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Fusion protocol for Majorana modes in coupled quantum dots
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In a recent breakthrough experiment [Nature (London) 614, 445 (2023)], signatures of Majorana zero modes
have been observed in tunnel spectroscopy for a minimal Kitaev chain constructed from coupled quantum
dots. However, as Ising anyons, Majoranas’ most fundamental property of non-Abelian statistics is yet to be
detected. Moreover, the minimal Kitaev chain is qualitatively different from topological superconductors in that
it supports Majoranas only at a sweet spot. Therefore, it is not obvious whether non-Abelian characteristics such
as braiding and fusion can be demonstrated in this platform with a reasonable level of robustness. In this work, we
theoretically propose a protocol for detecting the Majorana fusion rules in an artificial Kitaev chain consisting of
four quantum dots. In contrast with the previous proposals for semiconductor-superconductor hybrid nanowire
platforms, here we do not rely on mesoscopic superconducting islands, which are difficult to implement in
quantum dot chains. To show the robustness of the fusion protocol, we discuss the effects of three types of
realistic imperfections on the fusion outcomes, e.g., diabatic errors, dephasing errors, and calibration errors. We
also propose a fermion parity readout scheme using quantum capacitance. Our work will shed light on future

experiments on detecting the non-Abelian properties of Majorana modes in a quantum dot chain.

DOLI: 10.1103/PhysRevB.108.085437

I. INTRODUCTION

Majorana zero modes are midgap, charge-neutral quasipar-
ticle excitations localized at the end points of a topological
superconductor [1-12]. They obey non-Abelian statistics,
namely, swapping two Majoranas would transform the many-
body wave function into a new one within the degenerate
ground-state manifold and thereby can be utilized as the
building block for error-resilient topological quantum com-
putation [13,14]. In a very recent experiment [15], following
the theoretical proposals [16—-19], Majoranas were observed
in a minimal Kitaev chain constructed from coupled quan-
tum dots. In particular, Majoranas emerge only at the sweet
spot of the system, i.e., when dot energies are placed at the
Fermi level of the superconductor, and the normal and su-
perconducting couplings are made equal in strength. While
such Majoranas do not have the exponential protection against
parameter changes expected for an ideal long topological su-
perconducting wire, they still possess topological properties
near the sweet spot.

Motivated by such experimental progress, one may hope
to demonstrate some of the defining properties of Majo-
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ranas as non-Abelian anyons in quantum dot chains. Two
equally fundamental properties of non-Abelian anyons are (i)
non-Abelian exchange statistics, which exhibits in braiding
experiments, and (ii) nontrivial fusion rules which can be
detected in fusion experiments. Specifically, Majoranas which
are Ising anyons obey the fusion rule

oxo=1+WV, ()

where two Ising anyons (o) fuse into either a vacuum (/) or
a regular fermion (¥). In this work, we focus on the fusion
rule detection experiment, which in general requires a much
simpler device setup than braiding experiments, and hence
is a more attainable goal to pursue in the near future. In
the nanowire setup [20-31], different approaches have been
proposed to demonstrate the Majorana fusion rules [32-36],
most of which require a floating superconducting island with
finite charging energy for parity-to-charge conversion that is
central to manipulation and readout schemes [32,33,36]. For
the coupled-dot platform, however, the superconductor has
to be grounded to induce cross Andreev reflection between
quantum dots [16,17,19,37], making it difficult to implement
finite charging energy [15,38,39]. Therefore, a new method to
manipulate and read out Majoranas in the quantum dot chain
is urgently needed.

In this work, we propose a minimal setup for detecting the
Majorana fusion rules; see Fig. 1. This architecture is also
the shortest chain that can support four Majoranas compris-
ing a qubit. Here, Majoranas are manipulated by changing
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FIG. 1. Upper panel: schematic of a minimal setup for detecting
the Majorana fusion rules. Initialization: the system is initialized with
gj > 0andt; ;1 = Ajjy1 > 0 corresponding to a vacuum state with
even fermion parity. Left panels: fusion protocol. In the first step F1,
all four dot energies are tuned from finite to zero, followed by F2
where both the normal and superconducting couplings between dot
D2 and D3 are turned off. It yields a probabilistic fermion parity
readout of p;, = £1 with an average of zero. Right panels: refer-
ence protocol, which yields a deterministic parity readout p;, = +1.
Boxes in gray: fusion diagrams of anyons for the two protocols.

the effective couplings and dot energies via the electrostatic
gates nearby. Meanwhile, the readout of the fusion outcome is
implemented by quantum capacitance measurement. All the
operations in our protocol are performed in an electrostatic
way without the need of floating superconducting islands and
without moving Majoranas spatially. To connect to realistic
situations and to show the robustness of our protocol, we
analyze the effects of realistic imperfections on the fusion
outcomes. Our realistic simulation also allows us to predict
the optimal parameter regime for future fusion experiments.

II. SETUP AND HAMILTONIAN

The setup consists of an array of four dots connected by
three hybrid segments in between, as shown in Fig. 1. The
effective Hamiltonian of the system is

4 3

A_E A E . pt oAl Y Yy

H = gjh; + (tMch_ch + Aj 16416 +Hel),
j=1 j=1

(@)

where ¢, is the dot level energy, #; is the occupancy, and ¢; ;1
and A; j;; denote the normal and superconducting couplings
between adjacent dots, respectively. In practice, the dots are
spin polarized under a strong magnetic field and the interdot
couplings are tunable by changing the properties of Andreev
bound states in the hybrid segment [19]. Here, we assume that
all ¢; 41 and Aj ;4 are real, which is a good approximation
for one-dimensional nanowires in the symmetry class BDI
[40]. Under these assumptions, when the system is tuned into
its sweet spot,i.e., &; = 0andt; j 11 = Aj j41 = Ag > 0[41],

a pair of Majorana zero modes will emerge and be localized
completely at the outermost quantum dots.

III. FUSION RULE PROTOCOL

We first outline our protocols for fusion rule detection
in the ideal case, i.e., the system is subject to no noise,
and all operations are performed with perfect precision in
the adiabatic limit. The key idea behind testing fusion is to
measure a different pairing of Majoranas from the one which
was initialized [32]. Our system is initialized with #; ;| =
Ajjy1 = Ao > 0 and ¢; > 0, which is a topologically trivial
phase corresponding to a vacuum with even fermion parity.
The final measurement is on the fermion parity p;, at one end
of the chain, after the system is “cut” into two halves, with
each half being tuned to the topological phase. Specifically,
we create the outermost Majoranas y; 4 (F1) first, by driving
the whole array into the sweet spot where all the dot energies
are tuned from finite to zero. Since the total parity of the initial
state was even, i.e., pj4 = +1, the pair of y; 4 is initialized to
be in the state |+14). We then cut the middle of the chain, i.e.,
ty3 = Apz — 0, to reach the measurement step (F2 in Fig. 1).
This nucleates the other pair of Majoranas y, 3, which is again
constrained to be an even state to conserve total parity. The
resulting final state is

1Y) E = |H14, +23) = (412, F34) + =12, —34))/V2, (3)

where the second equality is obtained by a basis change re-
lated to the F symbols for Ising anyons [32]. Equation (3)
shows that the measurement of the end parity p, yields an
indeterministic result where p;, = 41 or —1 has equal prob-
ability. This result can be viewed as evidence for a successful
test of the fusion protocol [32], even though the nondetermin-
istic result is not uniquely associated with Majoranas [34].

The fusion protocol test (F in Fig. 1) should be contrasted
with a reference protocol (R in Fig. 1), where the Majoranas
¥1.2.3.4 are initialized in the same basis that they are measured
in. As a result, it gives a deterministic result where the mea-
sured parity pj; = +1 and the final state is

VR = 412, +34). 4

This reference protocol serves as a baseline since it differs
from the fusion protocol F only in whether the chain is cut
before or after the dot energies are tuned to zero.

IV. DIABATIC ERRORS

In realistic experiments, errors will inevitably occur due
to imperfect quantum control or noise from the environment,
both of which may blur the distinction between the outcomes
of the fusion protocol relative to the reference one. We first
consider the diabatic errors because the fusion protocols have
to be completed within a time scale shorter than the decoher-
ence time of the Majorana system. Our protocol is composed
of two basic operations: (1) tuning the dot energies from finite
to zero and (2) switching off the couplings between D2 and
D3. We assume that each operation takes half of the total
protocol time, i.e., Ty0/2, and that the operations obey the
same control function f(x) which decreases monotonically
from f(0) =1to f(1) = 0. Here, x = 27 /1, € [0, 1] is the
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FIG. 2. Fusion and reference protocols with diabatic errors.
(a), (b) Parity expectation (p;,) as a function of protocol time .
(c), (d) Infidelity 1 — F as a function of 7. Here, light-color curves
use f(x) =1 — x with smoothness k = 0, while normal-color ones
use f(x) = 1 —sin’(x/2) with k = 1.

dimensionless time. As two concrete examples, we consider
f(x)=1—x with k=0 and f(x) =1 — sin’(rx/2) with
k = 1, where k denotes the smoothness of Hamiltonian evolu-
tion, i.e., H(t) is continuous and differentiable up to the first
k derivatives. The dynamics of the system is governed by the
time-dependent Schrodinger equation and is calculated using
the covariance matrix method [42—45]. We will compute the
expectation value of the parity p», which is the quantity to be
measured to verify the success of the fusion protocol and is
defined as

(P12) = (YrlGiP2)Yy)s &)

where y; = ¢; + 6’T and 7, = —i(¢; — 6;) denote the Majo-
rana modes localized at dots D1 and D2, respectively, and
[/ ¢) is the final state at T = T, In addition, we will compute
the state infidelity, defined as

1—F=1-[(glys), (6)

where |¢) is the target state in the idealized consideration. The
infidelity, though difficult to measure, is a more precise metric
of errors incurred in the protocol such as decoherence, which
may not affect the parity outcome pj,.

Figures 2(a) and 2(b) show the numerically calculated
parity expectation as a function of the protocol time. For
sufficiently long protocol time, (p») approaches 0 and +1
for fusion and reference protocols, respectively, consistent
with our analysis in the adiabatic limit. Additionally, the
convergence is reached faster for a smoother control func-
tion [see Fig. 2(a) in particular]. Specifically, Fig. 2 shows
that a protocol time of Ty, ~ 25%/ Ao shows a parity (p12),
which is quite close to zero in the fusion protocol compared

to the reference value of one. This implies that a Majorana
decay rate of approximately 5% of the topological gap Ag
(set by cotunneling through the superconductor), if achieved
in experiments, should allow for a convincing distinction
between fusion and reference protocols. Additionally, the in-
fidelities for both protocols, as shown in Figs. 2(c) and 2(d),
decay with the protocol time in a power-law fashion, i.e.,
l-F rr;g"‘z, in the long-time limit, with its exponent
depending only on the smoothness k& and not on other de-
tails. Interestingly, the universal scaling behaviors of infidelity
in anyon fusion are identical to those in anyon braiding or
holonomy [46].

V. DEPHASING ERRORS

The Majorana decoherence process in the quantum dot
chain, which was expected to limit the protocol time, is partly
a result of fluctuation in the system parameters. In a realistic
setup, these fluctuations are possibly induced by noises in
the electrostatic gate voltages that control dot energies and
effective couplings [15]. Such noise combined with relaxation
can lead to fluctuations of the fermion occupation out of the
ground state and has been shown to limit the fidelity of braid-
ing, even in the case of ideal Majorana nanowires [47,48].
The quantum dot chain is potentially more susceptible to
such noise given its lack of robustness to parameter changes.
Here, we define 1, (7) as the temporal fluctuation around the
idealized value of a particular Hamiltonian parameter and we
assume that the fluctuations have zero mean and temporal
correlations

)\'OC(T) = 05

ra(DIAp(t") = SapSal(t — 1), (7)

where S, (t) = D2e™7/?%) is the correlation function, with
D, the fluctuation amplitude and 7., the characteristic cor-
relation time of A, (7). We assume that the fluctuations in all
the ten parameters of the Hamiltonian defined in Eq. (2) are
completely independent of each other and the final outcomes
are averaged over 1000 different noise realizations. Since the
dephasing noise does not affect the fusion protocol in a sig-
nificant way, we focus only on the reference protocol, leaving
the discussion of the fusion protocol in the Appendixes. The
results of calibration errors from the ideal parameter values
are also discussed in the Appendixes and will be summarized
at the end of the manuscript.

Figure 3(a) shows the noise-averaged parity (p2) as a
function of protocol time with noise added only to the four dot
energies. In the long time limit, instead of approaching +1,
the parity expectation now decays to zero due to random phase
accumulation owing to noise and the decay rate increases with
the fluctuation amplitude D,. The infidelity [see Fig. 3(b)] is
a nonmonotonic function of protocol time, where the errors
in the short and long protocol time regimes are dominated
by diabatic and dephasing errors, respectively. Interestingly,
the effect of dephasing errors on the parity expectation is
well described by an exponential decay envelope g(Tpro)
[see Fig. 3(c)] defined as

®)

where s = ¢, t or A denotes the type of parameter fluctuations,
(P12(Tpro)) is subject to no noise [see Fig. 2(b)], and T, is the

8(Tpro) = (P12(Tpro)) /(P12 (Tpro)) & €™ /T,
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FIG. 3. Dephasing effects due to noises in ¢; (upper panels) and in A; ;,; (lower panels). (a), (f) Noise-averaged parity versus T, for
D = 0.1A, (darkest blue) to D = 0.5A, (lightest blue) in the step of 0.1A, and fixed correlation time 7. = /i/Ay. (b), (g) Noise-averaged
infidelity versus Tp,. (c), (h) Envelope function versus 7,,. (d), (i) Dephasing rate T versus noise amplitudes D? at 7. = i/ A,. The black

4

markers are extracted from (c) and (h) using Eq. (8) and the dashed lines are linear fitting. (e), (j) Dephasing rate Tw*l versus correlation time

7. at D* = 0.25A2.

dephasing time. In the weak fluctuation regime, the dephasing
rate T‘p’1 follows scaling behavior (see the Appendixes)

T, ~ Y CateuD?, ©)
o

where C, is a proportionality constant. Equation (9) says that
the dephasing rate is proportional to the correlation time t.
and variance Di, consistent with the numerical simulations
shown in Figs. 3(d) and 3(e). These results validate the as-
sumption in our analysis for diabatic errors, where we assume
that the protocol time would be limited by dephasing.

To compare the effect of noises in dot energies with that
in couplings, we repeat the same calculations, only including
fluctuations in A ;1. As shown in the lower panels of Fig. 3,
all the qualitative features discussed previously remain the
same, but with a faster dephasing rate and hence larger infi-
delity. This indicates that the Kitaev chain as well as the fusion
protocols are more resilient against noises in dot energies than
in coupling strengths.

Parity readout
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FIG. 4. (a) Schematic for parity readout on double quantum dots.
(b) Quantum capacitance C, for even- and odd-parity ground states
at the sweet spot as a function of the relative lever arm strengths.

VI. PARITY READOUT

We finally discuss a readout scheme for the fermion par-
ity encoded in a pair of Majoranas, which would be used
to determine the fusion outcomes. Our scheme is based on
measuring the quantum capacitance [49,50] of double quan-
tum dots [see Fig. 4(a)], which measures the response of the
even- and odd-parity ground states to gate voltage variations
[51-53]. Here, we consider the Hamiltonian ﬁDQD =¢&n +
&y + tégél + Aé;¢1 + H.c. Crucially, the two dot energies
are controlled by a common electrostatic gate with generally
different strengths of lever arms, i.e., &1 = o1 - V,. At the
sweet spot, the zero-temperature quantum capacitance is
_azEgs _ 1 4+ p12sin(26) . Ol_2 (10)

w2 4 Ao’

C, =

where pj; = %1 denotes the joint fermion parity of y; » lo-
cated on dots D1 and D2, o« =,/a?+42 is the characteristic level
arm strength, and 6 = tan~! (a2 /cr;) denotes the ratio of two
lever arm strengths. As shown in Fig. 4(b), C, is a sinusoidal
function of 6 and has a m /2-phase shift between p;, = *£1,
providing different readout results for ground states with op-
posite parity. In particular, the readout visibility is maximal
at 0 = /4 or 3w /4, where the two lever arms are equal
in strength. By contrast, at & = 0 or 7 /2 corresponding to
ay = 0 or o) = 0, respectively, the two parity states become
indistinguishable at the sweet spot. With one of the lever arms
strength being zero, the quantum capacitance measurement is
on only one dot and therefore is incapable of reading out the
nonlocal parity information encoded in two dots. As shown in
the Appendixes, the measurement results in Fig. 4 are robust
against substantial calibration errors in parameters.

VII. DISCUSSION AND SUMMARY

In this work, we give concrete protocols for detecting
the Majorana fusion rules in quantum dots. Manipulation
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and readout of Majoranas are implemented in a fully elec-
trostatic way, i.e., either the dot energies or the effective
coupling strengths can be tuned by varying the voltage of
the electrostatic gate individually [15]. Removing the need
of superconducting islands makes our proposal particularly
relevant and suitable for the ongoing experimental efforts
[15]. Using numerical simulations, we show that diabatic and
dephasing errors altogether set the constraint for the protocol
time, i.e., the operations should neither be too fast to break
the adiabatic condition nor too slow to accumulate dephasing
errors. In this aspect, although not directly demonstrating the
fusion rules, the reference protocol is of paramount impor-
tance in extracting the dephasing time and in excluding the
potentially false-positive interpretations of the fusion results
[34]. Specifically, we find that demonstration of the fusion
protocol should be feasible even for a 10% noise-induced vari-
ation (or calibration errors) in parameters. We also propose a
quantum capacitance measurement of the parity encoded in
double quantum dots, which is applicable to either dot D1
and D2 or dot D3 and D4, eliminating the need of an extra
quantum dot in the charge-parity transfer method [54,55].
Taking the parameter values from Ref. [15], we estimate that
C, ~ az/Ao ~ 0.75 fF, with @ ~ 0.3 ¢, and Ay =~ 20 ueV,
within the reach of the state-of-the-art measurement tech-
niques [56-59].

Since this architecture is the minimal setup for realizing
a Majorana qubit in an artifical Kitaev chain, the first mea-
surement would be the Majorana coherence time. This can
be measured using the parity readout scheme we propose by
looking for photon assisted tunneling or Rabi oscillations [60]
in the parity of the chain in the four Majorana configurations
(i.e., F2 or R2) where the middle link is partially cut. The
fusion measurement we propose could then be done as long
as the decoherence time T, is an order of magnitude longer
than the Rabi oscillation period which is on the scale i/ Ay ~
0.03 ns (i.e., the time for convincing demonstration of Rabi
oscillations in a Majorana qubit).
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APPENDIX A: NUMERICAL APPROACH TO THE
TIME-DEPENDENT SCHRODINGER EQUATION

In this section, we briefly introduce the details of our
numerical method to solve the time-dependent Schrédinger
equation. We construct the covariance matrix formalism to

describe the system in terms of the Majorana operations
[43],1.e.,

A i

Iy = 5([)(1', X,
where [,] means the commutation of two operators and (.. .)
takes the expected value with respect to the ground state. x;
are Majorana operators defined as x»,—1 = ¢, + cj; and yp, =
i(cy —c)).

In our case, the ground states of two types of protocols are
Eq. (3) for the fusion protocol and Eq. (4) for the reference
protocol, which gives covariance matrices following Eq. (A1)
as per

(A)

O 0 0 0 0 0 0 —I

O 0 0 0 1 00 0

O 0 0 0 0 1 0 0
fo_fo 0o 0 0 00 1 0

O -1 0 0 000 o]

0O 0 -1 0 00 0 0

0 0 0 -1 00 0 0

1 0 0 0 00 0 0

O 0 0 0 0 -1 0 0

O 0 0 0 1 0 0 0

O 0 0 0 0 0 0 -1
. Jo 0o 0o 0o 0 o 1 o
=10 1 0 0o 0 0 0 o (A2)

1 0 0 0 0 0 0 0

0 0 0 -1 0 0 0 0

O 0 1 0 0 0 0 0

Therefore, the time evolution of the covariance matrix
I' under the Hamiltonian H follows the time-dependent
Schrodinger equation

(A3)

where A corresponds to the matrix element of the Hamiltonian
in Majorana basis, i.e.,

N i

Hy = ; ZAinin~ (A4)

i,j

To solve the differential equation (A3), we flatten the covari-
ance matrix into a vector and feed it into a standard ODE
solver. To allow the adaptive sampling of the time in solv-

ing Eq. (A3), we interpolate the disorder profile in the time
domain.

APPENDIX B: FLUCTUATION IN THE NORMAL
COUPLING ¢t BETWEEN THE QUANTUM DOTS

In this section, we study the dephasing noise of the nor-
mal coupling ¢ in a similar way as we did in Fig. 3. From
Figs. 5(a)-5(c), we also present the parity, wave function
error, and decaying envelope, which all show a similar expo-
nential decay as the results from the fluctuation in A as shown
in Fig. 3. In particular, in Figs. 5(d) and 5(e), we fit the decay
exponent of the envelope and find similar slopes and intercepts
as in Figs. 3(i) and 3(j), which indicates that the response of
this protocol to the fluctuation of t and A are qualitatively the
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FIG. 5. Dephasing errors for fluctuations in normal interdot coupling strength ¢. (a) Ensemble average parity versus 7, for D = 0.1A,
(darkest blue) to D = 0.5A (lightest blue) in the step of 0.1A and = = 7i/A. (b) Ensemble average error versus 7,,. (c) Ensemble average
envelope versus Tyg. (d) Tz_1 versus strength D? at T = i/ A. The black markers show the numerical results in an ensemble of 1000 along
with the error bars showing the standard error. The blue dashed lines show the fitted slopes and interceptions, which are (0.37 i/ A3, 1.27 x
1073 Ag/R). (e) T, versus correlation time 7 at D = 0.5A,. The fitted slopes and interceptions are (1.8 x 1072A2/A%, 6.2 x 1073 Aq/h).

same, and both of them have much more significant adverse
impact than the fluctuation in ¢.

APPENDIX C: ANALYTIC DERIVATION
OF DEPHASING TIME T,

In this section, we analytically derived the dephasing time
T, in Eq. (8). Our model resembles the concept of linear tetron
in Ref. [61], where the computation bases are defined as

[0) = [012, 034) = |p12 = paa = 1),

[1) = |112, 134) = |p12 = p3a = —1) (Ch)

because we adopt the convention that fixes the total parity
to be even (pi2p34 = 1). Therefore, the Pauli matrix on each
qubit in the terms of the Majorana operators is

X =ipps =i,

Y =ipps = —itaiu, (C2)
Z=ipPr =i

up to an overall phase. In the long time limit (i.e., near the end

of the protocol time), we can approximate the Hamiltonian in
Eq. (2) as

H(t) = iepn(T)P172 + iea3 (TP + iesa(T) P37

= [e12(T) + £34()1Z + e23(0)X, (C3)

where €;;+1(t) can be obtained by calculating the overlap
between two Majorana operators at quantum dot i and i + 1
and the wave function of the reference state as |y;)g = |0).
Note that the subscript i here indicates the initial state, which
looks contradictory to Eq. (4). However, this is intended as
we only study the behavior of the long-time limit, where the
MZMs have already formed. Equivalently, this means we can
shift the starting time from 7 = 0, where the system is in the
atomic limit, to T = 79 S Tpro. This approximation will not
affect the long-time behavior of the decaying envelope.

Therefore, the time evolution of the parity operator pi>(7)
for the reference state is

ifq H(t’)dr/ﬁ i [ H@)dT’

12(T0)e

22+ fx (OX1R =il f2 02+ fe (D]

pia(t)=e

=e

B Sx(@)f2(0)(1 = cos [2,/ fF(0) + f2(D)])

RO+ ()

. fx(@)sin[2,/ fZ (1) + f2(D)]

() + f2(7)
@)+ fi()cos[2,/ f2(0) + f2(0)] |
+ Z,
f2(0) + f2(1)

where  fx(7) = f; en(t')dt’ and fz(7) = f; e12(t') +
£34(t")dt’. Thus the final parity of the reference state is

(Urlpr2l¥y)r = (Wil Pra(O¥idr

B (@) + f7(@)cos [2,/ fr(1) + f7(0)]

f2(0) + f2(1)

. 2f2(t)sin? VRO + fF(0)
B f2(v) + f2(r)

and the disorder-averaged parity is

2f3(x)sin® |/ f3(0) + F(T)
(@) + f3(1)

iv2fx(t)sin [ fZ() + f2(1)

n=0 \/f;?(f) + f2(7)

iv2fx(t)sin/ f2(1) + f2(1)
Jro+ 2o ’

(Co)

where the second line holds because we can expand &53(7) to
the second order of disorder 61, (7) as

£23(7) X £ (T) + Y 82a(T)é23.4(T)

X

Y

(C4)

C5)

(Wplprlpir=1—

2

1
+ B ;:Ma(f)‘nﬂ(f)éz&a,ﬁ(f), (C7)
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where

bpya(T) = 0€23,4(7)
23,0{ - 8)\, (‘L') 6)" B ’

0%2623,4(7)
o (T)? |55 =0

(C8)

£23,4,8(T) =

and 823)(1') is a deterministic function of time without disor-

der. Because we define the disorder to be zero mean, 51, (1) =
0, the term 6A4(7)é23 () vanishes up to O(6A(t)) and the

J

sin[ fz(7)]
iN2fx (1) ——= X0

sin(fr [eD(1) + X 2.0t Vha(r’ )]dt)

=iVv2
iV2fx(t) 5 [62(t) + 3, b4 (The(T)]dT

~ ivV2fx (1)

higher order terms in Eq. (C7) can be absorbed into the later
part in the summation with n > 2 in Eq. (C6). The remaining
term is the first term in Eq. (C7) with a constant f; 8;2)(‘5/)61 T/,
which, however, could be treated as zero because the coupling
between the second quantum dot and the third quantum has
already been turned off near the final stage of the protocol for
the reference protocol, which indicates fx(t) < fz(7).

Therefore, the exponent in Eq. (C6) can be further simpli-
fied to

sin (f; eD(tdt’ ) cos (Z f é7.0(t Ao ())dT’ ) + cos (fr 8(0)(r’)dr’> sin (Za f; éz,a(r’)ka(t/)dr’)

Jo [2 @n]ar

9

(€9

where e7(t) = 12(t) + €34(7) and éz,(tr) is defined in a similar way in Eq. (C8). Since frz £2.a(t")8Ae(tHdT’
is proportional to the small disorder §A,(7), we take the approximation of cos(}_, f; ¢7.0(T)8A(t')dTt’) ~ 1 and

sin (), f; é24(T)8he(THdT Y = Y, f; é7.0(t")8Aq(t")d7’. Furthermore, because fx already contains the leading order of
8Aq (") as shown in Eq. (C7), the second term on the numerator of Eq. (C9) can be omitted up to O(8A,(t")). Therefore, the

disorder averaged parity Eq. (C6) becomes simple,

(Wrlpr2lp)r = explik fx (T)] = exp (ik/ 523(1")(1‘[’), (C10)

sin (frz) fx (r’)s(zo)(r’)dr’)

where the constant k = +/2 T @ @

To

The next step is to evaluate Eq. (C10) and extract the dephasing time 7,. We follow the similar steps in Ref. [45] and first

discretize the time to obtain

’ 1 ! 1 —1
exp (ikf 823(‘5/)d7/) B E/DSM(T)e’kAT Lty o573 oy o 5o (=m0 (1)0ha(2)

To

zk fr &0 (td7’

— /D(S)L (_E)elkAr ZT foz She (T))é23 o (T" )6 3 Ztl o > Sa (T1—12)8Ae (T1)8 A (1'2)

where

From the n-dimensional Gaussian integral, we integrate out DA, () as

(C11)
Z = /nga(f)e*%zq,rz ZaS;](fl*Tz)ﬁ?nn(fl)&n(fz)_ (C12)
(C13)

T T ’ ’ . . . .
exp <ik / £23(7) dr’) BTN (COTLED DI DU [k ATéxs.0 (7)1Sa (T =)k ATER o (72)]

To

where the exponent of the last term above can be integrated in
the continuous limit as

1
5 2 D NikATEr o (1)Su(T) — 1)k ATER o (2)]

a 1,02

T T
=— Zkz/ / dt1dT28o(T1 — 12)£23,0(T1)623.0(T2)
o 70 70

T T

. PR ,

- 2(523&)2](2/. / dT]deDie (11—1)%/2Teq)
o 70 T

N =Y (623.0) KDLV T T, (C14)

where £€y3,(t") is considered to be slowly varying such
as it can be replaced by the averaged value é&3, =
f; £23.4(T')dt’ and the last line is reached in the long

T—7)
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FIG. 6. Parity (upper panel) and fidelity (lower panel) as a function of 1, with the error amplitude of 0.1Aq for (a), (€) #i+1, Aiit1,
and E; are perfectly calibrated initially, while only E has calibration error in the final state; (b), (f) #; ;11 and A;;;, are perfectly calibrated
initially, while E; has calibration error both in the initial stage and final stage; (c), (g) #;.i+1, Aii+1, and E; are perfectly calibrated throughout
the protocol, while the calibration error happens only to 7,3 at the final state; (d), (h) E; are perfectly calibrated throughout the protocol, while

the calibration error happens to all #; ;1 and A, ;4.

time limit, i.e., T > 7. 4. Therefore, we recover the dephasing
rate in Eq. (9) as

T, =) (6330 K D2V T Tea = Y CuTeaDy,  (C15)
o o

with C, being a constant which can be determined from the
fitting.

APPENDIX D: CALIBRATION ERRORS

1. Fusion protocols

In this section, we study the calibration error while tuning
the parameters of ¢, ¢, and A. The error is simulated using
a uniform distribution within £0.1A independently for each
parameter. We consider four situations as shown in Fig. 6.

In Figs. 6(a) and 6(e), calibration errors only take place in
the four dot energies ¢; at the final state. The effects on parity
expectation and infidelity are both minimal. In Figs. 6(b) and
6(f), calibration errors only take place in the four dot ener-
gies g;, but at both the initial and the final states. Similar to
Figs. 6(a) and 6(e), the effects are also minimal. The results in
the first two columns indicate that calibration errors in dot en-
ergies have minor effects on the fusion outcome. In Figs. 6(c)
and 6(g), calibration errors only take place in ;3 and A,3 in the
final state of the switch-off. Interestingly, it has a much more
adverse effect on the reference protocol than the fusion one.
This is because, in the reference one, we first try to switch
off 3 and A,3 but with calibration errors, introducing large
parity-breaking errors in the second step of the protocol. By
contrast, calibration errors appear only towards the very end

of the whole protocol in the fusion one, mitigating the effect
of calibration errors. In Figs. 6(d) and 6(h), calibration errors
int; ;41 and A; ;1| appear in both initial and final states, giving
adverse effects on both fusion and reference protocols. To
summarize, calibration errors in couplings between dots have
a more adverse effect on the fusion outcome than errors in the
on-site energies. Particularly, calibration errors in couplings in
the initial states are more adverse than those in the final states.

2. Parity readout

In this subsection, we calculate the quantum capacitance of
parity states in double quantum dots. The Hamiltonian for the
double quantum dots is

Hpop = £16[¢1 + 628585 +1(2)e1 + ¢]&0) + A@]E] + &2¢),
(D1)

where ¢, are the on-site energies of the two dots and ¢ and
A are the normal and superconducting couplings between
them. To calculate the ground-state energies and the quantum
capacitances (the second-order derivative of the ground-state
energies), we use the occupation number basis |nj, ny) =
(éi )" (6,)™00), with |00) being the vacuum state. Under this
basis, the Hamiltonian can be decomposed into even- and
odd-parity subspaces as below:

7 _ (100) T7o A (00|

even =\ ) \A g+ )\ 1)

A (10" (&1t \[(10]
H"dd—<|01>) <z az)<<01|>' (D2)
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(c) 5t,6A = 0.2A¢

(d) 0F; = 0.4A (e) 6t, 0A = 0.4A

0.7 T

even
odd

E 0.5 ; . . . .
AR IAAYAATAVAY A
2 0.25 - . . . .
: \ANMNAANAANAAN/N/
O 1 T 1 1 T T T T T T T T T T T
0 7T/2 w 0 7T/2 w 0 7T/2 T 0 7r/2 w 0 7r/2 T
0 0 0 0 0

FIG. 7. Parity readout in the presence of calibration errors. (a) C, without calibration errors. (b) Calibration errors are only in E; and Eg
with error amplitude § = 0.2 A,. (c) Calibration errors are only in r and A with error amplitude § = 0.2 A¢. (d) Calibration errors are only in
E; and Ex with error amplitude § = 0.4 A. (e) Calibration errors are only in r and A with error amplitude § = 0.4 A,.

After having the ground-state energies in each parity sub-
space, we take its second-order derivative with respect to gate
voltage to obtain the value of quantum capacitance as follows:

C, = —9E/V,, (D3)
where
de1 =aq -8V, =a cosB -8V,
8ery =0y - 6V, = a sinf - §V,. (D4)

In the calculation, we particularly consider the calibration
errors in the quantum capacitance measurement. That is,
the parameter set (Ep, Eg,t, A) can be off the sweet spot
to characterize the possible calibration errors in a realistic

experiment. We consider two specific scenarios. The first is
errors in E; and Eg, while the second is in # and A. We
further assume that the errors in the four parameters are inde-
pendent of each other. For each parameter, its possible error
is within a range of [—4, 8] with uniform distribution. We
take §/Ag = 0, 0.2, 0.4, where A is the strength of coupling
without calibration errors. The results of the numerical cal-
culations are shown in Fig. 7. In the absence of errors, the
numerical calculations agree with the analytic results in Fig. 4.
In the presence of errors, it shows that quantum capacitance
measurement is very robust against calibration errors in the
on-site energies E;, but more sensitive with the errors in the
couplings. This behavior is consistent with the calculations
performed for the fusion protocols in the main text.
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