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Stacking-layer-tuned topological phases in M;Bi,Tes (M = Ge, Sn, Pb) films
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With first-principles calculations and theoretical models, we reveal the connection between stacking order,
film thickness, and topological behaviors in layered M,Bi,Tes (M = Ge, Sn, Pb) films. We find that single-layer
M,Bi,Tes is a topologically trivial indirect band-gap semiconductor. The stacking order drastically tunes the
topological property for bilayer M,Bi,Tes. In the most stable AB stacking order, bilayer Pb,Bi, Tes is a quantum
spin Hall (QSH) insulator with a large band gap of 111.6 meV, accessible for experimental observation. Upon
changing the stacking order, one can achieve topological phase transitions between nontrivial and trivial states
due to the distinct interlayer coupling. Peculiarly, the multilayer Pb,Bi, Tes film exhibits topological oscillation
effect as the film thickness increases from one to six layers. A simplified model Hamiltonian with nearest-
neighbor interlayer coupling has been proposed to understand this oscillation. In this paper, we provide a material
platform for the realization of controllable topological states, which might stimulate potential applications of

topological effects.

DOLI: 10.1103/PhysRevB.108.085428

I. INTRODUCTION

Topological insulators (TIs) belong to one type of
quantum material which has topology-protected gapless
edge states inside the bulk energy gaps [1-9]. Kane and
Mele [1,2] proposed the quantum spin Hall (QSH) effect in
graphene. Graphene is a seminal and extremely important
two-dimensional (2D) material. It has a single-layer hexag-
onal honeycomb lattice and special Dirac band dispersion.
Monolayer graphene can be stacked into bilayer and multi-
layer structures through van der Waals (vdW) interactions.
Double-layer graphene has been explored due to its exotic
behaviors [10-15], such as flat bands and superconductivity,
coming from the subtle interlayer vdW coupling. Other
vdW films or heterostructures, including MoS, thin films and
bilayer Crl3, have also been studied [16—24]. Some interesting
stacking-related phenomena of electronic states, magnetism,
and electronic transport were reported in them. Particularly,
in some vdW multilayers, the intriguing topological phases
were found to be very sensitive to the thicknesses [25-27] or
the stacking patterns [28,29] of the vdW films. The control of
film thicknesses and stacking patterns, thus, may become an
efficient tuning tactic for the applications of vdW materials
in topological electronics. Investigations of topological
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behaviors of 2D vdW films or heterostructures with respect to
the stacking are, however, still very limited.

Compared with ordinary semiconductor crystals and het-
erostructures, vdW materials have the following advantages:
(1) Material synthesis is relatively easy due to the weak
vdW interaction between layers [10,17,23]. After high-quality
monolayer crystals are grown, multilayer to three-dimensional
(3D) crystals can be fabricated by stacking without the prob-
lem of lattice mismatch. (2) More degrees of freedom in the
vdW crystals or films can be adjusted to tune the electronic
states, such as large-scale compression and stretching between
the layers and different stacking orders or patterns [14,19]. (3)
Based on the recently discovered diverse 2D material systems,
different 2D materials can be flexibly combined through vdW
interactions. These merits stimulate researchers to design and
build various vdW materials with abundant phenomena or
effects. Recently, the magnetic vdW materials MnBi, Te4 and
Mn;Bi,;Tes have been studied and reported to have unusual
topological properties [30-39]. With the advanced molecular
beam epitaxy growth technique, high-quality MnBi, Te, vdW
films have been fabricated experimentally in a layer-by-layer
manner by alternate growth of one quintuple layer of Bi,Tes
and one bilayer of MnTe [32-36]. Very excitingly, the exper-
imentally rare quantum anomalous Hall effect was observed
in atomically thin MnBi, Te4 [34-36]. In the process of fabri-
cating, if one quintuple layer of Bi,Te; is intercalated by two
bilayers of MnTe, Mn;Bi, Tes films can be successfully grown
in experiments [39], which were predicted to have intrinsic
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topological phases and large dynamical axion field [37,38].
The successful fabrication of the layered Mn,;Bi,Tes film
[39] and its exotic properties [37,38] has inspired researchers
to explore this type of vdW material, just like the role of
MnBi,Tes films [30-36,40]. Since layered M;,Bi,Tes (M =
Ge, Sn, Pb) compounds, especially high-quality few-layer
Pb,Bi, Tes, have been successfully synthesized in experiments
[41-44], it is meaningful to explore their electronic states
and possible topological behaviors with respect to the layer
stacking.

In this paper, we reveal the stacking-layer-tuned topolog-
ical phases in M,;Bi,Tes (M = Ge, Sn, Pb) films through
first-principles calculations and an analytic layer-coupling
model. Different from Mn,Bi,Tes materials, M,;Bir Tes (M =
Ge, Sn, Pb) films have time-reversal symmetry, with QSH ef-
fects hopefully obtained. We reveal that monolayer M,Bi,Tes
is a topologically trivial indirect band-gap semiconductor.
When stacking to a bilayer structure, the stacking order di-
rectly affects the topological behavior of bilayer M,Bi,Tes. In
the most stable stacking order, bilayer Pb,Bi,Tes is found to
be a QSH insulator with a large band gap (111.6 meV). After
changing the stacking order, a topological phase transition
from a topologically nontrivial state to a topologically trivial
state occurs. A controllable topological phase transition can
also be induced by tuning the interlayer distance. Particularly,
we find that multilayer Pb,Bi, Tes exhibits an interesting topo-
logical oscillation effect as a function of the layer number,
rationalized by a layer-coupling model we built. Not only can
this paper help researchers understand well the topological
states related to stacking order and film thickness, but we also
provide an excellent vdW material platform for the relatively
easy experimental realization of the controllable topological
phases.

II. MODELS AND METHODS

Here, M;Bi,Tes (M = Ge, Sn, Pb) is a layered ternary
tetradymite compound that consists of ABC stacking Tel-Bil-
Te2-M1-Te3-M1’-Te2'-Bil’-Tel’ nonuple layers (NLs), which
has been synthesized in experiments [41-44]. Taking M = Pb
as an example, the INL geometric structure of Pb,Bi,Tes is
shown in Figs. 1(a) and 1(b). Here, INL Pb,Bi,;Tes has a
triangular lattice with the space group of P3m1 (No. 164).
Adjacent atoms in the NL are connected by strong cova-
lent bonds, and the interactions between atoms in the two
neighbor NLs are weak vdW interactions. Within 1NL, the
stacking order of sequential A, B, and C layers are marked in
Fig. 1(b). This structure can be viewed as one quintuple layer
of Bi,Tes intercalated by two additional bilayers of MTe, like
Mn;Bi,Tes [37,38]. Note that all monolayer (namely, INL)
and multilayer M,Bi,Tes structures simultaneously have in-
version symmetry (P) and time-reversal symmetry (7). The
space-inversion symmetry owned in the structures guarantees
that parity analysis can be adopted to understand the origin of
the topological phase transitions.

The geometric optimization and electronic structure cal-
culations of monolayer and multilayer M;Bi,Tes (M = Ge,
Sn, Pb) films are performed with the projected augmented-
wave [45] formalism based on ab initio density func-
tional theory (DFT), as implemented in VASP [46]. The
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FIG. 1. Geometric structures of monolayer Pb,Bi,Tes from the
(a) top and (b) side views. The black arrows (a, and a;) in (a) indicate
the reciprocal lattice vectors. (c) The two-dimensional (2D) Brillouin
zone. (d) Phonon band dispersion of 1NL Pb,Bi,Tes.

Perdew-Burke-Ernzerhof generalized gradient approximation
(GGA-PBE) is adopted for the exchange-correlation func-
tional [47]. Interlayer vdW interactions are considered by
applying the method of Grimme et al. (DFT-D3) [48]. The
energy cutoff for the plane-wave expansion is set to be 450 eV,
and a vacuum space of 20 A is considered to exclude the inter-
actions between the two adjacent slabs in the thin film calcu-
lations. The convergence criterion for the total energy is set to
be 107 eV. All atoms in the unit cell are allowed to move until
the Hellmann-Feynman force on each atom is < 0.01eV/A.
Here, I'-centered Monkhorst-Pack k-point meshes of 9 x 9 x
1 are adopted to perform the first Brillouin zone integral. The
evolutions of the Wannier charge center (WCC), Z,, and edge
states are performed by constructing the maximally localized
Wannier functions [49,50] with the WANNIER90 package [51]
and the WANNIERTOOLS code [52]. The phonon band disper-
sions are calculated based on the PHONOPY code [53,54].

II1I. RESULTS AND DISCUSSION
A. Electronic states and topological properties of 1NL M, Bi,Tes

Since the Pb,Bi,Tes film has the strongest spin-orbit cou-
pling (SOC) interaction and the most obvious topological
effect, we will primarily focus on the results of the M = Pb
system in M,Bi,Tes (M = Ge, Sn, Pb). The optimized in-
plane lattice constants of monolayer and multilayer Pb,Bi, Tes
films are shown in Table I. For INL Pb,Bi,Tes, the optimized
lattice constant and the layer thickness are 4.49 and 15.09 A,
respectively. As the NL number increases, the optimized in-
plane lattice constant of the thin film becomes close to that
of bulk Pb,Bi,Tes (4.51 A). Since the difference between the
in-plane lattice constants of the 3NL film and bulk is very
small (~0.02%), it can be ignored. Thus, the in-plane lattice
constants of the films thicker than 3NL are fixed to be that
of bulk Pb,Bi,Tes for the subsequent calculations. The cal-
culated phonon band dispersion of 1NL Pb,;Bi,Tes shown in
Fig. 1(d) has no negative frequencies, indicating the dynamic
stability of Pb,Bi,Tes.
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TABLE I. Summary of the optimized in-plane lattice constants
(a), band gaps (E,), and Z, of the 1-6 NL Pb,Bi,Tes thin films.
Among them, the in-plane lattice constants of the 3—6NL films are
equal to that of bulk Pb,Bi,Tes.

Thickness (NL) a(A) E, (meV) Z»
1 4.49 266.5 0
2 4.50 111.6 1
3 451 60.2 0
4 451 304 1
5 451 13.2 0
6 451 5.7 1

The band structures of 1NL Pb,Bi,Tes obtained from first-
principles calculations are illustrated in Fig. 2(a), where the
Fermi level (Ef) is set at O eV. In the absence of SOC, INL
Pb,Bi,Tes is a semiconductor with an indirect band gap of
932.3 meV. The conduction band minimum (CBM) is located
at the I' point, while the valence band maximum (VBM)
is sited at a point along the K-I" line. When the SOC is
considered, the basic properties of the band dispersion are
preserved. The global band gap, however, decreases dramat-
ically to 266.5 meV [Fig. 2(a)], showing very strong SOC
interactions existing in the Pb,Bi;Tes monolayer due to the
heavy Bi, Pb, and Te atoms in the material. Figure 2(b) shows
that no edge states connect the valence and conduction bands.
This, together with the WCC evolution in Fig. 2(c), illustrates
that INL Pb,Bi,Tes is a topologically trivial semiconductor.

The geometric structures and electronic states of
Ge,Bi,Tes and Sn;Bi,Tes monolayers are like those
of Pb,BiyTes. The obtained in-plane lattice constants of
Ge;Bi,Tes and Sn,Bi,Tes monolayers are 4.33 and 4.44 A,
respectively. They are slightly smaller than that (4.49 A) of the
Pb,Bi,Tes monolayer due to the relatively smaller radiuses
of Ge and Sn atoms than that of the Pb atom. The Ge,Bi,Tes
and Sn,Bi,Tes monolayers are also both topologically trivial
semiconductors with indirect band gaps of 376.6 meV (Fig.
S1(a) in the Supplemental Material [55]) and 133.9 meV (Fig.
S1(c) in the Supplemental Material [55]), respectively. As
shown in Figs. S1(b) and S1(d) in the Supplemental Material
[55], there are also no edge states connecting the valence and
conduction bands for Ge,;Bi, Tes and Sn;Bi, Tes monolayers.
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FIG. 3. (a) Side view of the geometric structure of 2NL-1
Pb,Bi,Tes. Band structures of 2NL-1 Pb,Bi,Tes (b) without and (c)
with spin-orbit coupling (SOC). The red +/— indicates the even/odd
parity. (d) Energy and momentum dependence of the local density of
states (LDOS) on the (1 1 0) surface of 2NL-1 Pb,Bi, Tes.

B. Topological phase transitions of 2NL M,Bi,Tes

By stacking two monolayers together, we can get various
configurations for bilayer M,Bi,Tes (M = Ge, Sn, Pb) due to
the different stacking orders. In the bilayer materials, the two
NL building blocks are stacked vertically together through
vdW interactions. Taking M = Pb as an example, there are
three configurations for 2NL Pb,Bi;Tes: 2NL-1 Pb,Bi,Tes
[Fig. 3(a)], 2NL-2 Pb,Bi,Tes (Fig. S2(a) in the Supplemental
Material [55]), and 2NL-3 Pb,Bi,Tes (Fig. S3(a) in the Sup-
plemental Material [55]), with the stacking orders between
the two NLs of ABC-ABC, ABC-CAB, and ABC-BCA, re-
spectively. The optimized in-plane lattice constants, interlayer
distances between the two NLs, total energies, and exfoliation
energies are shown in Table SI in the Supplemental Material
[55]. Comparing with the other two stacking configurations,
the first stacking configurations (2NL-1) for all three bilayer
materials of M,Bi,Tes (M = Ge, Sn, Pb) have the lowest total
energies (Table SI in the Supplemental Material [55]). Thus,
they are the most stable structures for the three bilayer mate-
rials. The most stable configuration of ABC-ABC obtained for

k, (2m)

FIG. 2. (a) Band structures of 1NL Pb,Bi,Tes with and without spin-orbit coupling (SOC) considered. (b) Energy and momentum
dependence of the local density of states (LDOS) on the (1 1 0) surface of 1INL Pb,Bi,Tes. (c) Evolution of the Wannier charge center

(WCCQ).
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FIG. 4. Orbital-projected band structures of the 2NL-1

Pb,Bi, Tes (a) without and (b) with spin-orbit coupling (SOC). The
dot sizes are proportional to the contribution of the corresponding
orbitals.

the 2NL Pb,Bi, Tes corresponds to the stacking order of bulk
Pb,Bi,Tes [41]. From 2NL-1 to 2NL-3 and 2NL-2, the total
energies for M,Bi,Tes (M = Ge, Sn, Pb) increase, ascribed
to the increase of the interlayer distances, corresponding to
the weaker of the vdW interactions between the two NLs.
Additionally, the energy differences between the 2NL-1 and
other structures (2NL-2 and 2NL-3) are not large, which are
0.21 and 0.08 eV for 2NL Pb,Bi,Tes, respectively. All three
stacking orders can, therefore, be expected to be synthesized
in experiments. The exfoliation energies of these films are
calculated by Eexs = (ENL — Eane/2)/A, where Eyne (EonL)
and A represent the total energy of the unit cell of the INL
(2NL) film and the in-plane area of the unit cell, respectively.
It is reasonable that the most stable stacking order for each
type of material has the largest exfoliation energy (Table SI in
the Supplemental Material [55]). Their values (~0.20J m~?)
for the three types of material are all lower than that of
graphene exfoliated from graphite (0.37 Jm~2) [56], indicat-
ing the weaker vdW interactions between the two NLs in the
2NL MQB]QTGS films.

We now focus on the band structures of the 2NL-1
Pb,Bi,Tes with the most stable stacking order. As displayed
in Fig. 3(a), the Bi atoms in the upper NL are right above the
Bi atoms in the bottom NL, while each Te atom at the interface
in the upper NL is surrounded by three Te atoms in the bottom
NL. Considering the coupling between the two NLs, it is
expected that 2NL-1 Pb,Bi, Tes will have different behaviors
from INL Pb,Bi,Tes. From Fig. 3(b), one can find that 2NL-
1 Pb,Bi;Tes is a semiconductor with a direct band gap of
578.9 meV, smaller than the indirect band gap (932.3 meV)
of INL Pb,Bi,Tes. The VBM of 2NL-1 Pb,Bi,Tes without
SOC is mainly contributed by Te p, orbitals, while the CBM
is primarily contributed by Bi p, orbitals [Fig. 4(a)]. When
SOC is considered, the band gap is drastically reduced to
111.6 meV [Fig. 3(c)]. The strong SOC not only decreases
the band gap but also causes a band inversion between the
VBM and CBM [see Figs. 4(a) and 4(b)]. Moreover, this band
inversion accompanies a parity inversion between the VBM
and CBM at the I' point, as marked in Figs. 3(b) and 3(c).
Hence, the interlayer vdW coupling and the strong SOC may
give rise to a topological phase transition in 2NL-1 Pb,Bi, Tes
compared with INL Pb,Bi,Tes. Because the bands around Er
are primarily composed of p, orbitals (instead of p, , orbitals)
of Te and Bi atoms, the material properties are very sensitive
to the interlayer interactions in multilayer Pb,Bi,Tes. Rich
topological phase transitions may be induced by tuning the

interlayer distance in the film. Note that the electronic correla-
tion effect in M,Bi, Tes systems is not strong, indicated by the
large dispersion of the bands around Ef [Figs. 3(b) and 3(c)],
although it has been observed in some 2D materials (such as
the twisted bilayer graphene [10,11]).

To characterize the topological behavior of 2NL-1
Pb,Bi,Tes, we calculate its Z, and edge states. The obtained
Z, =1 and the calculated edge state connecting the con-
duction and valence bands [Fig. 3(d)] indicate topologically
nontrivial behavior with a QSH effect in the 2NL-1 Pb,Bi,Tes
film. The topologically nontrivial band gap of 111.6 meV is
large enough to observe the QSH effect in experiments at
room temperature, which has already been carried out experi-
mentally in several systems, such as HgTe quantum wells [4]
and WTe; monolayer [57]. The origin of the QSH effect can
be ascribed to the vdW coupling of Te atoms between the two
NLs and large SOC in the film, which induce the decrease
of the band gap and further the band inversion. Therefore,
by stacking two 1NL Pb,Bi,Tes films into one bilayer film,
the system not only changes from an indirect band-gap semi-
conductor to a direct band-gap semiconductor, but also there
appears a topological phase transition from a trivial state to a
nontrivial state.

Whether the topological state appears in bilayer Pb,Bi, Tes
is closely related to the stacking orders and coupling strengths
of the two NLs. As shown in Table SI in the Supplemental
Material [55], the interlayer distances of the 2NL-2 and 2NL-3
Pb,Bi, Tes films are both larger than that of the corresponding
2NL-1 film, giving the weaker interlayer coupling strengths in
the 2NL-2 and 2NL-3 stacking orders. Our calculations show
that the weaker interlayer vdW interactions do not trigger a
topological phase transition in the corresponding systems, as
seen from Z, = 0 in Table SI in the Supplemental Material
[55]. At the interface of 2NL-2 Pb,Bi,Tes (Fig. S2(a) in the
Supplemental Material [55]), the Te atoms in the upper NL
are right above the Te atoms in the bottom NL. This stacking
order has the weakest vdW interlayer interactions, resulting
in the largest band gap in the material without SOC (Fig.
S2(b) in the Supplemental Material [55]). As displayed in
Figs. S2(b) and S2(c) in the Supplemental Material [55], the
valence band parities of 2NL-2 Pb,Bi,Tes do not change after
considering SOC. The calculated Z, = 0 and no edge states
connecting the valence and conduction bands (Fig. S2(d) in
the Supplemental Material [55]) also confirm a topologically
trivial semiconductor acquired for 2NL-2 Pb,Bi,Tes. At the
interface of 2NL-3 Pb,Bi,Tes (Fig. S3(a) in the Supplemental
Material [55]), the Te atoms in the upper NL are right above
the Bi atoms in the bottom NL. The band dispersions of
2NL-3 Pb,Bi,Tes without and with SOC (Figs. S3(b) and
S3(c) in the Supplemental Material [55]) are very similar to
those of 2NL-1 Pb,Bi,Tes [55]. Due to the larger band gap in
2NL-3 Pb,Bi,Tes than that of the 2NL-1 case, the SOC in the
2NL-3 system cannot cause the band inversion between the
VBM and CBM (Figs. S3(b) and S3(c) in the Supplemental
Material [55]). No topologically nontrivial edge states appear
in the film (Fig. S3(d) in the Supplemental Material [55]).
Therefore, like the 2NL-2 case, 2NL-3 Pb,Bi,Tes is also a
normal semiconductor. The topological behaviors with respect
to the stacking orders for 2NL Ge,Bi, Tes and 2NL Sn;,Bi, Tes
are like those of 2NL Pb,Bi,Tes. Namely, the largest

085428-4



STACKING-LAYER-TUNED TOPOLOGICAL PHASES IN ...

PHYSICAL REVIEW B 108, 085428 (2023)

(a) 1200T (b) 10— (C) 10
L "9
%100 o |
E 80 °\ * ]
E o\ Q Q
S B e\ O O 05
—cé 40 o\ B B
m 20 9
\/
of o
- . et - 0.0
0.00 0.05 0.10 0.15 0.20

€

e
n

ks 20)

k; (2m)

FIG. 5. (a) Band gap at the I" point around Ef vs the increase of the interlayer distance for 2NL-1 Pb,Bi,Tes. (b) and (c) give the Wannier
charge center (WCC) when ¢ are equal to 0.14 and 0.16 [marked in red in (a)], respectively.

interlayer interaction in the 2NL-1 film gives the smallest
band gap of the system without SOC. After SOC is turned on,
a band inversion between the VBM and CBM occurs in 2NL-1
M,Bi,Tes, triggering the topological phase transition. These
results clearly demonstrate that stacking orders can vary the
topological behaviors of layered materials. The dependence
of topological phases on the stacking order was also observed
in twisted bilayer systems, such as heterobilayers of massive
Dirac materials [28] and twisted bilayer Biy(Te;_,Sey )5 [29].
Hence, varying the stacking order may be an efficient tactic
to tune the band topology for vdW materials with small
band gaps.

Since the topological states of the bilayer M,Bi,Tes films
are sensitive to the coupling strength between the two NLs,
a topological phase transition is expected by changing the
interlayer distance. For 2NL Pb,Bi,Tes, with the gradual
increase of the interlayer distance of 2NL-1 Pb,Bi,Tes, the
band gap of this system first decreases and then increases,
as demonstrated in Fig. 5(a), where ¢ = (d — dy)/dp. In the
formula, dy and d indicate the optimized and tuned inter-
layer distances, respectively. When the interlayer distance is
increased by about ¢ = 0.155, the band gap is closed. Since
the parities of the VBM and CBM of 2NL-1 Pb,Bi,Tes are
opposite [Fig. 3(b)], the band inversion occurring in the sys-
tems with ¢ > 0.155 can induce a topological phase transition.
Figure 5(b) gives the WCC for the system with ¢ = 0.14,
which together with the calculated Z, = 1 confirms that the
system with ¢ = 0.14 is still a topologically nontrivial in-
sulator. However, when ¢ > 0.16, the obtained Z, = 0 and
the WCC evolution given in Fig. 5(c) indicate the system
has transformed into a topologically trivial insulator. Thus,
a strong interlayer vdW interaction is crucial to produce the
QSH effect in bilayer M,Bi,Tes.

Opposite to the 2NL-1 Pb,Bi,Tes film, the 2NL-2
Pb,Bi,Tes and 2NL-3 Pb,Bi,Tes films are both topologically
trivial insulators due to the relatively weak interlayer coupling
(Table SI in the Supplemental Material [55]). To obtain the
QSH effect in the latter films, we increase their interlayer cou-
pling by decreasing the interlayer distance. As illustrated in
Fig. S4(a) in the Supplemental Material [55], although the in-
terlayer coupling increases as the interlayer distance decreases
and the band inversion occurs (with ¢ ~ —0.10), no topolog-
ical phase transition happens in the 2NL-2 Pb,Bi,Tes film
owing to the same parities of the VBM and CBM in the system
(Fig. S2(c) in the Supplemental Material [55]). Differently, the
2NL-3 Pb,Bi,Tes film has the opposite parities of the VBM

and CBM (Fig. S3(c) in the Supplemental Material [55]).
When the interlayer distance is reduced with |¢| < 0.05, Z, =
0 as well as the WCC in Fig. S4(c) in the Supplemental Mate-
rial [55] indicates that the system is still a topologically trivial
insulator. When the interlayer distance is decreased with || >
0.10 (Fig. S4(b) in the Supplemental Material [55]), the band
inversion occurs, leading to a topological phase transition. The
Z, = 1 as well as the WCC in Fig. S4(d) in the Supplemental
Material [55] indicates that the 2NL-3 Pb,Bi,Tes film with
e = —0.10 is a topologically nontrivial insulator. Therefore,
tuning the interlayer distance is an effective tactic to induce
topological phase transitions in layered M,Bi,Tes films.

C. Topological oscillation effect

Due to the weak vdW interactions between the NLs, the 2D
multilayer M,Bi,Tes films can be relatively easily fabricated
in experiments by molecular beam epitaxial. We now explore
the electronic properties of the multilayer Pb,Bi,Tes films
with the most stable stacking order of ABC-ABC between
the two neighbor NLs. We find that there is an interesting
topological phase oscillation as the structure evolves from a
monolayer to multilayers. As shown in Fig. 6, the band struc-
tures of the multilayer Pb,Bi, Tes films are very similar to each
other after the film thickness is larger than 2NL. They are all
direct band-gap semiconductors with the VBM and CBM both
located at the I" point. Due to the quantum confinement effect,
the energy gap of the Pb,Bi,Tes film with SOC gradually
decreases with the increase of the film thickness (Table I).

By calculating the topological invariants of Z, and the edge
states (Fig. 7) of the 1-6NL Pb,Bi,Tes films, we find that,
as the film thickness increases, the QSH state first appears in
the 2NL system with the largest (111.6 meV) topologically
nontrivial band gap. When the film thickness increases, the
topological phase oscillation effect occurs as the film thick-
ness changes by 1NL. As illustrated in Fig. 7, there are 0, 2,
and 4 edge states connecting conduction and valence bands
in INL, 3NL, and 5NL Pb,Bi,Tes, respectively. Because the
number of edge states is even, an energy gap can appear in the
edge states under external disturbances. Therefore, these edge
states are not topologically robust. Dissimilarly, there are 1,
3, and 5 edge states connecting conduction and valence bands
in 2NL, 4NL, and 6NL Pb,Bi,Tes, respectively. Because the
number of edge states is odd, if the energy gap of the system
is not closed by the external disturbance, there will always
be edge states in the energy gap. The Er can always intersect
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FIG. 6. (a)—(f) Band structures of 1-6 NL Pb,Bi, Tes films with spin-orbit coupling (SOC), respectively.

the edge states by an odd number of times, indicating 2NL,
4NL, and 6NL Pb,Bi,Tes are topologically nontrivial. These
edge states are robust and protected by the topology of the
film materials. Thus, the topological behaviors of Pb,Bi, Tes
films have an interesting oscillation effect with respect to the
film thickness. The results of the energy gaps and the change
of Z, values of the 1-6NL Pb,Bi,Tes films as functions of
the film thickness are summarized in Fig. 8. Topological os-
cillation effects with different characteristics have also been
found in other vdW multilayers. For example, the topological

oscillation period in Bi;Se; films is 3 layers instead of 1 layer
[25]. If the band gaps in Ge;Bi,Tes and Sn;Bi,Tes (Table SI
in the Supplemental Material [55]) are large enough, we ex-
pect that the oscillation of the topological phases with respect
to the thickness may also occur.

As introduced in Ref. [27], bulk Pb,Bi,Tes is a strong 3D
TIL Thus, the CBM and VBM in 6NL Pb,Bi,Tes [Fig. 6(f)]
can be regarded as the topological surface states of the 3D
bulk Pb,Bi,Tes TI. The small band gap (5.7 meV) existing
in the 6NL Pb,Bi,Tes film will disappear with the increase

a b c
(@)  INL s (), 2NL o (©)y, 3NL
0.4 6
4 01 6 o005
0.2 4
< 4
3 2 0 0
UJT 0 2 2
0 0 -0.1 0 -0.05
-0.2 0
-2 -0.2 2 0.1
0.4 2
-4 -0.3
©)o,
6 6
0.05
4 4
0
2 2
0.05
0
0
-0.1
-2 = N
-2
X < r -— X X < r — X X < r — X

FIG. 7. (a)—(f) Energy and momentum dependence of the local density of states (LDOS) on the (1 1 0) surface of 1-6 NL Pb,Bi, Tes films,

respectively.
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FIG. 8. Band gaps and Z, values vs film thicknesses for the
Pb,Bi,Tes film. The pink curve indicates band gaps, and the blue
curve indicates Z, values.

of the film thickness. As far as the relationship between the
oscillating 2D topological invariant and the bulk invariant, it is
not a simple question. For example, the topological oscillation
effects with respect to the film thickness were also found in
Bi,Se; and Bi,Tes systems [25], whose bulks are both 3D
TIs. The characteristics of the topological oscillations for the
two films are, however, various. The former has an oscillation
period of 3 layers, while the latter has a period of 1 layer
(the same as that of the Pb,Bi,Tes film studied here). There
does not seem to be a straightforward rule for the relationship
between the 2D and 3D topological behaviors.

D. Theoretical model for the topological oscillation effect

To understand the topological phase oscillation as the
layer stacking changes, a conduction-valence band analytic
model Hamiltonian has been constructed. Since the topolog-
ical phase transition all happens with the band inversion at
I', we only discuss the Hamiltonian and the bands at I'. We
start with the Hamiltonian of single-layer INL, H; = (60” 2{),
where ¢, > 0 and €, < 0 are conduction and valence band
energies, respectively. For simplicity, the coupling of the con-
duction and valence bands is neglected, and their eigenwave
functions are used as the basis sets to build the Hamiltonian of

FIG. 9. Band inverse of the 2NL system. The + (—) represents
the band parity of even (odd). The bands in the shaded area are the
density functional theory (DFT) result [Fig. 6(b)].

TABLE II. Solutions of the 2NL system, by diagonalizing its
Hamiltonian.

Order Band energy Wave function Parity
Cl1 €+t 1,0,1,0 +
C2 € — 1t -1,0,1,0 -
V1 €, + ty 0,1,0,1 +
V2 € —ty 0,-1,0,1 -

multilayer cases. Only the coupling between the nearest vdW
layers is considered here. The parities of the conduction and
valence band wave functions are assumed to be even (denoted
as +), consistent with the trivial band structure of 1NL.

For the 2NL system, the Hamiltonian can be written as

e 0 1t O
0 e 0 ¢
Hz — v v ,
t. 0 € O
0 & 0 ¢

where . > 0 and ¢, > 0 are the nearest-neighbor coupling
strength for the conduction and valence bands, respectively.
Therefore, the Hamiltonians of the 3NL, 4NL, SNL, and 6NL
systems are 6 x 6, 8 x 8, 10 x 10, and 12 x 12 matrices with
similar forms, respectively.

In Table II, the solutions to the 2NL Hamiltonian are
shown. Due to the interlayer coupling, the conduction band
splits into two bands: C1 and C2. The case is similar for the
valence band. In Fig. 9, when €, + 1, > €. — 1., V1 with even
parity + goes up in energy and finally lies above Ef, while
C2 with odd parity — moves down in energy and lies below
Eg. This band inversion leads to the nontrivial topology of
Z, = 1 for the 2NL system. If there is no such band inversion,
it is adiabatically equivalent to simple stacking of two single
layers of Z, = 0, which is obviously topologically trivial.

For the 3NL system, the model Hamiltonian gives out a
similar solution, listed in Table III. In Fig. 10, from the con-
dition that satisfies 2NL being topologically nontrivial, there
must have ec—\/itc <€ —l. <€+t <€+ \/Etv. There-
fore, the C3 energy level moves down and inverts with V1

Vi

C3

FIG. 10. Band inverse of the 3NL system. The red + (—) repre-
sents the band parity of even (odd). The bands in the shaded region
are the density functional theory (DFT) result, taken from Fig. 6(c).
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TABLE III. Solutions of the 3NL Hamiltonian.

TABLE V. Solutions of the SNL Hamiltonian.

Order Band energy Wave function Parity Order  Band energy Wave function Parity

Cl € + V21, 1,0,42,0,1,0 + Cl € + V31, 1,0,4/3,0,2,0,4/3,0,1,0 +

c2 E:[ —1’07\0[707170 - c2 €t ~1,0,-1,0,0,0,1,0,1,0 -

C3 €.—/2t, 1,0,—+2,0,1,0 +

¢ ¢ > 7 C3 ¢ 1,0,0,0,—-1,0,0,0,1,0

Vi € + 21, 0.1,0,4/2.0,1 + € *

V2 € 0.—1.0.0.0.1 _ C4 €. — I, -1,0,1,0,0,0,—-1,0,1,0 —

V3 €,—~/2t, 0,1,0,-+/2,0,1 + cs €c—~/3t, 0,-+/3,0,2,0,—+/3,0,1,0 +
Vi € + /31, 0,1,0,+/3,0,2,0,+/3,0, 1 +
V2 €, + 1, 0,-1,0,-1,0,0,0,1,0,1 -

(Fig. 10). Compared with simple stacking of three layers of

. . > . V3 €, 0,1,0,0,0,-1,0,0,0,1 +

Z, = 0, the band inversion of C3 and V1 with even parity does

not change the topology, and 3NL is in the trivial topological V4 €~ h 0,-1,0,1,0,0,0,-1,0,1 -

state of Z, = 0. Vs =3, 0,1,0,-v3,0,2,0,—3,0,1  +

For the 4NL system, considering the limitation of the 2NL

case, Ec_#tc <€ —t, <€+t <€+ ‘[’thv, we can

also have C4 with parity — and V1 with parity + inverted
(Table IV). To realize Z, = 1 for 4NL, C3 and V2 with op-
posite parities should not invert. Thus, there is an additional

limitation €.— ‘f Vol s e, + f ¥3=lp With a similar analysis
for SNL, we can easily find C4 C5 with parity —, + invert
with V1, V2 with parity +, — (Table V). This band inversion
does not change the total parity of valence bands compared
with the simple stacking system, and SNL is of Z, = 0.

The Hamiltonian of 6NL is much more complex and has no
analytic solution, so we solve it numerically. Without loss of
generality, we assume €, = —€, = 1, f. =1, = 57‘ From the

above analysis, r should satisfy @ < r < 1 to reproduce
the topological states of 2-5NL cases. However, we find that
r should be 0.01 < r < 0.45 to reproduce the first-principles
calculation of the 6NL case. There is no same set of these
parameters to reproduce all six cases. The proposed effective
mode Hamiltonian might be oversimplified as the thickness
increases. Here, 6NL is quite thick and close to the 3D bulk
feature. Its band gap is very small (~5 meV), and it is much
closer to the 3D topological phase transition point than the
thinner cases. Thus, its topological state is sensitive to details
for the first-principles calculation, such as the relaxed inter-
layer distance and atomic positions in layers. On considering
these facts, we believe that this effective model is quite good
and has revealed the underlying physical mechanism for the

TABLE IV. Solutions of the 4NL Hamiltonian.

Order Band energy Wave function Parity
C1 e+ Ly, 1,0, Y2t 0, Y2t 0 1,0 +
C2 €+ L1 ~1,0, -2 0, 5L 0,1,0 -
c3 e~ 1,0, =¥ 0,51 0,1,0 +
c4 e—Lty,  —1,0,¥2 0, —¥2H 0,1,0 _
\4! €, + Ly, 0,1,0, ¥2t1 o, ¥Zt1 0 +
V2 ev—l-gtt 0,—1,0,—¥5-1 0, ¥3-1 0,1 -
V3 (L1, 0,1,0, -0, 51 0, 1 +
V4 e,—Ltls,  0,-1,0, 2t 0, —¥2H 0,1 -

topological phase oscillation with thickness. We realized that
there are some other assumptions for parameters in this model
Hamiltonian, which have been discussed in the Supplemental
Material [55]. The one discussed in this paper is better to be
consistent with first-principles results.

IV. CONCLUSIONS

In this paper, we investigate the topological properties
with respect to the stacking orders and film thicknesses of
the layered M,Bi,Tes (M = Ge, Sn, Pb) materials. We find
that monolayer M,Bi,Tess are all indirect band-gap semicon-
ductors, and the multilayer structures are all direct band-gap
semiconductors. The bilayer M;Bi,Tes (M = Ge, Sn, Pb)
films with the most stable stacking orders of ABC-ABC are
all TIs because of the effective parity inversion. Due to the
strong SOC, bilayer Pb,Bi,Tes has a band gap of 111.6 meV,
which is large enough to observe the QSH effect and stacking-
order-related properties in experiments at room temperature
in the systems. The 2NL-3/2NL-1 Pb,Bi;Tes films can
become topologically nontrivial/trivial insulators by short-
ening/enlarging the interlayer distance. Very interestingly,
Pb,Bi,Tes films are found to have unique topological phase
oscillation effects as the film thickness increases, rationalized
by the proposed nearest-neighbor interlayer coupling model.
In this paper, we provide an excellent material platform for
the experimental realization and tuning of the QSH effect.
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