PHYSICAL REVIEW B 108, 094308 (2023)

Full counting statistics across the entanglement phase transition of non-Hermitian Hamiltonians
with charge conservation

Tian-Gang Zhou®,' Yi-Neng Zhou®,! and Pengfei Zhang ®%3-*
! Institute for Advanced Study, Tsinghua University, Beijing 100084, China
2Department of Physics, Fudan University, Shanghai 200438, China
3Shanghai Qi Zhi Institute, Al Tower, Xuhui District, Shanghai 200232, China

® (Received 1 March 2023; accepted 12 September 2023; published 22 September 2023)

Performing quantum measurements produces not only the expectation value of a physical observable O but
also the probability distribution P(0) of all possible outcomes o. The full counting statistics (FCS) Z(¢, O) =
>, €*°P(0), a Fourier transform of this distribution, contains the complete information of the measurement
outcome. In this work, we study the FCS of Q,, the charge operator in subsystem A, for one-dimensional
systems described by non-Hermitian Sachdev- Ye-Kitaev-like models, which are solvable in the large-N limit. In
both the volume-law entangled phase for interacting systems and the critical phase for noninteracting systems,
the conformal symmetry emerges, which gives F(¢, Q4) = InZ(¢), Q4) ~ ¢*In|A|. In short-range entangled
phases, the FCS shows area-law behavior which can be approximated as F (¢, Q4) ~ (1 — cos ¢)|0A| for & > J,
regardless of the presence of interactions. Our results suggest the FCS is a universal probe of entanglement phase
transitions in non-Hermitian systems with conserved charges, which does not require the introduction of multiple
replicas. We also discuss the consequences of discrete symmetry, long-range hopping, and generalizations to

higher dimensions.
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I. INTRODUCTION

Unitary evolution and projective measurements are basic
building blocks of quantum operations. Recent studies un-
veiled novel entanglement phase transitions driven by their
competition in systems under repeated measurements [1-22].
For small (large) measurement rates, the steady state in a
typical quantum trajectory is volume law (area law) entangled.
Later, it was realized that entanglement transitions also exist
in general nonunitary dynamics. In particular, Sachdev-Ye-
Kitaev (SYK) large-N solvable models with non-Hermitian
Hamiltonians have been proposed, in which the transition
of the second Rényi entropy is mapped to a transition of
classical spins [23-28]. The corresponding order parameter is
the quantum correlation G“¢ between forward and backward
evolution branches on the (replicated) Keldysh contour: the
Rényi entropy can be expressed as a correlator of the replica
twist operator 7,. For interacting systems, the spin model
is Z, symmetric. When G # 0, the spin model is in the
ordered phase. The insertion of 7, excites a domain wall.
This leads to a volume-law entangled phase. In noninteracting
systems, the Z, symmetry is promoted to an O(2) symmetry.
Consequently, the domain wall is replaced by a half-vortex
pair, which gives rise to logarithmic entanglement entropy.
For G* = 0, the spin model is disordered regardless of the
presence of interactions, which corresponds to an area-law
entangled phase.

*pengfeizhang.physics @ gmail.com

2469-9950/2023/108(9)/094308(13)

094308-1

On the other hand, it is known that the existence of con-
served charges plays an important role in the many-body
dynamics of quantum information [29-38]. For example, the
evolution of the out-of-time correlator shows a power-law tail
due to the charge diffusion in systems with U (1) symmetry
[29,30]. In this work, we explore the signature of conserved
charges across the entanglement phase transition in large-N
non-Hermitian complex SYK chains. We compute the steady-
state full counting statistics (FCS) [39-54]

Z(¢’ QA) = Ihm tr[p(t)e’¢QA] = e_F(¢aQA)' (1)

Here, Q4 = er 4 Oy is the total charge in subsystem A, which
will be described more precisely later. We choose the con-
vention that ¢ € (—m, w]. The FCS of charge operators is
also known as the disorder parameter in [55-57]. We mainly
focus on initial states described by the thermofield double
(TFD) state [58,59], which has been widely studied in both
high-energy and condensed matter physics. The FCS, which
takes the form of a generating function, contains the complete
information about charge fluctuations in subsystem A. A series
of works observed that charge fluctuations and charge statis-
tics are closely related to entanglement entropy [40—-43]. Also,
entanglement entropy and FCS work well to characterize bulk
and edge spectrum problems [48,49]. Our work provides an-
other perspective to check the profound relation between FCS
and entanglement entropy.

We show that in our setup, FCS can also be viewed as a
correlator of twist operators 7., which now generates a rela-
tive phase rotation in the charge U (1) group between branches
with forward and backward evolutions on the Keldysh

©2023 American Physical Society
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FIG. 1. (a) Schematics of the non-Hermitian complex SYK
model. J and V are SYK random hopping and on-site interactions.
¢ is a staggered imaginary potential. (b) A comparison between the
path integral representations of F (¢, Q4) and S (A). Both quantities
can be expressed as a correlator of twist operators. (c) The phase
diagram of the non-Hermitian complex SYK model. The scaling
of F(¢, Q4) changes qualitatively when we tune ¢/J across the
entanglement phase transition.

contour, as illustrated in Fig. 1(b). This leads to F (¢, Q4) ~
#*1In|A| when G4 # 0, corresponding to both the volume-
law entangled entropy phase for interacting systems and
the critical phase for noninteracting systems. For G,; = 0,
F (¢, Q4) satisfies an area law as the entanglement entropy.
A pictorial illustration is presented in Fig. 1(c), which clearly
shows the FCS can be used to probe the entanglement phase
transition of non-Hermitian Hamiltonians. We also remark on
generalizations to systems with discrete symmetry, in higher
dimensions, or with long-range hopping.

II. MODEL AND SETUP

We consider the non-Hermitian complex SYK chains with
Brownian couplings. The total Hamiltonian H = Hg — iH;
reads

Vi@
HR = Z [ (t)czxcjx+1 + H. C + Z ] 4 clxcjlxckxclx’
ijx ijklx
Hy =¢ Z( el e @)
Here, i € {1,2, ..., N} labels different fermion modes C,X on

each site x € {1,2,..., L}. The total charge Q. = Y, ¢l ;.
is conserved under the evolution. Hg contains random hop-
ping J;; between nearest-neighbor sites and random on-site
1nteract10ns Vi Lkl which are independent Brownian variables

with
Jé(t12)
2N

2Vé(t2)

V;j,kl (tl)vi)jik/(tZ) =
3

H; describes a staggered imaginary potential with depth ¢. It
can be realized by performing weak measurements and fol-
lowing quantum trajectories without quantum jumps [23,38].
As an example, let us consider weak measurements for oper-
ator O, which is described by Kraus operators:

Ky =1—y00'0+0(%), K)=+2y00, (4

where we have assumed y < 1. We perform forced measure-
ment by postselection of outcome 0. Introducing yp = {pdt,
the evolution of p due to the measurement then takes the form
of imaginary-time evolutions

p(t +8t) oc e ¥ p(t)e ", ®)

with ; = £oO"0. Adding contributions from measurements
with different O and contributions from the unitary part, the
total evolution is governed by the non-Hermitian Hamiltonian

H = Hy — iH,, =Y 0. (6)
o

Choosing O = ¢} ¢, and c;.c}. for odd and even sites, re-
spectively, with {o = ¢, and following quantum trajectories
without quantum jumps lead to the model introduced in
Eq. (2).

We are interested in computing the FCS on the steady
state of the non-Hermitian dynamics. In this work, we prepare
the system in a TFD state, as in the study of entangle-
ment phase transitions in SYK-like models. The definition
of the TFD state requires introducing an auxiliary fermion
system with annihilation operators n,,. We first construct
an Einstein-Podolsky-Rosen (EPR) state between c;, and 7;,
in the occupation basis as |[EPR) = ®ix\/L§(|00>ix 4+ [11) ).
The TFD state is obtained after adding imaginary-time evo-
lutions to the EPR state [TFD) = ~/Z~Te~ 29 |[EPR), where Z
is a normalization factor.

For a realization of Brownian variables, the state at time T
is given by

() ¢ ITD) ™
V(TFD|eiH'T ¢~iHT|TFD)
For the FCS, we choose a bipartition of the total system
into A and A, where A contains fermion modes c;, and
Nix, With le {1,2,...,|Al}. We further take Qs = Q.4 —
O = Zx L Cix ’hx nix, which annihilates the initial state as
O4|TFD) = 0. The FCS (1) then reads

tr, [eiH"'TATCe*iHTequo/27“C’requo/2]

Z(¢’ QA) =

tr [T e=iHT g=1Qc] ®)
Here, the trace is over the Hilbert space of fermion c;,. The
FCS takes the form of a correlator (TC(T)TCT (0)) 5., with 7. =
€24 on the ensemble of p, = Z~'e~*C¢. This is a close ana-
log of the Rényi entropy calculation, as illustrated in Fig. 1(b).
Moreover, for even L the FCS is symmetric across |A| = L/2.
This is due to the invariance of (2) under a combination of the
particle-hole transformation and the spatial reflection ¢;, <
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c;fL_X, which gives Z(¢, Q) = Z(—¢, Q5) = Z(¢p, Qa’), with
Al = Al =L - |A'l.

After computing the FCS for given random couplings,
we need to perform the disorder average, which re-
quires introducing disorder replicas. In SYK-like models,
it is known that the saddle-point solution is replica di-
agonal [60,61]. Consequently, we can make the approxi-
mation Z(¢, Qa) = (P, Qa)/Z(0, Q4), with Z(¢, Qs) =
tr{eif T T e—iHT e=1Q:/2F [ e=10c/2] In the following sections,
we begin with an analysis of Z(0, Q4) and then develop an
effective theory for computing the response of twist operators
for finite ¢.

There are two main reasons for selecting the TFD state.
First, measuring the relative charge Q.4 — Qp4 in the doubled
system, as shown in Fig. 1(b), is equivalent to measuring the
charge Q.4 at two different times. This allows us to directly
interpret the FCS as the statistics of the charge transfer across
the boundary dA. Second, the TFD state can be easily repre-
sented by a continuous boundary condition in the path-integral
approach, which makes it simpler to numerically verify our
results. However, we want to emphasize that our analysis
yields qualitative features that should hold for more general
initial states from a symmetry perspective.

III. SADDLE-POINT SOLUTION

In the large-N limit, Z(¢, Q4) can be analyzed using the
saddle-point approximation. We first focus on ¢ = 0. The
Green’s functions are defined as G(z,1") = (c%.(t)cb.(t')),
where a, b € {u, d} labels fermion fields on branches with
forward and backward evolutions. In SYK-like models, the
path integral of fermions can be transformed into a theory of
collective fields (G%, %), in which the saddle-point equa-
tion is equivalent to the Schwinger-Dyson equation:

[_l'faataac + {(_l)x—lg(lt‘ _ E]crlc] o G;b — 60171’\’ (9)

where the summation over c is implicit. We have f*/¢ = +i
and self-energy

A J
B = ] 56, + 62) - V(e @) | o)

Here, we have viewed both G and ¥ as matrices in the time
domain and defined the identity matrix (z,1) = 8(t —t').
The transpose is applied in the time domain, and the contour
indexes are explicitly shown. Away from the boundary of
branches at t = T and ¢ = 0, the Green’s functions are time
translational invariant G%(¢,t') = G%(t —t'), which can be
verified numerically. The solution can be obtained analyti-
cally, parametrized by (P, S, z):

Gy (o EDTP s\
@)= S io+(—1y'p) (an

Here, G (0) = [ Z—;’e’i“)’ G (t). 7 = e*/? is determined by the
initial density matrix p. For ¢ > J, the solution is
P=r—Jpn S=0, (12)

which gives a vanishing correlation between two branches
G"? = 0. Following the analysis in previous studies, this

corresponds to the area-law entangled phase. For ¢ < J, we
instead have = ¢ /2 and

A S 4 S
C2VPTE S 8 (PR S)Y
Since G,4 # 0, this is a critical phase for V. = 0 and a volume-
law entangled phase for V' > 0, as illustrated in Fig. 1(c). For
V =0, we find S = %,/1 —¢2/J2. For V < 2J, 8 increases
from zero to J/2 4 V/8 continuously when we tune ¢ from

J to zero. For V > 2J, the transition at { = J becomes first
order.

13)

IV. RELATIVE PHASE TWIST

We ask how the insertion of twist operators 7, changes
the saddle-point solution. We begin with the simplest case
where A =  and Q.4 = Q. is the conserved charge. The twist
operator then commutes with the Hamiltonian H. As a result,
it induces only a relative phase rotation between the u and d
branches (¥, ¢ ) — (ct e, ¢¢), which gives

G™(t, 1)y = (cgc(z)'rc(T)agc(z’)frj(0))p =G, 1).
(14)

Here, G%“(t,1")4 is the Green’s function with twist operators.
Similarly, we have G"“(t,1"), = e~ *G"“(t,1'). This reveals
that the twist operator is coupled to the phase fluctuation in
the off-diagonal components of the Green’s functions.

We then consider a general subsystem size |A|. Due to
the presence of twist operators, the system no longer exhibits
translation symmetry, and an exact solution of the saddle-
point equation is unavailable. However, for large L > |A| >
1, we expect only soft modes can be excited. For G* = 0,
there is no symmetry reason for the existence of any soft
mode, and the correlation in the system is generally short
ranged. As aresult, we expect F (¢, Q) to satisfy an area law.
For G = 0 the soft mode in the system is just the relative
phase mode: The saddle-point equation (B4) is invariant under
the relative phase rotation, while the solution (C1) breaks
the symmetry when G/ = 0. As a result, the relative phase
rotation becomes a Goldstone mode. This indicates we can

approximate
e*i@(x,f)Gud (O)
. 15
G{*(0) (1

Gy(0)

Gi(t, 1)y ~ (eiW(X-f)Gd“(())

The FCS is then determined by minimizing the effective ac-
tion of ¢(x,t) with the boundary condition specified by the
twist operator:

0 xeA,

¢W“={¢XGA (16)

This can be derived by noticing G¢“(T, T)y = G&(T, T), for
x € Aand GI(T, T)y = ¢ G™(T, T), for x € A,

V. EFFECTIVE ACTION AND FCS

In this section, we explicitly derive the effective action gov-
erning the fluctuation around the saddle-point solution, which
justifies our analysis above and gives closed-form expressions

for F (¢, Qn).
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FIG. 2. An illustration of the typical configurations of

GU(t, 1) = |G"(t,t)|e” ™" in the calculation of the FCS.
Since ¢(x,t) is defined as a phase field, we represent it as
the angle of a 2D vector (spin). Furthermore, the magnitudes
of spins represent |G§d(t,t)|. (a) For ¢ >J, F(¢,04) can be
estimated by a perturbative calculation of the hopping term J,
which gives F (¢, Q1) ~ (1 — cos ¢)|dA|. (b) For ¢ < J, the twist
operators create a ¢-vortex pair, whose excitation energy gives
F(¢, Q4) ~ ¢*In|A|. There is also a similar contribution near ¢ = 0.

We first consider the short-range entangled phase with ¢ >
J. The effective action is given by expanding the G-X action
around the saddle point (C1) and (C2) [62]. Leaving details
for Appendix C, to the quadratic order we find

2
Seff " -2 +2J — Ik i "
- [ ST gl an
N Qk i —2¢

where we have introduced gi = (§G{, 8Gi1 )" and g{* =
(8G4, SGZE‘HT). To estimate F (¢, Qa), we take a perturbation
approach in terms of small J. Although G* = 0 for 0 <« t <
T, it becomes finite near the boundaries due to the boundary
condition of the contour. Without the hopping term J, different
sites decouple, and G* can be computed as in (14), which
gives p(x,t) = ¢ forx € A and ¢(x, t) = 0 for x € A. This is
illustrated in Fig. 2(a). To further estimate the decay of |G|,
we integrate out g¢* in (17). For small J, this imposes the
constraint

1
(—Za,%rz; —21)5Gﬁd(t,t)=o, (18)
which gives |G"(t,1)| ~ e=2T=DVEE=)) " A similar calcula-
tion works for |fo“ (t, t)|. Then we can compute contributions
from small hopping terms in Z(¢, Q4) as

JN Re/dt Gy GI ~ — N cos ¢. (19)

J
Ve€ =J)

Subtracting the contribution from Z(0, Q,), we finally obtain

F (¢, 0ux) ~ N(1 —cos ). (20)

J
VeEg —=J)

Now we consider the long-range correlated phase with
¢ < J. As explained in the last section, we need to derive the
effective theory for the relative phase mode ¢(x, ¢). Similar
to the derivation of (17), we now expand the G-X action
around the saddle point (C1) and (C3) to quadratic order,
with the identification that (SGﬁd (t,1) = —ip(x, 1)G"4(0) and
8G(t,1) = ip(x, 1)G(0). As derived in Appendix C, the
result reads

(8t§0)2

¢ __N&
T4 ), oo ras -

+ J(ax¢)2>.

2

This is a large-N XY model. Consequently, the system ex-
hibits an emergent conformal symmetry. Unlike the emergent
replica conformal symmetry in non-Hermitian free-fermion
systems, here, the conformal symmetry is a consequence of
charge U (1) symmetry, which is stable against adding interac-
tions. The boundary condition in (16) then excites a ¢-vortex
pair, as sketched in Fig. 2(b). The FCS is equal to the excita-
tion of the vortex pair. In the limit of L — o0, the result reads

[24,63]
1/2
) In|Al. (22)

In particular, it shows nonanalyticity near ¢ = 7. For finite
L, In |A| should be replaced by In[L sin(;|A|/L)/7] due to
the conformal invariance. Comparing (20) and (22), we find
F (¢, Q4) shows qualitatively different scalings of both |A|
and ¢ for both interacting and noninteracting systems and
thus serves as a universal probe of the entanglement phase
transition in non-Hermitian Hamiltonian dynamics.

To justify our theoretical predictions (20) and (22), we
numerically study the FCS in the large-N limit by solving
the saddle-point equation with twist operators 7. and comput-
ing the on-shell action. Similar approaches have been widely
adopted to simulate dynamics of Rényi entropies in SYK-like
models [25-27,64]. In Fig. 3, we present results for L = 20
with © = 0.5. For ¢ < J, we check that F (¢, Q4) is a linear
function of In[L sin(w|A|/L)/7] and is a quadratic function
of ¢. Near ¢ = +m, we have two different saddle-point so-
lutions, which leads to a nonanalyticity. For ¢ > J, we check
that F (¢, Q4) shows area-law behavior for large |A| and is
proportional to (1 — cos ¢). All results are tested for both the
interacting case (V = J) and the noninteracting case (V = 0).

S2¢°N J
F(¢,04) ~

02 +48\2,/c2+482 -7

VI. DISCUSSION

In this work, we studied the full counting statistics of
the steady state of non-Hermitian complex SYK models. We
found F'(¢, Q4) show different scaling for both [A| and ¢
in phases with different entanglement properties. Using an
effective spin model, we showed the following: For ¢ > J,
the system is short range correlated. We can approximate
F(¢p, Q4) ~ (1 —cos@)|dA| for ¢ > J. For ¢ < J, the sys-
tem is long range correlated with F (¢, Q4) ~ ¢ In |A|, which
exhibits nonanalyticity near ¢ = w. We further validated our
theoretical predictions by numerically solving the saddle-
point equation.

094308-4



FULL COUNTING STATISTICS ACROSS THE ...

PHYSICAL REVIEW B 108, 094308 (2023)

{[J=2.5
;ﬁ:ﬁzﬁzﬁ:ﬁ:ﬁ:ﬁzm
' o o B V=0, p=rr2
T o3l | v oz | oo |t
0.25 | m V=0, g=ra | | : . x;jf? g=ild
: U m v, gera =1, g=ri4
0.20f7 - e L ‘ ‘
00 05 10 15 2 4 6 8 10
In [sin(z|Al/L)L/x] 1Al
(c) {14=05 (d) (/=25
5 L wvim, Al=L12 0.48% - mviso, a2 o B
W V=1, |Al=L2 \D LB VOt AL | E/
A C | V=0, |Al=LA4 | d N | mvu=0|ARLA |
z 4 D[t aeLe] . i 03 \J [ m vt AL E/
L R &N B
S | H s
§2 """""" /}/j g
1 A\
~10 -05 00 05 10

-1.0 -0.5 0.0 0.5 1.0

o [

FIG. 3. The numerical calculation of the FCS in the large-N limit
by solving the Schwinger-Dyson equation with u = 0.5. (a) and
(b) F(¢, Q) for different subsystem sizes |A|. The results show
F(¢,04) xInl|A| for ¢/J =0.5 and F (¢, Q4) x |0A]| for ¢/J =
2.5. (c) and (d) F (¢, Q) for different twist strengths ¢. The results
show F (¢, Q4) o ¢* for ¢ /J = 0.5 and F (¢, Q4) o (1 — cos ¢) for
¢/J=25.

We point out the identification of the relative phase
twist is not restricted to the TFD states and is valid
for general initial states that are eigenstates of local
charge operators. Without loss of generality, we assume
Qalt) = 0. This gives Z(¢, Q) o (Y[ T e~ HT |y) =
(r|eH'T ¢i#Q g—iHT =i00a |y} Like in (8), a pair of twist op-
erators appears, which leads to a relative phase twist between
forward evolution and backward evolution branches. More-
over, there is no difference between the TFD state and more
general initial states from the symmetry perspective: In the
absence of boundary conditions at t = 0 and t = T, fermion
fields on distinct branches of the system can undergo inde-
pendent transformations. As a result, the system exhibits a
U(1) @ U(1) symmetry. However, in the volume-law phase
where G,; # 0, this symmetry is broken down to a single
U(1) symmetry, leading to the emergence of a Goldstone
mode. As a result, we believe our theoretical predictions re-
veal universal features of the FCS across the entanglement
transition of non-Hermitian Hamiltonians.

Several additional remarks are in order: First, instead
of systems with U(1) symmetry, we can consider mod-
els with discrete symmetries. It is then natural to expect
that the phase with small non-Hermitian strength is still a
symmetry-breaking phase, except with no Goldstone mode.
The dominant contribution now becomes a domain wall, in-
stead of a vortex pair. This is consistent with recent numerics
in [65]. Second, our results can be generalized to higher di-
mensions straightforwardly. As an example, let us consider
a non-Hermitian complex SYK chain in two dimensions.
The short-range correlated phase with ¢ > J is still area law
entangled with F (¢, Q4) ~ (1 — cos¢)R for a subsystem A
with radius R. For the phase with ¢ < J, the effective theory

becomes a three-dimensional XY model. The vortex pair
is then replaced by a vortex ring. Consequently, we have
F (¢, Q4) ~ ¢*R1InR. Finally, in experimental systems, long-
range interactions may present. If we consider a long-range
hopping term that decays as 1/r* as in [24], a fractal phase
with F (¢, Q4) ~ ¢2LIL1‘_Z appears, with z = % for o €
(0.5, 1.5).
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APPENDIX A: THE DERIVATION OF THE FULL
COUNTING STATISTICS FOR THE TFD STATE

The FCS is defined as

Z(¢, Q) = tre y[p(T)e ], (A1)

with Qa = Qs — Qua = 3, ¢l c;, — nl.n;,. Here, the trace
is over the ¢ fermion system and n fermion system, and

p(T) = zime e T p(0)e™'T is the density matrix at time T
Z(T) = tr[e~HT ¢=ine¢iH'T] g the normalization factor. The

initial state is the |TFD) = ~/Z~le~ 7% |EPR). Putting all the
definitions into the FCS, we obtain

Z(¢, Qn) ==—tr. ,[e" T |TED) (TFD| T ¢4

Z(T)

1
:_Z(T)<TFD|e’H‘T ¢ #01¢~HT | TFD)

=‘z<T)'<TFDI T ¢7100: 100 =T | TFD),
(A2)

Since the Hamiltonian H is defined on the ¢ fermion system
and Q,, is defined on the auxiliary n fermion system, the
operator H and Q0,4 commute with each other. Thus, we have

1 . 4 .
Z(¢, 0a) =%<TFD|e’H*Te—QOe—lHTe"f’QvA |TFD).
(A3)

Given that Q4 annihilates the initial TFD state Q4|TFD) =
0, we obtain ¢2|TFD) = |TFD). Thus, we further have
€904 | TFD) = /2 | TFD). Therefore, FCS can be further
written as

Z(¢7 QA) :m<TFD|g1H Te_l‘chAe—lHTequQ(A |TFD>

—(TFD|7.(T )T, (0)| TFD),

=7 (A4)
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with 7, = e~%4_ Therefore, we find that the FCS takes the
form of a correlator. We also have

Z(¢, On)
Z(T)(TFD| 1H7T _1¢Q[Ae iHT Z¢Q‘A|TFD)
1
~ Z(T)
_ 1
~Z(T)
. 1
~Z(T)
1 - .
= Z—(T)trc[e’H Tﬂef’HT‘ﬁfe”‘Q“]

— [ iH*T(]-e—zHT —7Q[.7-T —ﬁQ[-]‘

—(EPR|e™ 50, iH'T o~ 1#Qcn p—iHT ,i¢Qch ,— 2QL|EPR)

tr, [e—%Qp oH'T o=i6Qus ,—iHT eiqbQ,Ae_%QF]

tr, [el'H%Te_l'(thA e—iHTei¢Q<Ae—MQc]

(AS5)
|

~ Z(T)

I = /dtz (-if”afga,c; + T O, + T O, ] +

X,a

where a = u, d denotes two contours and the superscript for the fermion species on each site is suppressed. Here, f*/¢ =

We have used the fact that 7, and Q. commute with each
other to obtain the last equality. This is Eq. (5) in the
main text. Notice that here, the trace is over the ¢ fermion

system.
APPENDIX B: THE PATH-INTEGRAL REPRESENTATION
OF THE FULL COUNTING STATISTICS

As explained in the main text, we focus on the path-integral
representation of the FCS. The time evolution of a FCS

Z($, Qa)is
Z(¢, Qn) = tr[eiH ' TT e=iHT =10/ 2T} g=10:/2],

(BD)

and it does not preserve normalization. To evaluate Z(¢, Qa)
using the path integral, one needs two contours similar
to the Keldysh contour. Denoted by u and d for forward
and backward evolution, the action on these two contours
schematically is

VX
Daseseses +¢(-1y'e )

(B2)

= =+i. The

last term in the equation does not have a contour-dependent prefactor because of the nonunitary H; and the definition of Eq. (B1).
The effective action on these two contours after integrating out disorder and introducing 1 = f d tdt’Efjb (t, t’)[G)bC“ @, t)—

ch(ehe ()] is

I . : : e
= D Trin[—if8,8% + ¢ (—1)"6 — B¢ +/dtdt’ |:E)‘("(G;“)T
X

w1 (e TGy +

where G* and % are the bilocal fields with time arguments
t and ¢’ omitted, which characterize the two-point function
of Majorana fermions or the corresponding self-energy at the
a and b contours. Here, [ = 8(t —t’) means the Brownian
condition. As a result, the saddle-point equation is

D [-if a8 + (=118 — B¢ 0 G = 81,

c

z = prd[viee) (-6) (e, +

G1)/2)

(B4)

APPENDIX C: THE DERIVATION OF THE EFFECTIVE
ACTION

The effective action is given by expanding the G — X ac-
tion (B3) around the saddle-point solution. In this section, we
give a detailed derivation for effective actions.

The solution can be obtained analytically, parametrized by
P, S, 2):

G (o EDTR s T
@)= S io+ (—1y'p) b

(B3)

J ) . )
306"+ Gfi‘l(—Gi")T])]f

(

Here, Gi(0) = [ 42e7*'G,(t). z = ¢/ is determined by the
initial density matrlx p. For ¢ > J, the solution is

—¢—Jp2, S=0, (C2)

which gives a vanishing correlation between two branches
G“ = 0. Following the analysis in previous studies, this cor-
responds to the area-law entangled phase. For ¢ < J, we
instead have

P=2c/2 l—J ! +V s (C3)
ST 2P S 8PSy
Now we consider saddle-point fluctuations,
(11, 1) = Z(ty, 1) + 8X(11)d(t12),
G(t1, ) = Gy(t1, 1) +6G(t, 1p). (C4)

We will separately evaluate the fluctuation in Eq. (B3), includ-
ing the Trn term, linear coupling G term, and interaction
term related to J and V. Now we discuss both the { > J and
¢ < J cases.
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1.¢>J
a. TrIn term. Expanding the Tr In term leads to the following equation:
Trln [—if*8,6% + ¢ (—1)"'6% — £]
=Trin[(G;){ ]+ TrIn [I*? — (Go)5* o (8Z)]

=Trln [(G;I)ZC] - /d‘f]d‘[z[(Gs);a(‘L'], 12)(82S)Z”(12)8(12 — T )]

1 .
- / dfldfzdf3dt4§[(Gs)§h(fl, L)) (1)8(12 — )G (13, T) (XN (14)8 (T4 — 7)) (C5)

The contour index a, b, ¢, d implicitly uses the Einstein summation. The second-order term can be transformed:

1 . .
—~ / dndrzdrsduz[(Gs)ﬁib(n, 1)) (12)8(12 — 13)(Gy) (13, T) (8 ) (14)8 (t4 — 11)]
1
= - / dndtzz[(Gs)‘jb(n, 1) Z)X (12)(G) (12, T T (11)]
= —%/ Tr[Gs(w + )X ()G (w)dX(—)], (C6)
w, 2

where fQ = f * 42 and we have used the Fourier transform 8§ X(2) = f dt8%(t)e™ . In the last step of Eq. (C6), fw can be

—o0 2
integrated out usingjr the residue theorem, and G, can be inserted into Eqgs. (C1) and (C2). Finally, we arrive at

—81" N = ZLGXT(Q)M?)GX(—Q) (€7)

for the trace log term. There are two independent diagonal fields § =" and § £9¢ and two independent off-diagonal fields § X“¢
and § X%, The full kernel implies that (a) off-diagonal fields decouple from the diagonal field and (b) two independent off-
diagonal fields have nontrivial interactions. We denote these two nontrivial off-diagonal fields as o, = (8 Z)’jd , SEf”)T, and the
corresponding kernel reads

) 1 0 J =20 +iQ(=1)
M = . . (C8)
222+ (J =200 \J —2¢ —iQ(—1) 0
b. XG term. For the X G term,
! —a a\T _ 1) . 1 0 1 0 1
/dtdt E;(ch ) =—1I,"’ /N + Diag. term + Zifg [85(9)<1 0 ax(—Q)_H;xT(Q) 1 0 2,(—Q)
=-1,"/N — s /N, (C9)
where g, = (G, §G9")T and o was defined before.
c. V term.
/ a e (a2 ca\21T : 1 12 2 21 2 21 2 12 2
drdt’ Y ff IZ(GX) [(-G¢)] = Diag. term + ZZ dt{[GP . O] [-GY ¢.0)]" + [GI . n] [-G . »)] 7).
X X
(C10)

After applying the saddle-point fluctuation (C4) and keeping to second order of §G, we find all fluctuation terms are proportional
to G12(Q) or G2 (). According to condition (C2), this means V term does not contribute to action in the second order.
d. J term.

[ 3G + o (-6

X
J
= —I\" /N + Diag. term — / / dti[ac}f(t, 1)8G2 (1, 1) cos(k) + 8G' (1, 1)8G 5 (¢, 1) cos (k)]
k

) —-J 0 cosk
_ M _v T _
=1, /N+Dlag. term—l—/k/dt > gk(Q)(cosk 0 )gk( Q)

= —IV/N —s1."/N. (C11)

In the last step, we apply the saddle fluctuation solution and perform the Fourier transition on k, where §G%(t,t) =
J, G, t)e** Here, [, = [ £,
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e. Effective action. Summing all contributions (C7), (C9), and (C11) together and keeping the second-order off-diagonal
terms, we arrive at

1
_51/N=/Q[Z{GT(Q)Mlo(—Q)+§[g§(Q)<? 1>ax( Q) +o (Q)( é)gx(—sz)“

+35 @ )(Cosk COS") - sz)} C12)

Integrating out o leads to

sV /N = T 0 320 —J+i=DrQry

+Z @ )<cosk COSk) k(= 9>} (C13)

To deal with site-dependent phase (—1)*, we can define new enlarged bases g/ = (8G{, G4 ) and g{* = (8G{", 8Gd* )T
Focusing on k « 1, the action becomes

2t —Jcos(k) —J —iQ2
_s7(D) — ud du
SI/N k<l Gk (Q)( —iQ 2¢ +Jcos(k) —J 0=k (=52, €14
An expansion of (C14) leads to the result cited in the main text. We also compute the smaller eigenvalue of the matrix as
1 Q  JK?
S - V2T cos(2k) +J2 — 292 —2J) = ot er-2). (C15)
After integrating out g,‘f”, the resulting § function leads to two coupled constraint equations,
20 2 - & iQ G
> . 1=0 (C16)
which can be simplified as
20 +2J 7K + 1 3G =0
£ 2 2 4Jk22) R T
L, Ik 2,2 ud
— 2;—2J+Z§2 + — +0(Q°k") |8G* = 0. (C17)
This leads to the differential equation in the main text:
1 2 ud
—Za +2¢ =27 )6G(t, 1) =0. (C18)

According to the translationally invariant solution, the equal-time Green’s function in this case is

_Lre=ry —
G — (D 0 |
0 =1 4 1]

L1y
G, (07) = (D7D 0 ) (C19)
0 =1 —1]

Several observations help us to determine the detailed form of SG,’jd . First, 8G*(t, t) is bounded by G*(0*) = 0 when the
fermion operator is away from the boundary, i.e.,# << T. Therefore, |8G§§d @, 1)~ eAVEE=J) corresponds to the correct decaying
direction.

Second, in the main text, we noticed the boundary condition G¥(T,T), = G“(T,T)s for x € A and G(T,T)s =
e?G"(T, T)y for x € A. Without loss of generality, we consider a special case where x is at the boundary of A, namely,
x €A and x + 1 € A. We can have [§G*“(T + 0, T)| ~ |G“(07)| = %|(—1)" + 1| and |8G"”1(T T+07)|~ |G””](O+)| =
2I(=1)**" — 1]. If x is an even site, then we find both §G"/ and §G’* have a O(1) value. Then we can write [§G"“(t,1)| ~
e 2=TWEE=D) and |8GH(1, 1)| ~ e 20~ TIWIE=T),
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Third, we consider the phase difference between § G/’id (t,t)and & Gfi“ (t,t). As in our previous discussion, the differences are
a minus sign [referring to Eq. (C1)] and an ¢ phase [referring to Eqs. (12) and (13) in the main text:

. J
JN Re f dt GY“(t,1)G%(t,1) ~ JN Re / dt e "VEE=D (o)~ — N cosg. (C20)
A A N
2.¢<J
a. Trln term. Taking saddle points (C1) and (C3) and expanding the Tr In term leads to
1
—8IP /N = — 5/ Tr[Gs(w + Q)8 Z(2)G, ()8 T(—Q)]
w, 2
= 2/ T OMP6.(—Q), (C21)
X Q

where &, = (§X", 8% §xud §59)T. Since the off-diagonal couplings G* and G¢" are nonzero, the diagonal and off-
diagonal parts of the self-energy are coupled. Therefore, we consider all fluctuation components in &,. The kernel reads

MPVe2 +482(c* + 457 + Q%)

NS S? —18z[E (—1)* + i€ Slely—ie]
S S2 —%Sz[{(—l)"—i—iQ] S(;(lez)«um)
| tsmeenr—ig) —Lsde- - i - 8722 128 —¢lg —i-1yQ)
slee SeEhal 28— g[g +i(—1)Q]) -5

(C22)

b. £G term. For the £ G term, we also need to consider all components of the fluctuating Green’s function. Similarly, we
define g, = (8G", G4, §G"!, 5G¥")T . The linear coupling term reads

1 00 0 1 00 0
/ ac ca T 1 ~ 0 1 O O ~ ~ 0 1 O O ~
/dtdt (G =—12(2)/N+Z§/Q 2Dy o o 1|FEDHED]G o o 18D
' 0 0 1 0 0 0 1 0
=-1;" /N —s1,” /N. (C23)

c. V term. In contrast to the ¢ > J case, the second-order off-diagonal term contributed by the V' term is nonzero. Together
with the diagonal term, we calculate the second-order fluctuation action

LV ) .
/dl‘dldqufLIZ(G?C)Z[(—G;u)z]T

1

=1 /N + Z{—68G§”(—Q)5G§“(Q)G§f;(t =0)* — 65G(—Q)3G{ ()Gt = 0)
+ 4Gt = 0)G(t = 0)[8GL (—Q)SGL(Q) + 8G“(—Q)8G ()]
+ 286G (—Q)8G ()G (t = 0)* + 258G (—Q)SGL (G (t = 0)*}

=-L7/N+>" /Q FOMPz.(—Q)

=1, /N — I, /N, (C24)
where the kernel reads
—3;(—1)*:2@—63212—3;212 0 0 0
1 0 3¢ (=102 A/ 24482 —68272 -3¢ 272 0 0
> _ s 4 . (C25)
S 2
0 0 5 =S
2 s?
0 0 -S 5
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d. J term.
cosk 0 0 0
/ J ca ac ca\T (1) 0 cosk 0 0 -
/dtdt > ilom e v e o) == v+ [ 2 —gk(Q) o S0 e e
' ’ 0 0  —cosk 0
=-1" /N —s1" /N. (C26)

e. Effective action. To obtain the effective action, we need to integrate out the self-energy 6. However, we find there are two
zero eigenvalues in the kernel of the fluctuating self-energy (C22). Since the self-energy § £ and Green’s function G are linearly
coupled, these two zero modes lead to two constraints on §G. After applying these constraints, we can safely integrate out the
self-energy in the reduced subspace. Finally, we expect to obtain effective action with 4 — 2 = 2 fluctuation fields in the x space.

We perform the calculations in detail following the arguments above. First, the four eigenvalues of M(lz) are

A2 =0,
L VPRSI + D+ 21+ SE@ 41+ PP - S - 1)
’ 22+ 4872+ 482 + Q2) ’
e _\/9212[232&4 + 1)+ 221+ [S2(2 + 12 + 22222 —32(22 _ 1)2 7
) 22 +482 (2 + 487+ Q2) '

The corresponding eigenvectors without normalization are

uy = (15 _17 0’ O)T7

;(_1)x+1 1 T
U = (05 S—Z’_Z_Z’l )

S8/ P22 A+ D221 H[SA 2+ 1)+ 22 PSP+ 1) £ [ +i(—1)° Q)
282 (— 1) (B H2)+iQ) L2 (L (— 1) +i%2)
S{a/ L2282 A+ DAL 2 IHS2 @+ D)2+ 22 P22+ 1242 (- 1))
U3 = 282 (=D (2P +2)+iQ2)+¢2 3 (L (= 1) +iQ) i
() RPRS T D2 S @ DA PAS L (1) @~ DA2i22]
282 (— 1 (4 DHDHL 22 (= 1) +iQ2]
1

S{—a/ Q2282+ 1)+ HSA 2+ 12+ 22 PSP+ P 4HL 2 L H(— 1) Q)
282(S (=D (@ +2)+iQ2)+£ 223 (¢ (= 1) +if)
{(—/ RS2+ D222 (24 D2+ 22 PS4+ 1)+ [ +i(= 1) Q)
Uy = 282 (1) (D +2)HiQ)+ 22 T (— 1) +i%) . (C28)
£(—1)' 8/ Q22282+ 1)+ 22 [H[SA 2+ 1) P22 P52 (— 1) (2F — 1D +2i227]
252 (=D (Z2+1D)+iQ)+¢ 222 (¢ (= 1) +iQ)
1

The eigenvalues and eigenvectors satisfy MU = UDiag{A;, A2, A3, A4}, where U = (HZ:M’ T ”Zj”, Hmll) and Diag means
constructing diagonal matrix using the elements. The transformation matrix U is normalized and therefore satisfies the unitary

condition UUT = 1. We consider £G and the Tr In term,

> / T (Q)UDiag{r, 1y, A3, A}UT6.(—Q)
X Q

1 0 0 0 1 0 0 0
1 T 0 1 0 0 ta 7 0 1 0 of.
+25f9 Do o o 1 |UUECED+E@UUTG o o 3R
* 0 0 1 0 0 0 1 0

= Z/ Oeig, X(Q)Dlag{)"la A2, A3, )"4}O—elg (=) + Z / g'elgx(Q)Uelg (=) + 6 eng(Q)geig,x(_Q)]~ (C29)
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Here, we define the field in the eigenbasis

Geige = U6, 65, =6 U,
1 0 0 O
~ - 0 1 0 O
giig,x(g)_gf(g) 0 0 0 1 Uv
0 0 1 0
1 0 0 O
~ 0 1 0 0},
Zaies( ) =U"| g o o |32 (C30)
0 0 1 O

Since A» = 0, the absence of quadratic (Geig,x)1 and (Geig,x )2 leads to two delta functions, §((Zeig,x)1) and §((Zeig,x)2), When
performing the integration on the self-energy, which leads to two constraints in the Green’s function. In detail,

(@1 = (861, 8G, 5GI, 8G ) uy o —8GY" +8GI! =0,

C(_1)x+l

(@hig)2 = (8GM, 5G4, 8GL", 5GL )uy o -

1

3G — S8G +5G = 0. (C31)
Z

These two constraints reduce to §G** = §G% = 0 when we set S = 0. This is consistent with the { > J case where the diagonal

terms are decoupled from the off-diagonal terms and therefore should be ignored. Returning to Eq. (C29), we can integrate out
the residual self-energy

> /Q G (Diag(hr. A, A, Ma)Geig () + ) 5 /Q (8L o (R)eig x (—Q) + 6], (Deig.x(—Q)]
. ) 3 1 [ .. N s s
= Z / Oeigr « (S2)Diag{As, A4}6eigr »(—€2) + Z 3 / [gZig,R,x(Q)O-Eing,X(_Q) + O-:ig,R,x(Q)geingvX(_Q)]
X Q X Q

1 _ . a1
= — Z ; /;2 ngyRyx(Q)Dlag{M 1, )\4 : }geig,R,x(_Q)- (C32)

Here, the R subscript means to take 3, 4 components in the eigenbasis, according to the definition in Eq. (C30). In addition to
2G and the Tr In term, we consider the V term and the J term. We apply constraint (C31) in Eq. (C24) and (C26), respectively.
Then we sum all contributions together and simplify the result, which leads to

_ 8224/ +48? /L2482 (281 (L H(—1)5iR))
;—2

2{'2 T
—8IY /N = / Q) (- +V / ()
/ XX: o VA RS el (- D) $2/cras? & Xx: o
2;2 - {zzz
S22 (24387 ;282465 25272 cos(k) 28
AL 207487257 (—2)+ J Z Q) 72 cos(k)( 72 ) o)
£282+65* _ S2(2438?) &x 2 ng (k)(_z_s2 _ 1) 25 cos(k) §-k ’
2071825 D257 k cos 02 22
(C33)

Here, the effective action is still in the bilinear form of vector g, = (8G"¢, §G9*)T since we have applied two constraints in the
derivation. As we pointed out in the main text, we need two identifications,

(3G “(t,1), 8G™(t, 1)) = @1 (x, 1)( — iG"(0), iG*"(0)),

(G (1,1), 3G (1, 1) = ¢2(x, )( = iG™(0), —iG"(0)). (C34)
With these two identifications, the action is projected onto two new subspaces, where
JS%(cos(k)—1) JS?(z*—1)[cos(k)—1]
sI® B / (1. 02) s T 2@y | (¢
- T, = 1, ¥2
N J&* (24 —1)[cos(k)—1] 0
k T 2202 +4S) Kz,z 2

_iSP=1rR(*+1)
2024/ 2 +482 ¥1
’ (x, =),
0 2

0
+/§22(<p1,¢2)(x, ] [N
* N

(C35)
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with

SIS (Z* + 1) [cos(k) 4+ 3] — L2T(z*[cos(k) + 1] + 28 + 1) + (2% + 1)2(¢2 + 48%)%/%)
024 (24 48?) '

Here, we have used the identity of parameters (C3). Finally, like in the ¢ > J section, we rewrite the action in the enlarged basis

ok, Q) = (p1(k, ), @1 (k + 7, Q), 2k, Q), @2(k + 7, Q))", which reads

KY, = (C36)

81
—— = f ok, DMPp(—k, —Q), (C37)
N Q.
where the kernel is
JS%(cos(k)—1) v
2 2
M = | 2D o | (C38)
v Maap
where
JS*(Z*=1)[cos(k)—1] i$?Q(z*+1)
vV = <O - 472(12+487) _4§'Z2«/{'2+432 ) (C39)
_ JS?[cos(k)+1] _iSPQGEH]) JS2(z* = Dlcos(k)+1]
2(¢2+48%) 424/ +48? 4z2(£2448%)
2) _ iSZQ(Z4+1) 2)
Mw=| i/ms s (M), 0 : (C40)
20 4
SEESE 0
with
MDY, — SH—J cos(b)[S*(2* + 12 + 2241 = 3ISP( + 1) — ¢ (@ + 24+ D+ (& + D22 + 4873
( gap)2,2 - 2§224(§2 4 482) ’
M2), = ST cos(b)[S*(z* + 1) + 2 = 3IS* (P + 1) =B + 2+ D+ &+ D22 + 487 o
gap/ 3, .

20272 +48)
We derive the final action in the k — 0, Q2 — 0 limit. We find ¢, (k) corresponds to a gapless mode and the other fields

correspond to gapped modes. Therefore, we can integrate out the gapped modes to obtain effective action. In detail, we keep v
to leading order,

b= (0 T 4;353/(;1—2) (c42)
and take lim;_0.q_0 Mgl;. The final gapless mode can be obtained as
—81P /N = /w o1 (k, Q)_—% — 5(](%101’1;21%0 Mgi))—lm}%(_k, -Q)
= /g,k nk ) __4(§£kif82) A+ 432)22\7;—482 _ J)](pl(_k’ -
= /Q,k 18 __4(§€kif82) A+ 482)22\;2;—482 _ J)}Ol(_k’ 5 ()

In leading order, we drop the high-order k* term. Finally, the effective action reads

NS?

1
Supp = ———o S
T 44 ., <2 2142 —J

(39)* + J(ax¢)2> . (C44)

According to Eq. (C3), we have /2 + 452 > J, and therefore, the coefficients of the gapless mode are always positive.
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