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We consider electron-hole Cooper pair condensation in a heterostructure formed by a topological insulator
(TI) film and a quantum well. We argue that the helical nature of the Dirac electronic states at the TI surface
results in the presence of two competing degenerate pairing channels. The corresponding paired states have an
unconventional symmetry in the order parameter describing the Cooper pair condensate, can be classified by the
topological Chern invariant, and are topologically distinct. We discuss possible manifestations of the nontrivial
topology, including the formation of chiral states at the domain walls separating two distinct states, quantized
anomalous transport phenomena, and connections with chiral topological superconductivity.
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I. INTRODUCTION

In recent years, there has been growing interest in the
topological states of matter, including topological insulators
(TIs), semimetals, and superconductors [1-3]. These
materials host robust and unconventional surface electronic
modes that have excellent prospects for energy-efficient
electronic and spintronic devices. Majorana modes in intrinsic
or engineered topological superconducting setups [4,5] can
potentially be applied as key elements for fault-tolerant
quantum computation.

Electron-hole Cooper pair condensates [6,7] are very close
relatives of superconductors and can be driven by attrac-
tive Coulomb interactions in various closely spaced bilayer
systems [8-23] (see Ref. [24] for a review). Until recently,
condensation has been observed only in the presence of a
strong magnetic field that quenches the kinetic energies of
electrons and holes and drastically enhances the effects of
Coulomb interactions [25]. Some signatures of condensation
[26] have been reported via tunneling and Coulomb drag
probes in double-bilayer graphene [27,28], MoSe,-WSe; het-
erostructures [29], bilayers based on GaAs/AlGaAs quantum
wells (QWs) [30-32], and the hybrid bilayer formed by a
GaAs/AlGaAs QW and graphene [33].

An electron-hole Cooper pair condensate can also be topo-
logical if its order parameter has an unconventional symmetry
(e.g., px £ ipy-wave states). Such states can be stabilized via
interlayer tunneling in heterobilayers [34,35], where the wave
functions for electron and hole states are of different parities.
However, interlayer tunneling also fixes the phase of the order
parameter, and the resulting condensed state is a correlated TI
rather than a superfluid.

In this paper, we predict topological electron-hole Cooper
condensate states that can be stabilized in the hybrid TI-QW
heterostructure sketched in Fig. 1(a). We argue that the
helical nature of the Dirac electronic states at the TI surface
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results in the presence of two competing degenerate Cooper
pairing channels. The corresponding paired states have
an unconventional symmetry of the order parameter, can
be classified by the topological Chern invariant, and are
topologically distinct. We discuss possible manifestations of
nontrivial topologies, including the formation of chiral states
at the domain walls separating two distinct states, quantized
anomalous transport phenomena, and connections with chiral
topological superconductivity.

II. MODEL

The hybrid bilayer formed by the TI-QW heterostructure
and the corresponding arrangement of the electronic bands
are sketched in Figs. 1(a) and 1(b). In this paper, we develop
a minimal generalization of the Bardeen-Cooper-Schrieffer
(BCS) theory that properly accounts for the helical nature
of Dirac electrons at the TI surface. Because the Dirac elec-
tronic spectrum is gapless and does not favor the formation
of excitons by electrons and holes, this approach properly
describes the phenomenology of condensation in the weak- to
moderate-coupling regime (see Appendix A for an extended
discussion).
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FIG. 1. (a) Schematic of the heterostructure formed by a topo-
logical insulator (TI) film and a GaAs quantum well (QW). Carriers
in the two layers are induced either by gating or by a doping layer
(not shown in the sketch). (b) The low-energy band structure of the
system includes Dirac conduction (Dc) and valence (Dv) bands as
well as a parabolic valance band (h) corresponding to holelike states
in the QW.
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The Dirac surface states in the TI have a spin degree
of freedom and are described by the field operator Y =
{4, ¥, }. Their kinetic energy is given by

Ap = /dzr Y (0)(velo x pl. — vepr)¥p(r). (1)

The Fermi level is assumed to be in the Dirac conduc-
tion band, and the corresponding dispersion of electronic
states is linear, &5 = ve(p — pr), with velocity v. and
Fermi momentum pg. The helical nature of the Dirac
electrons is encoded in their spinor wave function, |p) =
{exp(—igy/2), iexp(i¢p/2)}T/\/§, where ¢, is the polar an-
gle for the electron momentum p.

In the adjacent QW, there is a deficit of holelike states.
These states follow a conventional parabolic dispersion law
83 = —p2 /2my, with mass my and can be described by the
field operator 5. Their kinetic energy can be presented as

_ 2 0t P P’
Hs = | d°ri (r) 2m 2mn Yn(r). (2

The Fermi momentum for the holes is assumed to match
the electronic momentum pg that gives the most favorable
condition for electron-hole Cooper pairing. Due to the spin
degeneracy of holes, only one of two species participates in
the Cooper pairing and is explicitly considered, while the
other species remains intact.

Cooper pairing between electrons and holes is driven by
the attractive Coulomb interactions between them, which can
be approximated by the contact pseudopotential V [36] as

= / e S——E

We omit the intralayer repulsive interactions because their
main effect results in a renormalization of the dispersion rela-
tions for electrons and holes.

Before presenting the BCS-like mean-field theory for the
paired state, it is instructive to discuss the corresponding
Cooper pair problem.

III. COOPER PAIR PROBLEM

The formation of an electron-hole bound state with the
restriction of using only states outside the Fermi seas can be
described by the following eigenvalue problem:

(&5 —&0)Co — D VAppCy = EG,. )
[p'|>pr

The linear slope of the Dirac dispersion is of little importance
because the quadratic curve for holes can also be approx-
imated as linear in the vicinity of the Fermi level &l}} =
—vh(p — pr), with v, = pg/my. In contrast, the helical nature
of Dirac states plays a critical role, is manifested via the
overlap of the spinor wave functions:

Apy = {cplep’) = cos (“%) 5)

and shapes the Cooper pairing channels. In the conventional
case (e.g., QW-QW bilayer with Apy = 1), contact interac-
tions drive Cooper pairing only in the s-wave channel. In
the hybrid case, there are two degenerate competing channels

with angular numbers [ = :I:%. The corresponding binding
energies are equal to each other and are given by Ecp =
2vopo exp[—2/A]. Here, A = vgV/2 is the coupling constant,
vo = (Ve 4+ vn)/2 is the average velocity, vp = pp/2 i vy is
the effective density of states at the Fermi level, and py < pr
is the momentum cutoff for pairing correlations.

The presence of the two pairing channels hints at com-
petition between the two distinct paired states, which can be
described using the generalized BCS theory.

IV. MEAN-FIELD THEORY

A. Mean-field theory and order parameters

In the mean-field theory, the Hamiltonian of the system
decouples as

& ¢ 2(1A4 12 4+ 1A 1)
H= / d2r[thH§’§G\th - % )

Here, \iJDh {wD, Yy}, and H, dG is the Bogoliubov—de
Gennes (BdG) Hamiltonian given by
V2A

N ve[o X pl; — vepr
Dh e z
HBdG = < 2

V2AT P p_'>' 7

2my 2my,

The order parameter for the Cooper pair condensate has
two components A= {A4, A}, which describe the selec-
tive pairing correlations with Dirac electrons with different
spin projections as A(r) = —V(wg(r)vﬁD(r))/ﬁ. In the
considered weak- to moderate-coupling regime, |Ay)| <
Ve PF, UnpPr, the pairing correlations do not extend to the
remote Dirac valence band, and this band is of minimal impor-
tance. It is instructive to perform a unitary rotation to the Dirac
band basis and truncate the valence band, i.e., Hoh, — Hgh,
and WUp, — Wg,. The resulting BAG Hamiltonian is given by

N & Ay
%&=(i v ) ®)
Ay &
As hinted by the Cooper pair problem, the order parameter

Ap = exp <i%> Ay —iexp <—i%>A¢ )

has two angular harmonics with [ = :I:%. These two channels
correspond to the selective spin-resolved pairing correlations,
and the degeneracy between them is protected by time-
reversal symmetry.

The Cooper pairing mixes electron and hole states from
different layers. The dispersions for the resulting Bogoliubov

quasiparticles are given by
2
%—e _ %-h
( s IR L V)

L5+
er =
P 2

where |Ap] is given by
|ApI? = [A4 P + AP = 2| A4 [|A | sin(gp — ).

Here, @ is the relative phase for two order parameters. Due
to the asymmetry of the dispersion relations v, # vy, the ex-

trema for the dispersion curves 83: are shifted from the Fermi
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FIG. 2. Dependence of the condensation energy on the magni-
tude of the order parameters |A;(,)|. As we discuss in the text,
there are two degenerate minima corresponding to the solutions
A ={A,,0}and A = {0, Ay}, while the coexistence of the two order
parameters is energetically unfavorable.

momentum pg, and the resulting gap is indirect and reduced
to 2A%, where A5 = |Ap|,/vevn/v3.

In general, the angular profile of the gap is asymmetric,
and its orientation is determined by the relative phase &.
The magnitude of |Ap| smoothly changes between the val-
ues of |[|A| £ |A_]|| achieved at ¢, = © £ 77 /2. As a result,
the state with the coexisting order parameters spontaneously
breaks the rotational symmetry and can therefore be inter-
preted as a nematic electron-hole Cooper pair condensate.
However, if either of the two order parameters vanishes, the
rotational symmetry is restored.

The self-consistency equation for the order parameter

ne(e,) — ne(ey)
Ap =ZVAN,,TAP, (11)
P P P

includes the same factor Apy as the Cooper pair problem,
Eq. (4). At zero temperature, two solutions A = {A¢, 0} and
A =1{0, Ao}, with Ag = 2vypyexp[—1/A], can be readily
identified and correspond to two distinct isotropic paired
states. To rule out the nematic paired states, it is instructive
to address the energetics of the Cooper pairing in more detail.

B. Energetics

The condensation energy &£ is given by the difference
between the ground-state energies of the paired and normal
states, as evaluated in Appendix B. This energy depends only
on the magnitude of the order parameters | A4/, not on their
relative phase @ (the phase ® determines only the orienta-
tion of the angular profile for the order parameter A). The
corresponding dependence is presented in Fig. 2 and shows
two minima of the same depth. For each minimum, one of
the two order parameter amplitudes vanishes, which implies
that the nematic electron-hole Cooper pair condensation is
energetically unfavorable. This behavior is also encoded in the
Ginzburg-Landau (GL) functional for the free energy density,

which is evaluated in Appendix C and is given by
For (1Al 18D = a( A4 + 1A, P)
b
+ E(lAle + 1A 1P + 26| AP 1A P (12)

Here, b > 0, and a switches its sign at the critical temper-
ature of condensation. The last term describes the repulsive
interactions between the order parameters, which inhibit their
coexistence.

C. Estimations

For the massless surface Dirac states, we choose ef ~
50 meV and v, ~ 6.7 x 107 cm/s, which implies that the
electron concentration is n. = 10! cm~2. For the holelike
states in the QW, we choose an effective of mass my =
0.09 my, where my is electron mass in free space, which im-
plies that the Fermi energy e ~ 4.7 meV, concentration n, =
2 x 10" cm™2, and the Fermi velocity v, = 1.4 x 107 cm/s.
The reduction of the gap in the Bogoliubov quasiparticle spec-
trum due to the asymmetry of the electron and hole dispersion

relations is given by the factor Ap/|Ap| = \/vevn/v} ~ 0.75
and is very small. We also choose py ~ 0.4py and use the
static screening approximation (which has been argued to
underestimate the critical temperature of Cooper pair conden-
sation [37-39]) to estimate the maximal coupling constant as

~ é. The resulting temperature Ty =~ 0.3 K is comparable
with the temperature range within which anomalous inter-
layer tunneling and Coulomb drag effects have been reported
in other electron-hole setups. However, it is smaller com-
pared with the predictions for the moderate- to strong-pairing
regime, which can be engineered in certain closely spaced
bilayer systems, including the ones composed of graphene bi-
layers [18], transition metal dichalcogenide monolayers [22],
and phosphorene [13,23]. A reliable calculation of the critical
temperature requires advanced approximations for the effects
of Coulomb interaction screening, disorder, and long-range
density variations that act against electron-hole condensation
and is beyond the scope of this paper.

D. Nontrivial topology and domain wall states

The phase winding in the angular dependence of the order
parameter A, given by Eq. (9) hints at a nontrivial topology
for the spectrum of the Bogoliubov quasiparticles. In the
paired state A, two branches si,t have the Chern numbers

Cl = :I:%, whereas in the state A |, the values swap, cl = :F%-
Thus, the two competing paired states can be interpreted as
topologically nontrivial and distinct.

Typically, nontrivial topology manifests itself via uncon-
ventional and protected edge states. However, the presence of
these states also requires a global energy gap at both sides of
the edge. This is not the case for the heterostructure sketched
in Fig. 1(a), which terminates with the TI film. Outside the
film, only holelike states are present, and their gapless spec-
trum does not favor any edge states. Instead, the protected
modes are anticipated to appear at the domain walls separating
two topologically distinct paired states A4 and A . The Chern
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FIG. 3. Spectrum of states hosted by the domain wall separating
regions with distinct paired states Aj(,). Consistent with the topo-
logical analysis, there is a single chiral state that tends to cross the
energy gap. The unexpected discontinuities at p, = % pr are artifacts
of the Andreev approximation, which is valid at p, < pr.

number difference across such a domain wall is equal to unity,
and the presence of a single chiral state is dictated by the
topology.

An accurate calculation of the domain wall states is math-
ematically challenging because the spatial profile of the order
parameter A(r) and the spectrum of the BdG equations must
be evaluated self-consistently [40]. However, the presence
of a single chiral state can be demonstrated by a simplified
approach that has been elaborated to describe the spectrum
of domain wall states in topological chiral superconductors
[41,42]. First, we assume that the domain wall has a steplike
profile A(x) = O(=x){0, A} + O(x){Ape'®, 0}, where O(x)
is the Heaviside function and @ is the phase difference for
the order parameters across the domain wall. Second, we
use the Andreev (or semiclassical) approximation that utilizes
Ap < vemypr and is based on the following Ansatz for the
wave function:

Ben(x, ) = D fa)exp [i(a\/p} — pix+pyy)]. (13)

a==%1

Here, x,(x) is a slowly varying envelope function, and o =
=41 labels two points at the Fermi line that have the same mo-
mentum p, along the domain wall. These points are assumed
to be very well separated; thus, the Andreev approximation
is reliable only at p, < pg. As demonstrated in Appendix D,
Xo(x) satisfies the Dirac-like equation, and the dispersion of
states hosted by the domain wall is given by

® o 1 :
e = Agsin [5 - T yarcsin <]1j—;> + 7Tn:|. (14)

Here, n is an integer, and 2A, = ZAO‘/vevh/vg is the gap in
the spectrum of Bogoliubov quasiparticles [43]. Unless ® =
=+ /2, the dispersion relation &, (p,) has discontinuities at the
intermediate momentum —pr < py < pg. The corresponding
Ansatz do not capture the actual spatial profile of the order
parameter A(x) and can therefore be safely ruled out [41,42].
The dispersion relation of the domain wall states at & = 7 /2
is presented in Fig. 3, whereas the results for & = —m /2 can

be obtained by switching « — —«. Consistent with the topo-
logical analysis, the domain wall hosts a single chiral state that
tends to cross the energy gap. The unexpected discontinuities
at +pr are artifacts of the Andreev approximation, while
the dispersion of chiral states in the domain of its validity
can be approximated as linear, ¢, ~ Agp,/2pg. The state
propagates in only one direction and is, therefore, immune to
backscattering.

V. DISCUSSION

Probing the nontrivial topologies of electron-hole Cooper
pair condensates does not require separate contacts for elec-
trons and holes (which are essential for dipolar superfluid
phenomena). In this setup, two layers are connected in paral-
lel, and the condensate flow does not contribute to the electric
current through the system. Instead, the transport phenomena
are solely determined by the Bogoliubov quasiparticles, and
the magnitude of the Hall conductivity oy = Ccle2 /2mh,
in the state Ay, is given by the Chern number for the
lower branch. The paired state, however, is not the anomalous
quantum Hall insulator phase because one of two species of
the holelike states remains unpaired. This behavior can be
confirmed in transport experiments.

The pair of topologically distinct electron-hole paired
states is reminiscent of the topological chiral superconducting
states with p, & ip,-wave symmetry. However, there are a
number of subtle differences between these states. First, the
phase winding of the order parameters A4,y across the closed
loop in momentum space is equal to m, rather than 27, as it is
in chiral superconductors. As a result, the topological numbers
for the electron-hole paired states are half-integer, whereas
the topological numbers for the superconducting p, & ip,-
wave states are integers, C = £1. Second, pairing electrons
in the chiral superconductor are indistinguishable (they are
effectively spinless), which is not the case for the pairing of
electrons and holes. Third, the hybrid paired states do not
respect particle-hole symmetry unless ve = vy, which is not
the case in realistic conditions. Symmetry is an essential in-
gredient for protecting zero-energy Majorana states localized
in a vortex in chiral superconductors.

The degeneracy of pairing channels relies on time-reversal
symmetry. In the presence of an out-of-plane magnetically
induced exchange field §, which plays the role of the Dirac
mass and can be either intrinsic (magnetic TIs [44-47])
or extrinsic (magnetic doping [48-50] or the proximity ef-
fect [51,52]), the coupling constants are modified as Ay () =

(1£38/,/vip% + 82)vpV/2 (see Appendix E for an extended

discussion). Due to the exponential dependence of Cooper
pairing on the coupling constants, even the presence of a
small gap || < vepr has a profound effect. This result opens
interesting opportunities not only to magnetically control the
equilibrium paired state, but to engineer domain walls and
vortices in the profile of the order parameter by using spa-
tially varying magnetic textures, i.e., magnetic domain walls,
vortices [53], merons [54], or skyrmions [55].

The presence of the magnetic order drastically increases
the condensation energy due to its exponential sensitivity
to the leading coupling constant. As a result, the magnetic
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order can be driven by Cooper pair condensation and
cofacilitated by intralayer repulsion, which is not sufficiently
strong to produce the ordering alone [56]. This mechanism
is reminiscent of the interplay between superconduc-
tivity and loop-current correlations on a honeycomb
lattice [57].

The spontaneous formation of Cooper pair condensates
in electron-hole bilayers modifies the spectra of plasmonic
excitations [58] and results in an additional collective mode
with a Higgs-like nature [59]. The presence of two (almost)
degenerate pairing channels in the TI-QW bilayer favors
Bardasis-Schrieffer modes [60-62]. These modes correspond
to the propagating oscillations of A4 in the pair with the
order parameter A4y and can be probed in both far- and
near-field optical experiments [62].

Interestingly, the presence of multiple degenerate pairing
channels is not a unique feature of the TI-QW bilayer. As we
argue in Appendix F, this phenomenon is generic for hybrid
electron-hole bilayers, e.g., for bilayers formed by a few-layer
graphene sheets of different chiralities [12]. In contrast, for
all corresponding homobilayers, the s-wave pairing channel is
dominant.

To conclude, we have predicted topological electron-hole
Cooper condensate states in a hybrid TI-QW heterostruc-
ture and have discussed possible manifestations of nontrivial
topologies, including the formation of chiral states at domain
walls separating two distinct states, quantized anomalous
transport phenomena, and connections with chiral topological
superconductivity.
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APPENDIX A: WEAK- TO MODERATE-PAIRING REGIME

The nature of correlations in the considered electron-hole
bilayer is characterized by three dimensionless parameters.
The first two parameters scale the ratio of repulsive inter-
actions and kinetic energy in two layers and are given by
' = mee* /liprkn and r¢ = €?/hiveke., respectively. Here, k.
and «y, are the effective dielectric constants for each layer. The
third parameter pgd., /5 scales the interlayer Coulomb attrac-
tion with respect to the intralayer repulsion, where de, is the
interlayer distance. If 7*™ <« 1 and pgden/fi >> 1, the system
is in the weak-coupling regime. In this regime, the pairing
correlations are prominent only in the vicinity of the Fermi
level for both electrons and holes, and it can be described by
the BCS theory. Its range of applicability in the considered
TI-QW heterostructure also extends to the moderate-coupling
regime, 1™ ~ 1 and prdey/fi ~ 1, and is considerably wider
than that of conventional bilayers composed of QWs. The
gapless nature of the Dirac spectrum favors the formation of
interlayer excitons and the strong-coupling regime, r&® > 1
and pgden/h ~ 1, does not correspond to Bose-Einstein con-
densation. Instead, the strong-coupling regime is anticipated

to correspond to a multiband BCS-like paired state [37-39] in
which pairing correlations also span to remote bands (filled
valence bands for the Dirac electrons at the surface of the TI).
For the parameters listed in the main text as well as k. & 45,
ke = 13, and de, =~ 30 nm [33], the controlling parameters
listed above can be estimated as r{ ~ 0.07, rg‘ ~ 0.36, and
prden /B ~ 3.3. As a result, the system is in the weak- to
moderate-coupling regime, which justifies the approach elab-
orated in the main part of this paper.

APPENDIX B: CONDENSATION ENERGY

The condensation energy £ is given by the difference
between the ground-state energies of the paired and normal
states. Its density (condensation energy per unit area) is given
by

20104+ 144 P)

v B

E=" (5ms+&pmy+5,) +
P

Here, n;’;(h) represents the occupation factors for noninteraction
electrons (holes), and the integration over momentum is
restricted to a ring centered at the Fermi momentum pg
with width 2py. If we introduce Ay = 2vgpg exp[—1/A] and
A = vpV/2, the condensation energy can be presented as

v [ dop 2 | Apl 2 2
E = — — | 2|A, |1 — ) = |A — A .
> / o |: [Ap|”~In Ao [A4]" —[A]

The dependence of the condensation energy on the magnitude
of the order parameters is presented in Fig. 2 and is discussed
in the main part of this paper.

APPENDIX C: GL FUNCTIONAL

The GL functional for the free energy density FgL can be
derived if the order parameter A in the mean-field Hamilto-
nian, Eq. (7), is treated in a perturbative manner. The resulting
expression can be presented as

Fa = Y- a LA,
A

1
+3 Z KA oo AL AGALA,.  (CD)

51515255
Here, the s-indices indicate the electron spin states 1 and | .
The factors IT and K are given by
n-ry —
) (ia)n - S;) (ia)n - gh) ’

P
1

©nP (ia)n - g;)z(iwn - E[}:)z .

(623

K=T

(C3)

Here, w, denotes the fermionic Matsubara frequencies w, =
T (2n + 1). These terms represent the second- and fourth-
order loop diagrams corresponding to a conventional electron-
hole bilayer. In contrast, the helical nature of Dirac electrons
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is reflected in the matrix form factors, which are given by

A“,—zf ""’ (p,slp. s'), (C4)

dop
Ai)]s’lszs’z = 4/ 27 (p9 §1 |P» 51)(P7 32|Ps S2) (CS)

The form factor at the beginning of the quadratic term is
A§, = 8,y, which does not lead to interactions between
the two order parameters. After an explicit evaluation of

the second form factor Afx 625 the GL functional can be
presented as

For (A4 1AL D) = a(|A P + A1)
b
+§(|A¢|2+|A¢|2)2+2b|AT|2|A¢|2. (C6)

Cumbersome explicit expressions for @ and b are of minimal
importance. The sign of the last term determines the nature
of interactions between the two order parameters. Because
b > 0, the last term describes the repulsive interactions
between the order parameters and causes their coexistence to
be energetically unfavorable.

APPENDIX D: DOMAIN WALL STATES

In the Andreev (semiclassical) approximation, the BdG
equations decouple into two (« = *1) independent Dirac-like
equations K 3¢ = 5;‘2“. Here, 3* = {x{, x|} is the spinor
envelope wave function, and the corresponding Hamiltonian
is given by

K |:O[Ue cos(¢p)Px

A(X(&pwx) (Dl)
A;(dgpa -x)

—ocvp cos(Pp)px |

Here, qu = arcsin(p,/pr) (it should be noted that its range is
[—7m /2, w /2], while the range of the polar angle ¢, used in the
main text is [—, ]), and the corresponding order parameter
is given by

A (p, x) = Ag <®(x)€i<I> ei%p — i®(—x) e‘id?),

A_(dp,x) = Ag ((9(%)6"([)6"#p - i@(—x)e_"”;p)

The domain wall manifests solely as the phase jump, while
its magnitude |Aa(¢_>p, x)| = Ay is position independent. Be-
cause of the asymmetry of the electron-hole spectrum v, # vy,
the gap becomes indirect and is reduced compared with Ag
as Ag = Ag./VcUn/vo. As a result, the energy can be param-
eterized as € = Agsin(6), where 6 is defined in the range
[-m /2, /2]. The wave functions of states localized at the
domain wall are given by

A e il tan(0) = uh» x
x(x>0)=N| "¢ e a,
—iav

—Up Aa ei“
—iovg

6 i Ve—Up)X | x
x(x <0)= N< )ezatan(e)(v(ﬂh)”'
Here, N is the normalization coefficient, and d = /i,/vcvn/Ag

is the penetration length of the wave function for the domain

wall states. The wave function is continuous across the do-
main wall only if the following condition is satisfied:

an o s y
epy = % - Z +¢p+7'[}’l,
where n is an integer. Only the solutions within the range
[—m /2, w /2] are physically relevant. As a result, the disper-
sion of the domain wall states is given by

(D2)

P
an __ :
&y, = A, sin |:

1
i % + 7 arcsin (;) + nn:| (D3)
This dispersion relation is discussed and plotted in the main

text of the paper.

APPENDIX E: EFFECT OF THE MAGNETICALLY
INDUCED GAP IN THE DIRAC SPECTRUM

The degeneracy between two pairing channels in the TI-
QW bilayer is protected by time-reversal symmetry and can
be lifted if the symmetry is broken. In the presence of an
out-of-plane magnetically induced exchange field §, which
plays the role of the Dirac mass [the additional term do, in
Eq. (1)], a gap of 2|4| is opened in the dispersion of the
Dirac electrons, while the spinor wave functions are mod-
ified as |p) = {cos(¢p) exp(—idp/2), isin(gp)exp(i¢p/2)}T.
Here, ¢p is the polar angle for the electron momentum p,
and cos(2¢p) = 8/4/82 4+ vZp?. The overlap of the spinor
wave functions that shapes the Cooper pairing channels is
modified as

App = cos (;“p)exp( ¢gp ) + sin®(gp) exp (—z¢pp )

(ED)

As a result, the coupling constants for the two channels are
Aty = [1 £ cos(¢)]veV/2, and the degeneracy between the
two channels is lifted. Here, ¢ is given by ¢}, at the Fermi level
Ipl =

The degeneracy lifting can be tracked in the dependence
of the condensation energy on the amplitude of the order
parameters |A4 ()|, as presented in Fig. 4. Even in the pres-
ence of an exchange field 8, the coexistence of two order
parameters is still energetically unfavorable. Instead, one
state becomes the stable (or ground) state, while the other
state becomes a metastable paired state. Interestingly, the sta-
ble and metastable states are swapped if the Dirac mass (the
direction of the ordered magnetic moments interacting with
Dirac electrons) changes its sign.

The presence of a gap of 2|§| in the spectrum of the Dirac
electrons is another source of nontrivial topologies that affect
the Chern numbers. In the paired state with the order param-
eter A4(y), the topological numbers for the upper Bogoliubov
branch [Cl(“], lower Bogoliubov branch [CI(“], and Dirac
valence band that do not participate in the Cooper pairing
[Cg(vl)] are given by

1 18 8
cl=-, cl=—4+—, ¢ =——10, E2
T2 - 2t 218| Dv 218] E2)
1 1 s 8
Ctl=—, C'l=-4-—, ¢} =——. (B3
- =3t 218] Dv 218] E3)
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FIG. 4. Dependence of the condensation energy on the magni-
tude of the order parameters |A;(,| evaluated in the presence of
a small gap in the Dirac spectrum cos(¢) = 0.03. The coexistence
of two order parameters is still energetically unfavorable. Instead,
the degeneracy between the two paired states is lifted, and one
state becomes stable, whereas the other states become a metastable
paired state.

These modifications are responsible for the formation of extra
chiral states within the gap separating the lower Bogoliubov
branch and the Dirac valence band. However, the topological
arguments for the chiral states within the gap separating the
Bogoliubov branches, as discussed in the main part of this
paper, remain intact.

APPENDIX F: OTHER HYBRID BILAYERS

Another promising platform for hybrid Cooper pair con-
densates involves chiral charge carriers in few-layer graphene

(e.g., graphene, Bernal-stacked bilayer graphene, or rhombo-
hedral trilayer graphene). The low-energy electronic states
in these materials are concentrated in the vicinity of two
nonequivalent valleys (t = %1) and can be described by the
following Hamiltonian:

0 M"(Tpx - l'Py)"
u'(tpx +ipy)" 0

where n is the number of layers in the few-layer graphene, and
u determines the dispersion slope for electrons and holes.

As argued in the main text, the presence of multiple pairing
channels originates from the overlap of the spinor wave func-
tions A . For few-layer graphene/QW bilayers [63], the
overlap factor does not depend on the valley index t given by

Apy = 08 ("‘p%) (F2)

As a result, this bilayer also has a pair of degenerate pairing
channels (per valley), and their orbital numbers are equal to
[ ==%n/2.

For few-layer graphene/few-layer graphene bilayers, the
factor must be substituted by

A AT AM — cos (P " Ppp
App/_App,Ap,p_cos( ) cos > .

Here, ne(h) indicates the number of layers in the few-layer
graphene with an excess of electrons and holes. Unless n, =
ny, the bilayer has four degenerate channels with orbital
momenta | = —n. — ny, —He + hy, e — Ny, and ne + ny,. For
each channel, the coupling constants are A; = vyV /4. For non-
hybrid bilayers n. = n, = n, there are three pairing channels
with [ = —2n, 0, and 2n, and the s-wave channel is dominant
because the corresponding coupling constant Ay = voV/2 is
twofold larger than that for the other channels Ao, = vV /4.
Thus, we conclude that the degeneracy of the pairing channels
is a general feature of hybrid bilayers.

H(t,n) = |: :|, (F1)

[1] M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045
(2010).
[2] M. Sato and Y. Ando, Rep. Prog. Phys. 80, 076501 (2017).
[3] A. Burkov, Annu. Rev. Condens. Matter Phys. 9, 359 (2018).
[4] R. M. Lutchyn, E. P. A. M. Bakkers, L. P. Kouwenhoven, P.
Krogstrup, C. M. Marcus, and Y. Oreg, Nat. Rev. Mater. 3, 52
(2018).
[5] K. Flensberg, F. von Oppen, and A. Stern, Nat. Rev. Mater. 6,
944 (2021).
[6] Y. E. Lozovik and V. Yudson, JETP Lett. 22, 274 (1975).
[7] S. I. Shevchenko, Sov. J. Low Temp. Phys. 2, 251 (1976).
[8] H. Min, R. Bistritzer, J.-J. Su, and A. H. MacDonald, Phys. Rev.
B 78, 121401(R) (2008).
[9] Y. E. Lozovik and A. A. Sokolik, JETP Lett. 87, 55 (2008).
[10] C.-H. Zhang and Y. N. Joglekar, Phys. Rev. B 77, 233405
(2008).
[11] M. Y. Kharitonov and K. B. Efetov, Phys. Rev. B 78, 241401(R)
(2008).
[12] J. Zhang and E. Rossi, Phys. Rev. Lett. 111, 086804 (2013).
[13] S. Saberi-Pouya, M. Zarenia, A. Perali, T. Vazifehshenas, and
F. M. Peeters, Phys. Rev. B 97, 174503 (2018).

[14] X.Zhu, P. B. Littlewood, M. S. Hybertsen, and T. M. Rice, Phys.
Rev. Lett. 74, 1633 (1995).

[15] S. Saberi-Pouya, S. Conti, A. Perali, A. F. Croxall, A. R.
Hamilton, F. M. Peeters, and D. Neilson, Phys. Rev. B 101,
140501(R) (2020).

[16] B. Seradjeh, J. E. Moore, and M. Franz, Phys. Rev. Lett. 103,
066402 (2009).

[17] D. K. Efimkin, Y. E. Lozovik, and A. A. Sokolik, Phys. Rev. B
86, 115436 (2012).

[18] A. Perali, D. Neilson, and A. R. Hamilton, Phys. Rev. Lett. 110,
146803 (2013).

[19] B. Debnath, Y. Barlas, D. Wickramaratne, M. R. Neupane, and
R. K. Lake, Phys. Rev. B 96, 174504 (2017).

[20] X. Hu, T. Hyart, D. I. Pikulin, and E. Rossi, Phys. Rev. B 105,
L140506 (2022).

[21] Y. E. Lozovik and O. L. Berman, J. Exp. Theor. Phys. Lett. 64,
573 (1996).

[22] O. L. Berman and R. Y. Kezerashvili, Phys. Rev. B 96, 094502
(2017).

[23] O. L. Berman, G. Gumbs, and R. Y. Kezerashvili, Phys. Rev. B
96, 014505 (2017).

075433-7


https://doi.org/10.1103/RevModPhys.82.3045
https://doi.org/10.1088/1361-6633/aa6ac7
https://doi.org/10.1146/annurev-conmatphys-033117-054129
https://doi.org/10.1038/s41578-018-0003-1
https://doi.org/10.1038/s41578-021-00336-6
https://doi.org/10.1103/PhysRevB.78.121401
https://doi.org/10.1134/S002136400801013X
https://doi.org/10.1103/PhysRevB.77.233405
https://doi.org/10.1103/PhysRevB.78.241401
https://doi.org/10.1103/PhysRevLett.111.086804
https://doi.org/10.1103/PhysRevB.97.174503
https://doi.org/10.1103/PhysRevLett.74.1633
https://doi.org/10.1103/PhysRevB.101.140501
https://doi.org/10.1103/PhysRevLett.103.066402
https://doi.org/10.1103/PhysRevB.86.115436
https://doi.org/10.1103/PhysRevLett.110.146803
https://doi.org/10.1103/PhysRevB.96.174504
https://doi.org/10.1103/PhysRevB.105.L140506
https://doi.org/10.1134/1.567264
https://doi.org/10.1103/PhysRevB.96.094502
https://doi.org/10.1103/PhysRevB.96.014505

ALEXANDER CHANSKY AND DMITRY K. EFIMKIN

PHYSICAL REVIEW B 108, 075433 (2023)

[24] D. V. Fil and S. I. Shevchenko, Low Temp. Phys. 44, 867
(2018).

[25] J. P. Eisenstein and A. H. MacDonald, Nature (London) 432,
691 (2004).

[26] However, it remains a matter of debate whether the quasi-long-
range coherence and dipolar superfluidity that would potentially
be useful for applications have been achieved [64—67].

[27] G. W. Burg, N. Prasad, K. Kim, T. Taniguchi, K. Watanabe,
A. H. MacDonald, L. E. Register, and E. Tutuc, Phys. Rev. Lett.
120, 177702 (2018).

[28] D. K. Efimkin, G. W. Burg, E. Tutuc, and A. H. MacDonald,
Phys. Rev. B 101, 035413 (2020).

[29] Z. Wang, D. A. Rhodes, K. Watanabe, T. Taniguchi, J. C. Hone,
J. Shan, and K. F. Mak, Nature (London) 574, 76 (2019).

[30] J. A. Seamons, C. P. Morath, J. L. Reno, and M. P. Lilly, Phys.
Rev. Lett. 102, 026804 (2009).

[31] A. F. Croxall, K. Das Gupta, C. A. Nicoll, M. Thangaraj, H. E.
Beere, 1. Farrer, D. A. Ritchie, and M. Pepper, Phys. Rev. Lett.
101, 246801 (2008).

[32] M. L. Davis, S. Parolo, C. Reichl, W. Dietsche, and W.
Wegscheider, Josephson-like tunnel resonance and large
Coulomb drag in GaAs-based electron-hole bilayers,
arXiv:2304.06691.

[33] A. Gamucci, D. Spirito, M. Carrega, B. Karmakar, A.
Lombardo, M. Bruna, L. N. Pfeiffer, K. W. West, A. C. Ferrari,
M. Polini ef al., Nat. Commun. 5, 5824 (2014).

[34] D. 1. Pikulin and T. Hyart, Phys. Rev. Lett. 112, 176403
(2014).

[35] Q. Zhu, M. W.-Y. Tu, Q. Tong, and W. Yao, Sci. Adv. 5,
eaau6120 (2019).

[36] It should be noted that we refer to the empty states in the valence
band as holes, but do not perform the formal particle-hole trans-
formation. As a result, the attractive interactions correspond to
V >0.

[37] I. Sodemann, D. A. Pesin, and A. H. MacDonald, Phys. Rev. B
85, 195136 (2012).

[38] Y. E. Lozovik and A. A. Sokolik, Eur. Phys. J. B 73, 195 (2010).

[39] S. Conti, A. Perali, F. M. Peeters, and D. Neilson, Phys. Rev. B
99, 144517 (2019).

[40] It should be mentioned that this is also relevant for the domain
walls in chiral superconductors separating states with p, & ip,-
wave symmetry of the order parameter.

[41] K. V. Samokhin, Phys. Rev. B 85, 014515 (2012).

[42] S. P. Mukherjee and K. V. Samokhin, Phys. Rev. B 91, 104521
(2015).

[43] Only the solutions with a sine argument within — /2 and 7 /2
are physically relevant.

[44] C. Liu, Y. Wang, H. Li, Y. Wu, Y. Li, J. Li, K. He, Y. Xu, J.
Zhang, and Y. Wang, Nat. Mater. 19, 522 (2020).

[45] Y. L. Chen, J.-H. Chu, J. G. Analytis, Z. K. Liu, K. Igarashi,
H.-H. Kuo, X. L. Qi, S. K. Mo, R. G. Moore, D. H. Lu et al.,
Science 329, 659 (2010).

[46] Y. Deng, Y. Yu, M. Z. Shi, Z. Guo, Z. Xu, J. Wang, X. H. Chen,
and Y. Zhang, Science 367, 895 (2020).

[47] C. X. Trang, Q. Li, Y. Yin, J. Hwang, G. Akhgar, I. Di Bernardo,
A. Grubiéié-éabo, A. Tadich, M. S. Fuhrer, S.-K. Mo et al.,
ACS Nano 15, 13444 (2021).

[48] C.-Z. Chang, J. Zhang, X. Feng, J. Shen, Z. Zhang, M. Guo,
K. Li, Y. Ou, P. Wei, L.-L. Wang et al., and Science 340, 167
(2013).

[49] C.-Z. Chang, W. Zhao, D. Y. Kim, H. Zhang, B. A. Assaf,
D. Heiman, S.-C. Zhang, C. Liu, M. H. W. Chan, and J. S.
Moodera, Nat. Mater. 14, 473 (2015).

[50] M. Mogi, R. Yoshimi, A. Tsukazaki, K. Yasuda, Y. Kozuka,
K. S. Takahashi, M. Kawasaki, and Y. Tokura, Appl. Phys. Lett.
107, 182401 (2015).

[51] S. Bhattacharyya, G. Akhgar, M. Gebert, J. Karel, M. T.
Edmonds, and M. S. Fuhrer, Adv. Mater. 33, 2170262 (2021).

[52] Q. Yao, Y. Ji, P. Chen, Q.-L. He, and X. Kou, Adv. Phys.: X 6,
1870560 (2021).

[53] Z. Liu, J. Wang, and C. Wu, Phys. Rev. B 106, 035134 (2022).

[54] D. Guerci, J. Wang, J. H. Pixley, and J. Cano, Phys. Rev. B 106,
245417 (2022).

[55] H. M. Hurst, D. K. Efimkin, J. Zang, and V. Galitski, Phys. Rev.
B 91, 060401(R) (2015).

[56] Y. Baum and A. Stern, Phys. Rev. B 85, 121105(R) (2012).

[57] P. M. R. Brydon, D. S. L. Abergel, D. F. Agterberg, and V. M.
Yakovenko, Phys. Rev. X 9, 031025 (2019).

[58] K. V. Germash and D. V. Fil, Phys. Rev. B 93, 205436 (2016).

[59] F. Xue, F. Wu, and A. H. MacDonald, Phys. Rev. B 102, 075136
(2020).

[60] A. Bardasis and J. R. Schrieffer, Phys. Rev. 121, 1050 (1961).

[61] A. A. Allocca, Z. M. Raines, J. B. Curtis, and V. M. Galitski,
Phys. Rev. B 99, 020504(R) (2019).

[62] Z. Sun and A. J. Millis, Phys. Rev. B 102, 041110(R) (2020).

[63] D. K. Efimkin, Phys. Rev. B 104, 245436 (2021).

[64] H. Liu, A. H. MacDonald, and D. K. Efimkin, Phys. Rev. Lett.
127, 166801 (2021).

[65] D. K. Efimkin and V. Galitski, Phys. Rev. Lett. 116, 046801
(2016).

[66] M. P. Mink, H. T. C. Stoof, R. A. Duine, M. Polini, and G.
Vignale, Phys. Rev. Lett. 108, 186402 (2012).

[67] D. Y. H. Ho, L. Yudhistira, B. Y.-K. Hu, and S. Adam, Commun.
Phys. 1, 41 (2018).

075433-8


https://doi.org/10.1063/1.5052674
https://doi.org/10.1038/nature03081
https://doi.org/10.1103/PhysRevLett.120.177702
https://doi.org/10.1103/PhysRevB.101.035413
https://doi.org/10.1038/s41586-019-1591-7
https://doi.org/10.1103/PhysRevLett.102.026804
https://doi.org/10.1103/PhysRevLett.101.246801
http://arxiv.org/abs/arXiv:2304.06691
https://doi.org/10.1038/ncomms6824
https://doi.org/10.1103/PhysRevLett.112.176403
https://doi.org/10.1126/sciadv.aau6120
https://doi.org/10.1103/PhysRevB.85.195136
https://doi.org/10.1140/epjb/e2009-00415-9
https://doi.org/10.1103/PhysRevB.99.144517
https://doi.org/10.1103/PhysRevB.85.014515
https://doi.org/10.1103/PhysRevB.91.104521
https://doi.org/10.1038/s41563-019-0573-3
https://doi.org/10.1126/science.1189924
https://doi.org/10.1126/science.aax8156
https://doi.org/10.1021/acsnano.1c03936
https://doi.org/10.1126/science.1234414
https://doi.org/10.1038/nmat4204
https://doi.org/10.1063/1.4935075
https://doi.org/10.1002/adma.202170262
https://doi.org/10.1080/23746149.2020.1870560
https://doi.org/10.1103/PhysRevB.106.035134
https://doi.org/10.1103/PhysRevB.106.245417
https://doi.org/10.1103/PhysRevB.91.060401
https://doi.org/10.1103/PhysRevB.85.121105
https://doi.org/10.1103/PhysRevX.9.031025
https://doi.org/10.1103/PhysRevB.93.205436
https://doi.org/10.1103/PhysRevB.102.075136
https://doi.org/10.1103/PhysRev.121.1050
https://doi.org/10.1103/PhysRevB.99.020504
https://doi.org/10.1103/PhysRevB.102.041110
https://doi.org/10.1103/PhysRevB.104.245436
https://doi.org/10.1103/PhysRevLett.127.166801
https://doi.org/10.1103/PhysRevLett.116.046801
https://doi.org/10.1103/PhysRevLett.108.186402
https://doi.org/10.1038/s42005-018-0039-y

