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Three-dimensional obstructed atomic insulators (OAls) are characterized by the appearance of floating
surface states (FSSs) at specific surfaces. Benefiting from this feature, our study here shows the presence of
abundant surface-semimetal phases in 3D OAls. The symmetries of obstructed Wannier charge centers ensure
the degeneracy of such FSSs at high-symmetry points or invariant lines in the surface Brillouin zone. Utilizing
topological quantum chemistry theory, we identify a carbon allotrope with a body-centered tetragonal structure,
named bct-Cy, as an ideal candidate for realizing different kinds of surface-semimetal phases. For the (001)
surface of bct-Cy, there are four in-gap FSSs, and these four FSSs form two kinds of surface Dirac cones,
i.e., topological Dirac cones with linear dispersion and symmetry-enforced quadratic Dirac cones. The band
topology of a surface Dirac cone is captured by the effective surface Hamiltonian and the emergence of hinge
states. Moreover, the existence of the surface-nodal-line state is also discussed. This work reports an approach to
obtain d-dimensional semimetal phases from the surface states of (d + 1)-dimensional systems, which is of great
significance for the studies in revealing topological states and their practical applications in high-dimensional

crystals.
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I. INTRODUCTION

Two-dimensional topological semimetal states enabled by
crystalline symmetry are currently one of the most active
research areas in condensed-matter physics [1-10]. Such
semimetals are characterized by band topology protected band
nodes with distinct energy dispersion, degree of degeneracy,
and the dimension of the degeneracy manifold [11-15]. Sys-
tems with topologically nontrivial band nodes are proposed
to possess many exotic physical properties such as ultrahigh
carrier mobility [16—19], half-integer quantum Hall effects
[20-23], large diamagnetism, and electromagnetic duality
[24,25]. Thus, such systems are regarded as potential candi-
dates for the next-generation quantum information technology
revolution [1,26-29]. Nevertheless, the experimental research
on two-dimensional (2D) topological states lags behind the
theoretical one seriously [3,20-22,30-32]. The limited num-
ber of experimentally synthesized 2D topological materials,
the non-negligible spin-orbit coupling, and the inevitable cou-
pling to the substrate are the main reasons for this status quo.
Therefore, achieving high-quality 2D topological semimetal
states remains an ongoing question that needs to be addressed
urgently.

Most recently, with the developing of topological quantum
chemistry [33,34], symmetry indicator [35-38], real space
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invariant (RSI) [39,40], and related theories [41,42], the rapid
developments in revealing the link between the emergence
of quasiparticles and symmetry constraints are witnessed by
both the physics and the materials science communities. These
theories have undoubtedly made a major breakthrough in re-
vealing the band degeneracy in the bulk states of 2D systems.
In addition to the bulk state, we realize that it is feasible to
realize d-dimensional semimetal states in the surface states
of (d + 1)-dimensional obstructed atomic insulators (OAls)
[43,44] or unconventional materials [45]. In particular, the
OAl is featured by the mismatch between Wannier charge cen-
ters and atom-occupied Wyckoff positions (WPs) [39,40,46].
Thus, this kind of nontrivial phase can be effectively diag-
nosed as an insulator whose band representations (BRs) can
be expressed as a sum of elementary BRs with a necessary one
induced by orbitals locating at the empty position W. W de-
notes the obstructed Wannier charge centers (OWCCs), which
can be easily identified by RSI theory. Presently, various novel
properties in OAIs have been proposed in both theoretical and
experimental research, such as electrodes [47], catalysis [40],
large shift current [48], superconductivity [49], and beyond
[43-45,50-52]. Most importantly, with cleavage terminations
cutting through OWCCs, floating surface states (FSSs) could
appear within the bulk gap [43,45,50]. However, it is still
unclear whether the 2D quasiparticles could emerge in the
surface states of 3D OAIs and, if so, which system would be
a candidate.

Here, we put forward a strategy to explore abundant 2D
quasiparticles on surfaces of a 3D OAI. Due to the map from
the 3D space group to the 2D layer group, we first elucidate
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FIG. 1. The sketch plot of an atomic insulator (a) and an OAI (b).
The atom-occupied position and the OWCC are represented by the
spheres in black and white, respectively. (c) There is no surface state
in the bulk gap when the atomic insulator is cleaved. (d) When the
OWCC is exposed on the surface, the 2D semimetal state emerges
potentially. The cleavage terminations discussed in panels (c) and
(d) are represented by the red dashed line in panels (a) and (b).

that the 2D quasiparticles originate from a surface lattice
formed by orbitals at OWCCs, whose symmetry guarantees
that the FSSs degenerate at high-symmetry points or invariant
lines in the surface Brillouin zone (BZ). We further show
by first-principles calculations that a carbon allotrope, i.e.,
bct-Cyg, can achieve our proposal. The energetic, mechanical,
dynamical, and thermodynamic stability of bct-Cyg are all ver-
ified. We reveal that the electronic band structure of bct-Cyg
has a wide band gap (> 1eV), which was proved to belong to
the OAI phase. Four in-gap FSSs appear at the (001) surface.
One can simultaneously observe a topological Dirac cone with
linear dispersion and a symmetry-enforced quadratic Dirac
cone formed by these four FSSs. The symmetry protection
mechanism of these surface Dirac cones is detailed discussed.
The topology feature of the topological surface Dirac cone is
depicted by the appearance of a hinge state and an effective
surface Hamiltonian.

II. ARGUMENT TO REACH 2D TOPOLOGICAL
SEMIMETAL PHASES

We start with an intuitive argument to elucidate the phys-
ical mechanism of how to reach the 2D semimetal phase in
the surface states of 3D OAIls. Here, we ignored the spin-
orbital couplings, a similar argument could be extended to
the spinful case. As schematically shown in Figs. 1(a) and
1(b), in sharp contrast to atomic insulators, there are some
orbitals pinned at the OWCCs in OAIs. When cleaved with
these orbitals exposed on a specific surface, there would be
FSSs as shown in Fig. 1(d). Physically, if the total number
of orbitals exposed on the surface is odd, the emerging FSSs
would be metallic, which is referred to as a filling anomaly
[62]. As a comparison, when the number is even, each valence
band is fully occupied. Then, there are two potential cases
where we can find 2D quasi-particles: Case-I: two FSSs de-
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FIG. 2. Crystal structure of three-dimensional bct-Cyg.
(a) Bird’s-eye and side views of the conventional unit cell for
bct-Cy with a space group of P4/mmm (No. 123). In this plot,
different colors denote different Wyckoff positions. (b) The BZ and
the corresponding (001) surface BZ of bct-Cy. (c) Energy versus
volume of bct-Cyy and other carbon analogs, i.e., cubic diamond,
graphite, T-carbon [53], bct-Cy, [54], bet-Cig [55], bet-Cyg, beo-Cig
[56], fco-Cg [57], bet-Cyp [58], oP-Cyy [59], Pentagon Carbon [60],
and Opl6 [61] are also shown for comparison. (d) The phonon
spectrum of bet-Cyg.

generate at the high-symmetry point K; in the surface BZ and
form a 2D irreducible representation of the little group at K;
Case-II: with the additional crystalline symmetry (e.g., mirror
symmetry that is normal to the surface) that survived in the
surface, there naturally would be symmetry (mirror)-protected
2D semimetal states when two FSSs with opposite symmetry
eigenvalues cross on the symmetry (mirror)-invariant line in
the surface BZ. The 2D nodal line state formed by surface
states of OAIs and constrained by the nonsymmorphic sym-
metries is briefly discussed in Sec. V. In this work, both of the
two cases are verified in bct-Cy.

III. THE STRUCTURE, STABILITY, AND ELECTRONIC
PROPERTIES OF bct-C,

The crystalline structure of bet-Cyg is shown in Fig. 2(a).
This system comprises 20 atoms arranged in a body-centered
tetragonal structure with the space group P4/mmm (No. 123).
The optimized lattice constants are a = b = 5.202 A and ¢ =
5.578 A. The carbon atoms in this system are distributed over
three inequivalent WPs, i.e., 40 (1/2,x,1/2), 8¢ (x, 1/2, 2),
and 87 (x, x, z). As shown in Fig. 2(a), the unit cell of bct-Cyg
is composed of four- and five-sided rings, and the adjacent
cells are connected by hexagonal rings.

Here, we verify the energetic, mechanical, dynamical,
and thermodynamic stability of bct-Cyy. Comprehensive and
detailed data supporting stability are available in the Sup-
plemental Material (SM) [63]. As shown in Fig. 2(c), the
total energies of different carbon analogs are obtained. The
energy minimal —8.67 eV /atom of bct-Cy is less than that
of T-carbon [53], bct-Ci¢ [55], and fco-Cg [57]. However,
it is higher than that of graphite, diamond, bct-Cyg, bct-C»,
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FIG. 3. (a) Projected band structure and density of states of
bet-Cyg, which is projected to s, p, + p,, and p, orbitals. The insets
are the symmetry eigenvalues for mirror symmetries m,, ., in which
the red line denotes the eigenvalue of —1 and the blue line denotes the
eigenvalue of +1. Thus, the band crossings in the k., . = 0, 7 plane
are protected by mirror symmetries. (b) The schematic diagram of
the nodal cage in the momentum space of bct-Cyg. (¢) The position
of the obstructed Wannier charge center of bct-Cy is colored in
red. (d) The semi-infinite (001) surface of bct-C,y with the OWCCs
exposed on the surface. In this plot, only the OWCCs on the surface
are shown. (e) Four FSSs are highlighted in blue within the energy
windows [—1eV, 2.5 eV]. (f) The band structure of the effective
surface Hamiltonian. The four floating bands F'Sy_; 134 are plotted
in black, green, red, and blue, respectively.

oP-Cyy, bco-Cjg, and Pentagon Carbon [54,56,58-60]. The
cohesive energy listed in Table S1 [63] also shows that bct-Cyg
has cohesive energy lower than that of some reported carbon
analogs, e.g., T-carbon [53], bct-Ci¢ [55], and fco-Cg [57],
which indicates the energetic stability of bct-Cyg. To our best
knowledge, the energy of T-carbon is highest among these
carbon allotropes. Fortunately, it was synthesized in 2017
and 2020 [64,65]. Thus, it is promising to synthesize bct-Cyg
experimentally. The mechanical stability is confirmed by the
independent elastic constants that satisfy the Born mechanical
stability for the orthogonal crystal [63,66]. The dynamical
stability of bct-Cyg can be reflected by the phonon spectrum.
As shown in Fig. 2(d), the phonon branches of bct-Cyg have no
imaginary frequency in the whole BZ. The Ab initio Molec-
ular Dynamic (AIMD) simulations with a 10-ps timescale
at T = 300K demonstrate the thermodynamical stability of
bet-Cyp.

The calculated electronic bands of bct-Cyg along the high-
symmetry lines in BZ are shown in Fig. 3(a). The projected

bands and density of states predict that the states near the
Fermi level are dominated by the E,, i.e., px + p, orbitals of
carbon atoms that occupy the Wyckoff position 8r (x, x, z) of
bet-Cyg, as shown in Fig. S2(a) of the SM [63]. Moreover, it
is obvious that there are many band crossing points along the
high symmetry lines, e.g., I'-X, I'-M, and Z-R. By carefully
checking, we find that the band crossings in the whole BZ
form a nodal cage, as shown in Fig. 3(b). We discuss the
features in detail, e.g., the shape of the cage and the band
topology of the nodal cage phase, in the SM [63]. Here, we
show the projected local density of states for the (001) surface
in Fig. 3(e). As shown in Fig. 3(e), there are many surface
states with floating characteristics in the projected local den-
sity of states of the (001) surface, which we discuss in the next
section.

IV. THE ABUNDANT SURFACE DIRAC CONES
FOR THE OAI PHASE

Here, we prove that the FSSs on the (001) surface derive
from the nontrivial topological phase, i.e., obstructed atomic
insulator phase of the gap in the energy windows [1 eV,
2 eV]. The number of occupied bands, i.e., Nocc, correspond-
ing to the energy gap is 41. More importantly, for the first
time, we show that the OAI phase provides an opportunity
to achieve surface Dirac cones with different dispersion and
band topologies. Specifically, in bct-Cyy, we found that, due
to the gap being in the OAI phase, there are two kinds of
symmetry-restricted surface Dirac cones: topological Dirac
cones with linear dispersion and symmetry-enforced quadratic
Dirac cones.

To verify the band topology of the gap, here, we recall
the definition of RSI [39,40,63]. Based on the band repre-
sentation, RSI is defined at the specific Wyckoff position W.
Nonzero RSI at W indicates that there are orbitals pinned at
W. For the WP 4 whose site group is C»,, highlighted by red
balls in Fig. 3(d), the Z type RSI is written as

3(j) =) m(B;) — mA) = =2, M

i=1,2

where the integer m(p,,) means the multiplicity of the irre-
ducible representation p,, that is defined at WP 4. The RSI
8(j) = —2 implies that there are at least two orbitals, e.g.,
two s orbitals that are pinned at the unoccupied 4j Wyckoff
position. Thus, the gap with No.. = 41 is in the OAI phase.
As shown in Figs. 3(d) and 3(e), some FSSs occur when the
OWCC:s of the system are exposed on the (001) surface. It is
worth noting that, the band connection of the FSSs is restricted
by the symmetries that are maintained in the semi-infinite
system with the open boundary condition applied for the [001]
direction, as shown in Fig. 3(d). One observes in Fig. 3(e) that
there are four visible floating surface bands within the energy
windows [—1eV, 2.5 eV]. These four bands are labeled as
F Si—1.2.3.4 ordered by energy at X and highlighted in different
colors, i.e., black, green, red, and blue in Fig. 3(f). There are
two kinds of band crossings formed by FSSs at M, T, and the
high-symmetry line A, i.e., [ X. Here, we analyze the band
dispersion and band topology of the two kinds of band cross-
ings. The symmetries preserved in the semi-infinite system
form a subgroup of P4/mmm, i.e., PAmm (No. 99). And, the
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OWCC is exactly at the 4d (x, x, z) WP of P4mm. Based on
the nonzero RSI, we put s orbitals at the 4d WPs of P4mm and
construct an effective surface tight-binding Hamiltonian (see
the derivation and the explicit expression of this Hamiltonian
in the SM [63]). With appropriate couplings considered, as
shown in Fig. 3(f) and the SM [63], the band structure of
the effective surface Hamiltonian keeps in good agreement
with that obtained by the Wannier function and shown in
Fig. 3(e).

Here, we provide a comprehensive symmetry analysis and
low-energy effective models to gain a thorough understanding
of the presence of the doubly degenerated point located at
M. The generating elements of the space group P4mm are
fourfold rotation symmetry CIZ, mirror symmetry m,, and

time-reversal symmetry. Significantly, the little group at M has
a 2D single-valued irreducible representation. By the calcula-
tion of the eigenvalues of symmetries, we get that the little
group representation of the band crossing formed by F'S, and
FS3 is Ms. Here, the band representation is written in the
BCS convention [67]. Thus, this band degeneracy is symmetry
enforced. To build an effective model, the basis state is chosen
as ¥y ={|lm=1),|m = —1)}, with m being the eigenvalue
of my. Under this basis, the matrix representations of m,
and 7 read

D(my) = 0y, D(T) = _GOIC9 (2)

where oy is the 2 x 2 identity matrix, o; (i = x, y, and 2) is
the Pauli matrix, and KC is the complex conjugate operator.
Further, required by the following algebra

myyy =1, [mem]=0, mm,=(CfP=-1, 3
one can chose D(Cjz) = ioy. The effective Hamiltonian Hy;(k)
with this 2D band representation is required to satisfy
D(O)Hzz(O~'k)D~'(O) = Hy;(k). Hence, yielded by these
symmetries, the explicit form of the minimal effective model
is

Hy(k) = ¢ (k] — k)0 + cakikyo. )

The absence of the linear function of k., in Eq. (4) indi-
cates that the dispersion of band crossing at M is quadratic.
Similarly, for the band crossing formed by FS; and FS, at
T, since the little group representation is I's, the crossing is
also described by Eq. (4), which indicates the quadratic band
dispersion and same symmetry protection mechanism as that
at M. When we turn to the band crossing on A which is formed
by FS3 and F Sy, the obtained little group representations of
F S5 and F' Sy at an arbitrary k point are Aj and A,. Due to A
and A, carrying the opposite eigenvalues of mirror symmetry
myo, the band crossing on ‘A is mirror protected and exhibits
linear dispersion, as schematically shown in Fig. 4(a). It is
known that the mirror-protected linear band crossings in the
2D system possess nontrivial band topology. When clipped
into a 1D nanoribbon, the characteristic edge state connecting
projected points is in expectation, as schematically shown in
Fig. 4(a). To verify this point, the energy spectrum of 1D
bct-Cy with the periodicity along the x direction maintained
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FIG. 4. (a) The schematic diagram of the abundant surface Dirac
cones, i.e., quadratic Dirac cones at I and M and linear Dirac cones
at A. The different colors of the Dirac cones represent different
FSSs corresponding to those in Fig. 3(f). For a 1D nanoribbon, there
will be hinge states (highlighted in orange) connecting the projects
of linear surface Dirac cones (denoted by the red crosses). (b) The
edge states of the effective surface Hamiltonian, which indicates the
existence of the hinge state in bct-Cyg.

is obtained and shown in Fig. 4(b). One observes that the
emerging edge states indicate the system possesses metallic
hinge states in bet-Cyg.

V. DISCUSSION AND SUMMARY

In summary, we established a connection between the
realization of 2D quasiparticles and the 3D OAI. The 2D topo-
logical states are protected by the symmetries maintained on
the surface. Based on first-principles calculations, we realized
our proposal in a funnel-like carbon phase bct-Cyp, which
possesses the structure, energetic, dynamic, and thermal sta-
bilities. The calculated electronic structure and the symmetry
analysis suggest that bct-Cyy possesses a nodal cage near
the Fermi level. More importantly, we found a huge band
gap with OAI band topology in the conduction band. When
the OWCCs are exposed on the (001) surface, there will be
four in-gap FSSs. The dispersion and band topology of the
surface states are restricted by the symmetries maintained on
the surface. Due to the large band gap, clean surface states and
rich symmetries preserved on the surface of bet-Cy, abundant
surface Dirac cones are allowed to be verified in bct-Cyy, i.€.,
the symmetry-protected quadratic surface Dirac cones at T’
and M and topological linear surface Dirac cones on the high-
symmetry line A. The band topology of the linear surface
Dirac cone is verified by the hinge state. Furthermore, carbon
is a light element and has negligible spin-orbital-coupling
strength. Thus, these results shown in our manuscript can be
extended to bosonic systems, which could be validated by
optical or acoustic experiments.

We admit that the OAI gap in bct-Cyy is in the conduction
band, which would be an obstacle to the relevant experimental
verification. Fortunately, the new progress obtained in the
field of OAIs or unconventional materials makes the intrinsic
OAI with 2D quasiparticles in FSSs accessible [43,45]. On
the other hand, the emergence of the main interesting results
of our work is beneficial from the featured FSSs. Naturally,
the FSSs can form nodal line states. In the bulk states of a
2D or a 3D system, the nodal line could be protected by a
combination of inversion and time-reversal symmetry P7,
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mirror symmetry M, or nonsymmorphic symmetry O. As for
the surface of a 3D system, both P and M parallel to the
surface are destroyed. Hence, there would only be a @ pro-
tected nodal line on the surface of 3D OAIs. Our work would
absolutely inspire interest in research concerning revealing the
2D topological states, e.g., the quantum spin Hall effect, the
nodal line state, and topological flat bands in the FSSs of a
higher-dimensional crystal.
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