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Multiple extremely flat bands in twisted bilayer binary materials
at large twist angles induced by atomic reconstruction
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Flat bands in twisted bilayer two-dimensional materials present a platform for investigating exotic phenomena.
However, achieving flat bands typically necessitates small twist angles, resulting in large moiré superlattices
that increase experimental complexity and hinder compact device integration. In this work, we discovered that
multiple flat bands with extremely low bandwidth can form in twisted bilayer binary materials, such as AlN
and GaN, at large twist angles. The atomic reconstruction, which is most pronounced in AlN and GaN among
commonly used two-dimensional materials, can alter the electronic localization position and provide effective
barriers among the localized states, playing a crucial role in the formation of these ultraflat bands. Our findings
offer a unique approach for generating flat bands at large twist angles.
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I. INTRODUCTION

Adjusting the twist angle in stacked two-dimensional (2D)
materials or integrating 2D materials with distinct lattice
constants can result in the formation of a large-scale peri-
odic superlattice, known as a moiré superlattice (MSL) [1].
The emergence of an MSL significantly impacts the band
structure, giving rise to flat bands in various systems, such
as twisted bilayer graphene [2–4], transition metal dichalco-
genides (TMDs) [5–7], and other two-dimensional materials
[8–10]. In systems exhibiting flat bands, the ratio between
electron correlation and kinetic energy may become more pro-
nounced. Consequently, correlation-related phenomena, such
as superconductivity [11–13], correlated insulator [14–17],
and ferromagnetism [18,19], have been observed in twisted
layered 2D materials.

In twisted bilayer graphene, flat bands emerge at discrete
magic angles, with the first magic angle observed experimen-
tally [14] at ∼1.1◦. For twisted bilayer TMDs [5], h-BN [8],
and other semiconductive 2D materials [20], flat bands can be
induced by the localization of electronic states at small twist
angles within the MSL [5]. Furthermore, in twisted bilayer
polar 2D materials, flat bands are predicted to emerge at small
twist angles without the constraint of magic angles [10]. The
real space scale of the MSL expands significantly at small
twist angles, which makes the experimental accessibility more
complex and hinders the integration of twisted systems into
compact devices. For example, the lattice parameter of twisted
bilayer 2D materials with hexagonal symmetry is given by
λ = a/

√
2(1− cos θ ), where a represents the lattice parame-

ter of the primitive cell of the monolayer. In twisted bilayer
graphene at the magic twist angle of 1.1◦, λ will approach
12.8 nm. Thus, in order to investigate flat bands at large twist
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angles, Xu et al. [21]. used several commonly studied 2D
materials to construct an MSL at 7.34◦. Among these studied
2D materials, flat bands with bandwidths smaller than 3 meV
were discovered in twisted bilayer In2Se3. Then, Tao et al.
[22] attributed the origin of this kind of flat bands to the bar-
rier height that effectively isolates the couplings of localized
states. Li et al. [23]. found that the ferroelectric alignment
between layers in twisted bilayer In2Se3 can also have impact
on the flat bandwidth. However, the flat bands at large twist
angles are still rarely discovered in twisted 2D materials. The
underlying mechanism of the localization of electronic states
at large twist angle are still under debate.

In this study, we discovered multiple flat bands with band-
widths ∼1 meV in twisted bilayer binary materials, such as
GaN and AlN, at a large twist angle of 7.34◦. The significant
atomic reconstruction takes place because of the large energy
difference among the local stackings in an MSL. Atomic
reconstruction contributes to the enlargement of specific local
stacking with minimum stacking energy, which plays a crucial
role in the flattening of these multiple bands. Intriguingly, the
enlargement of particular local stacking at large twist angles
is a more pronounced phenomenon in twisted bilayer AlN and
GaN compared to other commonly used 2D materials, such as
twisted bilayer MoS2 and BN. Therefore, our findings offer a
unique approach for generating flat bands at large twist angles.

II. COMPUTATIONAL DETAILS

The atomic reconstruction and electronic structure calcu-
lations are performed by the Vienna Ab initial Simulation
Package (VASP) [24–26]. The Kohn-Sham orbitals are ex-
panded by the plane-wave basis with a cutoff of 500 eV.
The interaction between core electrons and valence electrons
are treated by the projected augmented plane-wave method.
The generalized gradient approximation (GGA) within the
Perdew-Burke-Ernzerhof (PBE) functional form is employed

2469-9950/2023/108(7)/075415(8) 075415-1 ©2023 American Physical Society

https://orcid.org/0000-0002-3506-1327
https://orcid.org/0000-0002-7709-2666
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.108.075415&domain=pdf&date_stamp=2023-08-14
https://doi.org/10.1103/PhysRevB.108.075415


DAWEI KANG, ZHAOWU WANG, AND ZHENG-WEI ZUO PHYSICAL REVIEW B 108, 075415 (2023)

FIG. 1. The twisted bilayer binary 2D materials in (a) alpha and
(b) beta phases. The grey and blue spheres represent the two atom
species A and B in binary 2D materials. (c) The high-symmetry
stackings emerging in the MSLs highlighted by colored circles. The
radii of the atoms in the top layer are set to be smaller than those
in the bottom layer to visually distinguish different high-symmetry
stackings.

for the exchange-correlation energy. The structure relaxation
is performed until the residual forces are less than 0.01 eV/Å.
Hereafter, we mention the twisted bilayer system with or
without structural relaxation as relaxed or unrelaxed system.
The DFT-D2 method is adopted to correct the van der Waals
interactions. A vacuum spacing with more than 15 Å per-
pendicular to the two-dimensional surface is used to avoid
spurious interactions between repeated units.

The alpha phase as shown in Fig. 1(a) can be regarded
as rotating one layer in the AA1 stacking bilayer a small
angle, while the beta phase as shown in Fig. 1(b) can be
regarded as rotating one layer in the AA2 stacking bilayer a
small angle. The alpha phase and beta phase are related by
rotating one layer by 60◦ or 180◦. The space groups of the
alpha and beta phases are P-6c2 and P-62c, respectively. The
five high-symmetry stackings are listed in Fig. 1(c). The AA1
and AB3 stackings emerge in the alpha phase, while the AA2,
AB1, and AB3 phases emerge in the beta phase. The high-
symmetry stackings of bilayer binary 2D materials with two
atom species A and B in Fig. 1(c) can be described as follows.
The AA1 stacking can be understood as placing all atoms of
one layer directly on top of the atoms of the same species
in another layer. AB3 stacking is achieved by shifting the top
layer of AA1 stacking by one bond length, as indicated by the
red arrow in Fig. 1(c). AA2 stacking can be conceptualized
as placing all atoms of one layer on top of the atoms of a
different species in another layer. The AB1 and AB2 stackings
are achieved by shifting the top layer of AA2 stacking by one
and two bond lengths, respectively, along the red arrow in
Fig. 1(c).

III. ATOMIC RECONSTRUCTION

The atomic reconstruction of twisted bilayer binary mate-
rials which are composed by two species of elements, such
as AlN, GaN, BN, MoS2, SiC, and BP, is initially analyzed.
The lattice constants of these six 2D materials are 3.12, 3.24,
2.51, 3.16, 3.12, and 3.21 Å, respectively. The most signifi-
cant atomic reconstruction occurs in the beta phase of these
twisted binary materials, which is the focus of the subsequent

FIG. 2. The top and side views of (a) unrelaxed twisted bilayer
MoS2, (b) relaxed twisted bilayer MoS2, (c) unrelaxed twisted bi-
layer AlN, and (d) relaxed twisted bilayer AlN at a twist angle
of 7.34◦. The grey, yellow, blue, and pink spheres represent Mo, S,
N, and Al atoms, respectively. The solid black rhombuses represent
the MSLs. The red circles in (c) and (d) indicate the area of the AA2
stacking. (e), (f) The schematics of twist angle variation between the
two hexagons at the twist center of AA2 stackings of (e) unrelaxed
and (f) relaxed twisted bilayers. (g) The twist angle between the
two hexagons at the twist center for relaxed structures of twisted
bilayer binary 2D materials studied in this work. The red-dashed
line represents the 7.34◦ twist angle of the initial unrelaxed twisted
bilayers. (h) The energy difference between AA2 stacking and the
stacking with the second-lowest energy for binary 2D materials stud-
ied in this work. The high-symmetry stacking with the second-lowest
energy is AB2 stacking. (i) The same with (h) but replacing �E with
P = �E/Y , where Y is the Young’s modulus.

analysis (details of constructing commensurate MSLs are pre-
sented in Appendix A). Figures 2(a)–2(d) illustrate the atomic
structure of the twisted bilayer MoS2 (tb-MoS2) MSL and
tb-AlN MSL before and after atomic reconstruction. At a large
twist angle of 7.34◦, there are no apparent displacements in
tb-MoS2 due to atomic reconstruction. However, the atomic
reconstruction in tb-AlN is more pronounced, with interlayer
interactions leading to substantial corrugations in the relaxed
tb-AlN. Notably, the AA2 stacking [indicated by the red circle
in Fig. 2(c)] expands to extensive areas, as demonstrated by
the red circle in Fig. 2(d). To assess the degree of AA2 stacking
expansion, the local twist angle between the two hexagons
from the top and bottom layers at the twist center of AA2
stackings is plotted in Fig. 2(e) (unrelaxed structure) and
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FIG. 3. The band structure of (a) unrelaxed and (b) relaxed tb-AlN at twist angle of 7.34◦. Panels (c)–(f) plot the band structures of (c),(d)
unrelaxed and (e),(f) relaxed tb-AlN in a narrow energy range. The valence bands are marked as VBn where “n” are integers. (g)–(h) plot the
band structure of monolayer AlN (g) without and (h) with spin-orbit coupling.

Fig. 2(f) (relaxed structure). The expansion of AA2 stacking
is proportional to the deviation of the two local twist an-
gles θ1 − θ2. Note that Figs. 2(e) and 2(f) are schematics to
illustrate the local twist angle variation and the twist angle
in real materials like tb-AlN may approach near zero. For
an unrelaxed twisted bilayer, the initial local twist angle is
denoted as θ1 = 7.34◦. After atomic reconstruction, the local
twist angle at the twist center of twisted bilayer binary 2D
materials studied in this work is illustrated in Fig. 2(g). For
tb-BP, tb-BN, and tb-MoS2, the local twist angles are close to
the initial value of 7.34◦. However, for tb-SiC, tb-GaN, and tb-
AlN, the local twist angles approach smaller values. The local
twist angle for tb-AlN even reaches approximately zero. Con-
sequently, the area of AA2 stackings in tb-AlN is significantly
enlarged.

To elucidate the expansion of AA2 stackings in tb-GaN and
tb-AlN, the stacking energy differences between AA2 stacking
and high-symmetry stacking with the second-lowest energy
(AB2 stacking in this study) are plotted in Fig. 2(h). Among
the six 2D materials studied in this work, AA2 stacking ex-
hibits the lowest stacking energy. The stacking energy, as
illustrated in Fig. 2(h), demonstrates an inverse relationship
among the six 2D materials with that of the local twist an-
gle, as presented in Fig. 2(g). For AlN, the stacking energy
difference reaches approximately 0.8 eV. Therefore, the ex-
pansion of AA2 stackings can be effectively interpreted by the
energy minimization principle. AlN exhibits the largest stack-
ing energy difference, which results in the most substantial
expansion of AA2 stackings to achieve maximal energy gain.
Another consideration is that the expansion of AA2 stackings
induces lattice distortion. Assuming that lattice distortion is
inversely related to Young’s modulus, the defined parameter
P = �E/Y [Fig. 2(i)] exhibits a similar dependence as shown
in Fig. 2(h). The Young’s modulus Y = 1

V0

∂2U
∂ε2 |ε=0, where V0

is the initial volume of the structure, U is the strain energy
due to deformation, and ε is the strain. The Young’s modulus
of BP [27], BN [28], MoS2 [29], SiC [28], GaN [28], and

AlN [28] are 146.3, 263.4, 141.5, 179.6, 85.1, and 138.1 N/m,
respectively. Note that the prominent atomic reconstruction
usually occurs at a very small twist angles for twisted bilayer
graphene (<1◦) [30] and TMD (<3◦) [31]. Therefore, tb-
GaN and tb-AlN provide platforms for studying the electronic
response to significant atomic reconstruction at large twist
angles.

IV. EFFECT OF ATOMIC RECONSTRUCTION
ON FLAT BANDS

The atomic reconstruction discussed above can signifi-
cantly impact the electronic structure of the twisted bilayer
system. In Figs. 3(a)–3(f), the band structures of tb-AlN at a
twist angle of 7.34◦ before and after atomic reconstruction are
plotted. The band plots near the bottom conduction band and
top valence band become flattened after atomic reconstruc-
tion, as shown in Figs. 3(a) and 3(b). To visually distinguish
the dense band plots, the band structures are presented within
a narrow energy range, as depicted in Figs. 3(c)–3(f). The
bottom conduction band flattens after atomic reconstruction,
but the bandwidth, as demonstrated in Fig. 3(e), still reaches a
substantial value of approximately 30 meV. Interestingly, mul-
tiple valence bands become extremely flattened after atomic
reconstruction, with a bandwidth of about 1 meV, as shown
in Fig. 3(f). For instance, the top valence band labeled by
VB1 in Fig. 3(f) has a bandwidth of W = 1.2 meV. The
on-site Coulomb interaction U in tb-AlN can be estimated as
U = e2

4πε0εd , where e is the electron charge, ε0 is the vacuum
permittivity, ε is the relative permittivity, and d is the length
scale of the moiré pattern. For tb-AlN at a twist angle of 7.34◦,
the value of U is ∼328 meV, with d = 24.4 Å and ε = 1.8
[32]. The large value of U/W can induce the Mott-insulator
transition at half filling. Note that the spacing of flat bands is
on the order of 100 meV. The effect of interband effect and the
interaction renormalization could be important. The impact of
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FIG. 4. The charge density of (a), (b) VB1 and (c), (d) VB3 at K point for (a), (c) unrelaxed and (b), (d) relaxed tb-AlN MSL at twist angle
of 7.34◦. The isosurfaces are 10−12 e/Å3. (e), (f) The projected DOS on the atoms in the colored circles according to (a) and (b) with consistent
plot colors.

spin orbit coupling on the band structure of AlN is found to
be negligible as shown in Figs. 3(g) and 3(h).

The presence of extremely flat bands can be attributed to
the localization of electron states, as demonstrated in Fig. 4,
where atomic reconstruction plays a crucial role in inducing
the localization. Figures 4(a) and 4(b) present the charge
density of the electronic state corresponding to VB1 at the
K point in the band plots shown in Figs. 3(d) and 3(f). For the
unrelaxed structure, the state primarily localizes at AB2 stack-
ings, but the localized states exhibit couplings, as indicated
by the remaining charge density in the region enclosed by the
green circle in Fig. 4(a). After atomic reconstruction, the state
localizes at AB1 stackings, as depicted in Fig. 4(b). The local-
ized states exhibit smaller couplings due to the near absence
of remaining charge density in the regions interconnecting
the localized states. The localization of the state corre-
sponding to VB3, as shown in Figs. 4(c) and 4(d), exhibits
a more pronounced transition from “near localization” to
“complete localization.” Consequently, atomic reconstruction
changes the localization position and makes the state more
localized.

The detailed mechanism of the localization transition in-
duced by atomic reconstruction can be analyzed by examining
the barrier separating the localized states. The barrier height
can be estimated by the difference between the highest ener-
gies of the projected density of states (PDOS) on localized
states [red circles in Figs. 4(a) and 4(b)] and the connecting
region [black, green, and blue circles in Figs. 4(a) and 4(b)].
For the unrelaxed structure, the PDOS on the localized center
enclosed by the red circles in Fig. 4(a) exhibits a peak [red
curve in Fig. 4(e)] near the valence band maximum (VBM).
Although the PDOS on the region enclosed by the black and
blue circles in Fig. 4(a) is distant from this red peak, the PDOS
on the region enclosed by the green circle in Fig. 4(a) also
exhibits a small peak [green curve in Fig. 4(e)] near zero. As
a result, the barrier formed along the black, green, and blue
circles in Fig. 4(a) has a gap in the center, through which
the localized states in Fig. 4(a) can have finite couplings.
For the relaxed structure, the PDOS on the localized states
enclosed by the red circles in Fig. 4(b) exhibits a peak [red

curve in Fig. 4(f)] close to the VBM. The PDOS on the region
enclosed by the black, green, and blue circles in Fig. 4(b) has
a noticeable distance from this red peak. It is important to
note that the blue circle in Fig. 4(b) is located at the center of
AA2 stacking, while the green circle is situated at the margin
of AA2 stacking due to the enlargement of AA2 stacking in
tb-AlN after atomic reconstruction. The PDOS on the atoms
enclosed by green and blue circles exhibits similar curves, as
shown in Fig. 4(f). The barrier formed along the black, green,
and blue circles in Fig. 4(b) has a well-defined height, which
completely separates the localized states. Therefore, the lo-
calized states in Fig. 4(b) cannot couple to the neighboring
localized states. The completely localized states induce the
extremely flat bands, as shown in Fig. 3(f).

The atomic reconstruction can flatten multiple bands in
twisted bilayer AlN and GaN. The width of multiple bands can
be reduced to extremely low values. In Fig. 5, the bandwidths
of valence bands are presented for tb-AlN and tb-GaN at twist
angles of 7.34◦ and 6.01◦. After atomic reconstruction, the
five valence bands, VB1–VB5, can have a bandwidth of about

FIG. 5. The bandwidth of the valence band with band index
decreasing from zero. The band index “0” represents the top valence
band.
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FIG. 6. The charge density of VB7 for (a), (b) tb-AlN and (c),
(d) tb-GaN at K point for (a), (c) unrelaxed and (b), (d) relaxed tb-
AlN MSL at twist angle of 7.34◦. The isosurfaces are 10−12 e/Å3.
The blue, pink, and green spheres represent N, Al, and Ga atoms,
respectively.

1 meV. When the twist angle reaches 6.01◦, the relaxed tb-AlN
can have 14 bands with a bandwidth of about 1 meV. The
similar bandwidth reduction can be found in tb-GaN at twist
angles of 7.34◦ and 6.01◦.

In the case of tb-AlN and tb-GaN at a 6.01◦ twisted an-
gle, an increased number of valence bands exhibit flattening.
For instance, the states of the VB7 band at the K point for
tb-AlN and tb-GaN at 6.01◦ are illustrated in Fig. 6. These
states become more localized following structural relaxation.
Subsequent to structural relaxation, the AA2 stackings in
Figs. 6(b) and 6(d) expand to a larger area (indicated by the
red circles) compared to that in Figs. 6(a) and 6(c). This
expansion of the AA2 stackings enhances the localization of
the states.

V. DISCUSSION

The change of localized position is associated with the en-
ergy evolution of states localized at different local stackings.
For instance, there is no state distributing at the local stacking
denoted by the black circle in Fig. 4(a) due to its energy being
below −0.1 eV, as indicated by the black line in the PDOS plot
in Fig. 4(e). Postrelaxation, the same local stacking, denoted
by the red circle in Fig. 4(b), possesses states due to its energy
shifting to a higher energy level of approximately −0.04 eV
as shown in Fig. 4(f). In conclusion, the energy of the state has
transitioned to a higher energy range. Conversely, the energy
of the state corresponding to the local stacking denoted by
the red circle in Fig. 4(a) has transitioned to a lower energy
range. A qualitative explanation for this energy shift can be
inferred as follows: different interlayer interaction forms such
as AB1 stacking (where nitrogen atoms from different layers
overlap) and AB2 stacking (where aluminium atoms overlap)
are present in the local stackings. The energy evolution will
exhibit a stacking dependence on atomic reconstructions, in-
cluding interlayer twisting and interlayer distance (details of
qualitative analysis on the energy variation of localized states

are presented in Appendix C). Therefore, the localization po-
sition will change accordingly.

The significant energy difference among the high-
symmetry stackings that emerge in the twisted bilayers
contributes to the notable atomic reconstruction at large twist
angles. The stacking with the lowest energy expands over a
large area. This expansion can serve as an effective barrier
to induce more localized electrons and flat bands. Therefore,
if another material exhibits a large energy difference among
high-symmetry stackings, leading to prominent atomic recon-
struction, similar flat bands may emerge.

VI. CONCLUSION

In conclusion, the effect of atomic reconstruction on flat
bands in twisted bilayer binary materials is studied. The large
energy differences among the high-symmetry stackings in
bilayer AlN and GaN induce the significant atomic recon-
struction in the twisted bilayer system at large twist angles.
The characteristic of this atomic reconstruction is the enlarge-
ment of the AA2 stackings. The atomic reconstruction can
change the electronic localization position and provide an ef-
fective barrier among the localized states. Therefore, multiple
flat bands with extremely lower bandwidth can emerge at large
twist angles.
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APPENDIX A: CONSTRUCTION OF TWISTED BILAYER
HEXAGONAL 2D MATERIALS

The commensurate MSL of twisted bilayer two-
dimensional materials with hexagonal symmetry
can be considered as stacking two supercells with
lattice vectors (m

⇀

a1 + n
⇀

a2,−n
⇀

a1 + m
⇀

a2 + n
⇀

a2) and
(n

⇀

a1 + m
⇀

a2,−m
⇀

a1 + n
⇀

a2 + m
⇀

a2), where m (n) are integers
and

⇀

a1 (
⇀

a2) are the lattice vector of the primitive cell of
monolayer. The twist angle can be calculated according to
cos(θ ) = n2+4mn+m2

2(n2+mn+m2 ) .

APPENDIX B: GLOBAL ENERGY MINIMUM OF THE
ATOMIC RECONSTRUCTION

The structure characterized by atomic reconstructions is
derived through first-principles geometry relaxations. To ver-
ify that the final structure, obtained via this relaxation process,
corresponds to the structure with the global energy min-
imum, we scrutinize the atomic reconstruction of twisted
bilayer AlN as a representative example. As illustrated in
Figs. 7(a) and 7(b), the areas of AB1 and AB2 stackings
diminish, while the area of AA2 stacking enlarges, following
atomic reconstruction. The formation energy is defined as
δE = (Ebilayer − 2Emonolayer )/N , where Ebilayer, Emonolayer, and
N denote the energy of bilayer, the energy of monolayer, and
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FIG. 7. (a) Unrelaxed twisted bilayer AlN, and (b) relaxed
twisted bilayer AlN at twist angle of 7.34◦. The blue and pink spheres
represent N and Al atoms, respectively. The solid black rhombuses
represent the MSLs. The red, blue, and black circles in (a) and
(b) indicate the area of the AA2, AB1, and AB2 stackings. (c) The
formation energy of bilayer AlN high-symmetry stackings. (d) The
formation energy along the relaxation process at different initial
interlayer distances.

the total number of atoms in the bilayer system, respectively.
The formation energy signifies the energy benefit gained af-
ter the creation of the bilayer system. The formation energy
of bilayer AlN at high-symmetry stackings is depicted in
Fig. 7(c). For the AA2, AB1, and AB2 stackings emerging in
Figs. 7(a) and 7(b), the AA2 stacking possesses the lowest
formation energy of −0.25 eV, while AB1 and AB2 stackings
exhibit higher formation energies of −0.03 and −0.04 eV,
respectively. Consequently, the atomic reconstruction of the
twisted bilayer AlN optimizes the total energy of the system
by augmenting the area of AA2 stacking and reducing the
AB1 and AB2 stackings. We also conduct structural relaxation
for twisted bilayer AlN at varying initial interlayer distances,
leading to the attainment of an identical structure with atomic
reconstruction. As demonstrated in Fig. 7(d), the formation
energy of the twisted bilayer AlN consistently decreases and
converges to −0.14 eV for all three initial interlayer dis-
tances of 2.5, 3.0, and 3.5 Å. Thus, the structure characterized
by atomic reconstruction is the structure that represents the
global energy minimum.

APPENDIX C: QUALITATIVE ANALYSIS OF ENERGY
VARIATION OF LOCALIZED STATES

For high-symmetry stackings, such as AA1 and AA2 con-
figurations, it is feasible to approximate the relative variation
in energy using the subsequent Hamiltonian,

H =
[
ε1 t
t∗ ε2

]
. (C1)

Herein, ε1 and ε2 represent the energy levels of atoms A
and B, respectively, in the binary 2D materials. The variable t
denotes the coupling between atoms from distinct layers.

FIG. 8. Schematic of the interlayer interactions, classified as type
I and type II. The red arrows depict the interaction of energy levels.

In the case of AA1 stacking, atom A in the upper layer
interacts with atom A in the lower layer, and similarly, atom
B in the upper layer interacts with atom B in the lower layer.
This interaction is considered when taking into account only
the nearest neighboring interlayer interactions. Simplifying
this by setting ε1 = −E0 and ε2 = E0, the Hamiltonian can
be expressed as follows:

H =
[−E0 t

t∗ −E0

]
. (C2)

Upon diagonalization of H , the subsequent energy levels
are obtained:

E1 = −E0 − |t |, (C3)

E2 = −E0+|t |. (C4)

The energy level ε1 bifurcates into two levels, and a similar
split in the energy level is observed for ε2. This division is
depicted in Fig. 8 and is classified as type I.

For AA2 stacking, the Hamiltonian can be expressed as
follows:

H =
[−E0 t

t∗ E0

]
. (C5)

Upon diagonalizing H , the subsequent energy levels are
obtained:

E1 = −
√

E2
0 + |t |2, (C6)

E2 =
√

E2
0 + |t |2. (C7)

The energy split is demonstrated in Fig. 8 and is classified
as type II.

Consequently, the interlayer interaction causes two of the
energy levels of AA1 stacking to gravitate towards zero en-
ergy, while the interlayer interaction results in the energy
levels of AA2 stacking diverging from zero energy. This
enables a qualitative approximation of the direction of the
energy level shift. For AB1, AB2, and AB3 stackings, the
interlayer stackings become more intricate as the vertical
projection of atoms from one layer may be located at the
hollow site. Furthermore, the next nearest neighboring cou-
pling may become significant, resulting in the coexistence
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of type I and type II interlayer interactions. The competition
between the type I and type II interactions complicates the
qualitative estimation of the energy level shift. Additionally,
for the local stackings that emerge in an MSL, the local

twisting and interlayer lattice reconstruction render the local
stacking notably different from the high-symmetry stackings,
thereby complicating the qualitative estimation of the energy
level.
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