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Chiral chains with two valleys and disorder of finite correlation length
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In one-dimensional disordered systems with a chiral symmetry it is well known that electrons at energy £ = 0
avoid localization and simultaneously exhibit a diverging density of states (DOS). For N coupled chains with
zero-correlation-length disorder, the diverging DOS remains for odd N, but a vanishing DOS is found for even
N. We use a thin spinless graphene nanotube with disordered Semenoff mass and disordered Haldane coupling
to construct N = 2 chiral chain models which at low energy have two linear band crossings at different momenta
+K (two valleys) and disorder with an arbitrary correlation length £ in units of lattice constant a. We find that the
finite momentum +K forces the disorder in one valley to depend on the disorder in the other valley, thus departing
from known analytical results which assume having N independent disorders (whatever their spatial correlation
lengths). Our main numerical results show that for this interdependent mass disorder the DOS is also suppressed
in the limit of strongly coupled valleys (lattice white-noise limit, £ /a = 0) and exhibits a nontrivial crossover
as the valleys decouple (& /a 2 5) into the DOS shapes of the N = 1 continuum model with finite correlation
length &. We also show that changing the intra-unit-cell geometry of the disordered Haldane coupling can tune
the amount of intervalley scattering yet at lowest energies it produces the decoupled-valley behavior (N = 1) all

the way down to lattice white noise.
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I. INTRODUCTION

In the decades following the discovery of localization of
wave functions in one-dimensional (1D) disordered systems
[1,2], it became obvious that chiral symmetry, a nonspatial
operation E for which the single-particle Hamiltonian H
obeys EH = —H &, enables delocalization of wave functions
at the special energy E = 0, with a simultaneously divergent
density of states (DOS) as E — 0, first identified by Dyson
[3]. Chiral symmetry occurs naturally in bipartite systems
where the Hamiltonian maps one sublattice exclusively onto
the other, and the Dyson peak was hence found in various
physical contexts [4-9] reducible to tight-binding chain mod-
els with a single site (N = 1) in each unit cell i [10-12]
having disordered hoppings ¢;;+; (odd and even i forming
the two sublattices). It suffices to consider [10,12,13] the
limits of uncorrelated hoppings at each i, termed lattice white-
noise disorder. The same diverging DOS was found in the
low-energy continuum model of a disordered semiconductor
[14], due to the chiral symmetry of the single (N = 1) two-
component Dirac equation in one dimension with a disordered
mass m(x) obeying (m(x)m(x")) mgé(x — x) with §(x) the
Dirac delta function, i.e., m(x) is continuum white-noise dis-
order. In condensed-matter contexts the system may often be
quasi-one-dimensional (N > 1 channels), and the disorder has
a finite correlation length. The fate of the electronic DOS as
the strength of disorder or the finite correlation length vary
becomes less clear.

A specific challenge relevant for condensed matter systems
such as quantum wires, thin ribbons, or nanotubes occurs
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when the multiple channels come from valleys, such as in
the minimal example of N =2 in Fig. 1(a). In this case, a
crucial new dimensionless parameter is & /a, the ratio of the
correlation length of disorder and the lattice constant a. There
are two main effects one must account for: (1) As we show
below, the fact that valleys exist at finite momenta =K implies
that at low energies the disorder fields in the two valleys
are not independent. (2) As £ becomes comparable to a, the
intervalley scattering induces a crossover from two copies
of N =1 to a single N = 2 chiral system. The goal of this
paper is to study the low-energy DOS for the entire range
of £/a and for weak and moderate strengths of disorder as
quantified by the dimensionless parameter my& /(hvr ), where
vr is the Fermi velocity in the valleys at zero energy, and
hence construct the phase diagram in these two parameters.
Some limits in this phase diagram are understood and al-
ready show a variety of DOS behaviors in the nondiffusive
regime. In particular, the electronic DOS due to a finite-
correlation-length disorder was considered in detail for the
single channel N = 1 chiral chain [15]. Correlated disorder
was also considered for a Dirac equation with a spatially
fluctuating gap, which covers many physical contexts [16,17]
including the Peierls transition [18]. This model becomes
chiral for real values of the gap [16,18,19]. All results were
obtained in the continuum limit where a — 0,&/a — oo.
As the remaining dimensionless parameter [ = Emyg/(fivg) is
tuned by the length &, the evolution of DOS was found in
detail [19,20]: The dip near the Dyson singularity (at [ = 0)
deepens continuously as ! grows, converging to a pseudogap
with DOS proportional to E at small E. Nevertheless the sin-
gularity at E = 0 persists at all finite / under general boundary
conditions [20,21]. Hence, in our two-valley system, when & is
sufficiently larger than a, the disorder is smooth enough and
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FIG. 1. Quasi-one-dimensional models with chiral symmetry
and onsite or bond disorder. (a) The clean lattice model without
disorder has two bands, which in the continuum limit (energies near
zero) form two one-dimensional Dirac electrons, at momenta +K,
respectively. (b) The lattice model in real space. Numbered sites and
dashed lines illustrate the periodic boundary conditions along the y
axis. The onsite disorder term (mass) is given by the difference of
onsite energies of A and B sites in a unit cell. The NNN hopping
disorder term is given by the three next-nearest-neighbor directed
imaginary hoppings A} emanating from site A (red arrows). The Af
hoppings are obtained by translating from site A to site B above it
and reversing direction. Note that A, and A3 contribute to the same
hopping term. (c) The momenta corresponding to system in (b) lie
on the blue and dashed pink lines in the first Brillouin zone of
infinite graphene. An equivalent description sets k, = 0 and extends
the range of &, by the full pink lines.

the intervalley scattering vanishes, the two valleys form two
independent copies of the fluctuating real gap model detailed
in Ref. [16], hence, in this limit the problem is effectively
N=1.

The most striking effect found in chiral multichannel
N > 1 systems is the even-odd effect in N [22]. First, in the
reference case N = 1 mentioned above, the constant density
of states of the clean system at low energies develops a small
dip and then diverges at E = 0 (the Dyson peak) [3,14]. Next,
this phenomenology repeats for all odd N [23-25]. In stark
contrast, for all even N starting from N = 2 the DOS van-
ishes [23,24] at E = 0 and forms a hump at higher energies
[25]. The first important issue is that the disorder is assumed
as white noise (either on lattice or in the continuum), i.e.,
&/a,l — 0. The second important issue is that in all these
works the disorder is assumed to act isotropically in the chan-
nels, e.g., the intrachannel disorder fields m,,(x),a =1...N,
are independent white noises. This assumption was motivated
by a model of N identical chains coupled in real space, and
also by technical simplicity. In our case of N =2 valleys
forming at finite momenta, the effective intravalley disorder
fields will turn out to be tied to each other, m;;(x) = moy(x),
forming a subensemble of the isotropic random fields. The
mentioned works, especially the appealing closed-form solu-
tions for DOS [25,26], are not adaptable in a straightforward
way to this specific subensemble. Hence, the known N = 2
DOS [23,25,27] is interesting for our two-valley system in the
white-noise limit £ /a < 1, but in principle does not apply.

These challenges motivated us to narrow the problem
by assuming a vanishing average value of disorder, i.e.,

(mgap(x)) = 0, which is a critical line in the BDI Altland-
Zirnbauer class at odd N with isotropic and white-noise
disorder [27]. For such disorder, the nonzero average com-
pletely removes the DOS singularity, which we aim to avoid
in this work as the singularity is a striking feature that can
be followed across the phase diagram. In terms of analyzing
the DOS, it is important to note that the pseudogaplike form
of DOS for N = 1 at finite / is both in principle and in prac-
tice distinguishable from the suppressed form of DOS in the
N = 2 model with / = 0, hence, they both provide character-
istic behaviors to which our results may be compared.

To map out the two-valley phase diagram we choose a
simple model that is derived from the familiar condensed
matter system of graphene. We have a thin spinless graphene
nanotube wrapped in the armchair direction [Fig. 1(b)], hav-
ing the spectrum with two valleys in Fig. 1(a), with chirality
ensured by the minimal circumference of the tube. In order to
emphasize the intervalley scattering effects as £ /a varies we
consider separately two types of disorders: in the Semenoff
mass, and in the Haldane coupling, the latter inducing an a
priori weaker intervalley scattering because it is forbidden to
backscatter. With the Haldane coupling we can, however, tune
the amount of intervalley scattering by choosing the arrange-
ment of next-nearest-neighbor hoppings inside the unit cell.

This paper is organized as follows: In Sec. II we consider
the disordered Semenoff mass, first the lattice tight-binding
model with disorder (Sec. I A), then its low-energy contin-
uum limit (Sec. I B), and then in Sec. IIC we provide the
mapping of parameters between the two, before we compare
our continuum theory to the known models from literature and
introduce their known DOS functions in Sec. IID. In Sec. III
we present the numerical results for DOS of our lattice model,
and compare with the known DOS functions. In Sec. IV we
consider a model with disordered NNN hoppings based on
the Haldane coupling, first on the lattice and then in the con-
tinuum limit, with special attention brought to the connection
of the intra-unit-cell structure of hoppings and the intervalley
scattering. In Sec. V we present the numerically obtained
DOS for the lattice model. We close with a discussion and
conclusions.

II. DISORDERED MASS AND TWO VALLEYS
A. Lattice model

We begin by considering a spinless tight-binding model on
the honeycomb lattice: It is a row of N, hexagonal plaquettes
with periodic boundary conditions (PBC) in both directions
[Fig. 1(b)]. The model represents a very thin spinless graphene
nanotube, i.e., it wraps a sample of graphene on a torus
with PBC given by lattice translations Zx = N,d; and Zy =
2d, — dy, where the y axis is along the honeycomb armchair
direction [see Fig. 1(b)]. The tight-binding Hamiltonian is

TB _ i
H,” = —t E CraCRa
(Rat.R'a')

+ Z m(R)(chyCra — ChpCrB); (D
R

where c;ga creates an electron in unit cell labeled by x po-

sition R = (x + %i)a, with a the lattice constant, on one of
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the two zigzag chains i = 0, 1, and on sublattice « = A, B.
The (r, ') denotes nearest-neighbor sites with PBC applied
[see Fig. 1(b)], while ¢ is the hopping energy. This quasi-one-
dimensional Hamiltonian is simply obtained in momentum
space by setting k, = 0 and applying the PBC in the x direc-
tion in graphene [see Figs. 1(b) and 1(c)].

The real-valued function m(R) is the Semenoff mass in unit
cell R, and in a disordered system we assume it to have a
finite correlation length & and strength my, while its disorder-
averaged value is fixed to zero throughout this paper:

4 [—(R"R”Z} )
\/Es p 2%_2 )
(m(R)) = 0. 3)

(m(RYM(R")) = m}

To understand the localization physics of this quasi-1D sys-
tem, we must first consider its symmetries. The lattice model
(1) has a chiral symmetry X : cga — icgp, CrRp —> —ICra
since thanks to the periodicity in the y direction a connection
via ¢t between two unit cells remains intact under the trans-
formation. Note that this an unusual mechanism for chiral
symmetry, but is built into our model. The model also has
spinless time-reversal symmetry 7 = K, with K the complex
conjugation. Consequently, a particle-hole symmetry arises as
P = XT, which by using the above forms of ¥ and T obeys
P?2 = —1, and the model is hence in the CI class. Note that
class CI Hamiltonians are usually realized in superconductors
with time-reversal and spin-rotation symmetries; in contrast,
here we do not have superconductivity with its automatic P,
but instead P arises as a consequence of two in-built sym-
metries ¥ and 7. The model can be interpreted as having
N = 2 coupled chains, but there are two differences compared
to the standard N-channel chiral systems such as studied in
Ref. [22]: (1) Our disorder is not lattice white noise but has a
finite correlation length &, and (2) our disorder field m(R) is
not as isotropic in the channels, which becomes obvious in the
low-energy limit (Sec. 11 B).

To interpret numerical results of DOS from H® we are
interested in the low-energy behavior of the model, particu-
larly so that the disorder-free band structure can be linearized.
The disorder strength m, must also remain sufficiently smaller
than the kinetic energy given by ¢. We now proceed to take the
low-energy continuum limit including the disorder.

B. Low-energy one-dimensional Dirac model

The two Dirac points of disorder-free graphene are pro-
jected to different momenta k, = £K of our system [see
Fig. 1(a)], thus creating two valleys, because the x axis is
the zigzag direction. In presence of disorder, we derive the
low-energy continuum theory in real space by inverse Fourier
transforming the small momenta around the Dirac points of
Eq. (1), keeping all Fourier components that connect these
small momenta within or between valleys, obtaining

H™ = hvpt,0,(—idy)
+ m(x)o;,
+ Re[r(x)]tc0o; — Im[A(x)]zy07, “4)

where the Pauli matrices o; act in sublattice (A/B) space,
while 7; act in valley space, with t, = =1 labeling +K.

The first line of Eq. (4) is the disorder-free kinetic en-
ergy of graphene with k, = 0. Introducing the Fourier
transform f(k) =Y, e *Rf(R) of a lattice function f(R),
we defined its small-momentum-filtered function f(x) =
f\ql «k 49 €% f(q) which determines the intravalley scattering.
Note that for us mi(x) is real valued because m(R) is such. We
further defined f(x) = flq|<<l< dq e f(2K + ¢) as the (com-
plex) slow-field envelope of the 2K Fourier component which
determines the intervalley scattering (IVS). Obviously, these
IVS-causing Fourier components arise from m(R) of the lat-
tice model only when & becomes comparable to a [Eq. (2)].
Hence, the second and third lines of ;™™ describe intravalley
and intervalley scattering, respectively. The intervalley scat-
tering terms are entirely caused by a spatially varying mass
term, but their matrices do not anticommute with the kinetic
energy, and hence they play the role of background gauge
fields in the low-energy theory. Nevertheless, when referring
generally to a spatially dependent mass m(R) on the lattice, or
generally to either intravalley or intervalley scattering in the
continuum, we use the term “disordered mass.”

The symmetry properties of the low-energy model in
Eq. (4) are crucial for understanding its localization physics.
There is always the chiral symmetry ¥ = o,. Next, consider
the situation when the two valleys are decoupled, ri(x) =
0. Then t, is a unitary symmetry, and H*" reduces to
two identical independent valleys, each having the effective
time-reversal symmetry T = o.K, which obeys 72 = 1 and
commutes with X, so each valley being in the chiral class
BDI. In presence of IVS, mi(x) # 0, there are no unitary
symmetries, and the true spinless time-reversal symmetry of
two valleys is T = t,K, which still obeys T2 = 1, but now
anticommutes with X, giving the chiral class CI, as for the full
lattice model. The one-dimensional Dirac equation is hence
always in a chiral class, and should realize a crossover from
N =2 CI (with IVS) to two copies of N = 1 BDI (without
IVS) as & /a grows.

C. Comparison of lattice and continuum

It is worth to precise the relationship between the con-
tinuum model (Sec. IIB) and the lattice model (Sec. 11 A).
The low-energy continuum model requires taking the lattice
scale to be the smallest in the problem. Consequently, the
correlation-length parameter &, /a — oo of the lattice model
disappears in the continuum limit. Our expressions in Eq. (4)
show how both the intravalley and intervalley scattering disor-
der fields in the continuum 7(x), /1(x) inherit finite strengths
and correlation lengths from the lattice function m(R).

The linearization of the disorder-free band structure gives

fivp = ?ta &)

as in graphene, hence, the low-energy limit is more precisely
a — 0, t — oo leaving the finite scale /ivg, so that in the con-
tinuum the correlation length is measured in units of the only
length scale hvg /my. The natural dimensionless parameter in
the continuum is hence %, which by Eq. (5) is proportional

to @% The latter form is straightforwardly interpretable
on the lattice by replacing &.on by & Hence, to compare
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results of lattice calculations which use &, with continuum
calculations which use .oy, we match the two forms of this
dimensionless parameter:

m()&:ont Elan mo
o = 4

hvg a t’

(6)

up to a numerical prefactor f;. The f; according to Eq. (5) is
2/+/3, but in principle it is expected to be a quantity of order
1 which possibly weakly depends on the value of &m. In
comparing our lattice DOS with known DOS of continuum
models, we find that a constant value f; = 2 works very well
in all regimes (see Appendix B for details). For clarity of
presentation, we will omit the factor throughout, except in fig-
ure captions where we explicitly compare plots of numerical
and known DOS functions.

Considering the energy scales, the ¢ is the natural one on
the lattice, but in the continuum only an energy scale of the
disorder strength exists. As we will discuss in detail with
concrete DOS functions in Sec. II D, the continuum disorder
energy scale should be matched simply with the lattice quan-
tity my when the correlation length is finite, but it must be
matched with the lattice quantity my~? when the correlation
length vanishes. Hence, one should be aware that the contin-
uum energy scale is emergent, and hence to match a lattice
DOS pra(E /mg) to a continuum DOS function pon, ONE may

need to use peont(E/ mgff), with an effective scale

mit = gumy, )

corrected by a numerical factor g,,. We again expect g,, to be
a quantity of order 1 that may weakly depend on my. We find
(see Appendix B) that g,, = 1.5 is appropriate in the interme-
diate regime 0.5 < %@ < 10, while the prefactor becomes
trivial, g,, = 1, elsewhere. For clarity of presentation, we will
omit the factor throughout, except in figure captions where
we explicitly compare plots of numerical and known DOS
functions.

The special case of continuum white noise Tor g 0 (in
which there are no remaining dimensionless parameters [14])
should be related to the case of lattice white noise &,/a — 0
as long as the dimensionless parameter mg/¢t remains finite
(for our goal of finding low-energy properties, this ratio is
always less than 1).

The key properties of the low-energy disorder, inherited
from the properties of the lattice disorder, become obvious by
rewriting the Hamiltonian (4):

ny?m — th-Czo'x(—iax) + M(.X)O'z,
n%(x))’ (8)

m(x)

M(x) = <rh(x)*

showing that the disorder matrix necessarily exhibits an inter-
dependence between valleys

My (x) = My (x). 9

m(x)

It is important to note that our valleys form a complex 4 x 4
representation, hence, even though we have (spinless) time-
reversal symmetry, the ensemble of disorder matrices M (x)
relevant for us is complex [22,25]. Only in the limit of van-
ishing IVS, rii(x) = 0, the disorder in each independent valley
becomes an ensemble of real functions.

To better understand the implications of our disorder
matrix M(x) in the continuum model (4), we apply transfer-
matrix theory (Appendix A) to a general case where the noise
has zero correlation length in the continuum, but there is an
arbitrary amount of IVS [#1(x) # 0] and the interdependence
of disorders in valleys is respected [Eq. (9)]. We find an insula-
tor, with the same behavior of conductance as found in models
of N = 2 with independent noises [i.e., where the condition
Eq. (9) is absent] [22,23,25,27]. However, we cannot conclude
that our low-energy DOS is suppressed at E = 0 because the
Thouless formula that connects the DOS and the conductance
is not valid for N > 1 [23].

D. Models with known DOS
1. N=2, independent white noises [p%_,(E)]

The general case N > 1 was previously studied
[22,23,25,27] essentially under the assumption of a disorder
matrix of independent isotropic white noises, i.e.,

(M ()" M;;(x) = DS(x = x'), Vi, J. (10)

The low-energy Dirac equation with N > 1 was connected to
the lattice model of N coupled chains in Ref. [22], finding
for even N, such as N = 2, an insulating state. The DOS at
lowest energies was found to rise sharply from zero as p(E) ~
|E log(E)| (dubbed a “pseudogap”) [23,24,27].

A full analytical expression for the DOS in the continuum
was derived for a disordered multichannel Dirac equation in
Ref. [25], using the following model (up to unitary rotations
in o space):

H = —io, ® Iyd, + 0, @ M(x), (11)

where 1y is the N x N identity matrix. Again, the disorder
M (x) is a random N x N Hermitian matrix whose elements
are independent Gaussian white noises, i.e., in the particular
case of N =2 the diagonal terms M;;(x) and M5 (x) are
independent. The DOS [25] for the model in Eq. (11) develops
a hump at an energy which scales as

Eheg ~ D/ (lvr), (12)

which is comparable to m3/t on the lattice [see Egs. (2),
(5), and (10)]. For higher energies the DOS relaxes to the
disorder-free constant value. We label this particular DOS
function from Ref. [25] (N = 2, complex matrices, vanishing
average value of disorder), having the energy scale D/(hvr),
as pf_,(E).

In our model, the disorders in two valleys are not indepen-
dent [Egs. (8) and (9)], so in presence of IVS we find that our
disordered model is not unitarily equivalent to the above-cited
models. We were unable to generalize the methods that were
used in Refs. [23,25] to calculate the DOS for our type of
interdependent disorders in the valleys [28], even in this limit
of white noises (zero correlation length).

2. N=I, white noise [p}_,(E)]

In the seminal work [14] on the N = 1 problem of a Dirac
particle with a single random mass field m(x), the m(x) is a
continuum Gaussian white noise with

(m@x)m(x')) = D§(x — x). (13)
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Taking a vanishing average (m(x)) = 0 relevant for us, we
recover the exact analytical form for the integrated DOS:

2D
hvpm?[J3(hvpE /D) + Y} (hvpE /D)’

N(E) = (14)
where Jy and Y, are the zeroth Bessel functions of the first
and second kind, respectively. There are no dimensionless
parameters, and we label the resulting DOS function % =
p[{/):l (E).

The DOS at lowest energies has the Dyson singularity
p(E) ~ 1/|E log(E)|3, then drops to form a dip of about
dpaip ~ 3% (compared to the disorder-free constant value of
DOS) positioned at energy Egyp, ~ D/(hvg) [this energy is
comparable to m(z) /t on the lattice by Egs. (2), (5), and (13)],
before relaxing to the disorder-free constant value at higher
energies.

In our model, we expect this DOS to be relevant in a corner
of the phase diagram, where both the IVS vanishes (the val-
leys decouple into two copies of N = 1), and simultaneously
the disorder is white noise (vanishing continuum correlation
length).

3. N=1, noise with finite correlation length [pl’\‘,’il(E )]

References [16,18,19] expand on the result of Ovchinnikov
(Ref. [14]) by considering an N = 1 Dirac equation with
colored noise, i.e., the mass m(x) being correlated on a length
scale &4q:

(m)m(x")) = p* exp(—|x — x'| /&qis), (15)

where we focus on the particular case of a real field m(x) (in
Ref. [19], the case of vanishing phase fluctuations). The single
dimensionless parameter [ = u&g;s/(hvg ) tunes the DOS from
the continuum Gaussian white-noise case of Ref. [14] (for
which I = 0) by monotonously deepening the dip 6 p4ip(/) and
moving its position Egip(!) — 0. As Egip(/) moves to zero,
the Dyson singularity is squeezed to E = 0, while the DOS at
lowest E becomes linear p(E) ~ E, and then develops a hump
whose position scales as E]ﬁ'lr:nllo ~ w [comparable to m on the
lattice by Eq. (6)]. We label this particular DOS function from
Ref. [19] (real mass, vanishing average value of disorder),
having an energy scale i and a fixed parameter /, as pﬁil (E).

To be explicit, in the limit of continuum white noise, &4is —
0, one recovers the Ovchinnikov DOS in Eq. (14) by taking

I — 0 simultaneously with 1 o ﬁ, so that pi! (E) —

PR_(E) with D = 2% 12
In our model, we expect the p,’\‘,il (E) DOS to be relevant
in the limit &,,4/a >> 1 where the IVS vanishes (the valleys

decouple into two copies of N = 1), while the dimensionless
correlation length parameter [, = % @ remains arbitrary.

4. Summary of comparison to our model

In summary, none of the known results apply strictly to our
two-valley lattice model’s entire phase diagram, which is con-
trolled by the parameters mo&p,/(ta) and & /a (Sec. 1T A).
However, based on the low-energy theories, we expect a
meaningful comparison in a few limits, in particular:

(1) At &/a > 1 we should recover the known pxil (E)
DOS by matching [ = Ly = &wing/(ta), further p = my,

while we can in principle further test the scaling of E)ZL /mo,
and of Eg;p(hay)/mo with disorder strength my /t at fixed .

(2) In the lattice white-noise limit &, < a, the DOS de-
pends only on myg/t (note, in this limit ,, reduces to this
quantity), so we may attempt to compare to the known
ph_,(E) DOS by matching D/(hivr) = m%/t, i.e., matching
D= m(z)a [Eq. (5)]. We can further test the scaling of El%;% /mg
with mg/t. However, due to the interdependence of our disor-
ders in the valleys, a priori there is no guarantee of a match
even in this limit.

III. NUMERICAL DOS FOR DISORDERED
MASS ON LATTICE

A. Numerical setup

We numerically diagonalize the two-valley lattice model
(1) of lengths N, = 10*~10° with disordered mass of strength
my and finite correlation length &« [Eq. (2)], and average the
resulting DOS over 10?-10° disorder realizations. The acces-
sible part of the phase diagram is limited by four conditions:
(1) The disorder strength has to surpass the level spacing for
disorder to have an effect, hence mg/t > 1/N,. (2) The disor-
der has to be weak enough so that the results of low-energy
theory are applicable, hence mg/t < 1. (3) The system should
contain plenty of real-space domains that appear on length
scale & so that the finite-correlation-length physics is correctly
sampled, hence &4 < N,a. (4) For values &,/a < 0.5 the
disordered mass is numerically indistinguishable from lattice
white noise &, = 0 because of the quick Gaussian decay in
Eq. (2). The conditions (1) and (2) are the slanted straight lines
marked on the phase diagrams (Figs. 3 and 6).

B. Results in the extreme limits

In Fig. 2 we illustrate that DOS curves in the extreme
regime of negligible IVS (§/a > 1) [29]. The DOS fol-
lows well the one-parameter scaling of pﬁil(E ) [see below
Eq. (15)], with the fixed prefactor [ = filiy, f; =2 [see
Eq. (6)]. For l < 10 [Figs. 2(a) and 2(c)], we need a
quantitative correction in the energy scale such that the con-
tinuum DOS p(E) — p(E/gn) [see Eq. (7) and Appendix B],
with g,, = 1.5, while at larger values of [, €.g., llae = 100
[Fig. 2(b)], the rescaling is trivial, g,, = 1. The divergence at
E =0 is hard to track numerically, but we find very good
quantitative agreement at finite energies including the dip
feature.

On the other hand, when IVS is strongest (lattice white
noise, £ /a = 0), in Fig. 4(a) we show a somewhat surpris-
ing match with the DOS ph_,(E) [see below Eq. (12)].
The logarithmic diverging slope at E =0 is hard to track
in numerical data with finite resolution, but the hump fea-
ture is easily accessible. By tuning m/t we confirm that the
position of the hump follows Epymp ~ m(z)/t as is expected
for E{l\;;% [Eq. (12)]. Hence, we uncover that the intrinsic
interdependence of the disordered mass in the two valleys
[Eq. (9)] apparently does not affect the DOS at the lowest
myp/t < 0.2. However, there are quantitative differences [sim-
ilar to Fig. 4(b)] for £ = 0 when 0.2 < my/t < 0.5, which are
disorder-strength values still low enough so that the regimes
of low-energy Dirac particle and weak disorder should be
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FIG. 2. Density of states (DOS) of the two-valley model with
disordered mass at extreme limits of vanishing intervalley scattering
(IVS). The green line in every figure is the DOS of disorder-free
model. (a) For disorder strength my = 0.1z, at correlation length of
only £/a = 2 the intervalley scattering is already suppressed and
we have a good agreement (orange line) with the Ovchinnikov
DOS ph=r'"=%E/g) = pP_,(E/gn) [see below Eq. (15)] with
rescaling factor g, = 1. Note, the lattice parameter /j,, = 0.2 < 1
is indeed expected to give a quantitatively very similar DOS as
[ =0 (orange line). (b) For my = 0.1¢ and &/a = 1000 we have
Lae = 100 > 1, and we find a reasonable agreement (orange line)
with the pl="'="(E /g,,) without rescaling, g,, = 1, and the pref-
actor f; = 2 (see text). The data are near the limit of the linearly
rising DOS pxi’{'[”l:w (E/gn) (dark green). (c) Intermediate situation
between (a) and (b), with my = 0.1¢ and &€ /a = 20 giving [,y = 2.
We have a good agreement with pli=""'="*(E/g,), with g,, = 1.5
(orange line).

valuable. Further analytical investigations of the DOS of the
two-valley system even in the lattice white noise may hence
be valuable.

C. Two-parameter phase diagram

In Fig. 3 we illustrate the entire phase diagram: at each
point we qualitatively distinguish two types of numerically

1()3-E N_ 1 KA 4 - 0.15 1.0
] — '.'. Re
1 '.. ([ .. 0.8
1021 .". W 0.10
£ ] Joee o ' 0.6
a o o o
103 e o o 0.4
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1 ‘odd °- 0.2
10 -~ eeee. N=2
:mw—ﬁ-mwﬁ—rrrmm—ﬁ-nrm 0 0

102 107 100 10" 10 moé An=1 An=2
ta

FIG. 3. Phase diagram of the two-valley system with disordered
mass. The green-to-blue scale measures the high-to-low agreement
with p}éi, (E) based on the depth of the dip in DOS, while the red-
to-yellow scale measures the high-to-low agreement with pf_,(E)
based on the height of the hump in DOS (see text for the definitions
of Ay). The dotted lines show the limits of our numerical calcula-
tions, while the thick line shows that all values &/a < 0.5 produce
essentially the same lattice disorder with zero correlation length.

obtained lattice DOS: if its highest value is at the lowest
available energy, we judge that it has a peak at E = 0 and
hence it is comparable to the known pxil(E ), while if the
DOS has a peak (hump) at a finite energy it is comparable
to pl_,(E). The former type is colored blue, the latter red,
while we roughly quantify the agreement (high to low) by
the shade (blue to green, and red to yellow, respectively).
To quantify the agreement with pﬁil(E ) we compare the
depth of the dip, i.e., with the known DOS value at the dip
paip = Py " [Eaip(l = ban)] we define

Pdipl/ Pos (16)

where ppnin is the minimum of the numerical DOS, and py is
the constant DOS value of the disorder-free low-energy Dirac
theory. To quantify the agreement with 1013:2 (E), we measure
the height of the hump, i.e., with the known DOS value at the

An=1 = |Pmin —

D=m} —
hump phump = Py—y " (Epvg) We define
An=2 = |Pmax — phump|/phumpv (17

where pmax 18 the maximum of the numerical DOS. We
emphasize that these are rough quantifications of agreement
because the lattice DOS and the known DOS might not over-
lap well, and the energy value at which the dip (or hump)
appears may differ. Certainly this is the case in the crossover
region, but the goal of the rough quantification in the phase
diagram Fig. 3 is exactly to make visible the crossover region.

D. Crossover between N =2and N =1

Figure 4 illustrates a cut through the phase diagram at fixed
mo = 0.2¢, hence on a slanted line through the crossover. In
the crossover regime, which in the phase diagram forms a strip
that is between 1 < £/a < 3 and increases with my&/(ta),
the DOS curves develop extreme shapes, exemplified in
Figs. 4(b) and 4(c), and do not match any known DOS curves.
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FIG. 4. Crossover in DOS due to change with & /a of the IVS in
the two-valley model. We fix my = 0.2¢, and increase the correlation
length (a slanted line cut in Fig. 3). (a) At £/a =0, L, =0, we
find a surprising agreement with pllv):;" 3a(E /gm) [orange line, also
in (b)], without rescaling, g, = 1. (b) At £/a =1, [, = 0.2 and
(c) at £ /a = 2, Ly = 0.4 show new crossover DOS shapes with the
hump growing, narrowing, and moving towards £ = 0. (d) §/a = 5,
Lay = 1. The pseudogap is no longer discernible, and we recover
the IVS-free DOS pl=""'=""(E/g,,) (orange line), with prefactor
fi=2,and g, = 1.5.
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FIG. 5. Comparison of DOS of the two-valley system throughout
the phase diagram to known DOS functions. The constant value of
disorder-free low-energy DOS is pp. (a) The minimum value of the
two-valley DOS (blue dots) sorted by the value of /,,. Only DOS
whose peak position is indistinguishable from £ = 0 are used. At
each /,, the multiple values correspond to multiple values of £ /a, but
this creates negligible variation, confirming the irrelevance of IVS.
Comparison is to the dip of the known N = 1 DOS ppot=/" ()
(orange dots), in which the prefactor f; = 2. (b) The maximum value
of the two-valley DOS (blue dots) sorted by the value of & /a. Only
DOS whose peak position is away from E = 0 are used. At each
& /a the multiple values correspond to multiple values of /iy, and we
note some variation, indicating the nontrivial interplay of IVS and
the /;,; parameter. Comparison is to the (constant) value of the height
of hump in the known N = 2 DOS (orange line).

Importantly, as &/a increases, the hump of the DOS curve
increases rapidly in height, narrows, and moves towards lower
energy, all the while the DOS vanishes at E = 0. Finally, this
hump becomes numerically indistinguishable from a sharp
peak at E = 0, representing the Dyson peak of p]’\‘,iTO(E )
[Fig. 4(d)]. This crossover in DOS indicates that either the
value p(E = 0) jumps from zero to infinite at some value of
&/a, or instead p(E = 0) = 0 at the center of the diverging
Dyson peak [30].

To better quantify the DOS of our two-valley system with
respect to the known DOS functions, especially through the
crossover, in Fig. 5 we again split all numerical DOS into
two classes depending on whether they have a peak at £ = 0

075430-7



TOUCHALIS, SIMON, AND MESAROS

PHYSICAL REVIEW B 108, 075430 (2023)

(class comparable to N = 1) or at finite E (class comparable
to N = 2), just like in the phase diagram Fig. 3. In Fig. 5(a)
we collect the DOS in class N = 1 at any £ /a according to
the value of their lj,« = mo&/(ta), and plot the depth of the
dip (the minimum of DOS in units of the disorder-free DOS),
overlaying it with the plot for the known DOS p;\’}‘):ll (E). We
find a very good agreement for /4 < 4, and a good agree-
ment for large . The plots suggest that introducing a weak
dependence of the scaling factor f; on [ [see Eq. (6)], i.e.,
stretching the horizontal axis, could bring the minima of DOS
into excellent agreement. In Fig. 5(b) we collect the DOS in
class N = 2 at any /jp according to their £/a, and plot the
height of the hump (the maximum of DOS in units of the
disorder-free DOS), overlaying it with the known value of
hump of ple:? fa (E). We see the surprising match for white
noise, which sharply worsens as &/a grows and the IVS
is reduced. The rising values for our DOS demonstrate the
crossover in which the hump grows and moves towards zero
energy. It is interesting to note that for much of the regime
of strong IVS, i.e., most of the range & /a < 3, the DOS has
a strongly varying crossover shape, however, once the peak
moves to E =0, the DOS already excellently matches the
N = 1 result. This indicates that the crossover between N = 2
and 1 with increasing £ /a moves monotonously from high to
low energies.

IV. DISORDERED NEXT-NEAREST-NEIGHBOR HOPPING
AND TWO VALLEYS

In the previous section we emphasized the transition from
two uncoupled valleys to two coupled ones due to interval-
ley scattering terms appearing when the correlation length of
the disordered Semenoff mass reaches the lattice scale. The
Semenoff mass term is onsite, which is in contrast to chiral
quasi-1D systems for which the disordered term is usually
a hopping term. In our two-valley model based on spinless
graphene there is, however, another gapping term which does
represent (next-nearest-neighbor) hopping, namely, the Hal-
dane mass. Such a term is generally expected to suppress
IVS, but as we show the hopping can have a more complex
intra-unit-cell structure so that the amount of IVS can be
tuned. In this section we hence repeat the analysis of the
phase diagram based on DOS for the two-valley system with
disordered next-nearest-neighbor (NNN) hopping, but with a
more detailed analysis of IVS.

A. Lattice model

Our tight-binding Hamiltonian with NNN hopping (and
without Semenoff mass) is

TB i
H ==t E CraCR A
(Ra,R'a’)
i

343

where R+a;, j=1,2,3, denotes the unit cell translated
by d; with respect to to the unit cell labeled by R, with
PBC applied [see Fig. 1(b)]. We assign the numerical values
o =0, 1 to the sublattices « = A, B. Importantly, due to the

D (=D*Aj(R)ChyCRrapa + He  (18)

R.a,j

small width of our system, each lattice site Ro is associated
with only rwo independent NNN bonds, say A (R), because
the third associated bond, A3(R), that would exist in infinite
graphene is here identical to A,(R) by PBC along the y axis
[see Fig. 1(b)]. Nevertheless, we retain A3 as a free parameter
to make calculations more transparent, while being aware that
the terms i = 2 and 3 of the Hamiltonian (18) produce identi-
cal hopping terms between R and R — d; + dp, o whose total
amplitude is therefore A>(R) 4+ A3(R) = A, (R).

The lattice model (18) has the chiral symmetry X : cgq —
iCrp, CrRp —> —icgra (same as the Semenoff mass model)
thanks to the quasi-1D periodicity in the y direction. This
model with imaginary hoppings has a nontrivial spinless
(pseudo)-time-reversal symmetry 7 = UK, with the unitary
operation U : cga — Cgp, CrRB — Cra, and is hence in the
BDI class. The T symmetry also arises only because the
quasi-1D nature allows U to preserve NN hoppings and re-
verse the imaginary NNN hoppings. Note that our model
in the homogeneous and locally (at each site) C3-symmetric
case A1 (R) = A2(R) = A3(R) = Ay [hence, A5 (R) = 2Ay] be-
comes the Haldane model [31] (thanks to the opposite sign of
A on A and B sublattices) which in fully two-dimensional (2D)
graphene does break time-reversal symmetry.

A key assumption in our model of disorder is that the NNN
hoppings A;2.3(R) have one fixed ratio within all unit cells,
defining a local intra-unit-cell configuration. From one unit
cell to another, their overall amplitude may vary arbitrarily:

Ai(R) = Aiu(R), 19)

with u#(R) a real function.

To interpret this intra-unit-cell structure of NNN hoppings
that was absent in case of Semenoff mass, we refer to the
homogeneous situation u(R) = 1, where the lowest-order con-
tinuum theory,

3
— 1
Hgom :hUFTszkx +AnT,00 — —=é; - Zaj)"j Uzkx
3V3 =

_ a 1
— .ok, + A L (=2 ok (20
7,0. + HTzo—z+3\/§( 1 > 2)61 (20)

with the third lattice vector d3 = —d; — dp, and with the ho-
mogeneous coupling

3
_ 1 <
b= 3 ;:1: Aj. 1)

We recover the continuum Haldane model with coupling Ay
only for the locally C3-symmetric intra-unit-cell configuration
A=Ay = A3, 1&., A = %A’z, because this is equivalent to
>_;djr; =0 (note, the G; sum to zero). To be more precise,
the local (site-centered) C; symmetry means that in any given
unit cell, all three NNN hoppings emanating from site A have
the same value (and this is also true for the B site). (Of course,
only two of these are independent hoppings, namely, A;, A} in
that unit cell.) Any breaking of this local symmetry induces
corrections [very last term of Eq. (20)].
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The real-valued function u(R) we assume to have a finite
correlation length £ and a unit strength, while its average value
is fixed to zero throughout this paper:

4 o [_w} (22)
ms p 252 )
(u(R)) = 0. (23)

(RuR)) =

We now proceed to take the low-energy continuum limit
including the disorder.

B. Low-energy one-dimensional Dirac model

We derive the low-energy continuum theory in real space
by inverse Fourier transforming the small momenta around the
Dirac points [Eq. (18)], which yields

3
Hiom = hvpT,0,(—idy) + Z)Ljﬁ(x)fzgz
j=1

_ % [%axu(x) + ﬁ(x)iax:|oz

=@ Ly f) t aio, |reyo + Ox(a; 00,
3\/§ 2 Y Js

(24)

where the notation is the same as in the mass case [Eq. (1)],
while the symbol O,(g) indicates quadratic- and higher-order
terms in g. The first and second lines of H5°™ describe the
disorder-free energy and the intravalley scattering due to a
spatially varying NNN hopping on the lattice.

Importantly, and in contrast to the case of Semenoff mass,
here the zeroth-order IVS term [oil(x)ty,] vanishes be-
cause the NNN hopping forbids backscattering. The forbidden
backscattering is well known for graphene with Kane-Mele
spin-orbit coupling, which is a spinful model with two copies
of the Haldane model, and we emphasize that our NNN
hopping model is a spatially varying version of the Hal-
dane model. Further, the first-order IVS term (third line of
Hj{"m) vanishes for a special local site-centered C3-symmetric
intra-unit-cell structure A; = A (note, this is equivalent to
>_jdjr; = 0). In this case the first nonvanishing term is of
third order in a;,0,. In Appendix C we detail the calcula-
tion of IVS in momentum space, and we show that for even
more general disorder types than Eq. (22) still the locally
Cs-symmetric configuration is the only one for which the
first-order IVS term in the continuum vanishes. Hence, in case
of NNN hopping disorder, the IVS is controlled by both the
Fourier components of u(R) [induced when & is comparable
to a (Eq. (22))], but also by the intra-unit-cell ratio of the
bonds /), although the IVS is always at higher order in
continuum theory than for the disordered Semenoff mass.

The symmetry properties of the low-energy model (24) are
also different than for the case of Semenoff mass. There is
the chiral symmetry ¥ = o, due to the quasi-1D setup. Next,
when the two valleys are decoupled, #i(x) = 0, then 7, is a uni-
tary symmetry, and each independent valley now depends on
the intra-unit-cell structure of the NNN hopping: For generic
M1 # Ay there are no further symmetries, so each valley is
in the chiral class Al/l, while for the locally C3-symmetric
disorder A; = X, there is effective time reversal T = 0,K and
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FIG. 6. Phase diagram of the two-valley system with disordered
NNN hoppings. The green-to-blue scale roughly measures the high-
to-low agreement with p]’(‘,iTO(E ) based on the depth of the dip in
DOS. The DOS curves match well pf’ (E) throughout the entire
phase diagram. The dotted lines show the limits of our numerical
calculations, while the thick line marks that all values £/a < 0.5
produce essentially the same lattice disorder with zero correlation

length.

the class is BDI. In presence of IVS, fi(x) # 0, there are no
unitary symmetries, and an effective spinless time-reversal
symmetry of two valleys is inherited from the lattice: T =
1,0,K, which obeys 72 = 1, and commutes with X, giving
the chiral class BDI, as for the full lattice model. As &/a
grows, the one-dimensional Dirac equation is hence always
in the chiral class BDI N = 1, 2 for the locally Cs-symmetric
disorder, while it crosses over from N = 2 BDI to two copies
of N = 1 AIII for generic intra-unit-cell disorders.

In Appendix A we apply transfer-matrix theory and find
that the NNN model for a locally Cs-symmetric disorder (for
which IVS is additionally suppressed compared to require-
ments of vanishing backscattering) indeed does not have the
exponentially decaying conductance typical of chiral N = 2
systems and the disordered Semenoff mass. Instead, it be-
haves as an N = 1 chiral model without IVS. Unfortunately,
this method becomes much more involved for generic NNN
disorder 1| # %A’, and the calculation of conductance for
the intermediate case of IVS in case of generic intra-unit-
cell NNN hopping disorder is intricate. Therefore, we seek
numerically the implications on DOS of the different degrees
of IVS by studying any intra-unit-cell structure.

V. NUMERICAL DOS FOR DISORDERED
NNN HOPPINGS ON LATTICE

The analysis of the continuum theory implies that IVS is
much weaker for disordered NNN hopping than for disordered
Semenoff mass, however, the IVS depends on the intra-unit-
cell structure. The locally C3-symmetric disorder is given by
M=A=A3 = A = %A’z, and has an additional suppression
of IVS.

Somewhat surprisingly, with our numerical method we do
not find significant difference in DOS curves obtained for
various ratios A;/A. In Fig, 6 we show the representative
phase diagram for | = %Aé = ). From the high £ /a regime
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all the way down to lattice white noise, we do not find a sign
of crossover, the DOS always matches well the decoupled-
valleys DOS ol | (E).

The question arises if the absence of IVS effects is real
or an artifact of the numerical limitations. In Appendix D
we roughly estimate the length scale &ys on which inter-
valley scattering becomes appreciable, as function of the
intra-unit-cell deviation from the local C3-symmetric config-
uration AA/t = (A, — A,/2)/t. We find that our system sizes
N, x 10*-10° are larger than the estimate &yg 103 at least
for relevant values AX away from zero and at energies com-
parable to the dip feature. (However, the estimated IVS length
scale at those energies becomes comparable to our largest
N, for AX = 0.) Hence, even when our finite tight-binding
models should be able to capture IVS effects, these do not
seem to be present. In Appendix D we substantiate this anal-
ysis through a perturbative calculation of the self-energy in
the continuum, which confirms that for any system size and
value of AL/t there is always a window of small energies in
which the effect of IVS is negligible, hence, the Dyson peak
is expected to persist at any & /a.

VI. DISCUSSION AND CONCLUSIONS

We have shown that in chiral quasi-1D systems with two
valleys (i.e., two crossings at different finite momenta at low
energy) the disorders in each valley become intrinsically in-
terdependent. We study the crossover in-between decoupled
and coupled valleys as the correlation length of disorder ap-
proaches the lattice constant, showing a nontrivial evolution
of DOS between a divergent peak and a pseudogap, while the
system becomes insulating. We find that the interdependent
disorder has at least quantitative effects on the DOS in the
regime of coupled valleys even in the limit of zero correlation
length for disorder. In the case of disorder in NNN hoppings,
we find that the amount of IVS can be tuned to appear at dif-
ferent orders in the low-energy theory, but the lowest-energy
DOS always behaves as if the valleys are decoupled through-
out the phase diagram.

The first question one could ask is how universal our
results are. We consider the generality of our disorder: In
absence of any intervalley scattering, our disorder is generic
for class BDI, and we recover the known DOS for the class
(Ovchinnikov DOS). In presence of intervalley scattering, the
model is in class CI, but our disorder has certain correlations
(precisely, it is nonisotropic in valley space), hence it is not
the most general disorder in the CI class (with N = 2). Hence,
we consider whether our correlated disorder is representative
within class CI. The evidence we have is that in the regime of
maximal intervalley scattering (§ /a = 0), where we are firmly
in class CI, the DOS produced by our correlated disorder
qualitatively matches the expected DOS for the class CI with
N = 2 (Grabsch DOS). Our correlated disorder is therefore
not pathological within the class, and the nontrivial crossover
that we find will hopefully stimulate research in other models
too. Next, we note that two-valley systems are generic, but
what might be less so is the fact that we had a chiral system
with strong IVS, as happened in the case of disorder in Se-
menoff mass which is an onsite term. Hence, an interesting
test case could be the versions of Haldane model with real

NNN hoppings [31] instead of our case of purely imaginary
NNN hoppings, as the backscattering may be allowed and
IVS may not be strongly suppressed. We also note that it is
known that in chiral quasi-1D systems there are nonuniversal
corrections and an additional parameter may be needed to
describe the disorder [24,32], although this does not include
the specific properties of our disorder.

Staying with the current graphene-based systems, phys-
ical generic disorder breaks all lattice symmetries, so it is
somewhat artificial that we considered NNN hoppings with
strictly opposite sign on the two sublattices. Our motivation
was to focus on the gap-opening Haldane coupling in the
continuum limit, but there are other gap-opening possibilities
with hopping disorder, for example, simultaneous presence of
valley-Zeeman and Rashba spin-orbit coupling (in the spinful
system). We note that valley-Zeeman spin-orbit NNN hopping
in its spinless version is complementary to the Haldane mass,
together they allow to disentangle the NNN hoppings on two
sublattices. However, the valley-Zeeman-type NNN hopping
is not gap opening, its disordered version is given by identity
operator in sublattice space, and hence it is extremely ineffec-
tive in influencing the DOS.

It would be, however, interesting to study multivalley mod-
els not based on graphene because the chirality we have is
fully dependent on our quasi-1D setup, i.e., setting k, = 0 to
have o, as the chiral operator. This limits us to only N = 2
in the lattice model. In principle, a good strategy could be to
construct multivalley Dirac models with chirality and back-
engineer the tight-binding lattice model. Generalizations of
the fluctuating gap model may also be envisaged [16]. Another
fruitful direction could be to map our spinless model to a
strictly 1D problem where the unit cell (oriented along the y
axis) is interpreted as two directions of spin. The Semenoff
mass becomes a Zeeman term, but the hopping becomes
an unusual spin-orbit coupling which breaks (spinful) time-
reversal symmetry. The latter symmetry acts as a particle-hole
symmetry, while a 7 -spin rotation acts as a chirality. Perhaps
spin models such as this one can be fruitfully studied.

Technically speaking, our work poses challenges that are
quite general. One is the extension of analytical techniques for
calculating DOS [18,26] to the case of interdependent disor-
der, even in the simplest case of continuum white noise, where
the nontrivial interdependence is that the disorder matrix is not
isotropic in N x N space. Interestingly, the standard transfer-
matrix approach to calculating conductance also seems to
become analytically intractable for the case of generic NNN
hopping disorder in our complex four-component representa-
tion of the Dirac equation.

We also emphasize that the theoretical treatment of our
problem is intrinsically challenging as it exactly plays on
lattice effects in the low-energy limit, which are not sim-
ply questions of cutoff scales, singularity regularizations, or
boundary conditions. In particular, the lattice model when &
becomes comparable to a is not a problem with weak IVS,
and it is not straightforwardly taken to the continuum limit
neither by £/a — 0 (and then connecting lattice and contin-
uum white noises) nor by £/a — oo (and then smoothing
the disorder function). Hence, our low-energy Dirac theory
analysis should be questionable in the crossover regime, and
obviously the nontrivial interpolating DOS function found
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numerically should motivate new approaches to these types
of systems.
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APPENDIX A: CONDUCTANCE OF QUASI-1D MODELS
OF DISORDERED MASS AND NNN HOPPINGS

Based on the continuum models H:*" and H{°" in Eqgs. (4)
and (24), we consider simplified Hamiltonians of the same
structure and derive the conductance. In case of NNN hop-
ping, we are only able to treat the locally Cs;-symmetric
configuration A, = 5.

We begin with the Semenoff mass:

H = ivpdeor T + mi(x)o; + my(xX) 0, + m3(x)ry0z, (Al)

where m; and ¥'m3 + m3 are, respectively, the low- and high-
momentum components of the original mass field.

This Hamiltonian has o, as a chiral symmetry. So, for the
sake of simplicity, we rotate into the eigenbasis of o, (so o, —
0, — —o, and oy is invariant). Consequently, the scattering
matrix is

1 oy
S =T, exp (— / my(x)t.0; + ima(x)T,0;
Vr Jo

— im3(x)T,0; dx) . (A2)

Hence, we have the following symmetries for S:
0,850, =5,
tzaySrzoyST(: 7,0,57,0,57) = 1.

The expression in parentheses is simply deduced from the
chiral symmetry and the first current, so it does not bring any
additional information.

As a consequence, in the basis {|I,1),]|1,—1),|—
1, 1), | — 1, —1)}, where the first number is the o, eigenvalue
and the second one the t, eigenvalue, we can parametrize the
S matrix in the following way:

M
S = < TZM-;-1TZ)7

where M is a 2 x 2 complex invertible matrix.

We have checked the two moments of the increment of the
x; variable as introduced in Ref. [22] As we have N = 2, we
get the following results:

202
(5)6,') =53 coth(x,- — )Cj),
Uf
251
(6x2) = T2,
3vg
(Sxi6x) o2SL
Xi0x;) = ————,
J 202

where o is the standard deviation of the mass field and j # i.

Given that the cross correlation between the increment
of the transmission eigenvalues is negative and that the in-
teraction between the two of them is negative, there is no
competition in the diffusive process and the eigenvalues
should crystallize at extensive opposite values. Thus, the con-
ductivity exponentially decays.

Now we move to the NNN hopping model, Eq. (24). We
only modify the intravalley term from mo, to mo, 1, and hence
the simplified model is relevant only for the special locally
Cs-symmetric case ) _; d;A; = 0. The scattering matrix is now
written

1
S=T, exp(— / my(x)o; + imy(x)7t,0; — im3(x)T,0; dx).
UF Jo

(A3)

We have the same chiral symmetry and conserved currents
and consequently the same parametrization of the § matrix.
However, the average displacement of the eigenvalues of S
induced by an infinitesimal slice of width §L is now 0. There
is no drift of the eigenvalues of M. Consequently, instead of a
conductance which decays exponentially with the sample size,
we have fluctuations [22].

APPENDIX B: QUANTITATIVE COMPARISON OF
CONTINUUM AND TIGHT-BINDING DOS FUNCTIONS

To clarify our procedure of matching continuum and tight-
binding DOS curves such as in Figs. 2 and 4, we show in
Fig. 7(a) a representative example of the necessity of the
nontrivial rescaling factor g, [Eq. (7)]. In Fig. 7(b) we show
the best-fit value for g,, across the range of dimensionless
model parameter [,. The fitting procedure is done in the
regime of large & /a where N = 1 is relevant, and the DOS
has a dip (minimum). The g,, is determined [see Fig. 7(b)]
by matching the position of the minimum of the tight-binding
DOS p(E) and the position of the minimum of the continuum
DOS function pl’\;z'ln‘)’l:f’ !(E /g). This procedure works well
in the gray and purple regions in Fig. 7(b), while for the white
region the minimum of the numerical DOS is more flat, and
we rather determine g,, (which turns out to be g,, = 1 there)
by matching the value of DOS at large energy E (at the edge
of the energy window shown in plots of DOS).

In the crossover between N = 1 and 2 regimes (i.e., for
&/a ~ 1), the numerical DOS does not match well neither the
N =1 nor the N = 2 DOS functions, but we formally keep
the fitted value of g, for N = 1 DOS functions in that regime
too. In the regime N = 2, by comparing the positions of the
humps (maxima) of DOS, we find that g, = 1 for all values
of llatt'

The constant prefactor f; = 2, and hence the matching [ =
filae Was found by a visual fit of DOS curves with very large
and small /;,,, and proved to be optimal under small variations
for intermediate values of [}, too.

APPENDIX C: INTERVALLEY SCATTERING DUE TO
INTRA-UNIT-CELL STRUCTURE OF NNN HOPPING

We now examine the effect of different choices for the
intra-unit-cell structure ;3 of NNN hopping, finding that
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FIG. 7. Matching of DOS functions using the rescaling factor g,,.
(a) The numerically obtained DOS of the two-valley model (blue
dots) shown in Fig. 2(c) (my = 0.1¢, & = 20a and hence [, = 2)
is compared to two continuum DOS functions pN_m" A= iha (E/gm)s
with fixed f; = 2, and differing values g,, = 1 (dark green) and g, =
1.5 (orange). (b) The minimum value of the two-valley DOS sorted
by the value of [, [same as in Fig. 5(a)]. The three colored areas
represent different fitted values of the rescaling energy paramater g,,
(see text for the fitting procedure).

they greatly influence the scattering for a given spatial varia-
tion u(R) between unit cells labeled by R. We emphasize again
that in our quasi-1D system there are in fact only two indepen-
dent NNN couplings, A; and A5 = A, + A3). In particular the
central question in this Appendix is as follows: How does the
intra-unit-cell structure affect the intervalley scattering (IVS),
given that the inter-unit-cell variation u(R) may have large
scattering momenta that connect the valleys?

For easier reading we will treat momenta as two dimen-
sional, and implement the quasi-1D nature of the system
(ky = 0) at the end of calculation. To understand the scatter-
ing, we start from the momentum-space version of Eq. (18):

z_tz

+Z ka[ ks — kl)mkl,km”ﬂ}ckﬁ, (@)

y(k)ckB + H.c.

where i is the Fourier transform of the space-dependent term
u(R), while the intra-unit-cell factors are

3
y(&) = exp(—ik - d)),
j=1
3
(K ko) =iy Ajlexp(iky.a;) — exp(—iky.;)]
j=1

3
= =2 A;sin(k.d;)exp(ik- - @;),  (C2)
j=1

with the three NN bond vectors d ;» and the auxiliary momenta
l_éi = (l_él + I_éz) /2. The fact that the NNN part of the Hamil-
tonian is purely imaginary causes T, ki, k») to be odd in
k+, with the consequence that exact backscattering k= —k
is forbidden, i.e., I’ A(k+ = 0) = 0. This makes the spatially
varying NNN hopping a priori less efficient in scattering
between valleys at =K than the varying mass, the latter having
a trivial intra-unit-cell factor. The effect of the intra-unit-
cell structure of NNN hopping is revealed in the low-energy
theory: we label the Dirac momenta +K = :t%éx, with

K = |K|, as the valleys t, = &, and consider momenta in their
vicinity, in particular to study IVS we take two unrelated mo-
menta in opposite valleys 751 =K — Go, 122 = —tK + qo +
g, and we get the value of intra-unit-cell factor

3
TE(k, ko) = iz" ) hjlexp(—ido.dj)— exp(—i(do + ) - @))]
j=1
3
~ =2y (@2) -3+ 0, 45, q09), (C3)
j=1

where z = exp(—i2n/3). We now see that the lowest-order
term in IVS can be exactly canceled if the intra-unit-cell
structure obeys Zj‘:l ajhj = 0, which in our quasi-1D system
gives A, + A3 upon projection on y axis (a trivial condition
since in quasi-1D only A5 = A, + A3 exists), and A| — %(Az +
M) =0,ie, A = %X’z upon projection on the x axis. Hence,
apart from the suppression of IVS due to lack of backscatter-
ing, there is an additional suppression of IVS for the locally
?3-symmetric intra-unit-cell structure Ay = A, = Az = A =
5.

’ 21,0 understand the generality of the suppression of IVS, we
consider an even more general set of intra-unit-cell structures
than based on the three NNN hoppings in Fig. 1(b). Our
physical motivation comes from the case of a dense random
distribution of adatoms, when there is no natural partitioning
of bonds into unit cells. To illustrate this nontrivial ambiguity,
first note that so far we assigned to a given site (say an A
site in unit cell R), the three NNN A-A hoppings emanating
from this site. Imagine now the alternative of assigning to this
site the three NNN A-A bonds which form a triangle such
that our site is at its center. When we set A (R) = A (R) =
A3(R) both choices produce a locally (at our site) site-centered
Cs-symmetric choice of A-A bonds. Both choices might be
natural for an adatom positioned directly on top of our site.
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However, in fact the second choice of intra-unit-cell structure
does not cancel the first-order term in the IVS in I'; as the
first choice does. Hence, to clarify the necessary conditions
for the additional IVS suppression, we consider even more
general structures: to each site, say our site A, we assign three
arbitrary NNN A-A bonds chosen from the set of bonds which
either emanate from our site or are inside a hexagon plaquette
which contains our site. Enumerating all possibilities and
studying their I';, we find that only our original choice of
bonds emanating from the site as in Fig. 1(b), with locally
site-centered Cs;-symmetric values of NNN hoppings when
A1 = Ay = A3, gives an exact canceling of first-order term in
I';, as in Eq. (C3). Hence, throughout the text for simplicity we
stay with the intra-unit-cell structure based on assigning three
bonds NNN hoppings A > 3 to a site just as in from Fig. 1(b).
Then we are able to address the additionally suppressed IVS
when A = A, = A3.

APPENDIX D: ESTIMATE OF INTERVALLEY
SCATTERING LENGTH SCALE AND ITS EFFECTS

To quantify and interpret the suppression of IVS due to
variation of intra-unit-cell configuration of disordered NNN
hoppings, we proceed to extract a typical IVS length. This IVS
length scale is useful to check that the numerical tight-binding
results in Sec. IV could, in principle, demonstrate IVS effects
since the system length N, is beyond the IVS length scale, at
least for some intra-unit-cell configurations. To estimate the
length scale we use a periodic inter-unit-cell spatial profile
u(R) with Fourier components at 2K being able to scatter
between valleys, and this is done in the first subsection.

We then proceed to a continuum white-noise profile of
disorder and use a disorder-averaged self-energy to argue why
there are no IVS effects at low energies in case of disordered
NNN hoppings. We contrast the results to the case of disor-
dered Semenoff mass.

1. Intervalley scattering length scale due to a periodic coupling

We first define a characteristic IVS time 7 as the time it
takes for an electron starting in state in one valley to end up in
the other valley. Using the Fermi golden rule

1

L S n® R R +D,
T

(D1)
K |=1k|

where energy conservation is apparent. Then we define a
characteristic IVS length simply by &; = vr1;.

We start from the special locally Cs-symmetric intra-unit-
cell NNN hopping configuration A; = Ay = A3 = A, and the
resulting low-energy continuum theory of Eq. (18):

Ho = hvpket,0x + dou(x, T)t.0:5. + mu(x, T)o,, (D2)
where the inter-unit-cell spatial dependence of couplings,
X2
u(x, T) = 0(T)e 2 cos(Qx), (D3)

is as follows: (1) chosen periodic in x with wave vector Q that
scatters between valleys (while momentum k- d, = 0 in our
quasi-1D system), (2) smoothly confined on a length scale d
which is taken to equal the system length d = L at the end of

calculation [21], and (3) switched on at time 7 = 0 as usual
in applying the Fermi golden rule.

Starting with NNN hopping by setting m = 0, we find that
states at one valley, say k— = —K + ¢ can only be scattered
to the other valley if Q = 2K or Q = 2K — 24, but the latter
represents exact backscattering which is nullified by I" factor.
Then, under the assumption that |g| < K, the rate of transition
from —K +gto K 4+ g is

1 Ad* Lo p ,  Ad? p
% = ?; sm(qa) COS(C](I) ~ ?;(qa)
AN d?
=== (qa), (D4)

where in the last line we convert the continuum parameters to
lattice parameters of graphene, and introduce the number of
unit cells in the system L = N,a (we drop inessential prefac-
tors such as /i and constants of order 1). We now take the limit
d — L and get for the IVS length

vz 1 t\’a 1
F
= == =\—) = D5
500D =520 Tqaye ()»o) Noqar Y
Now we can estimate the system size up to which the IVS
is effectively absent:

t
>L=N <K ———.
gQ,Ao(Q) > K )\‘0 (qa)3
For a numerical estimate relevant to our tight-binding simula-
tions, we take parameters 1o = 0.1¢ and ga = 0.1, where the
latter corresponds to the span of small momenta where Dirac
approximation is valid. This gives a maximal system length

(D6)

on L Lo,

RS = 3 o (D7)
VS ™ X0 (qa)

We remark that this estimate is consistent with the validity
range of the Fermi golden rule calculation, which assumes
weak scattering, so it is consistent to consider a IVS length
larger than system size. Finally, note that in the simulations we
study a small low-energy range corresponding to ga = 0.01 in
the continuum Dirac dispersion, which formally increases the
estimate of N,,1vs. Hence, our systems of length N, o 10°
should be able to exhibit IVS effects.

Now we consider deforming the intra-unit-cell structure of
NNN hopping away from the special locally Cs;-symmetric
configuration, by introducing a nonzero quantity

AN=(A —A)+ (A1 —A3) =24 —4),  (D8)

and a continuum model as in Eq. (D2) with terms from
Eq. (24). The same procedure as above gives the contribution
to scattering rate

1 AMZN,
T
VrTo,an(q) t a

which means that at low energies the total IVS is strongly
dominated by a finite AX contribution (scaling as g¢?)
compared to the contribution of locally Cs;-symmetric con-
figuration in Eq. (D5) (scaling as ¢%). The maximal no-IVS

D9)
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system length in case of dominant contribution from AA is

oar _ 1
Niws = A)Lq_a ~ 107, (D10)
with the numerical example of a small AA = 0.017 and ga =
0.1 still dominating the IVS compared to Eq. (D7).

To put the results into context, we contrast them to the
exact same calculation for the case of IVS due to a varying
Semenoff mass parameter, i.e., Ao = 0 and m # 0 in Eq. (D2).
We obtain the expected momentum-independent IVS:

1 m*L _ m*N,

Tm Vfp t
2 2
Vg t 1
= — = —_— —a,
Som m2L <m> N,
om _ 1
Nnolﬁ,s = Z ~ 10, (D11)

with the estimate of Ny, 1vs for parameters m = 0.1¢ and ga =
0.1 showing a great dominance of IVS due to disordered mass
compared to due to any type of disordered NNN, as expected
due to forbidden backscattering in the latter system.

It is important to clarify that our finding of suppression
of IVS in the case of the locally Cs3-symmetric intra-unit-cell
configuration of NNN hopping [compare Egs. (D5) and (D9)]
is not a specialty of our quasi-one-dimensional system, but
appears in the two-dimensional graphene sheet too.

2. Self-energy analysis for continuum white-noise couplings

Having a random spatial variation from one unit cell to
the next should cause much more comprehensive scattering
than the simple sinusoidal variation of momentum Q = 2K
we discussed in Appendix D 1. To quantify the effect of ran-
domness in NNN hoppings on the IVS, we therefore consider
the low-energy model as in Eq. (D2) with continuum Gaussian
white noise:

(")) = asdx —x),

(MiGOA () = A3ad(x — X)), (D12)

where we focus only on the locally C3-symmetric intra-unit-
cell configuration of NNN hoppings, 1| = Ay = A3 = A9. We
calculate in the usual way the disorder-averaged Green’s func-
tion to lowest order. The central quantity is the self-energy,
given to lowest order by

T =) (VG b Go@V (g, k), (D13)
q

with Gy the unperturbed (retarded) Green’s function and V
representing the perturbation, i.e., our random NNN hopping
term:

V(G, k) = (g, k) = il(G — O)T(G, K)o,

where I' is the geometric term as in Eq. (C3) but in the
continuum limit.

The true self-energy contains all scattering contributions,
but for our purpose we will split it in two parts ¥ = X; + X,
the intravalley and intervalley, respectively, and focus on IVS
part X,. When computing ¥,, we choose momenta in opposite

valleys, and simply redefine the ¢ and k symbols: ¢ - K +
q and k - —K + k, which are now small momenta, g, k <
K. We note that the o, structure of our NNN hopping will
change the direction of movement when scattering inside a
valley and preserve it when scattering to the other valley, and
hence ¥, preserves t,0, whose eigenvalue we label by 0. The
following calculation is for right movers, but easily extended
to left movers. Using that ¢, k < K, we get

IT(q, k)| = 21¢*> — K*|a* + o(q* + k*),
_ Z A 81
N, 16

Letting the microscopic length scale a go to zero, we obtain
the real and imaginary parts of the IVS self-energy:

(D14)
1

PR e
ya o — vpoq + 0t

(D15)

A
R(E,) = —3«/’( 0“) (D16)
2
81 Asa
Im(Z,) = _81V32a (o = — k) a (D17)
64 vr \vp
which after resumming give the spectral function
1
Ak, w) = ——Im[G(k, w)] (D18)
T
1 Zza(a)2 - v%kz)
T (w— Zvpok)? + Z2012(a)2 - v%k2)4’
(D19)

where we defined the disorder-dependent factors Z~! = 1 +
hoa 2 _ 813 M
3\/§(ﬁ) and o = 83 70T

Vr

The main result is that for a given strength of disorder X
there is a range of small momenta around the Dirac point
where the IVS keeps quasiparticles sharp. This result is in
accord with the case of IVS due to a periodic spatial variation
with momentum 2K [Eq. (D5)] which showed that for any
system size and amplitude of periodic NNN hopping there is
a range of momenta for which the IVS length scale exceeds
the system size.

To put the disorder averaging into context, we contrast it
with the case of continuum white noise in Semenoff mass, for
which the perturbation term in Eq. (D2) is given by

V(G k)

= 1i(G — K)o, (D20)

(mx)m(x")) = méa S(x —x'). (D21)

The o, structure of the mass will have the same effect as
previously, i.e., preserving 7,0, for the IVS part, and changing
the sign for the intravalley part. Same procedure as above
yields

2
am
0
i = —I—,
2'UF

showing that both intravalley and intervalley scattering con-
tribute equally to the broadening of states. Because there is no
dependence on momenta and energy, we can straightforwardly
extract an IVS length scale:
U t
Thism = —5 = —5 (D22)

2 27
am my

075430-14



CHIRAL CHAINS WITH TWO VALLEYS AND DISORDER ...

PHYSICAL REVIEW B 108, 075430 (2023)

v2 1\’
'i:dis,m = 2 = ( > av (D23)
ang my

where we dropped inessential factors, and obtained in accor-
dance with Eq. (D11) that for my <t the IVS is significant
even for very small systems.
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