport currents that have differ-
ent directions placed in an in-plane magnetic field. (b) Sketch
of the thickness-dependent “density” of superconducting electrons
n(z), momentum q(z), and superconducting current density j(z) ∼
−|e|n(z)q(z) in an SN strip. For the n(z) and direction of Bin shown,
finite momentum qNCS points against the x axis.

a thin SN bilayer with thickness dS + dN � λ (λ ∼ n−1/2 is
the London penetration depth), one may neglect the magnetic
field arising from the Meissner currents and choose A =
(Binz, 0, 0) where −(dS + dN )/2 < z < (dS + dN )/2. In the
case where n(z) = const the total current I ∼ ∫

j(z)dz = 0
when the thickness-averaged momentum q0 = ∫

qdz/(dS +
dN ) = ∇φ = 0. However, in the case where ∇n(z) �= 0, one
needs finite q0 = qNCS to have I = 0. This describes the or-
bital mechanism of finite momentum superconductivity in the
SN strip. From a mathematical point of view the presence of
both thickness-averaged ∇n and Bin breaks the symmetry in
the SN strip, and the vector ∇n × Bin defines the particular
direction and value of qNCS.

From the above consideration it is clear that a finite mo-
mentum state of this type has to exist in any superconductor
having finite ∇n and Bin. Here we prove this for an SN bilayer
where the S layer is a dirty superconductor with large resistiv-
ity (small diffusion coefficient DS) in the normal state and the
N layer is a low-resistivity normal metal having large diffusion
coefficient DN � DS . In this system, due to the noticeable
contribution of proximity-induced superconductivity in the N
layer to total Lk , we expect to have a large difference between
Lk (I ) and Lk (−I ) which is easy to observe experimentally and
which is a fingerprint of FMS. This system also has the diode
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FIG. 3. Theoretical dependencies of current on momentum [(a) and (b)] and kinetic inductance on current [(c) and (d)] in an SN bilayer at
different in-plane magnetic fields and two temperatures T = 0.2 and 0.6Tc0. In the insets of (a) and (b) we present the field dependencies of
I±
dep and finite momentum qNCS at I = 0. In the insets (c) and (d) we show the calculated field dependence of Lk in the zero-current state. Here,

B0 = �0/2πξ 2
c , and Idep,S is the depairing current of a single S layer with thickness dS .

effect, as was found earlier in Ref. [18], but its relation with
FMS was not discussed there. Another motivation to study this
system comes from recent experiments where the diode effect
was observed in somewhat similar superconducting hybrids in
the presence of an in-plane magnetic field [17,19–22], where
we also expect a contribution of the orbital mechanism to
the SDE.

The structure of this paper is as follows. In Sec. II we
present our theoretical results with characteristics of FMS
which has an orbital mechanism in an SN bilayer. In Sec. III A
we describe the experimental methods used to study FMS
in the SN bilayer. In Secs. III B and III C we present ex-
perimental results which demonstrate that we have a finite
momentum state in our superconducting hybrid and some
unexpected properties of this state. In Sec. IV we discuss
our findings that the orbital mechanism of FMS has a dis-
tinctive thickness dependence (the thickness dependence can
be used to distinguish the orbital mechanism from the mech-
anism connected with spin-orbit coupling) and that our SN
hybrid has the expected behavior. In the same section we
discuss other experiments on FMS and the diode effect and
their relation with our results. In Sec. V we present our
conclusions.

II. THEORETICAL RESULTS

We start with a presentation of our theoretical results. In
Fig. 3 we show the calculated I (q0, Bin ) and Lk (I, Bin ) for
an SN strip having the following parameters: dS = dN = 4ξc

[ξc = (h̄DS/kBTc0)1/2, where Tc0 is the critical temperature of
the S layer] and the ratio DN/DS = 100. To find I (q0, Bin ) and
Lk (I, Bin ), we use the Usadel model (details of the calculations
are presented in Appendix A). We choose two temperatures,
T = 0.2 and T = 0.6Tc0, which correspond to different phys-
ical situations. At T = 0.2Tc0 the contribution of the N layer
is dominant in Lk at small fields and currents, while at T =
0.6Tc0 the N layer has a much smaller contribution to the
transport properties. In both cases, finite field-controlled qNCS

appears [see upper insets in Figs. 3(a) and 3(b)] leading to
asymmetry of I (q0) and nonreciprocal Lk (I ). At T = 0.2Tc0

and small Bin, qNCS > 0 because n is larger in the N layer (in
Fig. 2 the opposite situation is shown, which is true for our SN
strip at T = 0.6Tc0 at any I and Bin). At large Bin and currents
close to I±

dep, superconductivity in the N layer becomes sup-
pressed, and Lk increases. The transition between the states
with different Lk is accompanied by the appearance of a peak
in the dependencies Lk (I ) and Lk (Bin ); see Figs. 3(c) and 3(d).
Note that this peak is absent in ordinary superconductors [see
Fig. 1(d)] and/or much less pronounced in SN bilayers with
the small contribution of the N layer to the transport properties
[see Fig. 3(d)].

In the finite momentum state there is a difference between
positive and negative depairing currents [see bottom insets
in Figs. 3(a) and 3(b)]. I−

dep is larger than I+
dep because the

current-induced momentum partially compensates the field-
induced momentum in the N layer leading to the recovery of
proximity-induced superconductivity. At small Bin it provides
even an increase in I−

dep: A physically similar increase in Ic is
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realized in a superconducting strip with nonequivalent edges
that is in an out-of-plane magnetic field [23].

III. EXPERIMENT

A. Methods

The experiment was performed with MoN/Cu strips. MoN
is a dirty superconductor with resistivity in the normal state
ρ = 150 µ	 cm, while Cu is a low-resistivity metal (40-nm-
thick Cu has ρ = 2.4 µ	 cm at T = 10 K). The MoN/Cu
bilayers are grown by magnetron sputtering with a base vac-
uum level of the order of 1.5×10−7 mbar on standard silicon
substrates without removing the oxide layer and at room tem-
perature. First, Mo is deposited in an atmosphere consisting of
the gas mixture Ar:N2 = 10:1 at a pressure of 1×10−3 mbar,
and than Cu is deposited in an argon atmosphere at a pressure
of 1×10−3 mbar. Finally, MoN/Cu strips are made with the
help of mask-free optical lithography.

The majority of measurements were performed for thick
dMoN = 40 nm, dCu = 40 nm samples. Altogether we have
four long strips (samples A1–A4; width 4 µm, length 3 mm)
and nine short bridges (samples B1–B9; width 4 µm, length
100 µm). All measured samples (samples A1, A2, A4, B2, and
B3) have nearly the same sheet resistance Rs(300 K) = 1 	

and Rs(T = 10 K) = 0.6 	 (variation from sample to sample
is less than 10%) and critical temperature Tc = 7.87 K defined
from the condition that resistance R(Tc) = 0.5R(10 K).

In addition, we made and studied two-times-thinner
[MoN(20 nm)/Cu(20 nm)] reference long strips with the same
width and length as the thicker MoN/Cu strips to check the
thickness dependence of the finite momentum state and ver-
ify its orbital nature. Their characteristics are presented in
Appendix C.

The current-voltage (I-V ) characteristics were measured
using the four-probe method. Examples of the I-V curves
are shown in Fig. 4 for sample A2 (in the inset we present
the temperature dependence of Ic at Bin = 0). From these
measurements we extracted critical currents I±

c (see arrows
in Fig. 4) as a function of Bin.

The impedance Z = Zre + iZim of the MoN/Cu strips was
measured using a Stanford Research SR830 lock-in amplifier.
For measurements the four-probe method was used. An exci-
tation signal with frequency ν = 100 kHz and voltage 50 mV
from the SR830’s internal generator was supplied through
a 1-k	 resistor. Signal from the sample was applied to the
differential input of the SR830 through the central electrodes
of two coaxial cables. These measurements allowed us to find
the field and current dependence of inductance L = Zim/2πν.
The same device was used to measure the first (Rω) and second
(R2ω) harmonic signals of the ac resistance at a frequency of
130 Hz.

In our strips we have a noticeable contribution of the
geometric inductance Lg to the total inductance. Using the
expression below for a strip with length l , width w, and
thickness d in the limit l � (w + d ) [24]

Lg = μ0l

2π

[
ln

(
2l

w + d

)
+ 1/2

]
, (1)

we find, for our long strips, Lg 	 4.7 nH.

FIG. 4. Current-voltage characteristics of sample A2 at different
Bin and T = 2.7 K (negative voltage corresponds to negative current,
while in the x axis we show the absolute value of the current); arrows
indicate I±

c . In the last points of the I-V curves there is a jump to the
normal state (not shown here). The I-V curves are not hysteretic be-
fore the transition to the normal state. Critical currents (their absolute
values) are determined from condition |V |(I = I±

c ) = 0.5 µV. After
the transition to the normal state the sample returns to the supercon-
ducting state at Ir 	 1.6 mA (when I±

c > Ir), which practically does
not depend on the magnetic field and current direction. In the inset
we show the temperature dependence Ic(T ) at Bin = 0.

B. Results below Tc

In Fig. 5 (see also Fig. 8 in Appendix B) we present Lk (I ) at
different Bin and Ic±(Bin ) at two temperatures, 4.6 and 2.7 K,
which roughly correspond to the two temperatures presented
in Fig. 3. The main result is that in an in-plane field, the
inductance L is nonreciprocal, and this is the main proof that
the MoN/Cu strip has finite momentum at I = 0. Although
we know L(I, Bin ), this does not allow us to find qNCS and its
dependence on the magnetic field: For that, one has to know,
additionally, I (q0) at least at one value of q0.

The experimental dependence L(Bin ) at zero current and
evolution of L(I ) with increasing Bin follow the theoretical
prediction at all magnetic fields with the important difference,
for the following discussion of the diode effect, that in the
experiment we do not reach the depairing current I±

dep where
the theoretical Lk diverges [compare Figs. 5(a) and 5(b) with
Figs. 3(c) and 3(d)]. This occurs probably due to the presence
of edge defects which allow entry of out-of-plane vortices at
I < I±

dep, and the entry of these vortices does not allow us to
approach the depairing current. Indeed, an image of a similar
Cu/MoN strip made with the help of an electron microscope
(see, for example, Fig. 1 in Ref. [25]) shows that we have
edge roughnesses with a size of about 100 nm. The idea of
vortex entry at I > I±

c is supported by the experimental I-V
curves (see Fig. 4): Above the critical current the SN strip
transits to a low-resistivity state which resembles a flux flow
regime.

In contrast to the inductance, our experimental results on
the superconducting diode effect are controversial. We find a
sample-dependent difference between I+

c and I−
c [in contrast
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FIG. 5. (a) and (b) Evolution of the current-dependent inductance of a MoN/Cu strip (sample A2) in the superconducting state with
increasing in-plane magnetic field at T = 2.7 K and T = 4.6 K, respectively. In (c) and (d) we present the field-dependent critical current and
field-dependent inductance at I = 0.

to the almost not sample-dependent L(I, Bin )], and besides,
the SDE has unexpected values and sign at relatively large
Bin for all studied samples (compare Figs. 3, 5, 8, and 9). At
magnetic field Bin � 150 mT the sign and value of the SDE
mainly coincide with prediction of our theory for samples
A1, A4, and B4, while for samples A2 and B3 there is a
sign change of the diode effect with increasing Bin. At Bin �
150 mT we have I−

c � I+
c for all samples. The large differ-

ence [ratio η = 2|I−
c − I+

c |/(I−
c + I+

c ) > 1] and its “wrong”
sign cannot be explained by our theory, which predicts
I−
c = I−

dep � I+
c = I+

dep.
It could be supposed that in our experiment, together with

the in-plane field, there is a small out-of-plane field Bout (due
to imperfect alignment of the sample holder along the super-
conducting coil which is a source of our magnetic field). Even
small Bout, in comparison to Bin, strongly suppresses Ic and in
the presence of edge defects may lead to the SDE, which also
has an orbital nature because it originates from the combined
effect of Meissner and transport currents [23]. This type of
SDE was found experimentally in different superconductors
[25–30]. Note that probably the same mechanism is respon-
sible for the SDE observed in a NbSe2 bridge [31], which
follows from its sample-dependent character and the nearly
linear decay of Ic at small fields ��0/2πξw, which is evident
in the edge-barrier-controlled I±

c [32]. In a strip or bridge with
an edge defect the strength of this type of SDE is controlled
by the parameters of the defect, and η may be larger than
unity as follows from Ref. [25], which resembles our result at
large Bin.

Therefore we measured L(I, Bout ) and I±
c (Bout ); see Fig. 6.

The influence of bulk pinning in our hybrid is negligible,
at least in the field range used, as follows from the typi-
cal edge-barrier-controlled field-dependent I±

c (Bout ) [32] [I±
c

drops nearly linearly at low fields, and I±
c ∼ 1/Bout at large

fields; see Fig. 6(d)]. We find nearly reciprocal L(I ), while
there is a small superconducting diode effect, comparable in
value to the SDE at Bin � 150 mT and which also may change
sign [see Fig. 6(c)]. The sign change does not follow from
the model of Ref. [23], and in principle it may appear if
there are defects on opposite edges of the strip with different
magnetic-field-controlled “strengths” leading to different de-
grees of suppression of the edge barrier. The edge defects give
a nonreciprocal contribution to the total Lk but on the scale
of about the defect size (∼100 nm) along the strip, which is
several orders of magnitude smaller than its length (3 mm).
As a result it is difficult to observe nonreciprocal L(I ) in an
out-of-plane field.

From comparison of Figs. 5 and 6 we conclude that even if
there is finite Bout in the experiment with an in-plane field,
it cannot explain the large difference between I+

c and I−
c

at Bin � 150 mT because Bout suppresses them on an equal
footing. Besides, at Bout = 5 mT [I±

c (5 mT) ∼ I±
c (0)/2] the

kinetic inductance practically does not depend on the current,
while in an in-plane field L varies with the current even
at Bin = 250 mT [I−

c (250 mT) ∼ I±
c (0)/3]. Therefore we ex-

clude the influence of Bout.
Sample-dependent I±

c < I±
dep allows us to suppose that

out-of-plane vortices enter the SN strip via local sample-
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FIG. 6. (a) and (b) Evolution of the current-dependent inductance of a MoN/Cu strip (sample A2) with increasing out-of-plane magnetic
field at T = 2.7 K and T = 4.6 K, respectively. In (c) and (d) we present the field-dependent critical currents and inductance. The dependence
L(Bout ) for sweeping up and down field is hysteretic for relatively large amplitudes of Bout, which we relate with trapped out-of-plane vortices
due to the edge barrier for vortex entry and exit.

dependent edge defects at I > I±
c and this launches the

resistive state: On the experimental I-V curves there are
vortex flow branches above I±

c . At small fields, when
the proximity-induced superconductivity in the Cu layer is
slightly suppressed by Bin, there is proportionality: Ic ∼ Idep

(coefficient proportionality is sample dependent). Because a
defect may have variation in its properties across the thickness
of the MoN/Cu strip, this may lead to change in the sign of
the diode effect, similar to the change in sign observed in
an out-of-plane field. Obviously, our one-dimensional (1D)
model cannot catch this effect.

A large in-plane field more strongly suppresses proximity-
induced superconductivity in the Cu layer. Positive current
suppresses it even more, and we effectively have a single S
layer with weak field dependence of I+

c at Bin � �0/d2
S ∼

1300 mT (at this or larger field we expect the entry of in-plane
vortices in the S layer according to Ref. [33]), which we
observe in the experiment. Negative current partially recovers
superconductivity in the N layer [it is seen from the decrease
in experimental L(I ) at large Bin], and this may lead to the
appearance of in-plane vortices in the N layer near the SN
interface at field Bin ∼ �0/(dS + dN )2 ∼ 320 mT, which is
near our experimental value. In-plane vortices should favor
the entry of out-of-plane vortices, and this may suppress the
critical current and change the relation between Ic and Idep.
This is a possible but speculative scenario. Theoretical de-
scription of out-of-plane vortex entry into an SN strip with
thickness-dependent “density” n, finite momentum q0, and the
possible existence of a row of in-plane vortices located on or

close to the SN interface is a rather complicated 3D problem
which needs separate study.

Single and multiple sign changes of the diode effect
with increasing in-plane or out-of-plane magnetic field
were observed earlier in Refs. [21,22,34,35] and predicted
theoretically in Refs. [15,36] for a noncentrosymmetric su-
perconductor. From those theoretical predictions it follows
that together with sign change of the SDE there is a strong
change in I (q) (see Fig. 5 in Ref. [15] and Fig. 2 in Ref. [36])
and, hence, Lk (I ). In our system we do not observe drastic
variation of Lk (I ) when sign change of the diode effect occurs
and Lk (I ) evolves with increasing Bin as our theory predicts. In
Refs. [21,22,34,35], Lk (I ) was not measured, and it is difficult
to interpret the origin of the effect.

C. The diode effect and nonreciprocal resistivity near Tc

When approaching the critical temperature, I±
c decreases;

however, still there is a diode effect, and V (I ) �= −V (−I ):
See Fig. 7. It is known that thermal fluctuations allow vor-
tices (we keep in mind out-of-plane vortices) to enter the
superconducting strip at currents less than Ic. The probability
for a vortex to overcome the edge barrier is proportional to
the Arrhenius factor exp (−dF (I )/kBT ), where dF (I ) is the
current-dependent height of the edge barrier, which goes to
zero at I = Ic and is proportional to the vortex energy at zero
current: dF ∼ F0 = �2

0d/16π2λ2 [37–39]. At T ∼ Tc, both Ic

and F0 vanish, which increases the impact of fluctuations. As
a result, near Tc the resistance R is finite even at I → 0, and it
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FIG. 7. (a) Field-dependent critical currents I±
c of sample A2 at T = 7.5 K. (b) Current-voltage characteristics of sample A2 at different

Bin. (c) and (d) Temperature dependence of the first and second harmonics of I-V characteristics at different in-plane magnetic fields.

could be nonreciprocal in the case of different I±
c because of

dF (I+) �= dF (I−).
An additional mechanism which may contribute to nonre-

ciprocal R is the current-dependent viscosity of vortex motion.
Indeed, a transport current with one direction suppresses
proximity-induced superconductivity in the N layer more
strongly than the current with the opposite direction, which
should affect the vortex velocity v and voltage V ∼ v. Our
measurements of the first and second harmonics of I-V char-
acteristics confirm the existence of nonreciprocal resistance at
finite Bin near Tc [see Figs. 7(c) and 7(d)].

In earlier studies, finite R2ω near Tc was found for vari-
ous hybrid superconducting structures placed in an in-plane
magnetic field, and its origin was related with spin-orbit cou-
pling [19,40–42]. Our experiment demonstrates a qualitatively
similar result in the MoN/Cu hybrid, where we have an or-
bital mechanism of the finite momentum state, resulting in
the diode effect and nonreciprocal resistance near the criti-
cal temperature. We believe that the same orbital mechanism
has to exist in Refs. [19,40–42] and compete with spin-orbit
interaction.

IV. DISCUSSION

The proposed orbital mechanism of the finite momentum
state in hybrid superconductors is the finite size (thickness)
effect. We theoretically find that at relatively large Bin, qNCS ∼
−Bin(dS + dN )2π/�0 for different thicknesses of S and N
layers [for the parameters of the SN bilayer from Fig. 3,
qNCS 	 −Bin(dS + dN )2π/3�0]. This means that when the

thickness of the SN bilayer goes to zero, qNCS → 0 and the or-
bital mechanism disappears (the same is valid when dN → 0).
This gives us a way to check the origin of FMS in the exper-
iment: One may study the thickness dependence of Lk (I, Bin )
because for smaller thickness a larger Bin is needed to have
the same qNCS. Indeed, we find that for a two-times-thinner
sample, MoN(20 nm)/Cu(20 nm), the change in L(I ) is less
sensitive to Bin [compare Fig. 10(a) with Figs. 5(a) and 5(b)]
than for a thick strip, which qualitatively coincides with our
calculations [compare Figs. 3(b) and 3(d) with Figs. 10(c) and
10(d)].

Our experimental results indicate that one should be care-
ful with interpretation of experiments on the diode effect.
We observe sign change of the diode effect with increasing
magnetic field in two (one long and one short) thick samples
and the absence of sign change of the diode effect in another
two (one long and one short) thick samples at Bin � 150 mT
while L(I, Bin ) and, hence, I (q) were almost the same for all
long samples. This means that an additional factor, one that is
not intrinsic to the character of a given material, may play
a role. In our case we believe that sample-dependent edge
defects are responsible for the observed effect. In this respect,
measurements of Lk (I, Bin ) give more reliable information
about the intrinsic origin of the finite momentum state than
measurements of I±

c (Bin ). Indeed, if there is strong variation
in the superconducting properties along the sample, but over
a small distance, this variation weakly affects the total ki-
netic inductance, but it may strongly affect the critical current
because the critical current is determined by the “weakest”
place.
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At Bin � 150 mT for all thick samples we find sign change
of the diode effect and its considerably larger value in compar-
ison with theoretical expectations. At the same time we do not
observe any qualitative changes in L(I ). We believe that this
could be connected with the appearance of in-plane vortices
in the SN bilayer. If this is true, it is also a finite thickness
effect, and with decreasing thickness of the SN bilayer, in-
plane vortices (and sign change of the diode effect) should
appear at larger field. A somewhat similar effect appears in
the thin strips, where we do not have sign change of the diode
effect at 2.7 K for any of the three samples studied up to
Bin = 500 mT and at 4.6 K the sign change exists only for one
sample.

In Ref. [19] the diode effect was observed in a multilay-
ered Nb/V/Ta strip with thickness d = 120 nm and width
w = 50 µm. At low temperature, the SDE vanished, which is
in contrast to the results of Refs. [17,20–22] and our work,
where the diode effect becomes more pronounced at low T .
The width of the Nb/V/Ta strip greatly exceeds the effective
Pearl magnetic field penetration depth λ2/d except at T ∼ Tc

[we assume that λ(0) = 120 nm as in dirty Nb because the
zero-temperature coherence length ξ (0) = 13 nm of the mul-
tilayered strip is close to the ξ of dirty Nb]. This means that
the current distribution is nonuniform over the width of the
Nb/V/Ta strip, which automatically means that the critical
current has to be much smaller than the depairing current
and the resistive state is connected with entry and motion
of out-of-plane vortices. The nonuniform current distribution
may lead to vortex pinning at low temperature, which destroys
the experimentally observed diode effect.

In Al/InGaAs/InAs/InGaAs heterostructures the SDE was
found and explained by the interplay between diamagnetic
and external currents [22], which qualitatively coincides with
the mechanism of the diode effect in an SN bilayer proposed
in Ref. [18], in this paper, and in Ref. [23] for a superconduct-
ing strip with nonequivalent edges that is in an out-of-plane
magnetic field. The assumption of the authors of Ref. [22] that
different layers in the heterostructure have different currents
may be reformulated in terms of the different densities of the
superconducting electrons and finite ∇n, which has to lead to
finite qNCS when there is an in-plane magnetic field. In terms
of Ref. [22] we have a strong-coupling regime between the
S and N layers, and in our case if in-plane vortices appear at
large Bin, they should be more like Abrikosov vortices than
Josephson ones.

In Refs. [17,20,21] the SDE was observed in superconduc-
tor/normal metal/superconductor (SNS) Josephson junctions
(JJs), and hence our results cannot be applied directly to
those systems. However, all studied junctions have hybrid
SN banks where an in-plane magnetic field should produce
FMS. This raises the question, Could finite qNCS in the SN
banks affect the transport properties of JJs even if in the
N weak link there is no ∇n or it is small? To answer this
question, one has to calculate the transport properties of an
SN/N/SN junction taking into account the finite thicknesses of
SN banks and the normal-metal weak link, which is a difficult
2D problem. Therefore at the moment we cannot claim that
the orbital mechanism is involved in the diode effect observed
in Refs. [17,20,21], although the results from those works look
qualitatively similar to our results.

V. CONCLUSION

We demonstrate the appearance of a finite momentum state
in an SN bilayer placed in an in-plane magnetic field. Exper-
imentally, the presence of FMS is proven via observation of
nonreciprocal inductance L(I ) �= L(−I ) in several MoN/Cu
strips that are in an in-plane magnetic field. The FMS has an
orbital nature as follows from the experiment with samples
having different thicknesses and the expected zero or negligi-
ble contribution of spin-orbit coupling in our system.

We also experimentally observe the superconducting diode
effect, but in contrast to results with L(I, Bin ) it has rather
cumbersome sample-dependent behavior. We speculate that
this could be connected with the presence of sample-
dependent edge defects and the appearance of in-plane
vortices in large enough Bin.

Taking into account our results and the discussion in the In-
troduction, we may claim that the finite momentum state is not
an elusive or rare phenomenon in superconducting structures.
Any nonuniformities (material or geometric) lead to ∇n �= 0,
and in the presence of a magnetic field the particular direction
appears along which there is a difference in critical currents
(the SDE) and nonreciprocal Lk . If the diode effect originates
from local edge defects (as in the case of a superconducting
strip placed in an out-of-plane field), it may not lead to no-
ticeable nonreciprocal Lk of a whole sample due to the local
nature of FMS in this case.
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APPENDIX A: MODEL

To calculate the transport properties (critical current,
kinetic inductance) of the SN bilayer, we use the one-
dimensional Usadel equation for normal g and anomalous
f quasiclassical Green’s functions [43]. With standard angle
parametrization g = cos  and f = sin  exp(iϕ) the Usadel
equations in different layers can be written as

h̄DS
∂2S

∂z2
− (h̄ωk + DSh̄q2 cos S ) sin S + 2� cos S = 0,

(A1)

h̄DN
∂2N

∂z2
− (h̄ωk + DN h̄q2 cos N ) sin N = 0, (A2)

where subscripts S and N refer to superconducting and normal
layers, respectively. Here, D is the diffusion coefficient for
the corresponding layer, h̄ωk = πkBT (2k + 1) are the Mat-
subara frequencies (k is an integer number), h̄q = h̄(∇ϕ +
2π A/�0) = h̄(q0 + 2π A/�0) is the momentum of Cooper
pairs, ϕ is the phase of the order parameter, A is the vector
potential, and �0 = π h̄c/|e| is the magnetic flux quantum.
� is the superconducting order parameter, which satisfies the
self-consistency equation

� ln

(
T

Tc0

)
= 2πkBT

∑
ωk>0

(
sin S − �

h̄ωk

)
, (A3)
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FIG. 8. (a) and (b) Evolution of the current-dependent inductance of a MoN/Cu strip (sample A4) with increasing in-plane magnetic field
at T = 2.7 K and T = 4.6 K, respectively. In (c) and (d) we present the field-dependent critical current and inductance.

where Tc0 is the critical temperature of a single S layer in
the absence of a magnetic field. These equations are supple-
mented by the Kuprianov-Lukichev boundary conditions on
the SN interface [44]:

DS
dS

dz
= DN

dN

dz
. (A4)

For simplicity we consider the case with zero barrier between
layers and continuous  on the SN interface. For interfaces
with a vacuum we use the boundary condition d/dz = 0.

We assume that the thickness dS + dN of the SN strip is
much smaller than the London penetration depth λ while
the width w is smaller than the Pearl penetration depth
� = λ2/(dS + dN ), which allows us to neglect the effect
of superconducting screening on the vector potential and
magnetic field. We choose vector potential A = (−Binz, 0, 0)
with thickness-averaged

∫
Adz = 0 [here, −(dS + dN )/2 <

z < (dS + dN )/2].
To calculate the current density j, the “density” of super-

conducting electrons n, and the current I = w
∫

jdz, we use
the standard expressions

j(z) = −2πkBT

|e|ρ q(z)
∑
ωk>0

sin2  = −|e|n(z)q(z)
h̄

m
, (A5)

n(z) = m

h̄

2πkBT

e2ρ

∑
ωk>0

sin2  = mc2

8π |e|λ2(z)
, (A6)

where ρ = 2|e|DS,N N (0) is the residual resistivity of the cor-
responding layer, N (0) is the density of states of electrons per
one spin at the Fermi level in the normal state [we assume
identical N (0) in the S and N layers], and m is a “mass” of
superconducting electrons.

Equations (A1)–(A3) are solved numerically by using an
iteration procedure. For initial distribution �(z) = const and
chosen q0 and Bin, we solve Eqs. (A1) and (A2) (in the nu-
merical procedure we use the Newton method combined with
the tridiagonal matrix algorithm). The found solution (z) is
inserted into Eq. (A3) to find �(z), and then the iterations
repeat until the relative change in �(z) between two iterations
does not exceed 10−8. Length is normalized in units of ξc =√

h̄DS/kBTc0, energy is in units of kBTc0, current is in units
of depairing current Idep,S of a single S layer with thickness
dS , and the magnetic field is in units of B0 = �0/2πξ 2

c [B0 is
smaller by a factor of 1.76 than the out-of plane second critical
field Bc2(T = 0) of a single S layer]. The typical step grid
in the S and N layers is δz = 0.1ξc. In calculations we used
the following parameters: dS = dN = 4ξc, DN/DS = 100 for
a thick strip and dS = dN = 2ξc, DN/DS = 80 for a thin strip,
which are not far from experimental values.

With calculated I (q0) we find the kinetic inductance per
unit of length of the strip

Lk = −h̄c2(dI/dq0)−1/2|e| (A7)

and I±
dep as the absolute value of the maximal positive and

negative superconducting currents where dI/dq0 = 0.
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FIG. 9. (a) and (b) Field-dependent critical currents I±
c for dif-

ferent MoN/Cu strips (samples A1, A2, and A4, long strips; samples
B3 and B4, short strips) at T = 2.7 K.

FIG. 10. (a) Evolution of the current-dependent inductance of a thin MoN(20 nm)/Cu(20 nm) strip (sample A1) with increasing in-plane
magnetic field at T = 4.6 K. (b) Field-dependent positive and negative critical currents of samples A1–A3 at T = 4.6 K. In (c) and (d) we
present the results of theoretical calculations for a thin SN strip.

APPENDIX B: RESULTS FOR DIFFERENT
THICK SAMPLES

In Fig. 8 we show L(I, Bin ) and I±
c (Bin ) for sample A4.

While dependence L(I, Bin ) is almost the same as for sample
A2 (the same is valid for sample A1; results are not shown
here), field dependencies of I±

c are quantitatively different at
Bin � 150 mT and T = 2.7 K. We explain this by the presence
of specific-to-each-sample edge defects.

In Fig. 9 we show sample-dependent I±
c (Bin ) for all of

the studied strips (three long and two short) at T = 2.7 K.
Despite quantitative differences, one may notice some general
properties for all the strips. At weak fields (Bin � 150 mT),
I−
c slightly increases, which is in accordance with our the-

ory. However, then there is a sharp decrease in I−
c , and it

becomes much smaller than I+
c , which is opposite to our

model. In contrast, the critical current I+
c varies much more

weakly while its field dependence changes from strip to
strip.

APPENDIX C: RESULTS FOR THINNER SAMPLES

In Figs. 10(a) and 10(b) we present results of transport
measurements for two-times-thinner MoN/Cu long strips at
T = 4.6 K (samples A1–A3; the width and length are the
same as for thick long strips, dMoN = dCu = 20 nm; Tc =
7.37 K; 20-nm-thick Cu has ρ = 2.9 µ	 cm at T = 10 K;
the resistivity of the MoN layer is the same as for the
40-nm-thick layer). In Figs. 10(c) and 10(d) we show the-
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oretical results (dS = dN = 2ξc, DN/DS = 80, T = 0.6Tc0).
The inductance is nonreciprocal in the presence of an in-
plane field, which is proof of the appearance of a finite
momentum state, but we need a much larger field to have
qualitatively the same change in L as for a thick strip. From
the experiment we conclude that our maximal accessible field
(Bin = 500 mT) does not destroy proximity-induced super-
conductivity in the Cu layer (at zero current) because we do
not see a peak in dependence L(Bin ) [see inset in Fig. 10(b)].
Qualitatively, the same results are obtained at T = 2.7 K
(not shown here). These findings prove that we have in the

experiment an orbital mechanism of the finite momentum
state.

Sign change of the diode effect is observed only in sample
A1 [see Fig. 10(b)] at 4.6 K, and for all studied samples it does
not exist at 2.7 K [dependencies I±

c (Bin ) resemble ones for
samples A2 and A3 at T = 4.6 K with a maximum of I−

c (Bin )
at ∼250 mT]. In this respect, results for thinner samples better
follow our theoretical calculations with no sign change of the
diode effect [see inset in Fig. 10(c)]. However, we cannot rule
out its appearance at large fields, where L should reach a peak
in dependence L(Bin ).
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