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Lessons from the harmonic oscillator: Reconciliation of the frequency-resolved frozen
phonon multislice method with other theoretical approaches
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We compare the frequency-resolved frozen phonon multislice (FRFPMS) method [introduced in P. M. Zeiger
and J. Rusz, Phys. Rev. Lett. 124, 025501 (2020)] with other theoretical approaches used to account for
the inelastic scattering of high-energy electrons, namely, the first-order Born approximation and the quantum
excitation of phonons model. We show that these theories lead to similar expressions for the single inelastically
scattered intensity as a function of momentum transfer for an anisotropic quantum harmonic oscillator in a weak
phase object approximation of the scattered waves, except for a too small smearing of the scattering potential
by the effective Debye-Waller factor (DWF) in the FRFPMS method. We propose that this issue can be fixed by
including an explicit DWF smearing into the potential and demonstrate numerically that in any realistic situation,
a FRFPMS approach revised in this way correctly accounts for the single inelastically scattered intensity and the
correct elastic scattering intensity. Furthermore, our simulations illustrate that the only requirement for such a
revised FRFPMS method is the smallness of mean-squared displacements for all atomic species in all frequency
bins. The analytical considerations for the FRFPMS method also explain the 1/ω2 scaling of FRFPMS spectra
observed by P. M. Zeiger and J. Rusz [Phys. Rev. B 104, 104301 (2021)] by the use of classical statistics in the
molecular dynamics simulation. Moreover, we find that the FRFPMS method inherently adds the contributions
of phonon loss and gain within each frequency bin. Both of these issues related to the frequency scaling can be
fixed by a system-independent postprocessing step.

DOI: 10.1103/PhysRevB.108.094309

I. INTRODUCTION

Vibrational scattering is a rather new and very active field
of research within electron energy loss spectroscopy (EELS)
in scanning transmission electron microscopy (STEM) [1],
which can be roughly divided into damage-free aloof EELS
and high-spatial-resolution vibrational EELS based on the
following scattering mechanism: In aloof EELS, the elec-
tron scatters via an unscreened Coulomb interaction (“dipole
scattering”), whereas scattering via the screened Coulomb
interaction (“impact scattering”) gives rise to the high-
resolution component [2]. Exploiting the unique properties of
these components of vibrational EELS, many exciting exper-
iments have been carried out, predominantly on systems of
limited thickness and consisting of light atoms such as carbon,
boron, and nitrogen [2–11]. For these systems, neglecting
dynamical diffraction, i.e., the deformation of the elastic wave
due to the strong elastic interaction between matter and beam
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electrons, may be a satisfactory approximation when describ-
ing the impact scattering component and such theories provide
quite good agreement with experiment [10,12] and have been
used to study isotope effects in hexagonal boron nitride (hBN)
like molecules [13]. Quantitative EELS at high spatial res-
olution on systems consisting of heavier atoms or being of
larger thicknesses may, however, depend critically on the in-
fluence of dynamical diffraction and a more general theory
of vibrational EELS should incorporate a proper treatment
of elastic scattering. At the same time, the systems of most
interest for vibrational EELS are systems of low or lowered
symmetry, such as defects, disordered materials, and (buried)
nanoparticles or nanostructures, where the high-spatial and
high-energy resolution of the technique can be combined to
enable unprecedented measurements of vibrational properties
at the nanoscale and atomic scale [14–17]. Therefore, a more
general theory or model of vibrational EELS should also be
able to deal with such systems, which require large supercells
from a computational point of view.

There exist a few theories and simulation methods, which
have been employed successfully to model phonon scattering
in the impact scattering regime: pure single inelastic scattering
theories [8,10,12], transition potential approaches [18–22],
the quantum excitations of phonons (QEP) model [23,24], and
the frequency-resolved frozen phonon multislice (FRFPMS)
method [25,26]. These theories originate from very differ-
ent starting points and differ also in the rigor of their basic
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assumptions, which poses the obvious question of whether
they lead to similar results and how they are related. The
single inelastic scattering theories are based on the approach
of Van Hove [27], effectively a first-order Born approxima-
tion. In the transition potential approaches, one can include
the effects of beam shape and dynamical diffraction effects
and the inelastic transition potential itself can be derived
from different starting points, such as Yoshioka’s coupled-
channel equations [18,28] or a more direct view involving the
averaging of displaced scattering potentials [29]. The QEP
model, on the other hand, is derived from the full many-
body Schrödinger equation of the combined system of the
beam electron and the sample by applying an approximation
similar in spirit to the well-known Born-Oppenheimer approx-
imation to the beam electron wave function, but it does not
immediately offer a computationally feasible access to the
spectroscopic (energy-loss) dimension. Lastly, the FRFPMS
method is an intuitively motivated extension of the frozen
phonon multislice (FPMS) method [30,31], which allows
spectral resolution, but was not formally derived or analyti-
cally investigated thus far.

The advantage of the FRFPMS method is that it is currently
the only method which allows one to simulate vibrational
spectra of large structure models of arbitrarily low symmetry,
due to its linear scaling with system size. In order to illustrate
this point in more detail, we consider how the computation
of vibrational EELS would look in a single inelastic scatter-
ing formalism: one would first need to obtain all vibrational
modes of the system in question (or a sufficiently dense
sampling), meaning the vibrational frequencies ωνk and po-
larization vectors ε(kν) for each phonon branch ν and crystal
momentum k. With this knowledge, one can assemble the
transition potentials (cf. Appendix D). A typical system model
might be a 10 × 10 × 50 supercell of SrTiO3 with a lattice
parameter of about 4 Å and five atoms in the unit cell. Such a
supercell would be of dimensions 4 × 4 × 20 nm3 and contain
N = 5 × 10 × 10 × 50 = 25 000 atoms. Obtaining ωνk and
ε(kν) poses a formidable problem for a system of this size if
the symmetry is low (consider having a defect within such a
structure model), as it involves diagonalizing the so-called dy-
namical matrix [32], the size of which is 3N × 3N . We note
that the computational complexity of matrix diagonalization
is less favorable than the square of the size of the matrix for
many popular algorithms [33]. But the difficulties with such
an approach do not stop here since one would also need to
perform about 3N -independent elastic propagations of inelas-
tic waves generated somewhere in the sample, further adding
to the computational cost of such a simulation. Each of these
propagations scales roughly with N itself if it is carried out
by the multislice algorithm. The computational cost is further
multiplied by the number of probe positions for cases which
involve a scanning of the STEM probe. All these multiplica-
tive factors render a full-sized transition potential calculation
involving dynamical diffraction uneconomical with current
computational resources.

In this paper, we aim to relate single inelastic scattering
theory, the QEP model, and the FRFPMS method to each
other for single inelastic phonon scattering. We show, using
the example of an anisotropic quantum mechanical oscillator
(AQHO), that in single inelastic scattering theory and the

QEP model the inelastic phonon scattering cross section for
a specific energy loss process nx → nx + 1 is given by very
similar expressions in the diffraction plane of the form

〈nx〉T + 1

ωx
(q · εx )2 V 2

proj(q) e−2W (q). (1)

Here 〈nx〉T is the thermally averaged occupancy and εεεx the po-
larization vector of the assumed oscillator mode of frequency
ωx, q = |q| the magnitude of the momentum transfer q =
(qx, qy), and V 2

proj(q) e−2W (q) is the square of the projected po-
tential smeared by an anisotropic Debye-Waller factor (DWF)
e−2W (q). We show that a very similar expression to Eq. (1)
is obtained for the inelastically scattered intensity which re-
sults from applying the FRFPMS prescription to the scattered
wave in the weak phase object approximation (WPOA) [34],
except for differences in the DWF and temperature- and
energy-dependent scaling factor 〈nx〉T + 1. This result leads
directly to a proposal for a revision of the FRFPMS method
by smearing the scattering potential by the DWF instead of
using bare scattering potentials, and a correction of the energy
scaling. As a by-product of our analytical considerations, we
explain furthermore the 1/ω2 energy scaling of FRFPMS-
EELS observed earlier in Ref. [26]. We also discuss the effect
of temperature on EELS spectra and consider more generally
the energy scaling of phonon EELS. In this way, we reconcile
the different approaches with each other.

The paper is divided as follows: First, in Sec. II, we
introduce the three different theoretical approaches, derive
within each approach the inelastic scattering cross section for
an AQHO, point out parallels between the expressions, and
make suggestions on how to improve the FRFPMS method.
In Sec. III we follow up on the suggested revision of the FRF-
PMS method and numerically investigate the elastically and
inelastically scattered intensity as a function of momentum
transfer. We illustrate thereby that such a revised FRFPMS
method reproduces the expected results in the form of the
single-phonon inelastically scattered intensity as well as elas-
tically scattered intensity, provided that the mean-squared
displacements (MSDs) in a frequency bin are a sufficiently
small fraction of the total MSD. Lastly, in Sec. IV, we draw
conclusions from this work and give an outlook on future
directions of research.

II. PARALLELS BETWEEN DIFFERENT THEORETICAL
APPROACHES TO VIBRATIONAL EELS

The purpose of this section is a comparison of the ex-
pressions, which arise in different theoretical approaches to
vibrational EELS. In order to simplify the derivations, we
consider a situation in which a parallel electron beam is
impinging on a single light atom, such that we can ignore
dynamical diffraction effects to a good approximation. Under
these conditions, both WPOA and Born approximation are
applicable. We model the dynamics of the atom as a single
two-dimensional (2D) AQHO with Hamiltonian

H = p2
x

2M
+ p2

y

2M
+ Mω2

xτ
2
x

2
+ Mω2

yτ
2
y

2
, (2)

where ωx in general differs from ωy, p = (px, py) is the mo-
mentum operator, τ = (τx, τy) the displacement operator, and
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M the mass of the oscillator. The AQHO wave function can be
written in terms of the harmonic oscillator wave functions for
each dimension anx (τx ) and any (τy), i.e.,

an(τ) = anx (τx ) any (τy), (3)

which satisfy

Han(τ) =
[

h̄ωx

(
1

2
+ nx

)
+ h̄ωy

(
1

2
+ ny

)]
︸ ︷︷ ︸

=En

an(τ), (4)

where n = (nx, ny) are the occupation numbers of the two
energy eigenstates. Basic properties of a quantum har-
monic oscillator, relevant for this work, are summarized in
Appendixes A and B.

In this work, we are interested in the scattering of high-
energy electrons traveling initially parallel to the z axis. After
interaction with the specimen of (very small) thickness t , the
total wave function φ(r) of the electrons in the xy plane,
r = (x, y), can be represented in the WPOA as [34]

φ(r) = [1 + iσVproj(r)]φ0(r), (5)

where we neglect the exponential phase factor due to the
propagation of the wave function along the z direction. Fur-
thermore, σ = m/(2π h̄2k0) is the interaction constant, φ0(r)
the incident wave, m = γ me the relativistically corrected elec-
tron mass, me the electron rest mass, γ the Lorentz factor, k0

is the relativistic wave number of the incident electron, and

Vproj(r) =
∫ t

0
V (r, z)dz

=2π h̄2

me

∫ t

0

∫
fe(Q) e2π iQ·R dQ dz (6)

is the projected scattering potential of a single atom located
at the origin of the coordinate system. Here we have defined
R = (r, z), and Q = (q, qz ), where q = (qx, qy) is the mo-
mentum transfer in the xy plane. The electron scattering factor
is denoted by fe(Q), which we assume to be isotropic in the
remainder of this paper, i.e., fe(Q) = fe(|Q|) = fe(Q). We
further assume the incident wave to be of plane-wave type
φ0(r) = 1/L, normalized to the area L2 of a box with side
length L, such that the Fourier transform of the total wave
reads as

φ(q) = FT r[φ(r)](q) = 1

L
[δ(q) + iσVproj(q)], (7)

where FT r[. . .](q) denotes the 2D Fourier transform and
Vproj(q) is the 2D Fourier transform of Eq. (6). We assume
the projection approximation, i.e.,

Vproj(r) ≈
∫ ∞

−∞
V (r, z)dz

= 2π h̄2

me

∫
fe(q) e2π iq·rdq, (8)

where q = |q| and the Fourier transform of the projected
potential

Vproj(q) = 2π h̄2

me
fe(q) (9)

is then given in terms of the atomic electron scattering factor.
In this situation the WPOA wave in reciprocal space simply
becomes

φ(q) = 1

L

[
δ(q) + i

γ

k0
fe(q)

]
(10)

and we will continue to use this expression in the text below.
For our considerations we need the connection between

the scattering cross section and the intensity in WPOA. The
second term in Eq. (7) describes the scattered wave ψsc(q)
and its squared absolute value is the scattered intensity to-
wards momentum transfer q. Multiplying this intensity with
an infinitesimal area k2

0d�q in reciprocal space gives the prob-
ability of scattering into the solid angle d�q. The cross section
dσ associated with this scattered intensity is then related to the
intensity of the scattered wave via

dσ

L2
= |φsc(q)|2k2

0 d�q

I0
, (11)

where I0 = ∫ |φ0(r)|2dr = 1 is the initial intensity and L2

the lateral size of the simulation box. The scattering cross
section then becomes

dσ

d�q
= L2 1

L2

γ 2

k2
0

f 2
e (q)k2

0 = γ 2 f 2
e (q). (12)

Note that Eq. (11) is applicable to any elastically scattered
wave known as a function of 2D momentum transfer q.
Specifically, it can also be used to relate a beam exit wave
function from multislice simulations to the cross section. Note
that for inelastic scattering, the scattered wave would travel
at a different energy, which is not considered here, and we
will see below that the difference is practically negligible for
phonon energy losses in STEM.

We are interested in this section in the scattering proba-
bility for processes with energy loss E = h̄ωx, i.e., nx →
nx + 1 in the case of the AQHO. Section II A is dedicated
to a discussion of these cases in the frameworks of single
inelastic scattering theory and the transition potential formal-
ism. Thereafter, in Sec. II B, we consider the QEP model
and derive an expression for the inelastic scattering cross
section for the cases described here. Finally, we derive an
expression in WPOA for the FRFPMS method, compare it to
the expressions derived within the other theories in Sec. II C,
and draw some conclusions about modifications of the FRF-
PMS method for more accurate simulations of single inelastic
vibrational scattering.

A. Single inelastic scattering theory

In the first-order Born approximation, the double-
differential scattering cross section of single inelastic scat-
tering with an energy loss (E = h̄ω) or gain (E = −h̄ω)
and momentum transfer Q = Q0 + G, where Q0 is a vector
in the first Brillouin zone and G is a reciprocal lattice vector,
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can be expressed at temperature T as [8,10,12]

d2σ (Q, ω, T )

d�Qdω
= 2π2h̄

k1

k0

∑
ν

∣∣∣∣∣∣
∑

j

1√
Mj

e−2π iG·R j e−Wj (Q) f ( j)
e (Q) Q · ε j (Q0, ν)

∣∣∣∣∣∣
2

×
[

1 + 〈n(Q0, ν)〉T

ω(Q0, ν)
δ[ω − ω(Q0, ν)] + 〈n(Q0, ν)〉T

ω(Q0, ν)
δ[ω + ω(Q0, ν)]

]
, (13)

where the first sum runs over phonon branches labeled by the
index ν and the second sum over basis atoms labeled by the
index j at positions R j . f j

e (Q) is the electron scattering factor
of the jth basis atom as defined above, ε j (Q0, ν) is the phonon
polarization vector of atom j in phonon mode (Q0, ν).

The Dirac δ′s signify that only excitations of modes with
the correct energy h̄ω(Q0, ν) contribute to the cross section at
a given energy transfer E = h̄ω. The δ[ω − ω(Q0, ν)] and
δ[ω + ω(Q0, ν)] correspond then to the processes

energy loss: n(Q0, ν) → n(Q0, ν) + 1, (14a)

energy gain: n(Q0, ν) → n(Q0, ν) − 1, (14b)

which refer to the emission and absorption of one quantum
of energy by the beam electron, respectively. Overall, these
Dirac-δ′s give a nontrivial dependence of the inelastic cross
section on energy loss and momentum transfer. Furthermore,
the inelastic cross section is scaled in terms of energy by a
global 1/ω(Q0, ν) factor, by the phonon occupation number
〈n(Q0, ν)〉T = 1/(eβ h̄ω(Q0,ν) − 1) at inverse temperature β =
1/kBT , and the ratio k1/k0 of the scattered to the initial wave
number. This ratio is the signature of the differing energies
of the initial and scattered waves mentioned before and, for
phonon scattering processes, this ratio is well approximated
by unity: consider a typical phonon energy loss of E =
60 meV, then the ratio becomes

k1

k0
=
√

1 − E

E0
≈ 1 − 1

2

E

E0
= 1 − 10−6

2

for a typical initial energy E0 = 60 keV. Here we have ne-
glected the relativistic mass increase, consistent with the
nonrelativistic nature of Eq. (13). In the remainder of this
work, we will therefore set k1/k0 = 1.

Temperature has a twofold effect in Eq. (13): on the one
hand, a finite temperature leads to a scaling of the cross
section due to the (thermally averaged) phonon occupation
number 〈n(Q0, ν)〉T and on the other hand there is an expo-
nential damping of the atomic scattering factor at nonzero
momentum transfers via the temperature-dependent DWF
e−2Wj (Q) of the jth atom. The DWF is related to the MSD of
the jth atom and thus includes contributions of all vibrational
modes in the specimen. Appendix C contains further proper-
ties and definitions related to the DWF.

Beyond the already discussed energy and tempera-
ture dependencies encapsulated in the occupation number
〈n(Q0, ν)〉T , the inelastic cross section in Eq. (13) contains
nontrivial behavior as a function of the momentum transfer Q
and as a function of mode frequency ω(Q0, ν): the dot prod-
uct of momentum transfer Q and phonon polarization vector
ε j (Q0, ν) provides a directional selectivity. As a function of

momentum transfer the absolute value of this dot product
Q · ε j (Q0, ν) and the atomic scattering factor fe(Q) scale the
inelastic scattering cross section.

We note here that a similar expression to Eq. (13) is consid-
ered in the form of a transition potential by Forbes et al. [20]
for the situation of phonon scattering from the zero-phonon
state |0〉 (ground state) to an excited state |n〉. Their theory is
more general in that effects of beam shape can be included, but
it does not consider the effects of initially thermally occupied
modes (see also Eqs. E.1 and D.3 in Ref. [19]), which requires
an averaging of the inelastic cross section over all possible
states at nonzero temperature. It is instructive to compare in
detail the expression for the transition potential itself, which
describes the inelastic scattering process in the approach of
Forbes et al. to Eq. (13). We show in Appendix D that in
the single-phonon scattering case both theories reduce to very
similar expressions, matching when 〈n(Q0, ν)〉T � 1.

Anisotropic quantum harmonic oscillator

Consider now the case of a single atom modeled as a 2D
AQHO with Hamiltonian given by Eq. (2). In this situation
and with our assumptions of isotropic atomic scattering fac-
tors, Eq. (13) reduces for the inelastic (energy-loss) processes
nx → nx + 1 to

d2σ (Q, ω, T )

d�qdω
= 2π2h̄

M

1 + 〈nx〉T

ωx
q2

x f 2
e (q)e−2W (q)δ(ω − ωx ),

(15)

where the DWF becomes (cf. Appendix C)

e−2W (q) = e−(2π )2〈(q·u)2〉T

= e−(2π )2〈(qxux )2〉T e−(2π )2〈(qyuy )2〉T

= e−2Wx (qx )e−2Wy (qy ) (16)

since the displacements in the x and y directions are uncorre-
lated. The single inelastic scattering cross section in Eq. (15)
exhibits an overall temperature and energy-dependent scaling
by (1 + 〈nx〉T )/ωx and the q dependence is contained in the
q2

x factor together with an electron scattering factor, which
is thermally smeared by a DWF due to both modes, with
vibrations along x as well as y directions.

At T = 0 K Eq. (15) reduces to

d2σ (q, ω, 0)

d�qdω
= 2π2h̄

M

1

ωx
q2

x f 2
e (q)e−2W0x (qx )

× e−2W0y (qy ) δ(ω − ωx ), (17)

where W0x(qx ) and W0y(qy) are the DWFs associated with only
the zero-point motion in the x and y direction, respectively.
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B. QEP model in WPOA

The QEP model [23,24] is an alternative way to de-
scribe the phonon scattering process in a crystal: It is shown
that the full time-independent interacting many-body prob-
lem of beam electron and sample reduces to an effective
time-independent Schrödinger equation for the beam electron,
which is parametrically dependent upon the coordinates of
all displaced atoms of the specimen. One assumes thereby
a sufficient smallness of the variation of the beam electron
wave function under infinitesimal changes in the nuclear
coordinates [24]. This approximation is akin to the well-
known Born-Oppenheimer approximation [35], under which
the wave function of the electrons of a condensed matter sys-
tem satisfies a time-independent Schrödinger equation, which
is parametrically dependent upon the nuclear coordinates at
every instance of time. The effective Schrödinger equation in
the QEP model can be solved using the multislice method
[36].

In the QEP model the thermally averaged total intensity
〈I (q)〉T in the diffraction plane is an incoherent average of
so-called auxiliary wave functions φ(q, τ ) over atomic con-
figurations τ weighted by probability P(τ ) of a particular
configuration τ being realized, i.e.,

〈I (q)〉T =
∫

|φ(q, τ )|2P(τ ) dτ, (18)

where

P(τ ) =
(

1

2π
〈
τ 2

k

〉
) 3

2 Nat 3Nat∏
k=1

exp

[
− τ 2

k

2
〈
τ 2

k

〉
]

(19)

is the joint probability distribution for an Einstein model
of phonons in agreement with Ref. [24]. We note that, due
to a typo, a factor of − 1

2 was accidentally omitted in the
corresponding expression in Ref. [23]. Note also that for
any practical purpose, the auxiliary waves φ(q, τ ) are the
exit-plane wave functions obtained from a standard multislice
calculation for the atomic configuration τ.

The total intensity according to Eq. (18) can be thought
to be comprised of two additive contributions: the coherent
intensity

|〈ψ (q)〉T |2 =
∣∣∣∣
∫

φ(q, τ )P(τ) dτ

∣∣∣∣2, (20)

which is the absolute square of a coherent average of auxiliary
wave functions φ(q, τ ) over atomic configurations τ, and the
inelastic intensity

〈Iinel(q)〉T = 〈I (q)〉T − |〈ψ (q)〉T |2, (21)

which is effectively the variance of the auxiliary wave
functions.

Lastly, an “inelastic wave“ associated with a transition
|m〉 → |n〉 can be defined in the following way:

ψmn(q) =
∫

a∗
n(τ)am(τ)φ(q, τ ) dτ, (22)

where am(τ) and a∗
n(τ) are the wave functions of the initial

and final phonon states, respectively. This expression explic-
itly includes an arbitrary state n as the initial state and makes it

thus suitable for thermal averaging over the initial state, which
is in general not a pure state. Note that the meaning of m
and n is changed compared to Refs. [23,24]. They consider
a state “0” as the initial state, which is not necessarily the
ground state, and their number n has a relative meaning in
the sense of how many phonons are created or annihilated in
the inelastic process. Here we use the “occupation vectors”
m and n with an absolute meaning here, i.e., n is a vector of
phonon occupation numbers.

The QEP model has been successfully used to simulate the
total inelastic intensity associated with vibrational scattering
using an Einstein model in a number of works [6,23,24,37].
Lugg et al. showed furthermore that the analytical expression
for the total intensity scattered inelastically on phonons in
the QEP model matches the result derived in a transition
potential formulation and scattering from the ground state 0
to an excited state n under arbitrary illumination conditions
[24]. The inelastic waves given by Eq. (22) have, however,
not been explicitly calculated before.

We consider here the situation of the atom modeled as a 2D
AQHO, which we described in the introduction to Sec. II [see
Eq. (2)]. According to Eq. (22) a single inelastic scattering
event nx → nx + 1 creates an inelastic wave

ψnx,nx+1(q) =
∫

V
a∗

(nx+1,ny )(τ)a(nx,ny )(τ) φ(q, τ ) dτ. (23)

Here, a(nx,ny )(τ) = anx (τx )any (τy) is the total (product) wave
function of the wave functions anx (τx ) and any (τy) of the two
harmonic oscillator energy eigenstates associated with the fre-
quencies ωx and ωy, respectively. We take the auxiliary wave
φ(q, τ ) to be described in WPOA, i.e.,

φ(q, τ ) = 1

L

[
δ(q) + i

γ

k0
fe(q)e2π iqxτx e2π iqyτy

]
, (24)

where we have represented the displaced potential in Fourier
space and made use of the Fourier shift theorem. Before we
consider the integral in Eq. (23) in detail, we need to connect
the wave ψnx,nx+1(q) to the inelastic cross section. To that end,
we orient ourselves at Eq. (11), so that we can write the cross
section for the process nx → nx + 1 as

d2σnx,nx+1(q, ω)

d�qdω
= L2k2

0

∣∣ψnx,nx+1(q)
∣∣2 δ(ω − ωx ). (25)

It should be noted that the energy-conservation encapsulated
in the Dirac δ in this expression does not come out naturally
from the QEP model, but needs to be enforced “by hand” at
this stage.

In order to compare this expression with the single inelastic
scattering result in Eq. (15), we need to perform a thermal
average over the initial state n at temperature T and enforce
energy conservation, i.e.,

d2σ (q, ω, T )

d�qdω
= 1

Z

∑
nx,ny

e−βEn
d2σnx,nx+1(q, ω)

d�qdω
, (26)

where Z =∑nx,ny
e−βEn is the partition function.
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Inserting Eq. (24) in (23) leads to the expression

ψnx,nx+1(q) = 1

L
δ(q)

∫
a∗

nx+1(τx )anx (τx ) dτx

∫
a∗

ny
(τy)any (τy) dτy

+ 1

L
i
γ

k0
fe(q)

∫
a∗

nx+1(τx )anx (τx ) e2π iqxτx dτx

∫
a∗

ny
(τy)any (τy) e2π iqyτy dτy. (27)

The first term vanishes due to the orthogonality of a∗
nx+1(τx ) and anx (τx ) (see Appendix A). The second term is of the same type

as Eq. (A8) and we show in Appendix E how both of these integrals can be computed exactly (see also Ref. [19]). The result
reads as

ψnx,nx+1(q) = −πγ

k0L

√
2Mx√

nx + 1
qx fe(q) e−W0x (qx )e−W0y (qy ) L1

nx
(2W0x(qx )) L0

ny
(2W0y(qy)), (28)

where Lα
n are generalized Laguerre polynomials, and Mx =

h̄/(Mωx ).
For nx, ny = 0, i.e., when the oscillator is initially in the

ground state, we obtain (Lα
0 = 1 for any α)

ψ01(q) = −πγ

k0L

√
2Mx qx fe(q) e−W0x (qx )e−W0y (qy ) (29)

and the cross section associated with this process of energy
loss ω = ωx thus reads as, according to Eq. (25),

d2σ0,1(q, ω)

d�qdω
= 2π2h̄γ 2

Mωx
q2

x δ(ω − ωx ) f 2
e (q) e−2W0x (qx )e−2W0y (qy ).

(30)

This expression is functionally the same as the expression
for the inelastic scattering cross section in single inelastic
Born approximation at T = 0 K in Eq. (17), except for the
relativistic γ factor.

We return to Eq. (28) and consider the scattering cross
section for nx → nx + 1 with an arbitrary initial state n =
(nx, ny), i.e.,

d2σnx,nx+1(q, ω)

d�qdω
= π2γ 2 q2

x

2Mx

nx + 1
δ(ω − ωx )

× {L1
nx

(2W0x(qx ))L0
ny

(2W0y(qy))
}2

× f 2
e (q) e−2W0x (qx )e−2W0y (qy ). (31)

In order to compare this expression with the single inelastic
scattering result in Eq. (15), we need to perform the thermal
average according to Eq. (26). The details of the calculation
can be found in Appendix F. We quote here the result

d2σ (q, ω, T )

d�qdω
= γ 2 f 2

e (q) e−2Wx (qx )e−2Wy (qy )e
β h̄ωx

2 δ(ω − ωx )

× I1

(
2W0x(qx )

sinh
(

β h̄ωx

2

)
)

I0

(
2W0y(qy)

sinh
( β h̄ωy

2

)
)

,

(32)

where I0 and I1 are modified Bessel functions. For small
arguments x � 1, the modified Bessel functions behave as

Im(x) = 1

m!

(
x

2

)m

(33)

for any non-negative integer m. For a combination of
sufficiently small momentum transfers q, sufficiently low tem-
peratures and sufficiently high frequencies ωx and ωy, the
arguments to the modified Bessel functions in Eq. (32) are in
fact small and we can approximate I0(x) ≈ 1 and I1(x) ≈ x

2 .
We note that under these conditions the MSD of the corre-
sponding mode is also small according to Eq. (A11), i.e., the
atom is not displaced far from its equilibrium position, and
Eq. (32) becomes

d2σ (q, ω, T )

d�qdω
= 2π2h̄γ 2

M

〈nx〉T + 1

ωx
q2

x f 2
e (q)

× e−2Wx (qx )e−2Wy (qy )δ(ω − ωx ), (34)

where we have used

〈nx〉T + 1 = eβ h̄ωx/2

2 sinh(β h̄ωx/2)
. (35)

Equation (34) is the same expression as Eq. (15), except for
the relativistic γ factor.

In a more general case, when the conditions of small mo-
mentum transfer q, low temperature T , and/or high-mode
frequency ωx are not satisfied, the QEP model predicts the
cross section in Eq. (32). This expression involves the same
thermally averaged scattering potential as Eqs. (34) and (15),
but the q dependence of the remaining factors and the overall
temperature scaling of the cross section is strikingly different.
Modified Bessel functions appear instead of the simple q2

and (〈nx〉T + 1)/ωx terms and it is not obvious, where this
difference comes from. A deeper investigation of this issue is
beyond the scope of this work, but we believe that the answer
lies in the treatment of the inelastic scattering potential, which
is assumed to be small in the case of the single inelastic
scattering theory for the first-order Born approximation to be
applicable. Such smallness of the inelastic potential is neither
required nor assumed in the QEP model, suggesting that the
QEP result of Eq. (32) could be more general. Consistent
with this line of thinking, the conditions of low temperature
and/or high-mode energy ωx, under which an argument of the
modified Bessel functions becomes small for a certain mode,
are effectively conditions under which the MSD of that same
mode becomes small as well [cf. Eq. (A11)].
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C. FRFPMS method

The FRFPMS method has been introduced in Refs. [25,26].
Here we briefly review the key equations and concepts of the
method and then proceed to derive the inelastic intensity for
the case of an AQHO, Eq. (2).

In the FRFPMS method we select a grid of Nbin frequencies
ωi, i = 1, . . . , Nbin, and for each of these frequencies run an
FPMS simulation. In each of these FPMS simulations, the N
atomic structure snapshots are sampled in such a way that
the displacements of atoms from their equilibrium positions
in the structure correspond to the displacement contributions
of modes within a certain range of frequencies around the
selected frequency to the total atomic displacement (meaning
that of all modes). This procedure is a priori independent
of the way how these snapshots are generated, but we have
relied thus far on nonequilibrium MD simulations, in which a
so-called δ or hot-spot thermostat is used to supply energy to
only a narrow range of frequencies in the simulation, while a
strong damping keeps other modes “frozen” [38,39].

In analogy to the QEP model outlined in Sec. II B, the
total, elastic, and inelastic intensity in the diffraction plane
are extracted by averaging the N electron-beam exit wave
functions �(q, rb, τn(ωi, T )) computed using the multislice
algorithm for each energy bin ωi and snapshot τn(ωi, T ),
where n is the index of a snapshot and τn(ωi, T ) itself contains
displacements of all atoms in the structure model of snapshot
n within energy bin i at temperature T :

Iincoh(q, rb, ωi, T ) = 1

N

N∑
n=1

|�(q, rb, τn(ωi, T ))|2

= 〈|�(q, rb, τ(ωi, T ))|2〉N , (36a)

Icoh(q, rb, ωi ) =
∣∣∣∣∣ 1

N

N∑
n=1

�(q, rb, τn(ωi, T ))

∣∣∣∣∣
2

= |〈�(q, rb, τ(ωi, T ))〉N |2, (36b)

Ivib(q, rb, ωi, T ) = Iincoh(q, rb, ωi, T ) − Icoh(q, rb, ωi, T )

= 〈|�(q, rb, τ(ωi, T ))|2〉N

− |〈�(q, rb, τ(ωi, T ))〉N |2, (36c)

where q is the momentum transfer in the diffraction plane,
rb the electron beam position in a STEM-EELS simulation,
Iincoh is the incoherently averaged (i.e., total) intensity, Icoh

the coherently averaged (i.e., elastic) intensity, and Ivib is
the vibrational (inelastic) intensity [see analogous expressions
within the QEP theory, Eqs. (18), (20), and (21)]. We then
define the inelastic double-differential scattering cross sec-
tion within the FRFPMS method to be

d2σ (q, rb, ω, T )

d�qdω
=

Nbin∑
i=1

δ(ω − ωi )
dσ (q, rb, ωi, T )

d�q
, (37)

where

dσ (q, rb, ωi, T )

d�q
= L2k2

0 Ivib(q, rb, ωi, T ) (38)

is the cross section associated with the vibrational scatter-
ing in the ith bin. For a plane incident wave, i.e., parallel

illumination, which we consider in this work, we can drop the
dependence on beam position rb in all of these expressions.

Thus, we see that the essence of the FRFPMS method is
to let the atomic structure vibrate with a certain frequency ω

and associate the inelastic intensity extracted from snapshots
of this structure with the energy loss h̄ω. This idea can only
be correct as long as multiphonon processes are negligible
since if Ivib contained contributions due to multiple phonon
or multiphonon scattering, we would associate an incorrect
energy loss with those processes. Furthermore, since we ob-
tain a coherent wave for each frequency bin, and we attribute
to this coherent wave the meaning of “zero-loss” wave or
elastically scattered wave (including the direct beam), the
coherent wave should be the same in each frequency bin,
such that we can be sure that the elastic wave, from which
we generate the inelastic intensities Ivib, has the correct thick-
ness dependence. The effects of phonons on the elastic wave
are twofold: the averaged motion of nuclei leads to a DWF
smearing affecting dynamical diffraction, while the inelastic
scattering itself leads to absorption. Thus, the coherent wave
associated with each bin, and from which the inelastic scatter-
ing is “launched,” should have the same DWF smearing and
absorption in every bin. However, in this work, we will set
aside the problem of absorption and focus purely on the DWF
smearing in the coherent wave, which will be considered
numerically in Sec. III.

1. Anisotropic quantum harmonic oscillator

If we apply the ideas of the FRFPMS method to our model
situation of an AQHO, we would pick two frequency bins,
centered around ωx and ωy, respectively, for which we need to
sample atomic structure snapshots. These snapshots contain
only displacements in the x or y direction, which are consis-
tent with the mean-square displacement 〈τ 2

x 〉T or 〈τ 2
y 〉T for a

frequency of ωx or ωy, respectively.
We now focus our attention on the intensities calculated for

the ωx frequency bin. The instantaneous potential in an atomic
structure snapshot reads as

Vproj(q, τx ) = Vproj(q) e2π iqxτx , (39)

where τx is the displacement of the AQHO from the origin and
Vproj(q) is the nondisplaced projected potential.

We show in detail in Appendix G how the different aver-
ages prescribed by Eqs. (36a), (36b), and (36c) are evaluated
in the present situation. We quote here the main results. The
incoherent intensity reads as

Iincoh(q, ωx, T ) = 〈|φ(q, ωx, T )|2〉

= 1

L2

[
δ(q) + γ 2

k2
0

f 2
e (q)

]
. (40)

At a first glance it may seem counterintuitive that there is
no DWF in this expression. However, in our AQHO model
one illuminates a single atom by a plane-wave electron beam.
Therefore, displacements of the atom do not play any role in
an incoherent average since the plane incident wave is not
sensitive to position and the total scattered intensity remains
the same as for an atom at rest. For the coherent average one
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obtains

Icoh(q, ωx, T ) = |〈φ(q, ωx, T )〉|2

= 1

L2

[
δ(q) + γ 2

k2
0

f 2
e (q)e−2Wx (qx )

]
, (41)

where the exponential term provides a Debye-Waller type
smearing with Wx(qx ) = 2π2q2

x〈τ 2
x 〉T , however, only due to

displacements along the x direction. We return to this impor-
tant point below. Using Eqs. (40) and (41), the inelastic part
reads as

Ivib(q, ωx, T ) = Iincoh(q, ωx, T ) − Icoh(q, ωx, T )

= γ 2

k2
0L2

f 2
e (q)

[
1 − e−2Wx (qx )]

= γ 2

k2
0L2

f 2
e (q)

∞∑
n=1

(−1)n+1
(
4π2q2

x

〈
τ 2

x

〉
T

)n
n!

.

(42)
In the derivation of Eq. (34) small scattering angles (momen-
tum transfers) and a small MSD were assumed. Under similar
conditions, we retain only the n = 1 term of Eq. (42) and,
according to Eqs. (37) and (38), the inelastic cross section then
becomes

d2σ (q, ω, T )

d�qdω
= 4π2γ 2q2

x

〈
τ 2

x

〉
T f 2

e (q) δ(ω − ωx ) (43)

for the inelastic scattering on the ωx mode. The cross sec-
tion in the FRFPMS model has a similar q2-momentum
transfer dependence as in Eqs. (15) and (34), however, there
is a significant difference in the lack of full DWF smearing,
which leads to an overestimation of the inelastic scattering to
large angles, which are beyond the applied approximation. In
Sec. II C 2 we show how this can be simply and effectively
remedied.

The other difference is the presence of the MSD 〈τ 2
x 〉T

along the x direction in the FRFPMS results instead of a term
proportional to (〈nx〉T + 1)/ωx. In the quantum-mechanical
statistics, the MSD within the x dimension of the AQHO reads
as [see Eq. (A11)]〈

τ 2
x

〉
T = h̄

2Mωx
coth

(
β h̄ωx

2

)

= h̄

2Mωx

[
2

eβ h̄ωx − 1
+ 1

]

= h̄

2Mωx
[2〈nx〉T + 1], (44)

so that the difference between the MSD and the factor
(〈nx〉T + 1)/ωx lies in the factor of 2 in front of the phonon
occupation number. Thus, whenever 〈nx〉T is non-negligible,
this would lead to a different energy and temperature scaling
of the inelastic cross section than in the other approaches.
While this affects only the scaling of spectra and not the
position of peaks, the scaling is nonuniform throughout the
range of energy losses, which has consequences for matching
peak heights and shapes to experiment. It is important to
note, though, that this scaling is a universal (i.e., system-
independent) function of frequency and can be corrected for,
as is outlined in Sec. II C 2.

FIG. 1. Color map of the exponent of the DWF 2W (q) =
4π 2q2〈τ 2〉T as a function of the isotropic equivalent of the MSD
〈τ 2〉T and the momentum transfer q. Compare to the requirement in
Eq. (45).

An apparent question, which arises from the considerations
in this section, is under which conditions we can retain only
the first order in Eq. (42). The answer is that

2W (qx ) = 4π2q2
x

〈
τ 2

x

〉
T

!� 1, (45)

i.e., we require, that the DWF exponent is sufficiently small.
We plot the value of the right-hand side of this relation in
Fig. 1 as a function of qx and 〈τ 2

x 〉T . Typical values of the MSD
lie in the range of about 0.005 to 0.5 Å2 for cubic elemental
crystals at room temperature [40], so we can expect that the
expansion is a reliable approximation for many materials at
momentum transfers below about 1 Å−1 such that 2W (qx ) <

0.1. We will verify through numerical simulation in Sec. III,
that this criterion is sufficient.

Note that the same expression as Eq. (43) can be obtained
also using real-space considerations. Assuming that the dis-
placements τ of the atom are small, the shifted potential can
be well approximated by a Taylor expansion to the first order
as V (r + τ ) ≈ V (r) + τ · ∇V (r). The first term is responsible
for scattering as if on a static atom, while the displacement-
dependent part appears due to atomic vibrations. In real space,
the WPOA would lead to a displacement-dependent modifi-
cation of the electron beam wave function δψ (r) = 1

L iστ ·
∇V (r), which in Fourier space reads as δψ (q) = − 1

L 2πστ ·
qV (q) [see Eq. (D7)]. Considering only displacements along
the x direction, taking the amplitude squared and incoherent
averaging over the resulting squared displacements τx we
recover

〈|δψ (q)|2〉T = 1

L2
4π2σ 2

〈
τ 2

x

〉
T q2

xV (q)2

= 4π2 γ 2

L2k2
0

q2
x

〈
τ 2

x

〉
T f 2

e (q) (46)

consistent with Eq. (43).
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2. Avenues of improvement of the FRFPMS method

The goal with the FRFPMS method is to model single-
phonon energy-loss scattering for large systems without direct
knowledge of all phonon modes. In this section we dis-
cuss ideas of how to improve the original FRFPMS method
[25,26], which are motivated by the preceding considerations
of phonon scattering in different theories. To this end, we find
by comparing the expressions for single inelastic scattering,
Eqs. (15) and (34) to Eq. (43), that instead of the bare potential
a DWF smearing should be included in FRFPMS calculations,
which takes into account the smearing of the potential due to
all thermally excited phonon modes in the system. Effectively,
that means, that we would modify the scattering potential
according to

Vproj(q, τx ) → Vproj(q, τx ) e−W (q)

= Vproj(q) e2π iqxτx e−W (q). (47)

The smearing by a Debye-Waller factor in Eq. (47) will expo-
nentially suppress high-angle scattering, both elastic as well
as inelastic. In turn, the resulting inelastic intensity in such a
revised FRFPMS should approximate the momentum-transfer
dependence of single inelastic scattering better and also elas-
tic scattering should be modeled much more accurately by
improving the period of so-called Pendellösung oscillations
of dynamical diffraction. We note here that the DWF is in
general anisotropic for many models. However, this is rarely
taken into account in the (S)TEM literature [41]. We suggest,
therefore, that it is sufficient to use isotropic DWFs as a

first step in improving FRFPMS simulation and we consider
exactly this scenario in the simulations in Sec. III and leave the
influence of anisotropic MSDs open for future investigations.

We have seen that the MSD of the vibrational mode in
question appears in Eq. (43) instead of the factor (〈nx〉T +
1)/ωx. The difference between the two is a factor of “2”
next to the 〈nx〉, as discussed in connection with Eq. (44).
We propose here that the FRFPMS method as we have used
it actually adds the intensities corresponding to energy loss
and gain since their respective probabilities are proportional
to 〈nx〉T + 1 and 〈nx〉T . We have verified in a separate, but
analogous, calculation to Appendixes E and F that the process
nx → nx − 1 yields the same as Eq. (34), except that the fac-
tor 〈nx〉T + 1 becomes 〈nx〉T . We note, furthermore, that this
interpretation suggests that both the FPMS method and also
the incoherent and total inelastically scattered intensities in
the QEP model according to Eqs. (18) and (21), respectively,
take both energy-loss as well as energy-gain processes into
account.

Now that we have an understanding of the origin of
the 2〈nx〉 + 1 factor, we can focus our attention on how to
correct the FRFPMS expression for single inelastic energy-
loss scattering: one might devise new sampling methods for
frequency-resolved snapshots, in which the snapshots exhibit
a rescaled MSD, that complies with the 〈nx〉T + 1 behavior.
A simpler approach, which would also allow one to model
the energy-gain side of the cross section, would be to rescale
the inelastic signal in each frequency bin when assembling
the cross section, i.e., we propose to replace the prescription
of Eq. (37) by

d2σ (q, rb, ω, T )

d�qdω
=

Nbin∑
i=1

[ 〈nx(ωi)〉T + 1

2〈nx(ωi )〉T + 1

dσ (q, rb, ωi, T )

d�q
δ(ω − ωi ) + 〈nx(ωi)〉T

2〈nx(ωi)〉T + 1

dσ (q, rb, ωi, T )

d�q
δ(ω + ωi )

]
, (48)

where 〈nx(ωi )〉T = 1/(eβ h̄ωi − 1) is the occupation number
representative of the frequency bin associated with fre-
quency ωi. The rescaling prescribed by Eq. (48) assumes
that the MSD in FRFPMS spectra follows quantum statis-
tics, which has not been the case in our previous works in
Refs. [25,26,42]. We discuss this point and the consequences
in more detail in Sec. II C 3 below.

3. Energy scaling of vibrational EELS spectra

In this section we discuss the energy scaling expected for
vibrational EELS spectra, as this has led to some confusion
in discussions related to our previous work in Ref. [26]. The
reason for the confusion is that from Eq. (13) and even more so
from Eq. (D6), one is naively tempted to expect that the cross
section scales as 1/ω. Following this chain of thought and
arguments outlined in the Supplemental Material to Ref. [10],
one could expect that the intensity I (ω) measured at a cer-
tain energy loss h̄ω for a large enough off-axis detector �q0

multiplied by ω is comparable to the phonon density of states
(PDOS) g(ω), i.e.,

ω I (ω) = ω

∫
�q0

d2σ

d�qdω
(q, ω)dq ∝ g(ω). (49)

We observed in Ref. [26], however, that in our FRFPMS
calculation the quantity ω2 I (ω) compared much better with
the PDOS. As it turns out, there are several issues, which need
to be disentangled here.

We start by considering the expression for the double-
differential scattering cross section in single inelastic Born
approximation scattering theory, Eq. (13). We have seen that
the main temperature and energy dependence is encapsulated
in a factor (〈n〉T + 1)/ω, which has the following limiting
behavior [note that we multiply by a factor of h̄/(2M ) in order
to get comparable units with later expressions]

h̄

2M

〈n〉T + 1

ω
= h̄

2Mω

[
1

eβ h̄ω − 1
+ 1

]

≈
⎧⎨
⎩

1
2βω2M for β h̄ω → 0,

h̄
2ωM for β h̄ω → ∞.

(50)

Thus, for large enough energy losses in comparison with
β−1 = kBT , we obtain a scaling of 1/ω, and 1/ω2 for small
energy losses compared with β−1. This means that neither
scaling is valid for the entire spectral range, contrary to
the first naive expectation outlined previously. Nevertheless,
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many calculations performed thus far have considered ba-
sically a temperature T = 0 K, as we show for example in
Appendix D, and these theories scale therefore as 1/ω. We
also note here that the energy loss h̄ω̃, for which β h̄ω̃ = 1 is
about 26 meV at 300 K. This energy h̄ω̃ gives a criterion for
which energy ranges the limits in Eq. (50) are applicable: for
ω � ω̃ we expect the phonon EELS to scale as 1/ω2, and for
ω � ω̃ to scale as 1/ω.

After establishing our expectations from careful consider-
ation of single inelastic scattering theory, we can turn to the
question of the energy scaling of FRFPMS spectra. We have
seen that the FRFPMS cross section in Eq. (43) scales with the
MSD of the phonon mode which is to be excited. We pointed
out in the discussion of this expression that the MSD scales as
(2〈n〉T + 1)/ω. Therefore, the limiting behavior of the cross
section in Eq. (43) for small and large energies reads as

〈τ 2〉T = h̄

2M

2〈n〉T + 1

ω
= h̄

2Mω
coth

β h̄ω

2

≈
⎧⎨
⎩

1
βω2M for β h̄ω → 0,

h̄
2ωM for β h̄ω → ∞.

(51)

At large enough energy losses in comparison with β, we thus
obtain a scaling of 1/ω, whereas at small energy losses in
comparison with β, the cross section scales as 1/ω2, albeit
with a factor of “2” missing in comparison with the scaling
behavior in Eq. (50), which is the signature of the implicit ad-
dition of energy-gain and energy-loss processes as discussed
in Sec. II C 2.

In the FRFPMS method as we used it thus far, we sample
modes with classical statistics and the MSD of a 1D classical
harmonic oscillator scales as

〈τ 2〉T
(cl) = 1

βω2M
, (52)

which can be quickly inferred by taking the h̄ → 0 limit of
Eq. (51). Thus, the observation we made about the closer
correspondence of the EELS multiplied by the square of
the energy, i.e., ω2I (ω), with the PDOS in Ref. [26] can
be explained by the classical statistics of the MSD in the
snapshots since the multiplication of the spectrum by ω2 will
exactly cancel the scaling contributed by the classical MSD.
We have already outlined generally in Sec. II C 2 that we can
improve the FRFPMS description by rescaling the spectra
akin to Eq. (48), but in the case that the MSD follows classical
statistics, said procedure should rather read as

d2σ (q, rb, ω, T )

d�qdω
=

Nbin∑
i=1

β h̄ωi

2

{
[〈nx(ωi)〉T + 1] δ(ω − ωi )

dσ (q, rb, ωi, T )

d�q
+ 〈nx(ωi)〉T δ(ω + ωi )

dσ (q, rb, ωi, T )

d�q

}
, (53)

where dσ (q, rb, ωi, T )/d�q is the inelastic cross section ob-
tained from the classically sampled snapshots.

III. NUMERICAL SIMULATIONS

In this section, we show numerically, using multislice cal-
culations [36], that the conclusions we have drawn in the
previous section about modifying the prescription for the
FRFPMS by inclusion of a DWF-smeared potential give an
improved description of the inelastically scattered intensity as
well as the coherent intensity (sum of the intensities of the
unscattered direct beam and elastically scattered electrons).
For simplicity of the calculations, we consider a target con-
sisting of a single carbon atom, whose vibrations are those of
a 2D isotropic quantum harmonic oscillator (IQHO), contrary
to Sec. II, in which we have considered an AQHO. The IQHO
is, however, the limit ωy → ωx = ω of the AQHO.

Specifically, we take the MSD of the 2D IQHO 〈τ2〉T to
have a value of 0.01 nm2/(4π2) ≈ 0.025 Å2, which corre-
sponds to a typical order of magnitude of the MSD of atoms
in a material at room temperature. For each displacement-
averaged multislice simulation scenario we sampled 8192
different displacements of the carbon atom based on the
specific prescription for that simulation. From these displace-
ments, one was chosen at random 81 920 times to compute
the corresponding exit wave function using the DRPROBE soft-
ware package [43]. From these exit wave functions we extract
the coherent and inelastic parts of the intensity (cf. Sec. II C).
The simulation box size is set to 4 × 4 × 0.3 nm3 and the grid

on which multislice calculations were run is 512 × 512 pixels.
We assume the projection approximation for the scattering
potential, which is parametrized by the elastic atomic scat-
tering factor for carbon of Waasmeier and Kirfel [44] and
the entire scattering action of the atom is then contained in
a single slice of thickness 0.3 nm. The incident electron beam
has a kinetic energy of 60 keV and we set the convergence
semiangle to 1 mrad, producing a near parallel beam. The
beam is furthermore centered on the equilibrium position of
the carbon atom.

We repeat the calculation once for the original FRFPMS
method and once for the revised FRFPMS method. We reiter-
ate here that the difference between these versions is purely
the inclusion of the total DWF according to Eq. (47). The
IQHO has two modes, which occur at the same frequency,
so they are part of the same frequency bin and the original
FRFPMS method calculation is then equivalent to a standard
QEP/FPMS calculation from a practical perspective. In addi-
tion to these calculations, we repeat the calculation also for
a situation in which the carbon atom is displaced along one
of the dimensions of the IQHO for both the original and the
revised FRFPMS methods. While this calculation is artificial
for the IQHO, it lets us consider the effect of separating the
modes into separate frequency bins, as if they occurred at
different frequencies. This can be thought of as the limiting
case, when ωx and ωy are in different energy bins, while
approaching the same value ωx, ωy → ω. From a different
point of view, nothing prevents us to realize a frequency- and
mode-resolved FPMS method.
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In all calculations, we extract the total, coherent and inelas-
tically scattered intensities through incoherent and coherent
averages of the exit wave function [cf. Eq. (36)] and compare
these results with formulas based on the first-order Born ap-
proximation in Eq. (15). We then compare the inelastically
scattered intensity with the reference expression

I (ref )
vib (q) = 2π2γ 2h̄

ML2k2
0

[1 + 2〈nx〉T ]

ω
q2

x f 2
e (q)e−2W (q)

+ 2π2γ 2h̄

ML2k2
0

[1 + 2〈ny〉T ]

ω
q2

y f 2
e (q)e−2W (q)

= 4π2γ 2

L2k2
0

q2〈τ 2〉T f 2
e (q) e−2W (q), (54)

where 〈τ 2〉T = 〈τ 2
x 〉T = 〈τ 2

y 〉T is the isotropic equivalent of
the MSD of the IQHO [cf. Eq. (44)]. Furthermore, we have
added the contributions of energy-loss and energy-gain pro-
cesses, and introduced the relativistic γ factor to be consistent
with our treatment of the FRFPMS method. We compare the
coherent intensity with the reference expression

I (ref )
coh (q) = 1

L2
δ(q) + γ 2

L2k2
0

f 2
e (q) e−2W (q), (55)

which follows from an analogous calculation to that which
leads to Eq. (41), albeit using both modes of the IQHO instead
of only the ωx mode.

We display the comparison of the inelastically scattered
intensities in our numerical evaluation in the top panel of
Fig. 2. Generally, the original FRFPMS method gives the
largest inelastically scattered intensity with zero intensity at
zero momentum transfer, a pronounced maximum at interme-
diate momentum transfers and decreasing intensity at large
momentum transfers. At small momentum transfers below
about 0.5 Å−1, all calculations yield similar results, which can
be understood in terms of the criterion in Eq. (45), which
has a value of 2W (q) ≈ 0.12 at q = 0.5 Å−1. At intermediate
momentum transfers, we obtain a similar shape of the inelas-
tically scattered intensity, but the maximum of the inelastic
intensity is smaller and occurs at slightly smaller momentum
transfers in the revised FRFPMS compared with the original
FRFPMS. The results of the reference calculation are some-
what between the results of both editions of the FRFPMS
method. Furthermore, the exponential decrease at large mo-
mentum transfer differs between the calculations: the revised
FRFPMS method calculation exhibits a steeper decrease than
the reference and the original FRFPMS method. Separately
considering the displacements along x and y in the calcula-
tions yields almost no change for the inelastically scattered
intensities for both editions of the FRFPMS method. Overall,
we deem the revised FRFPMS a modest improvement in terms
of the inelastically scattered intensity since it matches the ref-
erence expectation better than the original FRFPMS method.

In the bottom panel of Fig. 2, we display the results for
the coherent intensity. As mentioned before, the coherent
intensity in the original FRFPMS method is equivalent to a
QEP/FPMS calculation and it is therefore the correct coherent
intensity for the considered situation, as the excellent agree-
ment with the reference result shows. The coherent intensity
in the revised FRFPMS method, on the other hand, agrees

FIG. 2. Overview of the numerical simulations for a value of the
MSD 〈τ2〉T ≈ 0.025 Å2: the top panel displays the azimuthally inte-
grated, inelastically scattered relative intensity and the bottom panel
the azimuthally integrated relative coherent intensity for the five
considered calculations. These include the original and the revised
FRFPMS method, labeled “original” and “revised” for the combined
x- and y-displacement calculations above. The sum of the results of
calculations considering separate x and y displacements is labeled by
an additional “X+Y” for both editions of the FRFPMS method. The
reference results labeled “reference” are obtained using Eqs. (54) and
(55).

well at small momentum transfers, but deviates from the other
two calculations for momentum transfers larger than about
0.5 Å−1. Separately considering the displacements of both
modes of the IQHO has a rather strong effect on the coherent
intensity in the original FRFPMS method, which overesti-
mates elastic scattering towards large momentum transfers
in this situation, while the coherent intensity in the revised
FRFPMS reproduces the coherent reference intensity much
better.

Overall, these results show that the revised FRFPMS
method is, for the considered model, more successful in
modeling the inelastic intensity, while the original FRFPMS
method is more accurate in modeling the elastic scattering
for the IQHO. This would suggest that the revised FRFPMS
would only be applicable to very thin samples, where dy-
namical diffraction is negligible. So where is the promised
improvement by including the explicit DWF smearing? A
hint at the answer to this question can be found in the
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calculations considering separate x and y displacements. Ne-
glecting anisotropies, what we effectively achieve in these
calculations is that the total MSD 〈τ2〉T is smaller than it is
in the calculations which consider displacements along both
directions simultaneously. We have seen that the revised FRF-
PMS method performed better under these conditions than the
original FRFPMS method, both for modeling the inelastically
scattered as well as the coherent intensities. Extrapolating this
observation, we expect that as the displacements of atoms de-
crease in a given frequency bin, the revised FRFPMS method
will agree better and better with the reference calculation,
effectively fulfilling the criterion of Eq. (45) better.

Herein, in the size of the displacements in any real FRF-
PMS calculation lies the answer to the question about where
the improvement of the revised FRFPMS over the original
FRFPMS is. So far, we have considered a MSD, which is
typical for a total MSD of an atom at room temperature, which
is the natural procedure if one is modeling the effect of all
vibrational modes together at the same time. The AQHO is,
however, a rather artificial model for the FRFPMS method
since the PDOS g(ω) of this model is basically a Dirac δ at
the frequency of the x and y modes, i.e.,

g(ω) ∝ δ(ω − ωx ) + δ(ω − ωy), (56)

where ωx = ωy for the IQHO. The frequency-resolved ther-
mostat in a FRFPMS calculation would then either excite the
modes with their full MSD 〈τ2〉T , if the peak frequency of the
thermostat is tuned to the frequency ωx = ωy, or keep them
“frozen,” if it is tuned away from the IQHO mode frequency.
In other words, all possible vibrational modes contribute to
the same frequency bin for the IQHO.

In any real material, the PDOS is, however, a broad func-
tion of frequency and every atom participates in vibrations
within a (wider) range of frequencies. The frequency-resolved
thermostat in the MD simulation allows only a subset of all
modes to contribute to the displacements of any atom, while
most frequencies are suppressed. This leads to reduced, ef-
fective MSDs in every frequency bin. Figure 3 illustrates this
circumstance based on trajectory data originally simulated for
hBN in connection with Refs. [26,42]. In Fig. 3 the effective
MSD is much lower for any of the frequencies of the hot-spot
thermostat than the total MSD in a constant temperature MD
simulation, which involves all frequencies and enforces the
equipartition of energy between all available modes.

Conveniently, when one adds the energy-loss and energy-
gain cross section, the inelastic cross section is only a function
of MSD [see Eq. (43) as well as Eq. (17) (for T = 0 K) and
Eq. (15) (for nonzero T ), where we need to add energy-gain
processes, see also Eq. (51)]. This allows one to model a sit-
uation in which the displacements τ are reduced compared to
the total MSD 〈τ2〉T . In particular, we consider displacements
which correspond to an effective MSD of 16% of the total
MSD, i.e., 〈τ2〉T → 0.16 × 0.025 Å2 = 0.4 × 10−2 Å2. This
value of the MSD follows the largest value of the effective
MSDs in the frequency bins in Fig. 3 rather well. We then
calculate again the inelastically scattered and the coherent
intensities within the frameworks of the original and revised
FRFPMS methods for displacements along both directions
as well as for separate displacements. The DWF smearing
is thereby kept at its nominal value, corresponding to the

FIG. 3. Comparison between the frequency-resolved MSD in x
and y directions in hot-spot thermostat MD simulations and the total
MSD along x and y directions in a constant temperature MD simu-
lation using a Langevin thermostat. Note that the MSD in the MD
calculation using the Langevin thermostat has contributions from all
modes (frequencies). The simulated material is a crystal of hBN,
whose c axis is aligned with the z direction. More details about the
underlying MD simulations can be found in Refs. [26,42].

total MSD, and only the atomic displacements are reduced.
We then compare the inelastically scattered intensity with the
expression

Ĩ (ref )
vib (q) = 0.16 × 4π2γ 2

L2k2
0

q2〈τ 2〉T f 2
e (q) e−2W (q)

= 0.16 × I (ref )
vib (q), (57)

and Eq. (55) for the coherent intensity as for full
displacements.

The results for this reduced displacement case are dis-
played in Fig. 4. The overall shape of the inelastically
scattered intensity is similar to the large displacement case
in Fig. 2, but the maximum intensity is about one order of
magnitude lower. At large momentum transfers, the inelastic
intensity is much larger in the original FRFPMS method than
for the revised FRFPMS method and the reference calculation,
which agree very well with each other. This suggests that the
original FRFPMS method overestimates large-angle inelastic
scattering, whereas the revised FRFPMS method is much
closer to the reference based on single inelastic scattering
theory. Separating the displacements along x and y does not
change this picture for the original or the revised FRFPMS
method.

The revised FRFPMS method not only improves the de-
scription of inelastic scattering, but also the coherent intensity
(shown in the bottom panel of Fig. 4) agrees very well with the
coherent reference intensity. Only at large momentum trans-
fers, beyond about 1.5 Å−1, do we observe a small difference
between the reference result and the revised FRFPMS method.
The original FRFPMS method overestimates the coherent in-
tensity quite severely at momentum transfers larger than about
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FIG. 4. Comparison of inelastically scattered intensity (top
panel) and coherent intensity for different approaches to phonon
scattering similar to Fig. 2. Here the explicit displacements were
scaled down, such that they correspond to 16% of the MSD 〈τ2〉T

of the oscillator and the reference result is then given by Eq. (57)
for inelastic scattering and continues to be given by Eq. (55) for the
coherent intensity.

0.75 Å−1. Again, separating the displacements along x and y
has no appreciable effect for both editions of the FRFPMS
method.

Furthermore, the results in Fig. 4 show that the accuracy of
the inelastically scattered intensity for the revised FRFPMS
method is in principle not limited by the criterion of Eq. (45).
The inclusion of the DWF leads to a dramatic increase of the
accuracy of the inelastic intensity as a function of momentum
transfer and also decreases large momentum transfer elastic
scattering in line with the reference calculation. Comparing
Figs. 2 and 4 suggests that the relative agreement between
the revised FRFPMS method and the reference result becomes
purely a function of the size of the atomic displacements. In-
deed, we have verified (not shown here) that we obtain a near
perfect agreement for the coherent intensity at all considered
momentum transfers, if the displacements are further reduced,
such that they are consistent with 1% of the MSD of the IQHO
considered here, i.e., 〈τ2〉T = 2〈τ 2〉T = 2.5 × 10−4 Å2. Also,
the inelastically scattered intensity continues to be basically
indistinguishable from the reference calculation for such fur-
ther reduced displacements. Overall, this suggests that the
number of vibrational states within a frequency bin is the main

criterion determining the accuracy for the revised FRFPMS
calculation. Increasing the number of bins, such that fewer
modes contribute to each individual bin leads to smaller dis-
placements within each bin and thus to more accurate results.
This suggests an alternative avenue of improving the preci-
sion of single-phonon inelastic scattering in revised FRFPMS
calculations, namely, by scaling down the displacements fol-
lowed by an a posteriori scaling up of the calculated inelastic
intensities. We leave this as an option for future studies.

IV. CONCLUSIONS AND OUTLOOK

We have shown on the example of the AQHO that the first-
order Born approximation, the QEP model, and the FRFPMS
method result in similar expressions for the single inelastic
scattering cross section as a function of momentum transfer.
These considerations led furthermore to the result that the
original FRFPMS method underestimates the amount of DWF
smearing of the potential since only a subset of all possible
modes is present in any frequency bin. This led to the proposal
of a revised prescription for the FRFPMS method by including
an explicit DWF smearing in the displaced potential, in which
we break the strict classical separation between two types of
electron scattering calculations, which take thermal vibrations
into account exclusively via displacement averaging or via
DWF-smeared potentials, respectively. We reiterate at this
point that the intention with the FRFPMS method is different
from these other types of electron scattering calculations: we
specifically want to reproduce the single inelastically scattered
intensity and the full elastically scattered intensity.

We have shown that numerical simulations presented in
Sec. III using such a revised FRFPMS method are in good
agreement with reference calculations of single inelastic
phonon scattering and elastic scattering. To be explicit, the
revised FRFPMS method has the following advantages over
the original FRFPMS method: in the range of considered
momentum transfers 0 < q < 3 Å−1 it predicts the amount
of single inelastic scattering in the considered frequency bin
much better and it also improves the description of elastic
scattering due to the inclusion of an explicit DWF smearing
of the potential. The numerical simulations also illustrate that
the only requirement for the revised FRFPMS method to be
accurate is that the displacements of any given atom do not
get too large in any frequency bin [see Eq. (45)].

An issue which we have not considered in this work is
absorption. Any FRFPMS method will inherently account
incorrectly for the total amount of intensity absorbed from the
elastic channel. The absorbed intensity will always be smaller
than in a full QEP/FPMS calculations since only a subset of
all modes contribute to the inelastic intensity in an energy bin.
Ideally, we would like to describe the same elastic intensity in
every frequency bin, which could be achieved by including an
imaginary (absorptive) part in the scattering potential [19,45].
We leave this question and any details connected to it open for
future investigations.
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APPENDIX A: PROPERTIES OF THE QHO, ITS WAVE
FUNCTIONS, AND HERMITE POLYNOMIALS

Consider a quantum-mechanical particle of mass M in a
quadratic potential, i.e., the Hamiltonian

H = p2

2M
+ Mω2x2

2
, (A1)

where p = −ih̄∂/∂x and x are the momentum and position op-
erator, respectively, h̄ = h/2π is the reduced Planck constant,
and ω2 is the frequency of the oscillator. The Schrödinger
equation of the system then reads as

− h̄2

2M

∂2

∂x2
a(x) +

[
Mω2x2

2
− E

]
a(x) = 0, (A2)

where a(x) is the particle’s wave function. It turns out that
Eq. (A2) has solutions

an(x) = 1√
2n n!

(
Mω

π h̄

) 1
4

exp

(
−Mωx2

2h̄

)
Hn

(√
Mω

h̄
x

)
(A3)

for n = 0, 1, 2, . . ., where

Hn(x) = (−1)n ex2 dn

dxn
(e−x2

) (A4)

are the “physicist’s Hermite polynomials.” The Hermite poly-
nomials satisfy the following orthogonality relation:∫ ∞

−∞
Hm(x)Hn(x) e−x2

dx = √
π 2n n! δnm (A5)

and the recursion relation

Hn+1(x) = 2xHn(x) − 2nHn−1(x) (A6)

with H0(x) = 1 and H1(x) = 2x. Furthermore, we also have
the following result [46], p. 194, Eq. 10.13:

∞∑
n=0

(
z

2

)n Hn(x)Hn(y)

n!
= 1√

1 − z2
e

2z
1+z xy− z2

1−z2 (x−y)2

(A7)

for z < 1. The following integral involving Hermite polyno-
mials will prove useful in later Appendixes:∫ ∞

−∞

e−x2
Hn(x)Hm(x)√

2nn!2mm!π
eiβxdx

=
√

2mm!

2nn!
(iβ )n−mLn−m

m

(
β2

2

)
e− β2

4 , (A8)

where Ln−m
m (x) are the generalized Laguerre polynomials, for

which the following relation holds for integer m, n:

(−x)m

m!
Lm−n

n (x) = (−x)n

n!
Ln−m

m (x). (A9)

Another useful result concerns the sum of generalized La-
guerre polynomials [19]:

∞∑
n=0

n!

(m + n)!
znLm

n (x)Lm
n (y) = e−(x+y) z

1−z

1 − z

Im
(
2
√

xy
√

z
1−z

)
(xyz)m/2

,

(A10)

where m is a positive integer and Im are the modified Bessel
functions of the first kind.

The MSD of the harmonic oscillator reads as

〈x2〉 = eβ h̄ω − 1

eβ h̄ω

∞∑
n=0

e−β h̄ωn
∫

dx x2a∗
n(x)an(x)

=
(

h̄

2Mω

)
coth

(
β h̄ω

2

)
, (A11)

at temperature T = 1/(kBβ ). Part of the expression in
front of the sum is coming from the statistical sum Z =∑∞

n=0 e−β h̄ω(n+ 1
2 ).

APPENDIX B: PHONONS IN HARMONIC
APPROXIMATION

The displacement of atom j in unit cell l in harmonic
approximation and with Born–von Karman periodic boundary
conditions reads as [32]

u jl (t ) =
√

h̄

2Nucmj

∑
qν

1√
ω(q, ν)

e−2π iq·R jl ε j (q, ν)

× [â(q, ν)e−iω(q,ν)t + â†(−q, ν)eiω(q,ν)t
]
, (B1)

where â(q, ν) and â(q, ν)† are the phonon creation and an-
nihilation operators for mode (q, ν), respectively, and the
normalization is given by the number of unit cells Nuc. The
phonon polarization vectors satisfy

ε j (−qν) = ε∗
j (qν). (B2)

The MSD at temperature T = (kBβ )−1 then reads as

〈|u jl (t )|2〉T = h̄

2Nucmj

∑
qν

1 + 2 〈n(q, ν)〉T

ω(q, ν)
|ε j (q, ν)|2

= h̄

2Nucmj

∑
qν

coth (β h̄ω(q, ν)/2)

ω(q, ν)
|ε j (q, ν)|2,

(B3)
where 〈n(q, ν)〉T = 1/(eβ h̄ω(q,ν) − 1) is the average occupa-
tion number of phonon mode (q, ν). One can furthermore
define a projected MSD along some unit vector n̂:

〈|n̂ · u jl (t )|2〉T

= h̄

2Nucmj

∑
qν

1 + 2 〈n(q, ν)〉T

ω(q, ν)
|n̂ · ε j (q, ν)|2. (B4)
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For isotropic oscillators, one has

〈|u jl (t )|2〉T = 3〈|n̂ · u jl (t )|2〉T (B5)

for any unit vector n̂. We use this property in the following
Appendixes.

APPENDIX C: DEBYE-WALLER FACTOR

In a solid, atoms undergo thermal motion at finite temper-
ature T , i.e., the position of the ith atom is a function of time
Ri(t ). In crystals, such motion happens around the equilibrium
position of the atom defined as the time-averaged position
of the atom 〈Ri(t )〉. Thus, we can write the instantaneous
position Ri(t ) as

Ri(t ) = 〈Ri(t )〉 + Ui(t ), (C1)

where Ui(t ) is the instantaneous displacement from equi-
librium. In scattering experiments, the time of collecting
enough counts for a reliable measurement of the scattering
cross section is typically much longer than the timescale on
which Ui(t ) fluctuates. Thus, for many applications in elastic
scattering, it is sufficient to consider scattering only on the
time-averaged potential and the DWF arises precisely from
this time averaging of the displaced atomic scattering poten-
tial. Equivalently, one can also consider the thermodynamic
average 〈. . .〉T , i.e.,

〈V (Q, U)〉T = 〈V (Q) e2π iQ·U〉T

= V (Q) e−2π2〈(Q·U)2〉T ,
(C2)

where V (Q) is the nondisplaced scattering potential. The
proof that the right-hand side of Eq. (C2) is equal to the left-
hand side in the harmonic approximation can, for example, be
found in Chap. 7, Sec. 2 of Ref. [32], where it is shown that

〈e2π iQ·U〉T = e−2π2〈(Q·U)2〉T . (C3)

We then define

e−2π2〈(Q·U)2〉T =: e−W (T,Q), (C4)

called the DWF, a function depending on temperature T and
momentum transfer Q. In this paper we simplify the notation
by writing W (Q), when we mean W (T, Q), and use an explicit
index “0” if we mean W (0, Q), i.e., W0(Q) = W (0, Q). We
can get a further insight into the meaning of the DWF when
we consider

W (Q) = 2π2〈(Q · U)2〉T = 2π2Q2〈(n̂Q · U)2〉T , (C5)

where n̂Q = Q/Q is a unit vector in the direction of Q. In
other words, the function W (Q) is the MSD at temperature T
projected along the direction of the momentum transfer [cf.
Eq. (B4)] and multiplied by a factor 2π2Q2. For isotropic
displacements, it follows that

2π2Q2〈(n̂Q · U)2〉T = 2π2

3
Q2〈U2〉T =: W (Q), (C6)

where we have used Eq. (B5) and defined the isotropic
function W (Q). For anisotropic displacements, but with no
correlation between vibrations along x, y, and z, i.e., 〈uiu j〉 =
δi j〈u2

ii〉 with i, j = x, y, z, we find

W (Q) = 2π2〈(Q · U)2〉T

= 2π2
[
Q2

x

〈
u2

x

〉
T

+ Q2
y

〈
u2

y

〉
T

+ Q2
z

〈
u2

z

〉
T

]
=: Wx(Qx ) + Wy(Qy) + Wz(Qz ), (C7)

where Wx(Qx ), Wy(Qy), and Wz(Qz ) are associated with mo-
tion only along x, y, and z, respectively.

Similarly in 2D, the DWF becomes

e−2π2〈(q·u)2〉T =: e−W (T,q), (C8)

and for anisotropic, but uncorrelated displacements (i.e. an
AQHO), we find

W (q) = Wx(q) + Wy(q) = 2π2
[
q2

x

〈
u2

x

〉
T + q2

y

〈
u2

y

〉
T

]
. (C9)

For convenience we define the functions

W0x(qx ) = 2π2q2
x

〈
u2

x

〉
0 = q2

xπ
2 h̄

ωxM
, (C10a)

W0y(qy) = 2π2q2
y

〈
u2

y

〉
0

= q2
yπ

2 h̄

ωyM
(C10b)

associated with zero-point vibrations along x and y,
respectively [see Eq. (A11) for T = 0].

APPENDIX D: TRANSITION POTENTIAL APPROACH
BY FORBES et al.

We consider here the theory of phonon EELS as used by
Forbes et al. [20] in order to compare it to Eq. (13). The theory
considers only phonon excitation from the ground state 0 [19]
and the total cross section for inelastic scattering is expressed
as [cf. Eq. (4) of Ref. [20]]

σ = m2

4π2h̄4

∑
n

kn

k0

∫
k′

∫
D

∣∣∣∣
∫

ψ0(k′ − q)Hn0(q) dq

∣∣∣∣2
(D1)× δ(kn − k′) d�k′dk′,

where

Hn0(q) = 2π h̄2

m

∑
κ

f κ
e (q) e−2π iq·Rκ

×
∏

j

[−iπ
√

2Mκ jq · εκ
j

]n j√
n j!

e−π2Mκ j (q·εκ
j )2

(D2)

is the transition matrix element for the excitation 0 → n =
(n1, . . . , n j, . . .) of the crystal and Mκ j = h̄/(mκω j ) and εκ

j is
the phonon polarization vector of atom κ in mode j.

Equation (D1) describes the inelastic scattering cross sec-
tion as the sum of incoherent contributions of transition
potentials of the form of Eq. (D2) for each transition. The fac-
tor kn/k0 is a signature of inelastic scattering and is connected
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to the fact that the incoming and outgoing probability currents
flow with a different “speed.” It should be noted that Eq. (D2)
is valid not only for single inelastic scattering, but explicitly
allows for multiphonon scattering from the ground state 0.

Furthermore, the transition potential approach as presented
here is strictly speaking a T = 0 K theory since the crystal
is assumed to be in the phonon ground state 0, as Eq. (E3)
in Ref. [19] signifies. There a generalized Laguerre function
arises for any other initial state than the phonon ground state
0, which would in turn enter a generalization of Eq. (D2). At
finite temperature T one would furthermore need to take a
thermal average of the cross section over initial states, similar
to what is calculated in Ref. [19] for the total inelastic absorp-
tion potential.

We turn our attention now to single-phonon excitation
from the ground state n j′ = (0, . . . , 1, . . . , 0)T , i.e., only one
n j′ = 1. We find from Eq. (D2)

Hn j′ 0(q) = −2π2h̄2

m

∑
κ

e−2π iq·Rκ f κ
e (q)

√
2Mκ j′ iq · εκ

j′

×
∏

j

exp
[− π2Mκ j′

(
q · εκ

j

)2]
. (D3)

We can convert the product over phonon modes into a sum
over phonon modes in the exponential and identify the DWF
at T = 0 K [cf. Eqs. (B3) and (C4)]:

π2 h̄

mκ

∑
j

1

ω j

(
q · εκ

j

)2 = 2π2〈|q · uκ |2〉0 = W0(q), (D4)

where 〈|q · uκ |2〉0 is the MSD at T = 0 K. Thus, we find for
the transition potential

Hn j′ 0(q) = −2π2h̄2

m

∑
κ

√
2Mκ j′ e−2π iq·Rκ iq · εκ

j′ f κ
e (q)e−W0(q).

(D5)

For a plane incident wave the inelastic scattering cross sec-
tion can, according to Eq. (D1), be written as

dσ

d� dω
(q, ω) = 2h̄π2

∑
j′

k j′

k0

1

ω j′
δ(ω j′ − ω)

×
∣∣∣∣∣∑

κ

1√
mκ

e−2π iq·Rκ f κ
e (q) e−W0 (q) q · εκ

j′

∣∣∣∣∣
2

,

(D6)

where k j′ is the wave vector of the scattered inelastic wave.
Equation (D6) exhibits the same functional dependencies as
Eq. (13) at temperature T → 0, for which 〈n(q, ν)〉T → 0 and
W (q) → W0(q). Forbes et al. mention in Ref. [20] that the
transition potential outlined here can be extended to nonzero
temperatures by the reverse procedure, i.e., W0(q) → W (q)
and inserting coth(β h̄ω j′ ) = 2〈n j′ 〉T + 1 before the Dirac δ

into Eq. (D6). A comparison with Eq. (13) reveals that such
procedure would sum the energy-loss and -gain probabilities,
but arrives otherwise at a compatible functional form.

As a last consideration, we note the standard result

FT [∇ f (r)] = 2π i q · FT [ f (r)], (D7)

i.e., the Fourier transform FT [. . .] of the gradient of a func-
tion is the product of 2π iq and the Fourier transform of said
function. If we Fourier transform Eq. (D5), we can use this
relationship in order to obtain the real-space interaction matrix
element

Hn j′ 0(r) = FT −1[Hn j′ 0(q)] (D8)

=
∑

κ

√
Mκ j′

2
εκ

j′ · ∇r〈V (r)〉0, (D9)

which is a sum over gradients of the thermally averaged po-
tential at T = 0 K:

〈V κ (r)〉0 = −2π h̄2

m
FT

[
f κ (q)e−2π iq·Rκ e−W0(q)]. (D10)

A similar form of the inelastic potential was used by Dwyer
in Eq. (5) of Ref. [21].

APPENDIX E: SOLUTION OF THE INTEGRALS OVER
AQHO WAVE FUNCTIONS IN THE QEP MODEL

We consider here the second term of Eq. (27), i.e.,

ψnx,nx+1(q) = 1

L
i
γ

k0
fe(q)

∫
a∗

nx+1(τx )anx (τx ) e2π iqxτx dτx

×
∫

a∗
ny

(τy)any (τy) e2π iqyτy dτy. (E1)

The wave functions are wave functions of the quantum har-
monic oscillator [cf. Eq. (A3)] and the first integral can thus
be written in terms of Hermite polynomials, i.e.,∫

a∗
nx+1(τx )anx (τx ) e2π iqxτx dτx

= 1√
Mxπ

∫ e−τ 2
x /Mx Hnx+1

(
τx√
Mx

)
Hnx

(
τx√
Mx

)
e2π iqxτx√

2nx+1 (nx + 1)!2nx nx!
dτx

=
∫

e−x̃2
Hnx+1(x̃) Hnx (x̃) e2π iqx

√
Mxx̃√

2nx+1(nx + 1)! 2nx nx!π
dx̃, (E2)

where Mx = h̄/(Mωx ) and x̃ = τx/
√

Mx. We can evaluate this
integral for n = nx + 1, m = nx, and βx = 2π

√
Mxqx with the

help of Eq. (A8), i.e.,∫
e−x̃2

Hnx+1(x̃) Hnx (x̃) eiβx x̃√
2nx+1(nx + 1)! 2nx nx!π

dx̃

=
√

1

2(nx + 1)
(iβx ) L1

nx

(
β2

x

2

)
e− β2

x
4

= iπqx

√
2Mx√

nx + 1
L1

nx

(
2π2Mxq2

x

)
e−π2Mxq2

x . (E3)

We turn our attention to the second integral in Eq. (E1), i.e.,∫
a∗

ny
(τy)any (τy) e2π iqyτy dτy

=
∫

e−ỹ2
Hny (ỹ) Hny (ỹ) eiβy ỹ√
2ny ny! 2ny ny!π

dỹ, (E4)
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where, analogous to Eq. (E2), My = h̄/Mωy, ỹ = τy/
√

My,
and βy = 2π

√
Myqy. We can also use Eq. (A8) to evaluate

the integral appearing in Eq. (E4) and the result of such a
procedure reads as∫

a∗
ny

(τy)any (τy) e2π iqyτy dτy = L0
ny

(
β2

y

2

)
e− β2

y
4

= L0
ny

(
2π2Myq2

y

)
e−π2Myq2

y .

(E5)

Putting these results together, we find for the inelastic wave
associated with a transition (nx, ny) → (nx + 1, ny )

ψnx,nx+1(q) = −πγ

k0L

√
2Mx√

nx + 1
qx fe(q)e−W0x (qx )e−W0y (qy )

× L1
nx

(2W0x(qx )) L0
ny

(2W0y(qy)), (E6)

where we have made use of the DWF exponents W0x(qx ) =
π2q2

x Mx and W0y(qy) = π2q2
y My associated with zero-point

motion as defined in Appendix D. Equation (E6) is precisely
Eq. (28).

APPENDIX F: THERMAL AVERAGE OF THE QEP CROSS
SECTION FOR AN AQHO

We calculate the thermal average in Eq. (26) for the cross
section of the process nx → nx + 1 in Eq. (31), i.e.,

d2σ (q, ω, T )

d�qdω
= 1

Z

∑
nx,ny

e−βEn
d2σnx,nx+1(q, ω)

d�qdω

= 1

Z

∞∑
nx,ny=0

e−β(nx+ 1
2 )h̄ωx e−β(ny+ 1

2 )h̄ωy

× d2σnx,nx+1(q, ω)

d�qdω
. (F1)

The partition function is given by the expression

Z =
∞∑

nx,ny=0

e−β(nx+ 1
2 )ωx e−β(ny+ 1

2 )ωy

=
⎡
⎣z

1
2
x

∞∑
nx=0

znx
x

⎤
⎦
⎡
⎣z

1
2
y

∞∑
ny=0

z
ny
y

⎤
⎦ =

√
zx

1 − zx

√
zy

1 − zy
, (F2)

where zx = e−β h̄ωx , zy = e−β h̄ωy , and
∑∞

n=0 zn = 1
1−z is the ge-

ometric series for zy < 1. In order to carry out the summation
in Eq. (F1), we need to consider only those terms in Eq. (31)
which explicitly depend on the occupation numbers nx and ny

since all other factors will be just prefactors to the sum. Thus,
we need to evaluate

1

Z

∞∑
nx,ny=0

e−β(nx+ 1
2 )h̄ωx e−β(ny+ 1

2 )h̄ωy
d2σnx,nx+1(q, ω)

d�qdω

∝
√

zx
√

zy

Z

∑
nx,ny

znx
x z

ny
y

1

nx + 1

{
L1

nx

(
2W0x(qx )

)
× L0

ny

(
2W0y(qy)

)}2
. (F3)

The sums over nx and ny can be carried out individually
since no factor depends on both occupation numbers. Exploit-
ing Eq. (A10) we find

√
zx

∞∑
nx=0

1

nx + 1
znx

x

{
L1

nx

(
2W0x(qx )

)}2

=
√

zx

1 − zx
e−4W0x (qx ) zx

1−zx

I1
(
4W0x(qx )

√
zx

1−zx

)
√

4W0x(qx )2zx

, (F4)

where I1 is a modified Bessel function of the first kind. Simi-
larly, we compute the sum over ny in Eq. (F3), i.e.,

√
zy

∞∑
ny=0

z
ny
x
{
L0

ny

(
2W0y(qy)

)}2

=
√

zy

1 − zy
e−4W0y (qy )

zy
1−zy I0

(
4W0y(qy)

√
zy

1 − zy

)
. (F5)

We put all of these results together, simplify using Eq. (F2),
add all prefactors (which we neglected previously), and in this
way obtain

d2σ (q, ω, T )

d�qdω
= π2γ 2 q2

x f 2
e (q) e−2W0x (qx )e−2W0y (qy )

× e−4W0x (qx ) zx
1−zx e−4W0y (qy )

zy
1−zy

× 2Mx

I1
(
4W0x(qx )

√
zx

1−zx

)
2W0x(qx )

√
zx

× I0

(
4W0y(qy)

√
zy

1 − zy

)
δ(ω − ωx ). (F6)

We can further simplify this expression using Eq. (44),

e−2W0x (qx )e−4W0x (qx ) zx
1−zx = e−2W0x (qx )[1+2 zx

1−zx
]

= e−2W0x (qx ) coth( β h̄ωx
2 ),

and then

W0x(qx ) coth

(
β h̄ωx

2

)
= π2Mxq2

x coth

(
β h̄ωx

2

)
= 2π2q2

x

〈
u2

x

〉
= Wx(qx ), (F7)

where we used Eqs. (A11) and (C7), and

√
zx

1 − zx
= e

β h̄ωx
2

1 − eβ h̄ωx
= 1

2
sinh−1

(
β h̄ωx

2

)
,

such that we end up with

d2σ (q, ω, T )

d�qdω
= γ 2 f 2

e (q) e−2Wx (qx )e−2Wy (qy )e
β h̄ωx

2 δ(ω − ωx )

× I1

(
2W0x(qx )

sinh
(

β h̄ωx

2

)
)

I0

(
2W0y(qy)

sinh
( β h̄ωy

2

)
)

.

(F8)

Equation (F8) is the same as Eq. (32).
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APPENDIX G: FRFPMS IN WPOA-AQHO

We derive here Eqs. (40), (41), and (42). We consider
the 2D AQHO with incident plane wave in WPOA, so that
the scattered wave is given by Eq. (7). We parametrize the
displaced projected scattering potential associated with the
AQHO as

Vproj(q, τx ) = Vproj(q) e2π iqxτx , (G1)

where τx is the displacement from equilibrium. We consider
the incoherent average prescribed by Eq. (36a), i.e.,

Iincoh(q) = 〈|φ(q)|2〉T

=
〈[

δ(q)

L
+ iσ

L
Vproj(q, τx )

]

×
[
δ(q)

L2
− iσ

L
V ∗

proj(q, τx )

]〉
T

= δ(q)

L2
+ σ 2

L2
〈|Vproj(q, τx )|2〉T

+ iσ

L2
δ(q)〈Vproj(q, τx )〉T

− iσ

L2
δ(q)〈V ∗

proj(q, τx )〉T , (G2)

where we have assumed that the displacement is the only
variable, which is affected by the thermal averaging 〈. . .〉T .
Equation (G2) contains two types of averages over the poten-
tial, 〈V (q, τx )〉T and 〈|Vproj(q, τx )|2〉T . The former average can
be evaluated according to

〈V (q, τx )〉T = Vproj(q)〈e2π iqxτx 〉T

= Vproj(q) e−2π2q2
x〈τ 2

x 〉T

= Vproj(q) e−Wx (qx ), (G3)

where we used Eq. (C3). Note that Eq. (G3) expresses that the
averaged projected scattering potential due to a displacement
along x is just the projected scattering potential smeared by a
DWF corresponding to the MSD in the x direction, similarly to
how we introduced the DWF in Appendix C. The average po-
tential is real, i.e., 〈V (q, τx )〉T = 〈V ∗(q, τx )〉T , since Vproj(q)
is real [it is the Fourier transform of a real, even function

V (r)], and the incoherent intensity simplifies, therefore, to

Iincoh(q) = 1

L2
[δ(q) + σ 2〈|Vproj(q, τx )|2〉T ]. (G4)

Thus, we are left to compute

〈|Vproj(q, τx )|2〉T = 〈Vproj(q, τx )V ∗
proj(q, τx )〉T

= V 2
proj(q)〈e2π iqxτx e−2π iqxτx 〉T

= V 2
proj(q) (G5)

since the displacement operator τx commutes with itself.
Thus,

Iincoh(q) = 1

L2

[
δ(q) + σ 2V 2

proj(q)
]

(G6)

and the coherent intensity prescribed by Eq. (36b) becomes

Icoh(q) = 〈|φ(q)|2〉T

=
〈[

δ(q)

L
+ iσ

L
Vproj(q, τx )

]〉
T

×
〈[

δ(q)

L
− iσ

L
V ∗

proj(q, τx )

]〉
T

= δ(q)

L2
+ σ 2

L2
〈Vproj(q, τx )〉T 〈V ∗

proj(q, τx )〉T

+ iσ 2

L2
δ(q)[〈Vproj(q, τx )〉T − 〈V ∗

proj(q, τx )〉T ]

= 1

L2

[
δ(q) + σ 2V 2

proj(q)e−2Wx (qx )]
= 1

L2

[
δ(q) + γ 2

k2
0

f 2
e (q)e−2Wx (qx )

]
. (G7)

Taking the difference of Eqs. (G4) and (G7) yields finally
the vibrational intensity according to Eq. (36c), i.e.,

Ivib = Iincoh(q) − Icoh(q)

= σ 2V 2
proj(q)

[
1 − e−2Wx (qx )]

= σ 2V 2
proj(q)e−2Wx (qx )

[
e2Wx (qx ) − 1

]
= γ 2

k2
0L2

f 2
e (q)e−2Wx (qx )

[
e2Wx (qx ) − 1

]
. (G8)
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