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We present a comprehensive study on the nonequilibrium properties of superconducting nanoconstriction
junctions in steady-state and time-dependent dynamic regimes. By measuring the current-voltage characteristics
of single constriction and micro-superconducting quantum interference devices with nanobridges, we observe
a series of distinct voltage-step jumps in the dissipative state, which are associated with the appearance of the
excess current. Through detailed analysis, we identify different mechanisms that contribute to the enhancement
of superconductivity under varying bias voltages. In the time-dependent dynamic regime where the bias voltage
V significantly exceeds the superconducting gap voltage (V � �/e), the nanoconstriction behaves as a single
phase-slip center (PSC). The voltage steps observed in this regime signify the phase-slipping dynamics at PSC,
which effectively mitigates the self-heating effects. Conversely, in the steady-state regime where V is lower than
the gap voltage, the voltage steps arise from multiple Andreev reflections. We demonstrate that the interplay of
Andreev quasiparticles and Josephson supercurrent plays a crucial role in restoring the phase coherence of the
dissipation currents. Our findings provide an insightful understanding of nonequilibrium quasiparticle relaxation
dynamics in superconducting nanometallic weak links and offer practical implications for potential applications.

DOI: 10.1103/PhysRevB.108.094512

I. INTRODUCTION

Understanding the dynamics of superconducting (SC)
weak links (WLs) is of great fundamental and practical
importance for developing SC quantum interference de-
vices and circuits [1]. WLs can be realized through various
configurations, such as a tunnel coupling in a sandwich
superconductor-insulator-superconductor (SIS) geometry, the
proximity effects in a superconductor-metal-superconductor
(SNS) geometry, or simply in the form of a short and narrow
constriction, usually denoted as an ScS junction [2]. The in-
vestigation of nonequilibrium behaviors of these WLs under
excess current biasing, including current carrying capabilities
and the recovery processes back into SC states, provides a
means to explore the internal activation and the relaxation
dynamics of different types of WLs.

A significant focus in the field of nonequilibrium su-
perconductivity has been geared towards investigating the
nanoconstriction WLs in conjunction with two SC side banks.
This research activity is primarily motivated by the develop-
ment of superconducting quantum interference devices, such
as Andreev qubits or μ-SQUIDs [3–5]. In these systems,
Cooper pairs injected from one side bank are transformed
into quasiparticles traveling through the constriction with a
phase flipping along the WLs. This process is facilitated by the
applied bias voltage V . Eventually, quasiparticles recombine
to Cooper pairs on the other side [6,7]. A notable feature

observed in constriction WLs is that as the voltage is less
than the gap voltage, V < �/e, a new energy structure at
submultiples of � emerges as a result of multiple Andreev
reflections (MAR) between the contacts. This effect gives rise
to a series of the differential conductance (dI/dV ) features at
V = 2�/em, where m is an integer [3–5]. The overall current-
voltage characteristics (IVC) exhibits a hysteretic feature:
the WLs switch to a dissipative state when the bias current
exceeds the critical current Ic and V > 2�/e, whereas they
restore to a zero-voltage state through the dynamics of the
retrapping current Ir (< Ic) during the current ramp-down pro-
cess [8–12]. It is worth noting that the switching processes of
both Ic and Ir are stochastic. The nature of hysteresis has been
a subject of significant interest. It is generally believed that the
hysteresis in ScS constriction junctions is of thermal origin,
similar to that found in SNS junctions and unlike that of SIS
WLs, wherein the hysteresis is understood in terms of an
underdamped Josephson junction (JJ). The thermal hystere-
sis is attributed to the local Joule-heat dissipation within the
constriction area, leading to the formation of a self-sustained
hot spot [13–15], acting as a normal core or referring to a
phase-slip center (PSC). Therefore, the hysteretic IVC can
be conceptually modeled by a local thermal balance process
dictated by the interplay of the hot PSCs and the cold SC
banks.

Previous studies have mainly focused on investigations of
nonequilibrium dynamics of the SC WLs in the long and
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dirty limits [2,8], leaving short SC WLs less explored. The
dimension of short SC WLs, i.e., the constriction size, is
comparable to that of a PSC, giving rise to the coexistence
of a hot spot and a PSC at the center of the constriction
where the phase and the order parameter of the supercurrent
are substantially interrupted. Despite the fact that a number
of models have been proposed in the last few decades to
understand the hysteresis in SC WLs, the interplay between
the contribution of heating and other nonequilibrium effects
in short ScS WLs, crucial for practical applications, remains
elusive. For instance, the operations of micron-size SQUID
(μ-SQUID) can be hindered by the abrupt and stochastic na-
ture of Ir switching. Moreover, earlier reports have shown that
the magnetic flux (�a)-dependent interference on μ-SQUIDs
can only be observed in Ic, but never in Ir , implying that
nonequilibrium quasiparticles lose phase coherence due to
heating effects [15–17].

In this study, we investigate the dynamics of ScS WLs
in the proximity of the short and clean limits, delineated as
ξ0 � � � (l,w, h), where ξ0 represents the coherence length,
� is the mean free path, l denotes the length, w corresponds
to the width, and h is the height of the constriction. We
observe two distinct features in a hysteretic IVC: voltage
snapback at V > 2�/e and MAR-correlated voltage staircase
at V < �/e. Furthermore, we find that the retrapping current
Ir exhibits an oscillatory behavior with magnetic flux �a in
a μ-SQUID device, indicating that when quasiparticles are
sufficiently cooled, superconducting phase coherence is not
entirely suppressed by heating effects in the dissipative state
of a thermally hysteretic Josephson device.

II. DEVICE FABRICATION

We develop a stable and reproducible technique to tailor
a superconducting aluminum (Al) nanocontact junction by
combining electron beam lithography (EBL) and focused ion
beam (FIB). The method developed here can be incorporated
with typical fabrication parameters of superconducting qubits.

Our first goal is to find accessible manipulation conditions
of FIB to mill the facet of the Al layer, narrow the wire width,
sculpt a cave below the wire, and finally make two chunks
of Al electrodes in conjunction with a nanocube structure on
the Si substrate. To find the parameters of FIB, including the
ion energy and the angle of incidence to control the milling
rates of Al and Si, we use the SRIM (Stopping and Range of
Ions in Matter)/TRIM (TRansport of Ions in Matter) software
package to simulate the moving and stopped recoiling atoms
into the Si substrate and the Al layer [18]. It is known that the
mean projected range of Ga+ underestimates the cutting depth
measured in the experiments. Previous reports demonstrated
that the cutting depth in Si substrate is about 2.5 times larger
than the implantation depth simulated [19]. We vary the num-
ber of Ga ions N from 50 to 1000 to simulate the increasing
radiation damage exposure in FIB with dosage. Figures 1(a)
and 1(b) show the representative calculation results of the
TRIM simulation, where 300 of 30 kV Ga ions are implanted
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FIG. 1. Theoretical TRIM Monte Carlo simulations of gallium
ions with 30 keV penetrating vertically (the black arrow) through
the materials: (a) Al layer and (b) Si substrate under ion dosage of
6.12×1012 ions/cm2. The milling width is estimated by the spread-
ing width of Al/Si atom movement surrounding the incident area,
denoted as W Al

sim/W Si
sim. (c) Transverse projection SEM image of a

150-nm-thick Al stripe on Si substrate after FIB milling, under ion
dosages of 1×1013 ions/cm2 to 1×1014 ions/cm2 from left to right
with a step increase of 3×1012 ions/cm2. To have a clear view, the
sample is titled by 52◦. (d) The milling width measured by SEM
image of the grooves along the boundary, denoted as Wmeas, and ob-
tained from SRIM simulation, denoted as Wsim, at different dosages
(D) normalized to the maximum dose (Dmax) of 1×1014 ions/cm2.
(e) The SEM image of the test device to illustrate the differential
milling effect along the edge of the Al wire. (f) The SEM image of
the redeposition effect of the sputtered Si atoms. (g) A schematic
diagram to elaborate the differential milling effects between Al wire
and Si substrate along the edge. The backscattered Ga+ and Si
effectively remove Al along the boundary and leave an undercut
edge profile. We demonstrate two ways to sculpt the constriction by
FIB: manipulating the ion beam to cut a thin Al wire from one side,
named v-shaped cut (v-cut), or merely scanning over the wire, named
c-cut. (h) and (i) Transverse projection SEM images of a v-cut and
c-cut ScS junction, respectively. To obtain a clear view, the sample is
tilted by 52◦. The constriction region in the c-cut junction is directly
Ga-implanted. The insets show the top view of the junctions.

094512-2



INTERPLAY BETWEEN NONEQUILIBRIUM … PHYSICAL REVIEW B 108, 094512 (2023)

vertically into the Al film and the Si substrate. The distributed
elements show the movement of Al/Si atoms, and the light
dotted lines display the trajectory of Ga ions. Here we take the
widest spreading size of the moving Si and Al atoms, denoted
as W Si

sim and W Al
sim, respectively, to evaluate the milling rate of

the Al and Si materials. We note that both W Al
sim and W Si

sim tend
to saturate when N � 1000.

Experimentally, we prepare a long stripe of Al film with
a thickness of 150 nm deposited on Si substrate by EBL and
manipulate the ion beam scanned across the edge of the Al
film with the dose adopted from the simulations. Ion milling
is performed using an FIB system equipped with a Ga+ source
(Helios Nanolab 450 S), operated at 30 kV and 1.1 pA, with a
milling resolution of approximately 10 nm. Figure 1(c) shows
the scanning electron microscope (SEM) image of the slices
cut along the edge of the Al strip and Si substrate from which
the width of the grooves can be determined, denoted as W Al

meas
and W Si

meas. It is found that the widths of Si and Al increase
with increasing dosage from 5 nm up to 25 nm for Al and
17 nm to 40 nm for Si as the ion dosage increases from
1×1013 ions/cm2 to 1×1014 ions/cm2. We summarize the
width obtained from SRIM/TRIM simulations as a function
of N (normalized to Nmax = 1000) and the measured width
as a function of normalized dose (D/Dmax) in Fig. 1(d). By
aligning N/Nmax to D/Dmax, we thereby establish empirical
relations of W Al

meas ∼ 0.6×W Al
sim and W Si

meas ∼ 0.9×W Si
sim, which

allow us to design and fabricate ScS JJ with high reproducibil-
ity.

Figure 1(d) reveals that the difference between the milling
width of the Si trench is approximately 20 nm larger than that
of Al. This dosage-independent difference is confirmed with
simulations. This variance suggests an enhanced milling effect
on the edge, as shown in Fig. 1(e) with a dosage of 3×1013

ions/cm2 in the planar view, where the Al film under ion
bombardment is not only thinned down but is also inwardly
removed by ∼25 nm along the edge by sputtering. Figure 1(f)
shows an alternative projected view on one groove, where the
sputtered Si circularly redeposited around the trench can be
clearly observed. We give a schematic illustration of how the
milling process occurs on the edge in Fig. 1(g). The backscat-
tered Ga+ and Si effectively remove Al along the boundary
and leave an undercut edge profile. This differential milling
effect is found to be well reproduced. We, therefore, utilize
it to perform precision milling of the specimen down to a
nanoscale.

We prepare an Al-wire 150-nm-wide and 150-nm-thick
by EBL and operate FIB to further narrow the wire to a
nanocontact. We have tried two methods described in the
following. We manipulate the beam to cut the wire from one
edge toward the other and stop the beam at the edge as close
as possible. In this process, a “v-cut” junction is formed, as
shown in Fig. 1(h). Alternatively, we scan the beam across the
wire with appropriate conditions, which allows us to fabricate
a “c-cut” junction, as shown in Fig. 1(i). We encounter a
technical problem in that the beam control needs to be more
stable to have a high-yield production of the v-cut junction.
On the other hand, the c-cut junction can be well reproduced.
By scanning the ion beam across the wire, we can mill the
facet of the Al layer down to ∼90 nm, sculpt a cave below the
substrate interface by Ga+/Si sputters, and trim the wire to a

FIG. 2. The measurement setup of the Al-based ScS junction.
(a) Schematic diagram of a single ScS junction studied, where the
superconducting constriction region is Ga-implanted. (b) The magni-
fied SEM image of the square SQUID device, consisting of two c-cut
junctions marked by the red dashed circles. (c) The zoomed-out SEM
image of the μ-SQUID device includes the current, voltage, and two
on-chip flux-DC or -RF modulation lines, denoted as L1 and L2. The
source and drive contacts are separated by approximately 200 μm.
To avoid potential heating effects, L1 and L2 are grounded to the
grounding pad, marked with false-color blue. We adopt an external
superconducting coil to apply the global magnetic field.

narrow neck with a width of ∼30 nm. Consequently, we are
able to make a three-dimensional Al nanocube with a lateral
size of ∼25 nm×30 nm in contact with the chunk electrodes
to form an ScS JJ. Data presented in the main text are mainly
obtained from the c-cut ScS JJs.

III. MEASUREMENT SETUP AND DEVICE
CHARACTERIZATIONS

We make two chunks of Al electrodes in conjunction with
a nanocube structure with size (l,w, h) ∼ (25, 30, 75) nm,
as schematically illustrated in Fig. 2(a). The constriction is
locally implanted with Ga ions by using FIB. Note that its
dimensions are comparable to the size of a single Al gain,
which makes the Josephson device studied a heterointerface
junction different from the homogeneous ScS junction inves-
tigated before [15,20,21]. The μ-SQUID device consists of
one ScS in each branch.

Figures 2(b) and 2(c) show the enlarged SEM image of
the μ-SQUID device studied, a zoom-out SEM image of a
μ-SQUID, and a schematic diagram of the measurement cir-
cuit. The device layout was originally designed to perform rf
measurements. Two transmission lines, L1 and L2, initially
made for on-chip flux-tuning or sending rf excitations, are
connected to the ground pads in the present work. All the
experiments are conducted in a He3-refrigerator with a base
temperature of ∼ 0.3 K. We ramp a voltage VA with a series
resistor, and measure the bias current I(=Vs/1 k�) and the
voltage V across the junction. We place a nearby external
superconducting coil to tune magnetic flux through the device
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FIG. 3. (a) The temperature dependence (T ) of the resistance (R)
for an uncut Al wire and a single c-cut, denoted as Sa, and v-cut ScS
junction. (b) R − T curves of two μ-SQUIDs, labeled S1 and S2. The
steplike features in R(T ) are attributed to different superconducting
transition temperatures of the Al-bulk electrodes and the Ga-doped
constrictions. In contrast to the c-cut device, the superconducting
transition is relatively smooth in the v-cut device.

by applying current IB. The IVC of the device is measured by
a four-probe geometry, in which the measurement circuitry is
adopted as a damper of environmental noise.

The temperature (T ) dependence of the resistance (R) of
five different samples, a single c-cut (Sa), v-cut junction,
two μ-SQUIDs (S1, S2), and an uncut Al-wire are shown in
Figs. 3(a) and 3(b), respectively. The superconducting transi-
tion width is sharp for Al wire with a critical temperature (Tc)
around ∼1.02 K. The R − T trace of Sa exhibits a step shoul-
der which broadens the transition width by ∼0.1 K, whereas
multiple staircase features are observed for SQUID-type S1
and S2 devices. The step structures arise from the variance of
Tc for different sections of the device: the chunk electrodes
and two doped constriction regions [12,15,16,22], suggesting
that the Ga+ implanted region has a lower Tc. Note that the Tc

onset of the v-cut JJ is ∼1.2 K, and R smoothly decreases to
zero with a transition width of ∼0.15 K, which is wider than
that observed in the uncut device. It suggests that the effect
of Ga implantation on superconducting transition width in the
v-cut JJ is far less than that of a c-cut ScS device. Based on the
R − T data, we estimate that the resistivity ρN of the constric-
tion is approximately 1.35 μ� cm at 4.2 K. Accordingly, the
mean free path (�) is approximately � 5.9 nm [23,24]. In addi-
tion, the coherence length ξ0 of device studied is estimated to
be within ∼550–1600 nm, consistent with the tabulated value
in Ref. [25]. Thus, the constriction junction fabricated is close
to the clean and short limits.

IV. CURRENT-VOLTAGE CHARACTERISTICS

Figures 4(a), 4(b) and 4(c) display the representative IVC
of Sa, S1, and S2, respectively. The arrows indicate the direc-
tion of the current sweep; a hysteretic IVC with the current
ramping direction indicated by blue and red arrows. Upon
increasing the current from zero, the device switches to a finite
voltage state at Ic. When the current is ramped down from a
value greater than Ic, the device regains its superconducting
state at Ir . The general features of IVC aforementioned are
well reproduced in all devices studied. The critical current
Ic of Sa is approximately 0.6 mA which corresponds to the
critical current density of ∼266 GA/m2. The value is close
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FIG. 4. I − V characteristics of two types of devices: a single
c-cut junction Sa and μ-SQUIDs S1 and S2, measured at 300 mK.
(a) The full-scale I − V curve of Sa. (b) and (c) The full-scale I − V
curve of S1 and S2. All I − V curves are hysteretic. The blue and
red arrows indicate the direction of the current sweep. The devices
switch to a finite-voltage state at the critical current Ic and come back
to a zero-voltage state at the retrapping current Ir .

to that of the bulk Al in the previous report [26], suggesting
that the proximity effect enhances superconductivity in the
Ga-doped constriction. The magnitude of Ic of S1 and S2 is
approximately twice that of Sa. The IVC exhibits hysteretic
switching behaviors for all devices. As the current is ramped
down below Ic, the IVC deviates from linear dependence at
V ∼ VN,i, as indicated by the vertical dashed line in Fig. 4,
where i stands for the device index, e.g., i = a for device Sa
and i = 1, or 2 for S1 and S2, respectively. We extrapolate
linear I − V from the high-voltage end, e.g., V > 2.5 mV
for S2 to the origin by a straight dashed line with slope
R−1

N,i = Ic/VN,i. It is evident that the measured IVC is right on
top of the extrapolated straight line at V < VN,i, indicative of
the existence of an excess current.

More importantly, the I − V traces reveal three distinct
features which can be classified by the voltages applied. In the
high bias regime where V > VN,i, successive voltage snapback
steps are observed, as shown in Fig. 5. It should be noted that
the upward current at a given V after the voltage snapback
process is always larger than the downward current descend-
ing from higher voltages. Furthermore, these voltage steps
consistently switch toward a lower voltage, which is equiva-
lent to an increase in current �Is j with �Is j/Ic = 0.8 − 2.4%.
This finding suggests that the consequence of the voltage
snapback is to retain JJ in the superconducting state under
excess driven current. In the low bias regime where V < Vn,i,
the IVC exhibits staircaselike features, as illustrated in Fig. 6,
before the current is reduced to the retrapping current Ir at
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device is taken as the upper scale of the figure (see text for details).
The green dashed line indicates an increase in current, denoted as
�Is j , after the voltage-snapback event.

which the devices studied regain the superconducting state.
These stochastic switching features are correlated with MAR,
which will be discussed in more detail later. In the middle bias
regime where Vn,i < V < VN,i, the excess current develops
a bump in the IVC, as displayed in Fig. 4, resembling the
so-called footlike structure observed in SC microbridges [2].

V. MAR-CORRELATED VOLTAGE-STEP JUMPS

To investigate the nature of the voltage steps, it is es-
sential to determine a precise value of the gap voltage
(V = 2�/e). By assuming that two junctions of μ-SQUID are
nearly identical, adopting the Ambegaokar-Baratoff relation:
IcRn = (π�/2e) tanh(�/2kBT ) [2] and the Bardeen-Cooper-
Schrieffer (BCS) �(T ), and taking �(0) and Rn as fitting
parameters to fit Ic(T ) for device Sa and S1 shown in Fig. 7(a),
we find �i ∼ eVn,i and the differential resistance RN,i =
VN,i/Ic. To confirm these relations, we measure the tempera-
ture dependence of Vn,1(T ) of S1 and take Vn,1(T ) = �1(T )/e
to plot �1(T )/�1(0) as a function of T/Tc, as shown in
Fig. 7(b). Our data are in good agreement with the BCS-type
gap formula, suggesting that the value of the superconducting
gap �i can be reasonably determined by identifying Vn,i.

Figures 8(a)–8(f) show the full- and large-scale IVC with
voltage normalized to VN,i for a single ScS JJ Sa and Sb
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features at V � Vn,i, where Vn,i(T ) = �i/e. The voltage steps mani-
fest the dynamic enhancement of the supercurrent, denoted as �Is.

and μ-SQUIDs S1, S2, S3, and S4, respectively. Accordingly,
Figs. 8(g) to 8(l) show the associated dI/dV − V plot with
the voltage normalized to 2�i, where the red dashed lines,
specifying the regime below which the staircaselike voltage
switching takes place, are drawn for a guide to the eye. The
peaks in dI/dV related to the threshold of voltage snapback
switching in IVC occur at voltage V = 2�/em, where m = 2
and 4 for single junction Sa and Sb, and m = 2, 4, and 6 for μ-
SQUID S1 to S4. The switching voltage 2�/em corresponds
to the voltage at which the mth-order MAR process dominates.
In general, the value of dI/dV increases with increasing m, as
shown in Figs. 8(g)–8(l), suggesting that the voltage switching
during a current down sweep is accompanied by an increase
in the junction conductance. Moreover, the subgap differential
conductance g (∼ 1/Rn) associated with coherent MARs of
quasiparticles from the superconducting electrodes is larger
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FIG. 8. The full-scale I − V and the associated dI/dV − V char-
acteristics of Sa, Sb, and S1 to S4, measured at T = 0.3 K. (a) to (f)
show the IVCs with V normalized to VN,i where VN,i = IcRN , with
i = a to 4, respectively. The dI/dV − V characteristics correspond-
ing to (a) to (f) with V normalized to 2�i/e are displayed in (g) to
(l), respectively. Note that dI/dV in the voltage switching process
within the subgap regime cannot be analytically derived. Therefore,
the dashed lines drawn are a guide for the eye. Each voltage step
emerges at voltage V = (2�i/em) with m = 2, 4, or 6. The Q
point corresponding to the local maximum of footlike structure in
dI/dV − V is marked by a red solid circle consistently located at
∼0.75 (eV/2�i) for the devices studied.

than that for V >Vn,i (∼�i/e), indicative of a dynamic
enhancement of junction conductance arising from the voltage
switching upon reducing the bias current.

Notably, our data measured from all devices studied reveal
a remarkable coincidence once the applied voltage rescales
with �i/e. For example, the voltage steps below Vn,i with
V = 2�i/em are intimately related to the MAR, the lo-
cal maximum of a footlike structure marked “Q” point in
Figs. 8(g)–8(l) consistently emerges around ∼0.75(eV/2�i ),
and the voltage steps above VN,i shown in Fig. 5 occur around
eV/�i =9∼11. As we will discuss below, the remarkable
scaling feature is attributed to the constriction behaving as a
single PSC, essentially carrying away the same amount of heat
scaled with the gap energy �i of each device studied.

FIG. 9. Critical current Ic versus the normalized flux �a/�0 for
four μ-SQUIDs S1 to S4 at T = 0.3 K. The applied flux �a is
controlled by the external coil current IB. (a) The flux dependence
of I+

c in the positive branch and I−
c in the negative branch for S2.

(b) to (d) The flux dependence of I+
c for the devices S1, S3, and S4.

The current modulation depth to the flux quantum is approximately
200 μA/�0.

VI. THE FLUX DEPENDENCE OF THE SUPERCURRENT

In this section, we will present the flux dependence of
the supercurrent in the μ-SQUID devices. The variations of
the critical current Ic of the devices S1–S4 as a function of
magnetic flux are shown in Fig. 9. By applying IB to an exter-
nal superconducting coil, as illustrated in Fig. 2, we measure
the current-phase relation, Ic(�a). Figure 9(a) shows the flux
dependence of the maximum critical currents I+

c and I−
c of S2

with a period of �a/�0, where �0 = h/2e is the magnetic
flux quantum.

The modulation of the critical current Ic by an applied
magnetic field is approximately 10%, i.e., �Ic/Ic ∼ 0.1. As
shown in Fig. 9(a), there is a phase shift, denoted as ��a/�0,
in Ic(�a) between the forward and reverse bias directions. The
reflection symmetry-breaking feature indicates that the two
Josephson junctions in μ-SQUID S2 are asymmetric. As a re-
sult of the stochastic switching of Ic in μ-SQUIDs S1, S3, and
S4, the Ic(�a) of these devices deviates from the sinusoidal
dependence illustrated in Figs. 9(b) to 9(d). However, this
observation is qualitatively similar to the previous reports in
Al nano-SQUIDs with long nanobridges and a large screening
parameter [21,27]. The discontinuous current switching prob-
ably arises from flux-induced fluctuation effects. In addition,
whether the doped Ga ions behaving as charged impurities in
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FIG. 10. (a) The I − V characteristic of S2 in the presence of
the normalized flux �a/�0 = 0.5 and 0 measured at 0.3 K. (b) and
(c) Voltage modulation of S2 versus applied magnetic field at differ-
ent bias currents, marked by the numbers indicated in (a). The data
are offset for clarity.

the junction could be responsible for the bias-current-induced
fluctuations is still an open issue.

We further explore the time-averaged DC supercurrent-
phase relation Īs(φ) in the dissipation region where MAR is
present. The IVC of S2 at V � �/e with �a = 0 and 0.5�0

is shown in Fig. 10(a). The threshold voltages of the mth-order
MAR state are marked as Vm,2. Stochastic thermal bistability
is observed between Vm,2 and Vm+2,2. We set the current I
to the value marked by the numbers indicated in Fig. 10(a),
continuously scan �a from -2�0 to 2�0, and display the data
in Figs. 10(b) and 10(c). Discernible oscillations of V (�a) in
period of �0 are found while I < 0.3 mA, i.e., below Point-
(3), suggesting that Īs regains the phase coherence. These
observations provide convincing evidence that the bias current
I is dynamically distributed between the supercurrent Īs and
the coherent normal current Īn, i.e., Īn(�a) = I − Īs(�a).

VII. DATA ANALYSIS AND DISCUSSION

The studies of the nonequilibrium SC phenomena can be
tracked back to the 1970s (for review, see Refs. [2,8]). A
dynamic equilibrium where superconductivity retains under
dissipation in a nonequilibrium state can be established when
the excitation from an external source is balanced by a relax-
ation process (for details see Ref. [2], chapter 11). The energy
of the quasiparticles Ek (= (�2 + ξ 2

k )1/2) depends on the SC
order parameter �(= |�|eiφ ), where ξk is the energy of an ex-
citation at the momentum state k in the absence of the pairing
interaction. In the dissipative state, the applied voltage drop

I
Ic

2Δ
eV0.5 1.0

1

ωτΕ  >> 1

Ir

ωτΕ ∼ 1

m = 2
4

6

MAR

ωτΕ << 1

Q

ωτΕ < 1

FIG. 11. Schematic I − V curve of devices studied to elaborate
distinct voltage switching features in three dynamic regimes charac-
terized by a dimensionless parameter of ωτE .

across the constriction is associated with the change of the
phase δφ taking place in one or several PSCs resided within,
in accordance with the Josephson relation ∂φ/∂t ∼ V . The
external V alters the energy distribution of the quasiparticle
excitations, δ fk (= fk − f0), where fk and f0 is the excited
and thermal-equilibrium Fermi function, respectively. The ob-
servable effects of disequilibrium δ fk depend on the interplay
of the inelastic scattering time τin and the Josephson period
τJ (∼ 1/V ∼ 1/I ). Here, τin is correlated with the time vari-
ation of |�|, governed by the energy-relaxation mechanisms.
The relaxation rate is usually dominated by electron-phonon
scattering; for example, τin(often denoted as τE ) is on the order
of 10−8 to 10−11sec for Al.

Here we classify the observed features of IVC in different
regions by using the parameter ωτE , where ω is the Josephson
rate (= 2π/τJ ), as depicted in Fig. 11 (not in scale). We
start by discussing the condition at high voltages V > VN

and ωτE � 1, where the rate of change of � is fast, and
the injection rate is relatively high such that there is a rapid
interchange of quasiparticles between the junction and the
banks. As a result, the variation of quasiparticle occupation
induces a voltage-switching event in a stochastic manner.
Experimentally, the voltage steps similar to those observed
in this study have been reported in a long superconducting
filament [10] and bridge-type nano-SQUIDs [16], which can
be understood within the framework of PSC [2]. The order
parameter centered at PSC is driven to oscillate cyclically,
and the phase rapidly slips, yielding a voltage across PSC and
a time-averaged dc supercurrent (Īs) [28,29]. The nonequilib-
rium current spreading over a region can be characterized by a
charge-imbalanced distance (�), which can be approximately
estimated by dI/dV = (2�ρN/A)−1, where ρN is the normal-
state resistivity, A is the cross-sectional area of the junction.
We take the value of dI/dV from Fig. 8(i) at V ∼ 0.75(2�/e)
and estimate � of S1 to be approximately 8.3 nm. The fact that
l ∼ � ∼ � � ξ0 suggests that the perturbations of the phase
and the order parameter are confined in the junction region.
Therefore, the doped nanoconstriction can be treated as a sin-
gle PSC, which effectively neutralizes the self-heating effects.
As a result, our data reveal that the snapback features are
consistently observed around V = 9 − 11(�i/e), as indicated
in the upper scale of Fig. 5, for all devices studied.

When the current is ramped down to the regime in which
�/e <V < 2�/e, the I trace appears as a bump, in contrast
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to the concave-up curvature expected from the resistively and
capacitively shunted junction model [30]. This feature has
been observed in SNS microbridges and is often referred to
as footlike or shoulderlike structures [2,31]. It is generally
believed that this feature is driven by the oscillations of |�|
in the constriction region and not by the Joule dissipation
I2RN . Nevertheless, the kinetic mechanism is controversial:
oscillations of |�| lead to the time-averaged “cooling” of the
quasiparticles proposed by Ref. [31] and [2], but “heating” of
the quasiparticles by Ref. [32]. In the “cooling” perspective,
the bump signifies a nonequilibrium current enhancement.
In the condition of ωτE < 1, the inelastic electron-phonon
scattering tends to restore the equilibrium such that the cycli-
cal oscillations of � give rise to an extra positive Īs up to
voltages of order h̄/2eτE (ωτE ∼ 1) marked as the Q point
in Figs. 8(g)–8(l). We estimate τE for S1 is about 10−12 s
which is slightly smaller than the value reported in earlier
reports [2] but is consistent with our claim that the constriction
is disordered by the Ga dopant. As shown in Fig. 8, we find
that the Q points consistently occur at ∼0.75 (eV/2�i). The
remarkable scaling of the snapback voltage and the Q point
with �i/e implies that the constriction region indeed behaves
as a single PSC.

Alternatively, the “heating” perspective predicts that the
footlike structure appears at a low voltage for the constriction
with w � l [32,33]. Reference [33] suggests that in such a
geometry, the nonuniform current distribution induces a tran-
sition (∝ 1/τin ∼ 1/τE ) of the slow vortex motion at a low
voltage to phase slip lines at a high voltage, resulting in an
IVC resembling the footlike structure. The geometry of the
constriction of our device [see Fig. 2(a)] meets the condi-
tion prescribed. However, due to smaller τE of the Ga-doped
constriction, we cannot observe a hyperboliclike IVC as T is
elevated near Tc, as predicted in Ref. [33]. In any case, more
studies are needed to clarify the issues of these two pictures.

We proceed to consider the case of V � 2�/e, or
ωJτE � 1, where the nonequilibrium state is mediated by An-
dreev quasiparticles. The red dashed lines in the IVC shown
Fig. 4 represent V = RN I , where RN is the normal-state re-
sistance of the device. The voltage asymptote lies above
the normal-state characteristics, suggesting the appearance of
excess current. The voltage-dependent excess current Iexc is
defined as Iexc = I (eV/� � 1) − V/RN and is often referred
to as the additional current at a large V in the SNS junction,
stemming from Andreev reflections [6]. In terms of Blonder,
Tinkham and Klapwijk theory [34], RN can be characterized
by RN = R0(1 + 2Z2), where Z is a dimensionless scattering
parameter modeling the inelastic scattering at the interface,
R0 = [2AvF e2N (0)]−1, and N (0) is the density of states at the
Fermi energy. It predicts that Andreev reflections increase Iexc

with lowering the voltage at a smaller Z(�1) and Iexc increases
with decreasing Z . The general trend of increasing excess
current while increasing g with increasing the mth-order MAR
state, shown in Figs. 4 and 6, qualitatively agrees with that
proposed for SNS microbridges.

The correlation between the subgap structure and the
excess current with MAR has been investigated for years.
The related studies recently resurged because of the
search for Majorana quasiparticles [35]. A superconductor-
topological insulator-superconductor (S-TI-S) junction or a

superconductor- nanowire-superconductor (S-NW-S) junction
is considered a platform to host Majorana fermions [36–46].
A wide variety of IVC of the above-mentioned SC junctions
have been experimentally observed, which makes a detailed
comparison with theoretical studies precluded. Understanding
IVC requires careful scrutiny of the junction properties. For
example, the MAR can be so effective that the extrapolated
value of Iexc at V =0 is larger than Ic for the junction made
of topological insulator materials [36,37]. In contrast, this
extrapolated Iexc nearly vanishes for nanobridge or quasi-one-
dimensional WLs [4,14,15]. In other instances, the subgap
structure is only sometimes visible despite the presence of a
large Iexc [4,38].

To understand the nature of the MAR-correlated step fea-
ture at ωJτE � 1, we need to take into account thermal
hysteresis, namely, quasiparticle heating in the constriction.
There are several thermal models for understanding the hys-
teretic IVC of short SC WLs and μ-SQUIDs with the geome-
try similar to that of the devices studied [7,12,32,47]. A typical
thermal model considers the Joule heat near the WL region in
the dissipative state to be removed in two ways: conduction
within each electrode and the surface heat flow from the film’s
bottom surface to the substrate [12]. Furthermore, experimen-
tal studies have shown that electronic thermal conduction and
phonon conduction dominate the heat removal processes in
a short and a long JJ, respectively [14]. In our short con-
striction JJ, the formation of Andreev bound states produces
pronounced local density of states [7], which facilitates the
heat transport either in the kinetic equation of fk described
by the time-dependent Ginzburg-Landau equation [32] or
the electronic thermal conduction proposed by the thermal
model [12]. Either model can qualitatively account for voltage
jump accompanied by increasing g as MAR takes place.

As ωτE � 1, i.e., τJ � τE , the V applied is much smaller
than �/e, and the oscillation period of |�| is much longer than
τE . The relaxation will occur quickly on the scale of τJ . The
nonequilibrium quasiparticle relaxation predominantly damps
the phase-slip process, resulting in the emergence of the re-
trapping current below which Joule heating is insufficient to
sustain a temperature above Tc. Consequently, the dynamic
phase-flip process ceases at I = Ir .

Finally, we emphasize that regardless of the voltage steps
observed at V > 2�/e(I > Ic) or V � �/e, the voltage jumps
from a higher to a lower value while keeping the current
unchanged is equivalent to a reduction in the junction resis-
tance or an enhancement of superconductivity by increasing
Īs. Therefore, the occurrence of the voltage steps is the sig-
nature of the dynamic enhancement of superconductivity. We
estimate the level of enhancement corresponding to a shift
of the nonequilibrium temperature δT ∗ = −0.01 Tc, which
is quantitatively consistent with previous works [2]. The
supercurrent-phase relation Īs(φ) shown in Fig. 10 confirms
our claim of the superconductivity enhancement effect as-
sisted by MAR in the dissipative state.

VIII. CONCLUSION

To conclude, we develop a scheme utilizing FIB technique
to fabricate a locally doped superconducting nanoconstriction
junction. We find the voltage-step features emerged in two
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distinct regimes: the voltage far above �/e due to the dy-
namics of the phase-slip center and the voltage below �/e
mediated by MAR. Both the voltage snapback and the stair-
caselike voltage switching manifest a dynamic enhancement
of supercurrent to regain the superconductivity in JJ. In the
μ-SQUID device, we observe a modulation of the retrapping
current as a function of the magnetic flux through the loop
with a period of �0, suggesting that the higher-order MAR of
nonequilibrium quasiparticles can preserve superconducting
phase coherence while quasiparticles are sufficiently cooled.
Our work extends the present understanding of nonequilib-
rium superconductivity near the clean and short limits and
will stimulate further theoretical investigations in this rapidly
evolving field.
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APPENDIX: ANALYSIS OF DEVICE CHARACTERISTICS
WITH RCSJ MODEL

It is well-established that the dynamics of Josephson junc-
tions can be quantitatively analyzed in the framework of resis-
tively and capacitively shunted junction (RCSJ) model [2,30].
Within the RCSJ model, the junction dynamics can be
characterized by the Stewart-McCumber parameter βc(=
(ωc/ωp)2 = ωc/ωRC ), where ωc = 2π IcRn/�0 is the Joseph-
son frequency at voltage Vc ≡ IcRn, ωp = (2π Ic/�0C)1/2 is
the plasma frequency, and ωRC = 1/RnC. In the limit of
βc � 1, called the underdamped limit in which the time for
the phase to change is extremely short compared to that for
the charge to relax from the capacitor. Consequently, the

TABLE I. Summary of key characteristics of the devices.

VN,i I+
c Rn,i �i(0) Ci Li ωc

Sample (mV) (mA) (�) (meV) βc βL (pF) (pH) (THz)

Sa 0.827 0.59 1.396 0.193 21.2 − 6.08 − 2.50
Sb 0.535 0.345 1.668 0.23 11.3 − 3.87 − 1.75
S1 1.064 1.032 1.073 0.192 70.0 7.51 21.4 7.53 3.62
S2 1.207 1.332 0.904 0.176 71.1 9.55 15.1 7.42 4.37
S3 0.911 0.883 0.883 0.189 22.9 9.18 6.93 10.8 2.97
S4 0.621 0.421 1.702 0.219 12.0 4.29 3.24 10.6 2.17
S5 1.000 2.073 0.481 0.094 8.91 − 6.12 − 3.03

dynamics of the junctions are governed by the parallel combi-
nation of the R − C circuit, resulting in an average dc voltage
of V ∼ IcR during the process upon which the dc bias current
increases from zero to Ic. As the current I is reduced below Ic,
V does not switch back to zero until a retrapping current Ir is
reached, where Ir/Ic = 4/(π

√
βc) for βc � 1 in the absence

of fluctuations [30]. To quantify the relevant parameters, we
adopt this expression to determine βc and C of devices studied.
As a result of Ir much smaller than Ic in experimental data,
the extracted value of βc is greater than one, indicating that
the devices studied are classified as underdamped junctions.
Moreover, the screening parameter βL(= 2LIc/�0), where L
is the inductance of the loop, can be deduced from the sup-
pression of the critical current by field modulation. In the case
of βL � 1, �Ic(�)/Ic(max) ∼ 1/βL [2,30]. We can, therefore,
extract βL and L of device studied from �Ic(�)/Ic(max) data.
Based on the length and the ratio of the rectangular hole
of the SQUID [48], we estimate the inductance L of the
device studied, for example, S2, to be ∼ 7.39 pH, which is
self-consistent with the value of ∼7.42 pH obtained from the
above-mentioned scheme. Furthermore, the penetration depth
λL is estimated to be approximately 40–50 nm, and the Fermi
wavelength λF ∼ 0.4 nm [25]. With w � λF , the constriction
is a multichannel mesoscopic system for quasiparticle trans-
port. Finally, the key parameters of the devices studied are
summarized in Table I for references.
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