
PHYSICAL REVIEW B 108, 094439 (2023)

Effective rectification of terahertz electromagnetic fields in a ferrimagnetic iron garnet
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It is found that single-cycle THz electromagnetic fields efficiently excite a GHz spin resonance mode in
ferrimagnetic Tm3Fe5O12, despite the near absence of GHz spectral components in the exciting THz pulse. By
analyzing how the efficiency of excitation depends on the orientation and strength of the THz electric field, we
show that it can be explained in terms of the nonlinear THz inverse Cotton-Mouton effect. Here, the THz electric
field gets effectively rectified and acts on the ferrimagnetic spins as a unipolar effective magnetic field pulse.
This interpretation is confirmed by a theoretical model based on the phenomenological analysis of the effective
magnetic field, combined with the equations of motion derived from the effective Lagrangian for a ferrimagnet.
Moreover, by using the outcome of two-dimensional THz spectroscopy, we conjecture a quantum-mechanical
interpretation of the observed effect in terms of impulsive stimulated Raman scattering of THz photons by the
crystal-field split f - f electronic transitions of Tm3+.
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I. INTRODUCTION

The development of ultrafast magnetism opened up a
research field [1], which explores new regimes of spin
dynamics triggered in ferro-, ferri-, and antiferromagnetic
materials by stimuli much shorter than the time required to
reach thermodynamic equilibrium (∼100 ps). Consequently,
in such regimes of spin dynamics, the conventional approxi-
mations of equilibrium thermodynamics to describe magnetic
phenomena fail, and the resulting spin motion is often coun-
terintuitive. For instance, even though Curie’s principle [2]
of equilibrium thermodynamics predicts that the symmetry
of the causes are to be seen in the effects and thus solely
heating cannot result in magnetization reversal, it was shown
that ultrafast heating induced by femto- or picosecond laser
pulses or picosecond electrical pulses is able to reverse the
magnetization in ferrimagnetic materials [3–6]. Similarly, in
equilibrium thermodynamics, the fastest and the least dissipa-
tive route of magnetization reorientation seem to be always
mutually excluding. However, this seemingly impossible ex-
clusive combination was achieved by employing the effect of
photo-induced magnetic anisotropy by a femtosecond laser
pulse, demonstrating the simultaneously record-fast and least-
dissipative writing of a magnetic bit [7]. Naturally, this
counterintuitive but very appealing regime of spin dynamics
attracted the attention of researchers in applied magnetism,
including the fields of spintronics, magnonics, and magnetic
data storage. This interest, in turn, fuels the search for ever
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new ultrashort stimuli to enable more ultrafast and even less
dissipative writing of magnetic bits.

While femto- and picosecond laser pulses in the near-
infrared and the visible spectral range are the most popular
stimuli in ultrafast magnetism, it was realized that nearly
single-cycle THz electromagnetic pulses [8], consisting of
photons with a thousand times smaller energy, can affect the
spins in magnetic media in a more energy efficient nonthermal
way. In particular, it was shown that the magnetic component
of such THz pulses can directly couple to spins via Zeeman
torque [9]. At the same time, such an approach is associated
with a significant disadvantage. The time integral of the elec-
tromagnetic field of the THz pulses, as in the case of any other
freely propagating electromagnetic wave in a neutral medium,
is strictly zero and the net effect of such a stimulus on spins
is thus questionable. But recently, it was shown that THz
electromagnetic fields can be effectively rectified and thus
become much more efficient in controlling spins [10,11]. Such
rectification of THz fields has so far only been demonstrated
in canted antiferromagnetic media [10–12]. Here, we fill the
gap and demonstrate that a similar mechanism of effective
field rectification can also be realized in ferrimagnets.

In this article, we show that a single-cycle THz pulse in
ferrimagnetic Tm3Fe5O12 is able to excite not only a THz
[13], but also GHz mode of spin resonance. The excitation
of the latter mode is surprising as its frequency is nearly
absent in the spectrum of the THz pulse. By analyzing how the
amplitude of the GHz mode depends on the orientation and the
strength of the THz electromagnetic fields, we rule out heating
and show that the fields are effectively rectified and that the
GHz spin resonance is excited by an effective magnetic field
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generated in the medium due to the inverse Cotton-Mouton
effect (ICME) [14,15]. These findings are supported by a
phenomenological analysis of the rectified field in combina-
tion with a Lagrangian model of spin dynamics [16], which
all fit the experimental observations. Quantum mechanically,
the process can be described in terms of stimulated Ra-
man scattering [17], where a first photon with frequency
ω1 brings the electron to the excited state, while a second
photon with frequency ω2 stimulates fast recombination to
the Stokes-shifted ground state accompanied by an emission
of a magnon with frequency ω = ω1 − ω2. By employing
two-dimensional (2D) THz spectroscopy [18], we show that
the excited state is characterized by a lifetime shorter than
1 ps. The effect must therefore be impulsive of nature: The
mode is only driven during the pump pulse excitation. This
fact practically excludes that the effect is due to a displacive
mechanism such as heating by anisotropic absorption, or
photo-induced magnetic anisotropy [15]. Instead, the results
from 2D spectroscopy support the ICME, and led us to con-
jecture a quantum-mechanical interpretation of the effect in
terms of impulsive stimulated Raman scattering mediated by
off-resonant or short-living excitation of the crystal-field split
f - f transitions of Tm3+.

The paper is organized as follows. Section II provides
details about the sample and describes the experimental
setup. Section III presents the main experimental findings.
These findings are supported by the theory presented in
Sec. IV, where we employed a Lagrangian approach to de-
scribe the magnetization dynamics, driven by an effective
rectified magnetic field due to the ICME. We suggest a possi-
ble microscopic mechanism of the latter in the discussion of
Sec. V, supported by additional measurements using 2D THz
spectroscopy. Our conclusions are summarized in the final
Sec. VI.

II. SAMPLE AND EXPERIMENTAL SETUP

The particular ferrimagnet that we examined was a 19-µm-
thick film of bismuth and gallium-substituted thulium iron
garnet (TmIG) Tm2BiFe4.2Ga0.8O12 grown by liquid phase
epitaxy on a 500 µm gadolinium gallium garnet (Gd3Ga5O12)
substrate with (111) orientation. The garnet structure has
eight formula units per unit cell and has space-group sym-
metry Ia3d (point group Oh) [19]. In the parent compound
Tm3Fe5O12, two in five Fe3+ ions can be found in octahe-
dral surroundings of O2− and the other three in a tetrahedral
environment [20]. The spins of the tetrahedrally surrounded
Fe3+ ions couple antiferromagnetically to the spins of those
in the octahedral environment. The two Fe3+ magnetic sub-
lattices have different magnetizations, this difference results
in a net magnetization MFe. The spins of Tm3+ couple an-
tiferromagnetically with respect to MFe, resulting in a net
magnetization MTm. Because the exchange interaction be-
tween the iron sublattices is large compared to any other
exchange interaction between the three sublattices (Tm-Tm
and Tm-Fe), it is sufficient to treat the two iron sublattices
as one [21,22]. Therefore, although Tm3Fe5O12 is, in real-
ity, a three-sublattice ferrimagnet, it is effectively treated as
a more conventional two-sublattice Tm-Fe ferrimagnet with

FIG. 1. (a) Illustration of the experimental scheme. (b) The
calibrated waveform of the THz pulse measured by electro-optic
sampling in GaP. The THz polarization is initially along the y axis,
but it could be rotated using wire-grid polarizers. (c) Typical THz-
induced transient of the probe-polarization rotation, measured at
T = 6 K with an applied external field of 110 mT, pump polar-
ization α = −45◦, and probe polarization β = 0◦. The data at long
timescales has been multiplied by a factor of 5 for visibility.

net magnetization M = MFe + MTm and Néel vector L =
MFe − MTm.

In the garnet studied here, a part of the Tm3+ ions were
substituted by Bi3+ to enhance the magneto-optical Faraday
effect [23–25]. Moreover, some Fe3+ ions on the tetrahedral
sites [26] were partly substituted with nonmagnetic Ga3+ to
reduce MFe and thus ensure that a possible ultrafast spin reori-
entation is not hampered by the need to facilitate an ultrafast
exchange of large angular momentum between the lattice and
the spin system. Moreover, a sufficiently large Ga3+ dilution
should grant a magnetization compensation temperature to
Tm3Fe5O12 that usually has no compensation point due to the
small magnetic moment of Tm3+ [24], but such a temperature
was not observed in the present composition. Finally, both the
parent compound as well as the substituted versions display
uniaxial magnetic anisotropy along the out-of-plane [111]
axis [24], as was confirmed by magneto-optical measurements
[13].

We performed a pump-probe experiment on the sample by
employing single-cycle THz-pulses generated by tilted-pulse-
front optical rectification in LiNbO3 [8,27], yielding pulses
with a peak electric field strength up to ∼1 MV/cm in focus
as calibrated by electro-optic sampling in a slab of GaP-(110)
[see Fig. 1(b)]. The THz pulses were brought to temporal and
spatial overlap with low-intensity near-infrared (NIR) probe
pulses with a central wavelength of 800 nm and pulse duration
of 100 fs. The experimental scheme and coordinate system
are depicted in Fig. 1(a), indicating the THz pump and NIR
probe polarization angles α and β defined with respect to the
y axis. The polarizations were controlled by a set of wire-grid
polarizers for the THz pump and a half wave plate for the
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probe pulse. The probe pulse transmitted through the sample
and its THz-induced rotation in polarization was mapped by a
combination of a Wollaston prism and a set of balanced pho-
todiodes. By measuring the polarization rotation as a function
of the time retardation t between the pump and probe pulses,
we traced the THz-induced spin dynamics.

Our previous results showed that the magneto-optical sig-
nal of the transmitted probe pulse originates exclusively from
out-of-plane magnetization components [13]. Therefore it can
be expected that no dynamic magneto-optical signal due to
magnetization precession will be detected when the equilib-
rium magnetization is out of the plane. To this end, a magnetic
field was applied predominantly in the plane in order to sat-
urate the magnetization in the plane, slightly tilted at a small
angle δ ∼ 3◦ [see Fig. 1(a)]. The tilt was required to be able
to excite THz spin dynamics for every polarization of the
THz pulse (see Ref. [13]), as is explained in more detail
in the Appendix. Finally, XRD analysis of the sample (see
Supplemental Material [28]) confirmed its [111] orientation.
Moreover, the analysis provided us with the orientation of
the crystallographic axes with respect to the experimental
coordinate system: x ‖ [112] and y ‖ [110].

III. RESULTS

Figure 1(c) shows a typical dynamical polarization rotation
transient. In our previous article [13], we showed that the
ultrafast THz dynamics in the first 50 picoseconds can be
attributed to the ferrimagnetic THz Kaplan-Kittel exchange
mode [29]. Due to the unequal g factors of the Tm and
Fe sublattices, the Zeeman torque (or magnetic dipole in-
teraction) acts differently on each sublattice, rendering a
relatively efficient resonant excitation of the mode. Moreover,
the bismuth-substitution yields a strong magneto-optical Fara-
day effect, which made detection with a good signal-to-noise
ratio possible. In addition to the previously reported THz
mode, the transients also reveal oscillations at a much lower
(GHz) frequency. Such low frequencies are typical for the
ferromagnetic resonance (FMR) mode in a ferrimagnet, as
was also predicted by the theory of Kaplan and Kittel. Since
the duration of our THz pulse ∼1 ps is much shorter than the
period of the mode ∼50 ps, a resonant excitation by the THz
magnetic field similar to what was observed with the exchange
mode is unlikely. To reveal the excitation mechanism of this
supposedly FMR mode, we measured the GHz-frequency dy-
namics as a function of the pump polarization angle α, the
probe polarization angle β, the strength of the THz pump
electric field, the strength of the external magnetic field as well
as sample temperature.

A. Pump and probe polarization

The measured dynamics are strongly dependent on the
polarization angle α of the THz pump pulse [see Fig 2(a)].
The optimal excitation occurs at α = ±45◦ [see Fig. 2(b)].
The extrema are slightly asymmetric, such that the excita-
tion is actually stronger for α = −45◦. The dynamics for
α = ±45◦ are approximately in opposite phases. These facts
imply that the excitation mechanism is π periodic with re-
spect to (w.r.t) α. This is in contrast with the 2π periodicity

FIG. 2. (a) THz-induced dynamics as a function of the pump
polarization angle α, measured at a temperature of 6 K and external
field of 110 mT. The data have been fitted by sine functions shown
by the solid black lines. Two maxima at approximately ±45◦ can be
observed, with nearly opposite phases. (b) Normalized peak Fourier
amplitudes of the mode for different α, where positive and negative
values indicate the different phases of the dynamics. (c) THz-induced
dynamics measured at the optimal THz polarization α = −45◦ and
field Bext = 130 mT, for various angles of the initial probe polariza-
tion β, showing no variations.

of the excitation of the exchange mode due to the Zeeman
torque [13]. Instead, the results are more comparable to the
nonlinear excitation of the quasi-ferromagnetic mode in an-
tiferromagnetic FeBO3, where the largest signals were also
found when the electric (or magnetic) field of the THz pump
pulses was polarized at ±45◦ with respect to the net magne-
tization [12]. Moreover, the strong dependence on the THz
pump polarization rules out isotropic heating as the dominant
mechanism. Heating could still be a viable explanation in case
of highly anisotropic absorption of the sample at THz frequen-
cies. However, this possibility has been dismissed through the
analysis of 2D spectroscopy, as discussed in Sec. V. Next,
it can be seen in Fig. 2(c) that the signal does not depend
on the initial probe polarization angle β. This implies that
the observed dynamics are a result of the magneto-optical
Faraday effect, to which only the out-of-plane magnetiza-
tion contributes θF(t ) ∝ Mz(t ) [13]. Therefore, starting from
Fig. 2, we referred to the induced polarization rotation as
Faraday rotation θF(t ).

B. THz amplitude

Figure 3 shows the FFT spectrum of the dynamics (red)
measured at the optimal THz polarization angle α = −45◦,
as well as the spectrum of the THz pump pulse (blue). The
sharp red peak that corresponds to the GHz (FMR) mode lies
completely out of the spectrum of the exciting THz pulse. This
fact indicates that the excitation is most likely nonlinear. This
nonlinearity was confirmed by measuring the peak Fourier
amplitude of the mode as a function of the strength of the THz
electric field ETHz [see Fig. 3(b)]. The data shows a quadratic
dependence E2

THz.
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FIG. 3. (a) Typical Fourier spectrum of the signal (red) and the
exciting THz pulse (blue). The sharp peak in the signal spectrum
that corresponds to the FMR mode falls out of the THz spectrum.
Note that we selected the time region for the FFT such that the
exchange mode was excluded from the data. (b) Peak FFT amplitude
of the FMR mode as a function of THz electric field amplitude,
measured at a temperature of 6 K, THz polarization α = −45◦ and
Bext = 110 mT. The amplitude of the FMR mode scales quadratically
with respect to the THz electric field.

C. External magnetic field and temperature

The assignment of the exact origin of the FMR mode is not
straightforward, because TmIG is, in reality, a three-sublattice
ferrimagnet. This means that possible spin resonances are
associated not only with the spins of Fe3+ but also with
those of the Tm3+ ions. To reveal the origin of the mode,
we studied the frequency of the FMR mode as a function
of the external magnetic field and temperature. Figure 4(a)
shows that small changes in the external magnetic field have
an enormous impact on the frequency of the mode. It can
be seen in Fig. 4(b) that the frequency initially decays when
applying a small external field, but for larger fields >25 mT
it increases approximately linearly. Theoretically, the linear
slope can be related to the g factor of the FMR mode [30]. In
the case of FMR involving only iron, which has a g factor of
g ≈ 2, the slope should be about 28 GHz/T. However, in our

case, the slope is approximately ∼90 GHz/T, which gives us
an estimation of the effective g factor geff of about ĝeff ≈ 6.4.

The fact that the effective g factor is so much larger than
that of iron indicates that the thulium sublattice must be in-
volved. Let gTm and gFe be the g factors of the individual Tm
and Fe sublattices, respectively. The theory of Kittel predicts
that the effective g factor, in that case, is given by [31]

geff (T ) = MFe(T ) − MTm(T )

g−1
Fe MFe(T ) − g−1

TmMTm(T )
. (1)

The effective g factor can thus have a strong temperature
dependence in the vicinity of the angular momentum compen-
sation point, i.e., when g−1

Fe MFe(T ) = g−1
TmMTm(T ). Otherwise,

no strong temperature dependence of the effective g factor is
expected. Here we should note that the magnetization com-
pensation point in this sample either does not exist or is
slightly above 0 K.

Figure 4(c) shows that the frequency at a fixed magnetic
field does drop significantly when increasing the temperature.
But at the same time, it can be seen in Fig. 4(d) that the slope
of the frequency as a function of the field does not decrease as
a function of temperature. It means that the decay in frequency
observed in Fig. 4(c) is a result of a temperature-dependent
effective field such as magnetic anisotropy, and not of a de-
creasing effective g factor. In Fig. 4(e), we show the effective g
factors estimated from the slopes of the linear fits in Fig. 4(d).
It reveals that the effective g factor has a peculiar temperature
dependence and remains to be large. Large values of the
effective g factor have also been observed in a Tm3Fe5O12

compound with La, Ca, and Ge substitutions [32]. Here, the
result could be fitted by assuming that the Tm angular momen-
tum is quenched, i.e., gTm = 0. It is therefore likely that the
peculiar temperature dependence of geff is greatly influenced
by the dilution of Bi and Ga. Other factors might also play
a role, such as the potential noncollinear arrangement of the
Tm spins [33,34] that were observed in these materials, which

FIG. 4. (a) THz-induced transients for several strengths of the applied magnetic field, measured at T = 6 K and α = −45◦. Part (b) shows
the extracted frequencies, where the width of the error bars equals the FWHM of the fitted Gaussian in the FFT spectrum. The slope of the
linear part of the curve provides a reasonable estimate ĝeff for the effective g factor. (c) Extracted frequency as a function of temperature for
a fixed magnetic field of 130 mT, where the bars again depict the FWHM. (d) The frequency measured at three different external magnetic
fields, for various temperatures, where the blurred areas depict the 95% confidence bands of the fitted line. (e) The resulting estimations of the
effective g factor based on the fitted slope in (d), the bars denote the standard error.
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FIG. 5. THz-induced dynamics measured at T = 6 K, for several
α and two opposite field polarities Bext = ±130 mT. For the angles
α where the FMR mode excitation is strong, the phase of the mode
remains unaltered under field reversal. However, it appears that the
weak excitation for α = 0◦ and α = −15◦ depends on the polarity of
the field.

raises interesting questions for further studies. In any case,
the fact that the g factor remains well above that of the free
electron (g = 2) in the entire temperature range from 6 to
170 K implies that the thulium sublattice is involved in the
FMR mode.

Finally, we measured how the dynamics depend on a
change in the polarity of the external magnetic field. Figure 5
shows that for the excitation maxima α = ±45◦, the phase of
the dynamics is independent of the change of field polarity
±Bext. This result is in contrast with the excitation of the THz
mode by Zeeman torque reported in Ref. [13], where the de-
tected magneto-optical transients did reverse their phase upon
a change of polarity of the external magnetic field. This fact
again confirms that the dominating mechanism of excitation
of the FMR mode in the studied TmIG is not due to the linear
coupling of the THz magnetic field to the spins via the Zeeman
torque. Only when the excitation of the mode is weak, i.e., for
α = 0◦ and α = −15◦, one can distinguish a very weak signal
that changes phase upon the field reversal. This negligible
signal could be associated with other nondominating contri-
butions to the excitation, such as the linear Zeeman torque
excitation mechanism [13].

To summarize, the obtained experimental dependencies re-
veal that THz electromagnetic pulse excites GHz oscillations
of the magneto-optical Faraday effect in thulium iron garnet,
which probes the out-of-plane projection of the magnetization
dynamics Mz(t ). The excitation is π periodic with respect to
the THz pump polarization α and reaches a maximal effi-
ciency for α = ±45◦. The dependency of the amplitude of the
oscillations clearly reveals that the mechanism of the excita-
tion is nonlinear (quadratic) with respect to the strength of the
THz field. The excitation is invariant under field reversal. The
dependency of the frequency of the oscillations on the applied
external magnetic field implies that the oscillations must be
assigned to a spin resonance in the compound. The unusually
large effective g factor deduced from the measurements and
the typical GHz frequency suggests that the oscillations are
associated with the low-frequency FMR mode in the system
of two macro spins formed by the magnetizations of iron

MFe and thulium MTm sublattices. To further support this
interpretation, we propose a theoretical model described in the
next section.

IV. THEORY

This section is structured as follows: In Sec. IV A we de-
rived an expression for the FMR frequency. In the derivation,
we employed an effective ferrimagnetic Lagrangian that was
simplified to describe dynamics corresponding to the FMR
mode only. A complete analysis with the total effective La-
grangian is presented in the Appendix. From the derivations, it
becomes clear that the spin dynamics can be triggered if THz
light acts as an effectively rectified magnetic field. Hence, in
Sec. IV B, we phenomenologically describe the rectification
in terms of the inverse Cotton-Mouton effect. We derived
the form of the effective rectified magnetic field based on
point-group symmetry. Finally, in Sec. IV C, we combine
the Lagrangian with the ICME interaction potential to obtain
equations for the THz-induced motion of the spins.

A. Frequency of FMR

Let θ, ϕ be the polar and azimuthal angles
of the net magnetization M = MFe + MTm ≡
m(sin θ cos ϕ, sin θ sin ϕ, cos θ ), where m = MFe − MTm. The
total effective Lagrangian density describing magnetization
dynamics of a two-sublattice ferrimagnet is given in the
Appendix. The equations of motion derived from this
Lagrangian possess two eigenmodes, corresponding to the
THz exchange mode and the GHz FMR mode [13]. When
considering only the FMR mode, the description can be
simplified using the fact that the involved magnetizations
remain antiparallel during the dynamics [30], while for the
exchange mode, the sublattices become mutually canted.
The way to impose on the Lagrangian that we only want
to consider the FMR mode is, therefore, to enforce the
sublattices to remain antiparallel. This can be done by
letting the antiferromagnetic exchange coupling parameter
λ, which defines the exchange energy Uex = −λMFe · MTm,
go to infinity λ → −∞. This ferromagnetic approximation
does not influence the FMR mode and its frequency (see
Appendix). In this case, the effective Lagrangian reduces to
the low-frequency effective Lagrangian density LFM,

LFM = − m

γeff
ϕ̇ cos θ − U (θ, ϕ). (2)

Here, γeff is the effective gyromagnetic ratio γeff ≡ geffμB/h̄
and U (θ, ϕ) is the static potential energy density, which con-
tains uniaxial anisotropy and Zeeman interaction with the
external magnetic field,

U (θ, ϕ) = −Ku
(M · ẑ)2

m2
− M · Hext, (3)

where Ku > 0 is the uniaxial anisotropy constant and Hext =
(Hx, 0, Hz ) the external magnetic field (in Tesla). Similar to
the experiment, we let the external magnetic field be slightly
tilted away from the sample plane, i.e., Hz/Hx = tan δ (see
Fig. 1). The ground-state angles θ0, ϕ0 can be found by min-
imization of (3). Afterwards, the equations of motion that
are given by the Euler-Lagrange equations can be linearized
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FIG. 6. Theoretical curves for the FMR frequency as a function
of the external magnetic field, for different tilting angles δ.

around the ground-state angles θ = θ0 + θl , ϕ = ϕ0 + ϕl with
θl , ϕl 
 1,

0 = d

dt

∂L
∂θ̇

− ∂L
∂θ

≈ − m

γeff
ϕ̇l sin θ0 + U ′′

θ (θ0, ϕ0)θl ,

0 = d

dt

∂L
∂ϕ̇

− ∂L
∂ϕ

≈ m

γeff
θ̇l sin θ0 + U ′′

ϕ (θ0, ϕ0)ϕl ,

(4)

where we introduced the notation U ′′
θ (θ0, ϕ0) ≡

∂2

∂θ2 U (θ, ϕ)|θ=θ0,ϕ=ϕ0
. The FMR frequency is given by

the eigenfrequency of these coupled equations, which we
separately derived for a purely in-plane field and tilted field
configuration.

1. In-plane field (δ = 0◦)

When ignoring the tilting of the external magnetic field, the
static energy potential becomes

U (θ, ϕ) = −Ku cos2 θ − mHx sin θ cos ϕ. (5)

Minimization w.r.t. ϕ yields ϕ0 = 0 for Hx > 0 and ϕ0 = π

for Hx < 0. For the minimization w.r.t. θ , we need to consider
two regimes: when the applied external magnetic field is
greater or smaller than the anisotropy field Ha ≡ 2Ku/m,

θ0 =
{

sin−1 Hx
Ha

for |Hx| < Ha,

π/2 for |Hx| � Ha.
(6)

Using these ground-state angles, the eigenfrequency of the
equations of motion (4) can be found,

ωFM =
{

γeff

√
H2

a − H2
x for |Hx| < Ha,

γeff
√

Hx(Hx − Ha) for |Hx| � Ha.
(7)

The solution for this case (δ = 0◦) is plotted in Fig. 6, which
shows that the frequency drops to zero when |Hext| → Ha, and
afterward approaches a linear trend. We do observe the linear
increase of the frequency in the experiment, but we do not see
such a significant drop at low fields. Therefore, we need to
include the small tilt of the external magnetic field δ 
= 0◦.

2. Tilted field (δ �= 0◦)

In the case of a tilted magnetic field, the static potential
energy is given by

U (θ, ϕ) = −Ku cos2 θ − mHx sin θ cos ϕ − mHz cos θ. (8)

Again we have that ϕ0 = 0 for Hx > 0 and ϕ0 = π for
Hx < 0, which means Hx cos ϕ = |Hx| and we can minimize
(8) only with respect to θ ,

1

m
U ′

θ (θ ) = cos θ (Ha sin θ − |Hx|) + Hz sin θ = 0. (9)

To be able to solve this equation, we treat the out-of-plane
field as a perturbation with respect to the case of an in-plane
field. Therefore, we substitute θ = θ0 − ε in Eq. (9) with θ0 as
in the in-plane case [Eq. (6)] and assumed ε 
 1. We retained
maximally cubic terms ∼ε3 and solved the third-degree poly-
nomial for ε(Hx, Hz ). The solution gives the new ground-state
angle θ ′

0 = θ0 − ε(Hx, Hz ). From here, we again linearized the
Euler-Lagrange equations (4) and calculated expressions for
the FMR resonance mode as presented in Eq. (10),

ωFM =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

γeff

√
H2

a −H2
x +

(
7
2 H2

x −2H2
a

)
ε2+

(
3Hx

(
H2

a −H2
x

) 1
2 +HzHx

)
ε+Hz

(
H2

a −H2
x

) 1
2√

1−ε

(
H2

a /H2
x −1

) 1
2 − 1

2 ε2

for |Hx| < Ha,

γeff(
1− 1

2 ε2
) 1

2

√
Hx

[
(Hx − Ha) + Hzε + (

2Ha − 1
2 Hx

)
ε2

]
for |Hx| � Ha.

(10)

We solved the third-degree polynomial of ε numerically for
different external magnetic fields and tilt angles and calculated
the corresponding resonance frequencies. The result is plotted
in Fig. 6, which shows that we can obtain a better agreement
to our data of Fig. 4 when accounting for the tilted field. We
also see that the minimal frequency occurs when the external
magnetic field equals the uniaxial anisotropy field. Looking
back at experimental data from Fig. 4(b) we see that the dip
occurs at approximately 25 mT, which therefore allows us to
estimate the size of the uniaxial anisotropy field Ha ≈ 25 mT.

However, when inserting this value into Eq. (10), our theory
predicts ωFM = γeffHa at zero external field, which amounts
to a frequency of (2π )−1ωFM ≈ 2.24 GHz, while experimen-
tally we observe ∼14 GHz [see Fig. 4(b)]. This unaccounted
frequency offset of about 12 GHz suggests that we should
include some effective biasing field with a magnitude of about
130 mT. According to the data seen in Fig. 4(c), this biasing
field should have strong temperature dependence at low tem-
peratures. At this point, we have no definite answer to where
this field stems from. Shape anisotropy should play a role
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given the clear domain patterns seen in this sample without
an external magnetic field [12]. Alternatively, the so-called
“double umbrella structure”—a noncollinear arrangement of
the thulium ions seen at helium temperatures in TmIG using
neutron diffraction [33,34]—might be involved. Also, strain
in the sample induced by the Gd3Ga5O12 substrate could be
the source of the missing field [35]. Fortunately, this open
question does not obstruct the theoretical treatment of the
rectified effective magnetic field by the ICME, which will be
held in the coming section.

B. Energy considerations for the ICME

In this section, we derive an effective interaction poten-
tial starting from the most basic principles of light-matter
interaction. This interaction potential will then enter the La-
grangian in the next section. When an oscillating electric field
of light E(t ) enters a nonabsorbing medium, it interacts with
the medium by inducing electric polarization. The change in
interaction energy density (or work) dW due to the increase of
electric polarization dP is given by dW = −E · dP. Here we
ignored higher-order multipole contributions as well as mag-
netic dipole interactions because they are expected to be weak.
In the linear optical approximation, the amount of induced
polarization is linear to the applied electric field Pi = χi jε0Ej ,
with ε0 the dielectric permittivity of vacuum and χi j the
electric susceptibility tensor. Therefore, the total interaction
potential energy density W , after integration, becomes

W = − 1
2χi jε0EiEj . (11)

The electric susceptibility tensor is related to the dielectric
permittivity εi j = (1 + χi j )ε0. The presence of static magneti-
zation induces magneto-optical birefringence in the medium,
and modifies this dielectric permittivity [36],

δεi j = ki jkMk + ξi jkl MkMl + · · · , (12)

where the third-rank antisymmetric axial tensor ki jk and
fourth-rank symmetric polar gi jkl tensor describe the well-
known Faraday and Cotton-Mouton effects, respectively. The
relevant interaction potential that describes the interaction of
light and magnetization can then be found by substituting
ε0(δχi j ) = (δεi j ) from Eq. (12) in (11) to obtain [10]

W = − 1
2 ki jkEiE jMk − 1

2ξi jkl EiE jMkMl . (13)

On one hand, magnetization may therefore induce birefrin-
gence in the medium and modify the properties of light via
the well-known Faraday and Cotton-Mouton effects. On the
other hand, inversely, the presence of light may induce mag-
netization. That is, by thermodynamics, the electric field of

light acts as an effective magnetic field Heff = − δW
δM [37]. The

appearance of an effective field originating from the two terms
in Eq. (13) are known as the inverse Faraday effect (IFE) and
ICME, respectively.

To obtain an expression for the effective fields, we
make a Fourier expansion of the wave and assume
it is monochromatic (the extension to nonmonochro-
matic light is straightforward) E(t ) = Re[E (ω) exp(−iωt )] =
1
2 [E (ω) exp(−iωt ) + E∗(ω) exp(iωt )], where E (ω) is the
“Jones vector”. The Fourier components of the polariza-
tion are again related to those of the electric field Pi(ω) =
ε0χ̃i j (ω)E j (ω) where χ̃i j (ω) is the optical susceptibility. Be-
cause we consider a nonabsorbing medium, the tensor χ̃i j (ω)
is required to be Hermitian χ̃∗

i j (ω) = χ̃ ji(ω) [38]. Using this
fact, the interaction potential (11) becomes [39]

W = − 1
4ε0χ̃i jE∗

i E j + h. f ., (14)

where we neglected the high-frequency (h.f.) terms as they
average out on the relevant timescales [38,40]. Similarly,
Eq. (13) becomes

W = − 1
4 ki jkE∗

i E jMk − 1
4ξi jklE∗

i E jMkMl . (15)

By Neumann’s principle [41], the tensors ki jk and ξi jkl

should be invariant under the crystallographic point group
operations. In an isotropic or cubic medium, ki jk is
an antisymmetric imaginary tensor with only a sin-
gle nonzero tensor component kxyz = kzxy = kyzx = −kxzy =
−kyxz = −kzyx = −ik [40,42,43], and the corresponding ef-
fective field is

HIFE = ik

4
E (ω) × E∗(ω). (16)

Therefore, a circularly polarized light pulse generates a rec-
tified effective magnetic field with opposite directions for
left/right-handed polarized light [40,42,44,45]. However, for
linearly polarized light, the effective field is zero. Given that
our THz pulses are linearly polarized, we only consider the
inverse Cotton-Mouton field [15]

(HICME)l = ξi jkl

2
E∗

i (ω)E j (ω)Mk. (17)

Using the crystallographic point group Oh, we can find the
minimal expression for the tensor ξ̂ . The nonzero tensor com-
ponents in the standard cubic coordinate system x ‖ [100],
y ‖ [010], z ‖ [001] are tabulated in Ref. [43], where it can
be seen that the tensor has only two independent components
ξxxxx and ξxxyy. We transformed the tensor ξi jkl to our ex-
perimental coordinate system (see Fig. 1), where z ‖ [111],
x ‖ [112], and y ‖ [110]. In this coordinate system, the tensor
can be expressed in Voight notation by a 6 × 6 matrix ξ̃ ,

ξ̃ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

3ξ1 ξ1 ξ1 + ξ2 0 −√
2ξ2 0

ξ1 3ξ1 ξ1 + ξ2 0
√

2ξ2 0

ξ1 + ξ2 ξ1 + ξ2 3ξ1 − ξ2 0 0 0

0 0 0 ξ1 + ξ2 0
√

2ξ2

−√
2ξ2

√
2ξ2 0 0 ξ1 + ξ2 0

0 0 0
√

2ξ2 0 ξ1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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where ξ1 ≡ ξxxxx

6 + ξxxyy

2 and ξ2 = ξxxxx

6 − ξxxyy

2 . This gives the
ICME interaction energy from Eq. (13),

WICME = − ξ1

2

(
2(ExMx + EyMy)2 + E2

THzm2
)

− ξ2

2

(
E2

THzM2
z + 2

√
2MxMz

(
E2

y − E2
x

)
+ 4

√
2ExEyMyMz

)
, (18)

where we used that m = ∑
i

√
M2

i constant. Note that the
latter acts as a holonomic constraint on the system, making
the expression for the ICME field as in Eq. (17) a bit naive
because it presumes no constraints on the variables Mi. Al-
though such a constraint complicates a Newtonian approach
to describe the influence of HICME on M, in the Lagrangian
approach treated in the next subsection the problem is natu-
rally circumvented.

The Newtonian approach is anyhow insightful and we
briefly treat it here before going back to the Lagrangian
approach. We can obtain the approximate ICME field by
assuming that |Hext| � Ha while ignoring the tilt Mz 
 Mx

such that M = Mxx̂. In that case, Mx can be regarded as
constant (only changing sign for ±Hext), while My,z are
two independent variables. Furthermore, the THz electric
field ETHz(t ) lies in the xy plane, and therefore ETHz(t ) =
ETHz(t )(sin α, cos α, 0). Then, an approximate expression for
the inverse Cotton-Mouton field derived from Eq. (18) is
given by

HICME = E2
THzMx

⎛
⎜⎝

0

ξ1 sin 2α√
2ξ2 cos 2α

⎞
⎟⎠. (19)

Given that the THz pulse duration of about tTHz ∼ 1 ps is
much shorter than that of the period of the FMR mode, we
could treat the effect of this field on the magnetization M as an
instantaneous (impulsive [46]) torque τ = M × HICME. This
torque triggers dynamics of M that can be described using
the Landau-Lifshitz equation dM

dt = −γ M × H and the initial
conditions M(t = 0) = (Mx, 0, 0) and

Ṁ(t = 0) = γ M2
x

⎛
⎜⎝

0√
2ξ2 cos 2α

−ξ1 sin 2α

⎞
⎟⎠ ∫ tTHz

0

[
d

dt
E2

THz

]
dt, (20)

where ETHz(t ) is the THz pulse electric field. It can be easily
seen that the torque fulfills the quadratic dependence with
respect to the THz field amplitude ∼E2

THz. Moreover, in order
to have maximal torque at α = ±45◦, we find out that ξ1 must
be dominant over ξ2, i.e., ξ1 � ξ2. At the same time, it can
be shown that the latter is also required for the invariance
of the phase of the observed dynamics under field reversal
as we showed experimentally in Fig. 5. This can be derived
from the fact that we are only sensitive to the z projection of
the magnetization, while the precession of the magnetization
around the external magnetic field is always right handed. If
the term ξ2 would have been dominant, magnetization preces-
sion would have been launched with a z projection that has
an exactly opposite phase for ±Hext, unlike the experiment.
This invariance of the phase under field reversal when ξ1 � ξ2

can be seen directly in the coming section after we solved the
Lagrangian equations of motion.

C. Lagrangian equations of motion driven by the ICME

To include light-matter interaction in the Lagrangian, we
introduce the interaction energy f (θ, ϕ),

LFM = − m

γeff
cos θϕ̇ − U (θ, ϕ) + f (θ, ϕ), (21)

which contains Zeeman interaction with a dynamic THz mag-
netic field h(t ) as well as the ICME of a THz electric field
E(t ) that is derived from the interaction potential in Eq. (18),

f (θ, ϕ) = m sin θ (hx cos ϕ + hy sin ϕ)

+ m2ξ1 sin2 θ
[
E2

x cos2 ϕ + 2ExEy cos ϕ sin ϕ

+ E2
y sin2 ϕ

] + m2ξ2

2

[
E2 cos2 θ + 2

√
2 sin θ cos θ

× cos ϕ
(
E2

y − E2
x

) + 4
√

2ExEy sin θ cos θ sin ϕ
]
.

(22)

Note that for the full Lagrangian (see Appendix), the driv-
ing energy contains several other terms that are pertinent to
ferrimagnets (and absent for ferromagnets). The equations of
motion derived from the Euler-Lagrange equations, after lin-
earization, are given by

U ′′
θ (θ0, ϕ0)θl − sin θ0

m

γeff
ϕ̇l = fθ (t ),

U ′′
ϕ (θ0, ϕ0)ϕl + sin θ0

m

γeff
θ̇l = fϕ (t ),

(23)

where the generalized force terms fν are defined for ν = θ, ϕ

and are evaluated around the ground-state angles,

fν (t ) = −
[

d

dt

(
∂ f

∂ν̇

)
− ∂ f

∂ν

]∣∣∣∣∣
ν=ν0

= ∂ f

∂ν

∣∣∣
ν=ν0

. (24)

These generalized forces can be interpreted as torque. When
ignoring the small canting angle δ, we obtain the following
driving terms evaluated for the case |Hx| � Ha:

fθ (t ) = −
√

2m2ξ2E2
THz cos ϕ0 cos 2α,

fϕ (t ) = mhy cos ϕ0 + m2ξ1E2
THz cos2 ϕ0 sin 2α. (25)

The driving term fθ (t ) proportional to ξ2 is maximal when
α = 0◦, 90◦, in contrast with the experiment. Therefore, we
again conclude that ξ2 
 ξ1 and essentially ignore this term.
Next, as expected, it can be seen in fϕ (t ) that the THz
magnetic field component hy(t ), which is perpendicular to
the equilibrium magnetization, could drive the precession.
However, this term scales linearly with the THz amplitude,
which is also not the dominant mechanism in the experiment.
Theoretically, this term is also negligible as we will treat
the excitation as instantaneous in which such linear driving
terms disappear because

∫ tTHz

0 h(t )dt = 0. Therefore, we only
consider the ICME term in fϕ that is proportional to ξ1.

Experimentally, we are only sensitive to the z component of
the magnetization Mz(t ) = m cos θ (t ) ≈ −mθl (t ) (for |Hx| �
Ha in which case θ0 = π/2). In other words, we only detect
dynamics of θl (t ). The equation of motion for θl (t ), found
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by differentiation and mutual substitution of Eqs. (23), is
given by

θ̈l + ω2
FMθl = mγeffξ1

[
d

dt
E2

THz

]
cos2 ϕ0 sin 2α. (26)

We treat the excitation as instantaneous/impulsive [46] (see
“photonic impact” [47]), in which case the excited dynamics
is fully determined by the initial conditions θl (0) = 0 and

θ̇l (0) = mγeffξ1 cos2 ϕ0 sin 2α

∫ tTHz

0

[
d

dt
E2

THz

]
dt . (27)

As ϕ0 = 0 for Hx > 0 and ϕ0 = π for Hx < 0, we have that
cos2 ϕ0 = 1 in both cases such that a change in field polar-
ity does not change the phase of the dynamical out-of-plane
magnetization Ṁz(0) ≈ −mθ̇l (0), just as we observed in the
experiment (see Fig. 5). Moreover, the excitation is maximal
and has a mutually opposite sign for α = ±45◦, and scales
quadratically with the THz field. Therefore, all experimentally
observed features regarding the excitation are captured by this
Lagrangian approach.

V. 2D SPECTROSCOPY AND DISCUSSION

The predictions made by the Lagrangian approach of
describing the ferrimagnetic FMR mode triggered by an im-
pulsive ICME field fit the experimental data very well, but it
does not yet clarify the underlying microscopic mechanism
of the excitation. At this point, the effect could still be due to
the displacive mechanism of heating by anisotropic absorption
(see photo-induced magnetic anisotropy [15]). Alternatively,
it can be due to the impulsive ICME field described in Sec. IV,
which is conventionally seen as a consequence of impulsive
stimulated Raman scattering (ISRS) involving either a reso-
nant or off-resonant excitation of a certain electronic transition
[17,42,46,48–51]. It is thus interesting if we are able to as-
sign a certain transition that mediates the process. Here, it
is important to take into account the possibility of the re-
cently discovered mechanism of magnonic Raman scattering
[52], where the GHz q-FM resonance in FeBO3 was excited
through resonant stimulated Raman scattering of the q-AFM
THz resonance. A notable similarity between FeBO3 and the
current experiment is that the maxima of excitation both occur
when the THz polarization is α = ±45◦ from the net magneti-
zation. But at the same time, the materials are largely different
since FeBO3 is an antiferromagnet with Néel vector L ⊥ M,
while collinear ferrimagnets such as TmIG have L ‖ M. In
any case, if the exchange mode mediates the excitation of the
FMR mode through magnonic Raman scattering, it should
become visible in 2D THz spectroscopy [52]. In this tech-
nique, instead of only one THz pulse, two THz pulses are
applied at a mutual delay τ . This allows us to track the Faraday
rotation signal of the probe pulse when both THz pulses are
present θF,12(t, τ ), but also the signals θF,1(t, τ ) and θF,2(t, τ )
obtained when only one of the two pulses excited the sample
[53]. From here, we obtained the nonlinear signal,

θF,NL(t, τ ) ≡ θF,12(t, τ ) − θF,1(t, τ ) − θF,2(t, τ ). (28)

If, for example, the exchange mode mediates the excitation
of the FMR mode, this should become apparent as periodicity

FIG. 7. Result of θF,12(t, τ ) measured in 2D THz spectroscopy.
Fast modulations shortly after the pulse arrival associated with the
exchange mode can be observed, as well as faint contours, which
correspond to the FMR mode at longer timescales. However, no
modulations in the excitation efficiency as a function of τ of the latter
mode were found.

in the excitation efficiency of the FMR mode with a period de-
fined by the frequency of the exchange mode. We performed
this experiment and the result of θF,12(t, τ ) is shown in Fig. 7.
The measured signal does not show any periodicity of the
mode, and neither did we observe a signal in the nonlinear
part calculated with Eq. (28). Especially the latter point is
significant, as the only logical explanation for the absence
of a nonlinear signal in 2D spectroscopy is that the nonlinear
excitation is mediated by a state with a short lifetime <1 ps,
i.e., the excitation is impulsive. In this case, no information
will be carried over between two subsequent THz pulses,
which are separated by a time longer than their own pulse
duration of ∼1 ps. In other words, the second pulse delayed at
a time τ > 1 ps will never be able to experience the presence
of the first THz pulse, meaning that superposition holds and
no nonlinear signal [see Eq. (28)] will come up. Therefore,
we can rule out the displacive mechanism of anisotropic ab-
sorption, because such a mechanism implies that the sample
has strong resonances in the spectral range of the employed
THz pulses. However, none of such resonances are seen in the
2D spectra in Fig. 7. Also, we conclude that the THz exchange
mode does not mediate the excitation of the FMR mode. The
data rather confirms that the excitation is due to the impulsive
ICME, where the excitation of the FMR mode is mediated by
a state with a lifetime shorter than 1 ps.

Figure 8 illustrates the mechanism of ISRS via a short-
lived excited state. The process could occur completely
off-resonantly via electronic or phononic transitions, which
lie beyond the THz excitation spectrum, in which case the
excited state is virtual. However, a resonant excitation via
a state that lies within the THz pulse spectrum is expected
to be more likely. The only candidates for such an excited
state are the crystal-field split transitions of the Tm3+ ground
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FIG. 8. Schematic illustration of ISRS from a short-lived elec-
tronic excited state, which is believed to be the microscopic
mechanism for the ICME.

state. The dodecahedral crystal-field environment of the Tm3+
(4 f 12) ions, with local symmetry described by the dihedral
point-group D2, splits its ground-state multiplet 3H6 (J = 6)
into 2J + 1 = 13 Stark levels. The energy level diagram for
substituted Tm3+ ions in dodecahedral D2 sites in Y3Al5O12

was earlier obtained from experimental absorption and emis-
sion spectra in [54,55] and more recently it was studied
in [56]. The lowest electric-dipole-allowed transition has an
energy of 27 cm–1 corresponding to about 0.81 THz. This
energy is in the vicinity of a spectral feature we actually
observed in this material [13], but which we could not assign.
Such a crystal-field split transition can be very short-lived
and act as a virtual electronic state from which light can
scatter. Moreover, since there are no other transitions in our
spectrum, we conjecture by deduction that ISRS of the lowest
crystal-field split state of thulium is the responsible micro-
scopic mechanism of excitation (see Fig. 8 for a schematic
illustration of ISRS). In order to substantiate this hypothesis,
one must develop a microscopic theory that takes into ac-
count both the Tm-Fe exchange interaction and the electronic
structure of Tm3+. This problem is beyond the scope of this
article.

VI. CONCLUSIONS

We showed that a single-cycle THz pulse is able to
excite a GHz magnon in ferrimagnetic TmIG. The exper-
imental dependencies reveal that the excitation is a result
of ICME, where the THz field of light becomes effec-

tively rectified to generate a unipolar magnetic field pulse.
The results are supported by the equations of motion ob-
tained from an effective ferrimagnetic Lagrangian, using
a phenomenological expression for the rectified field. We
discussed the possible microscopic picture of ICME by con-
sidering the mechanism of ISRS. 2D spectroscopy ruled
out magnon-magnon scattering similar to what occurred in
FeBO3 [52], as well as anisotropic heating, to be responsible.
Instead, we conjectured that the effect is based on light-
induced scattering from the crystal-field split electronic states
of Tm3+.

Our results demonstrate that nonlinear THz optomag-
netic effects do not only play a role in antiferromagnets
but also in ferrimagnetic materials. In general, this non-
linearity facilitates a channel of energy transfer from the
electric field of light to the magnetic spin system. Such a
channel recently enabled coherent steering of spins over a
potential barrier in antiferromagnetic TmFeO3 [11]. Sim-
ilarly, our results, therefore, open a way for future data-
writing, spintronics, and magnonics applications based on
ferrimagnets.
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APPENDIX: TOTAL EFFECTIVE LAGRANGIAN

The total effective Lagrangian density of a two-sublattice
ferrimagnet in the vicinity of the compensation temper-
ature can be written in terms of the polar and az-
imuthal angles of the net magnetization M = MFe + MTm ≡
m(sin θ cos ϕ, sin θ sin ϕ, cos θ ) [13,16],

Leff = χ⊥
2

[(
θ̇

γ
+ Hx sin ϕ

)2

+
((

ϕ̇

γ
− Hz

)
sin θ + Hx cos θ cos ϕ

)2
]

− mϕ̇

γeff
cos θ − U (θ, ϕ) + f̄ (θ, ϕ), (A1)

where χ⊥ ≡ 1/|λ| with λ < 0 is the exchange coupling parameter that defines the exchange energy density Uex = −λMFe · MTm,
and γ ≡ (MFe + MTm )/(MFe/γFe + MTm/γTm ). The static potential U contains Zeeman interaction with the external magnetic
field and magnetic anisotropy as defined in Eq. (3). The interaction energy density f̄ (θ, ϕ) is equal to

f̄ (θ, ϕ) = χ⊥
2

[
cos2 θ (hx cos ϕ + hy sin ϕ)2 + 2

((
ϕ̇

γ
− Hz

)
sin θ + Hx cos θ cos ϕ

)
cos θ (hx cos ϕ + hy sin ϕ)

+ 2

(
θ̇

γ
+ Hx sin ϕ

)
(hx sin ϕ − hy cos ϕ) + (hx sin ϕ − hy cos ϕ)2

]
+ m sin θ (hx cos ϕ + hy sin ϕ)
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+ m2ξ1 sin2 θ
[
E2

x cos2 ϕ + 2ExEy cos ϕ sin ϕ + E2
y sin2 ϕ

]
+ m2ξ2

2

[
E2 cos2 θ + 2

√
2 sin θ cos θ cos ϕ

(
E2

y − E2
x

) + 4
√

2ExEy sin θ cos θ sin ϕ
]
. (A2)

Damping can be included through the Rayleigh function R = αM
2γ

(θ̇ + sin2 θϕ̇), where M ≡ MFe + MTm. The general equa-
tions of motion are defined by the Euler-Lagrange equations,

d

dt

∂Leff

∂θ̇
− ∂Leff

∂θ
+ ∂R

∂θ̇
= 0,

d

dt

∂Leff

∂ϕ̇
− ∂Leff

∂ϕ
+ ∂R

∂ϕ̇
= 0. (A3)

The result can be linearized around the ground-state angles θ = θ0 + θl , ϕ = ϕ0 + ϕl , θl , ϕl 
 1 (where θ0, ϕ0 are as in
Sec. IV A). This gives the linearized equations of motion,

θ̈l + ζ θ̇l + γ 2

χ⊥
U ′′

θ (θ0)θl − sin θ0
γ 2

γeff
|λ|mϕ̇l = γ 2

χ⊥
f̄θ (t ), ϕ̈l + ζ ϕ̇l + γ 2U ′′

ϕ (θ0, ϕ0)

χ⊥ sin θ0
ϕl + γ 2

γeff
|λ|mθ̇l = γ 2

χ⊥

f̄ϕ (t )

sin θ0
, (A4)

where ζ = αγ̄M
χ⊥

and the driving terms can be calculated from the interaction energy f̄ from (A2) using Eq. (24). These
equations have two eigenfrequencies, one corresponding to the exchange mode ωex ≈ |λ|(γTmMFe − γFeMTm ), and one corre-
sponding to the FMR mode whose frequency is given by Eq. (10). The driving terms after linearization, taking only the leading
contributions within the first order of ε into account, are given by

f̄θ (t ) = χ⊥γ −1ḣy cos ϕ0 +
√

2m2ξ2 cos ϕ0
(
E2

x − E2
y

) + ε
(
mhx cos ϕ0 + 2m2ξ1E2

x cos2 ϕ0 − m2ξ2E (t )2
)
,

f̄ϕ (t ) = (mhy cos ϕ0 + 2m2ξ1ExEy cos2 ϕ0) + ε(−χ⊥γ −1ḣx cos ϕ0 + 2
√

2m2ξ2ExEy cos ϕ0), (A5)

where we also ignored the terms −εχ⊥ cos2 ϕ0(h2
x + 2Hxhx ) in f̄θ (t ) and −εχ⊥Hzhy cos ϕ0 in f̄ϕ (t ) because they are small. The

expressions (A5) display a weak field-derivative Zeeman torque ∝ εḣx (where ε 
 1) when the THz magnetic field is along the x
axis (ḣy = 0, ḣx 
= 0), being even zero when there is no tilt of the field ε = 0. On the other hand, there is a strong field-derivative
torque ∝ ḣy when the THz magnetic field is aligned along the y axis, which is perpendicular to the equilibrium spin direction
and thus M. In our previous article [13], this precise torque was found to be responsible for the excitation of the exchange
mode. Indeed, it was confirmed both experimentally and numerically that the tilt of the field is required for the excitation when
hTHz ‖ x̂, while the excitation was optimal when hTHz ⊥ M.
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