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The resonant process of the third-order nonlinear optical response of single-layer graphene has been inves-
tigated using various approaches. The complex third-order nonlinear susceptibility (χ (3)) directly reflects the
resonance effects in third-order nonlinear processes. We measured the modulus and phase of χ (3) governing
the third-harmonic generation (THG) of graphene using the Maker fringe method. First, we observed the
incident photon energy dependence of THG in the energy range from 0.57 to 0.81 eV. The modulus values
of χ (3) decreased from 7 × 10−10 to 2 × 10−10 esu, with an increase in photon energy. The phase values
increased from 330 ° to 360 ° in the corresponding energy range. When the experimental result and the model
calculation were compared, we found that the THG process in graphene can be described by the superposition of
one-, two-, and three-photon resonant components. Experimental results demonstrate that the two-photon reso-
nant process comprising interband and intraband transitions is the most significant among the three components
for THG in graphene. Second, we measured the Fermi energy (EF ) dependence of THG in the range of
−568 meV � EF � +133 meV at incident photon energies of 0.60 and 0.72 eV. The modulus of χ (3) changed
from 5.4 × 10−11 to 6.4 × 10−10 esu with doping. This result is due to the reduction of the one-photon resonant
component by Pauli blocking. The complex χ (3) has positive real and negative imaginary parts regardless of
EF . We also analyzed the laser power dependence of THG intensity via model calculation taking account of the
electron temperature. The experimental results and discussion of the complex χ (3) of graphene can be a basis for
understanding nonperturbative harmonic generation and other third-order nonlinear optical responses in Dirac
materials.

DOI: 10.1103/PhysRevB.108.075408

I. INTRODUCTION

Nonlinear optical (NLO) spectroscopy clarifies electronic
processes under strong electric fields. In the regime of mod-
erately strong fields, NLO processes can be understood using
perturbation theory. NLO spectroscopy unravels the excited-
state structures of various electronic systems [1–5]. Particu-
larly, third-order nonlinear spectroscopy has been successful
at revealing the electronic structures of low-dimensional sys-
tems [5–8]. Recently, NLO spectroscopic studies have been
extended to the high electric field regime. Higher-harmonic
generation has been researched intensively [9,10] and ap-
plied to low-dimensional materials [11] and Dirac electronic
systems [12,13]. In these studies, information on detailed
electronic structures is important in achieving a grounded un-
derstanding of the nonperturbative regime. For example, in the
high electric field regime, the ith high-harmonic generation is
not proportional to the ith power of incident light, where the
mixing of multiple orders of perturbations plays a key role. To
understand such high-order and nonperturbative optical pro-
cesses, information regarding electronic structures revealed
by the lowest-order perturbative NLO process, namely, the
third-order NLO process, can be crucial.

*kishida@nagoya-u.jp

Several experimental results on third-harmonic generation
(THG) in single-layer graphene have been reported at various
excitation photon energies (h̄ω) [14–20]. The moduli of com-
plex third-order nonlinear susceptibility, denoted as |χ (3)|, in
previous reports vary by as much as five orders of magni-
tude [14–20]. This discrepancy has two possible reasons. The
first one is the h̄ω dependence of the resonance effect [19].
The resonant structure in the χ (3) spectra is affected by the
governing electronic states, transition matrix elements, and
density of states. Previous experimental research has revealed
a broadband THG spectrum, which reflects the linear band
dispersion of graphene, and the THG intensity (ITHG) is en-
hanced by 100 times as the incident photon energy changes
from 0.7 to 0.4 eV [19]. The second one is that χ (3) depends
strongly on the Fermi energy (EF ), defined as the energy from
the Dirac point. A nonzero EF prohibits electronic transitions
whose energy is lower than 2|EF | because the conduction
(valence) band is filled with electrons (holes) up to EF . There-
fore, a nonzero EF influences the resonance mechanism in the
THG process, and the value of |χ (3)| exhibits a strong EF

dependence [18–21]. In fact, Jiang et al. reported a tenfold
enhancement of |χ (3)| based on electrochemical doping that
shifts EF from 0 to −0.89 eV [18]. Additionally, we should
focus on the experimental fact that the exponent of incident
laser power (Iω) dependence of THG deviates from 3 accord-
ing to EF [20]. In the report, the laser power dependence
is explained by the rise of electron temperature (Te) due to
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FIG. 1. Schematic illustration of the Maker fringe method (a)
for as-grown single-layer graphene on the SiO2 substrate and (b)
for the electrochemical doping device of graphene using an ion gel.
(c) Applied voltage dependence of the Fermi energy EF of graphene
on the electrochemical doping device. The broken line is an approx-
imate straight line.

one-photon absorption of the incident laser pulse [18–20].
As the absorption coefficient at h̄ω and the specific heat of
the electron depend on EF , Te varies with EF for the same
incident laser power. In a previous study, the power law of
ITHG ∝ I3

ω collapsed, and the exponent varied from 2.2 to 3.3
according to EF [20]. Thus, even within the perturbative third-
order NLO response of graphene, laser power dependence
can be significantly deviated from ITHG ∝ I3

ω depending on
the incident photon energy, Fermi energy, and incident laser
power.

Although Jiang et al. observed a high degree of con-
sistency between their experimental results for |χ (3)| [18]
and calculation results [21], they did not discuss χ (3) as a

-40 -20 0 20 40
0

100

200

ts
)

inu .br a( ytis netnI 
HT

(b) Graphene/SiO 2

Incident Angle (deg)

0

100

200 (a) SiO2

FIG. 2. Intensity pattern of TH as a function of the incident angle
(a) for a SiO2 substrate (1 mm thick) and (b) as-grown single-layer
graphene on a SiO2 substrate at an excitation wavelength of 2066 nm
(0.60 eV). Solid lines represent the experimental results. Broken lines
in (a,b) represent the TH intensities of I3ω,S and I3ω,G, respectively.

complex quantity, which more directly reflects resonance. The
energy denominators of χ (3), namely, [E−mh̄ω−i�]−1 (m =
1, 2, and 3), are purely imaginary at resonance [1,2,4,6].
Here, E and � are the energy and damping energy of the ex-
citation level, respectively. Therefore, the phase values should
be close to π/2 or 3π/2. However, the energy denominators
are approximately purely real in a nonresonant condition, in-
dicating that the phase values are close to zero or π . Therefore,
the clarification of χ (3) enables us to directly understand the
resonance effects in THG. Actually, the complex χ (3) spec-
tra were experimentally measured for thin films of π and σ

conjugated polymers [4,6]. The two resonant structures are
observed in the |χ (3)| spectra of polysilanes. The structures
were attributed to the three- and two-photon resonance from
the phase spectrum [6]. Accordingly, χ (3) was desired to be
measured for graphene also, and we measured χ (3) to reveal
the dominant electronic processes related to THG in graphene
in this study.

II. EXPERIMENTAL METHOD

Single-layer graphene films were grown on Cu(111)/
sapphire substrates via chemical vapor deposition [22] and
then transferred onto substrates by a standard wet transfer
technique using a polymethyl methacrylate support layer.
A third-harmonic (TH) signal of single-layer graphene was
observed using the Maker fringe method [23]. In this ex-
periment, seed pulses from a mode-locked Ti-sapphire laser
(800 nm, 80 MHz) were amplified using a regenerative
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amplifier (1 kHz, 800 nm, and 100 fs). The wavelength
of the amplified pulse was converted to 1530–2479 nm
(0.57–0.81 eV) using an optical parametric amplifier (OPA).
Laser pulses from the OPA were focused onto a sample
placed in a vacuum chamber. The TH signal (510–826 nm)
generated from the sample was extracted using a monochro-
mator and detected using a photomultiplier. We obtained the
fringe pattern of the TH light by measuring the intensity of
the THG while varying the optical length by rotating the
sample.

In the h̄ω dependence experiment, we used as-grown
graphene on a SiO2 substrate (graphene/SiO2, thickness
dS = 1 mm) shown in Fig. 1(a). Here, EF of the as-grown
graphene was determined to be −250 meV by Raman
spectroscopy (see Supplemental Material, S1 [24]). In the
EF dependence experiment, we prepared an electrochemical
doping device using an ion gel [25]. Figure 1(b) shows
the structure of the doping device. In the device, indium
tin oxide (ITO)/SiO2 glass (11 mm × 15 mm) was used
as a substrate. Here, the thicknesses of SiO2, dS, and ITO,
dI, are 1 mm and 120 Å, respectively. ITO works as a
transparent electrode, and we prepared two ITO electrodes
on one SiO2 substrate. Graphene was transferred on one
side of the ITO electrodes. To prepare an ion gel, we mixed
0.55 g of an ionic liquid, 1-ethyl-3-methylimidazolium
bis(trifluoromethylsulfonyl)imide [(EMIM)(TFSI)], 21

mg of polystyrene-b-poly(ethylene oxide)-b-polystyrene
(PS-PEO-PS) triblock copolymer (10–44–10 kg/mol), and
2 ml of dry dichloromethane under N2 atmosphere at 300 K
[26]. Here, (EMIM)(TFSI) was degassed in advance, and
mixing was performed by stirring at 300 rpm for 12 h. The ion
gel was spin coated onto the graphene/ITO/ SiO2 substrate at
a rate of 4000 rpm. By applying voltage Va between two the
ITO electrodes, EF was shifted, as shown in Fig. 1(c). EF was
determined by the peak wave number of G and 2D phonons in
the Raman spectrum [27,28] (see Supplemental Material, Fig.
S1 [24]) and was controlled up to −568 meV. Analysis was
conducted with reference to our previous research [25]. In
our Raman scattering measurements, we used a He-Ne laser
(632.8 nm) as an excitation light source, a 50× objective lens
(spot diameter: 2 µm), and a diffraction grating of 1800 l/mm
(wave number resolution: 0.9 cm−1).

III. MODEL CALCULATION

In graphene, as the electronic states are not discrete
but continuous, the electronic processes between numerous
electronic states should be considered. The experimentally
observed THG results are due to the superposition of multiple
THG processes. The χ (3) corresponding to THG is described
by the following equation [1]:

χ (3)(h̄ω, EF , Te) ∝
∫

f0[E0(q), EF , Te]{1 − f0[−E0(q), EF Te, ]}

×
[

〈0, q|r|3, q〉〈3, q|r|2, q〉〈2, q|r|1, q〉〈1, q|r|0, q〉
[E3,0(q) − 3h̄ω − iγ3,0][E2,0(q) − 2h̄ω − iγ2,0][E1,0(q) − h̄ω − iγ1,0]

+ 〈0, q|r|3, q〉〈3, q|r|2, q〉〈2, q|r|1, q〉〈1, q|r|0, q〉
[E3,0(q) + h̄ω − iγ3,0][E2,0(q) − 2h̄ω − iγ2,0][E1,0(q) − h̄ω − iγ1,0]

+ 〈0, q|r|3, q〉〈3, q|r|2, q〉〈2, q|r|1, q〉〈1, q|r|0, q〉
[E3,0(q) + h̄ω − iγ3,0][E2,0(q) + 2h̄ω − iγ2,0][E1,0(q) − h̄ω − iγ1,0]

+ 〈0, q|r|3, q〉〈3, q|r|2, q〉〈2, q|r|1, q〉〈1, q|r|0, q〉
[E3,0(q) + h̄ω − iγ3,0][E2,0(q) + 2h̄ω − iγ2,0][E1,0(q) + 3h̄ω − iγ1,0]

]
dq. (1)

Here, q denotes the electron wave vector from the K point,
|0〉 is the initial state, |i〉 (i = 1, 2, 3) is the ith excited
state, f0[E0(q), EF , Te] = 1/(exp{[E0(q) − EF ]/kBTe} + 1)
is the Fermi-Dirac distribution factor for the state |0, q〉 as
a function of Fermi energy EF and electron temperature
Te, Ei,0 is the energy difference between states |0〉 and
|i〉, and γi,0 is the damping energy. Moreover, r is the
electric-dipole operator, and the matrix element is given by
〈c, q|r|v, q〉=− h̄2

m�Ec,v (q) 〈c, q|∇r |v, q〉=− h̄2

m(2h̄vF |q|) M
cv (q) and

〈c, q|r|c, q〉 = − h̄2

m�Ec,c (q) 〈c, q|∇r |c, q〉 = − h̄2

m(h̄vF ω/c0 ) M
cc(q)

with the Fermi velocity vF = 106 m/s [29] and speed of
light in vacuum c0. m is the mass of the electron, and
�Ea,b(q) = Ea(q) − Eb(q) is the energy difference between
states |a〉 and |b〉. The transition matrix element Mab(q) =
〈a, q|∇r |b, q〉 of graphene is obtained from the literature that
adopts dipole approximation [30]. Since graphene has D6h

point-group symmetry, the following are the independent
nonzero components: χ (3)

xxxx = χ (3)
yyyy = χ (3)

xxyy + χ (3)
xyxy + χ (3)

xyyx,
χ (3)

xxyy = χ (3)
yyxx, χ (3)

xyxy = χ (3)
yxyx, and χ (3)

xyyy = χ (3)
yxxy [18,21]. Under

this condition, considering only χ (3)
xxxx in the calculation is

enough for simplicity.
To discuss the resonance effect in detail, we con-

sider two THG processes using the π valence band
(VB) and π∗ conduction band (CB). The THG pro-
cess within the third-order nonlinearity is a four-photon
process comprising four transitions. The combination of
interband and intraband transitions yields the combined
process VB → CB → CB → CB → VB (including both in-
traband and interband transitions) and the interband pro-
cess VB → CB → VB → CB → VB (comprising only in-
terband transitions). Here, we exclude other processes, such
as VB→VB→CB→VB→VB, VB→CB→CB→VB→VB,
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FIG. 3. Incident laser power dependence of the TH intensity of
graphene. Circles represent the experimental results, and broken lines
represent the slopes of 2, 3, and 4.

and VB→VB→CB→CB→VB. This is because the VB is
filled with electrons, and intraband transitions within the VB
do not actually contribute to THG. In the combined process,
the electronic states of |1〉, |2〉, and |3〉 should belong to
the CB, and the transition energies are E3,0(q) = E2,0(q) =
E1,0(q) = 2h̄vF |q|. However, in the interband process, |1〉 and
|3〉 belong to the CB and |2〉 belongs to the VB. Here, tran-
sition energies are expressed as E3,0(q) = E1,0(q) = 2h̄vF |q|
and E2,0(q) = 0. The damping energies of interband and
intraband transitions are obtained from a previous study.
These are described as γinter = 0.2|EF | [18,31] and γintra =
0.5 meV [18,32].

IV. RESULTS AND DISCUSSION

A. Photon energy dependence

First, we performed spectroscopic THG measurements of
graphene on the SiO2 substrate. Figures 2(a) and 2(b) present
the intensity patterns of TH at 2066 nm for the SiO2 substrate
and as-grown graphene on the SiO2 substrate, respectively, as
functions of the incident angle (Maker fringe pattern). The
intensity of graphene/SiO2 is greater than that of SiO2 due to
the superposition of TH electric fields generated in graphene.
Here, TH intensities of SiO2 I3ω,S and graphene I3ω,G were
extracted from the fringe patterns shown in Fig. 2. I3ω,S is
determined by the maximum intensity of the envelope of the
fringe pattern for SiO2 [broken line in Fig. 2(a)]. I3ω,G is
determined by the intensity of graphene/SiO2 at the incident
angle for which the intensity of SiO2 is minimized [broken
line in Fig. 2(b)].

Figure 3 presents the incident power dependence of I3ω,G.
The experimental results for seven different power points
exhibit a nonlinear increase in the TH intensity with the in-
cident laser power. The broken lines in Fig. 3 represent the
approximation curves for I3ω,G = AF B. Here, A and B are
the fitting parameters, and F is the incident laser power. The
experimental results were fitted at B = 2.79, which is close to

3. Therefore, the observed signals are generated by third-order
nonlinearity.

The spectrum of χ (3) = |χ (3)|exp(iφ) of single-layer
graphene was calculated by comparing the Maker fringe
patterns of graphene/SiO2 and SiO2. The TH electric field
generated from the SiO2 substrate is given by Ẽ3ω,S =
E3ω,S

2 [1 − exp(−iπ l
lC,S

)] [33]. Here, l and lC,S are the optical
path and coherent lengths of the SiO2 substrate respectively.
Specifically, lC,S is obtained by lC,S = λ

6|n3ω−nω | as λ, nω, and
n3ω are the wavelength of incident laser light and the refractive
indices at ω and 3ω (THG), respectively. The TH intensity of
the fringe pattern from the SiO2 substrate is given by

I3ω,S ∝ |Ẽ3ω,S|2 = E2
3ω,S

2

[
1 − cos

(
π

l

lC,S

)]
. (2)

Here, l is a function of incident angle θ and is given by l =
nωdS√

n2
ω−sin2θ

. From Eq. (2), E2
3ω,S corresponds to the maximum

intensity of the envelope of the fringe pattern for SiO2 [broken
line in Fig. 2(a)]. The complex TH electric field generated
from the graphene film is given by Ẽ3ω,G = iE3ω,Gexp(iφG).
Here, φG is the phase difference of Ẽ3ω,G concerning Ẽ3ω,S.
The TH intensity of the fringe pattern of graphene/SiO2 is
given by [34]

I3ω,G+S ∝ |Ẽ3ω,G + Ẽ3ω,S|2

= E2
3ω,G + E2

3ω,S

2
− E3ω,GE3ω,SsinφG

+ E3ω,GE3ω,ScosφGsin

(
π

l

lC,S

)

+
(

E3ω,GE3ω,SsinφG − E2
3ω,S

2

)
cos

(
π

l

lC,S

)
. (3)

By comparing the amplitude and incident angle for which the
intensity is minimized in Eq. (3) with those of the experimen-
tal results, we can determine E3ω,G/E3ω,S and φG [33,34]. χ (3)

G
was calculated by the following expression [33]:

χ
(3)
G = 2

π

E3ω,G

E3ω,S

χ
(3)
S lC,S

dG
exp(iφG), (4)

where χ
(3)
S and dG are the third-order NLO susceptibility of

SiO2 and the thickness of graphene (dG = 0.33 nm [18]),
respectively. The |χ (3)

S | value was determined by applying
the reported value (3.9 × 10−22 m2/V2 at 1907 nm [35]) to
Miller’s rule [36]. Moreover, as the phase of χ

(3)
S is zero

[6], that of χ
(3)
G is identified as the phase difference of Ẽ3ω,G

concerning Ẽ3ω,S (i.e., φG.) In a previous study on polysilanes,
as |χ (3)| and φ determined by the analysis of fringe patterns
obey the Kramers-Kronig relationship [37], the validity of the
method is satisfactorily assured.

The experimental spectra for the modulus |χ (3)
G | and phase

φG of complex third-order NLO susceptibility are presented
in Fig. 4. Each value of |χ (3)

G | and φG represents the average
of the five experimental results. The |χ (3)

G | values change
from 7 × 10−10 to 2 × 10−10 esu with an increase in the
photon energy from 0.57 to 0.81 eV. The modulus mono-
tonically decreases with an increase in h̄ω. These values are
comparable to those reported by Jiang et al. [18]. Additionally,
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FIG. 4. Excitation photon energy dependence of the χ (3) value
of single-layer graphene. Circles represent the modulus (a) and the
phase (b) of experimental results. Broken lines are guides for the eye.

φG gradually increases from 330 ° at 0.57 eV to 360 ° at
0.81 eV. These experimental phase values are consistent with
the theoretical results reported by Margulis et al. [38]. Fig-
ure 5(a) shows the real and imaginary parts of χ (3) converted
from the experimentally obtained |χ (3)

G | and φG spectrum.
Here, χ

(3)
G has roughly the positive real and negative imagi-

nary parts, and both approach zero with an increase in h̄ω.
Hereafter, we discuss the electronic processes contributing

to THG in graphene. Figure 5(b) shows the calculated results
of the χ (3) spectrum using Eq. (1) at the electron temperature
of 300 K. The moduli of χ (3) of the combined process and
interband process are normalized by absolute value |χ (3)| at
h̄ω = 0.57 eV. Both the χ (3) spectra of the combined process
and interband process show a monotonical decrease concern-
ing h̄ω. When E1,0, E2,0, and E3,0 are equal to either h̄ω, 2h̄ω,
or 3h̄ω, χ (3) exhibits a resonance effect. These resonances
result from one-, two-, and three-photon resonances. χ (3)

includes the incident photon energy h̄ω in the denominators
of the integrand in Eq. (1). Therefore, as h̄ω increases, the
energy denominators of the integrand in Eq. (1) are increased,
and χ (3) monotonically decreases, which is consistent with the
experimental result shown in Fig. 4(a). The calculated imag-
inary parts of χ (3) for the combined and interband processes
have different signs. In the combined process, the imaginary
part of χ (3) has negative values, and χ (3) is located at the
fourth quadrant in a complex plane. Meanwhile, the imaginary
part of χ (3) of the interband process has positive values, and
χ (3) is located at the first quadrant in a complex plane. From
this difference of χ (3), the present experimental result shows
that the combined process dominates the THG process in
graphene.

FIG. 5. (a) Real (red circles) and imaginary (blue circles) part
spectra of the experimental χ (3). (b) Real (red lines) and imaginary
(blue lines) part spectra of the calculated χ (3). Solid and broken
lines are the calculated spectra based on the combined and interband
processes, respectively.

At each resonance energy, the imaginary component of the
integrands in Eq. (1) exhibits a local maximum, and the real
component is close to zero. As the products of the matrix
elements 〈0|r|3〉〈3|r|2〉〈2|r|1〉〈1|r|0〉 have positive real val-
ues, the dominant terms are all purely imaginary. To discuss
resonant processes from the experimentally obtained χ

(3)
G , we

focus on the sign of the imaginary component of χ (3) for each
resonant process. We now discuss the denominator of Eq. (1).
First, we consider the combined process at h̄ω. The first term
on the integrands of Eq. (1), which is the dominant term of
susceptibility, is determined by the product of the three energy
denominators, that is, (E1,0 − h̄ω−iγ ), (E2,0 − 2h̄ω−iγ ),
and (E3,0 − 3h̄ω−iγ ). The χ (3) value is governed by the mag-
nitudes of resonant denominators and those of nonresonant
denominators. The magnitude of the nonresonant denomi-
nator is proportional to the energy difference between the
one-/two-/three-photon energy and the energy difference be-
tween the relevant VB and CB states. The first denominator
in Eq. (1), namely, (E1,0 − h̄ω−iγ ), is resonant when h̄ω is
equal to E1,0 [Fig. 6(a)]. Hence, the second and third de-
nominators in Eq. (1) are not resonant. The product of the
two nonresonant denominators in the first term of Eq. (1) is
1/[(−h̄ω)(−2h̄ω)] for γ → 0. When E2,0 is equal to 2h̄ω,
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FIG. 6. Main resonance processes of THG in graphene. (a)–(c) One-, two-, and three-photon resonances of the combined process, and
(d),(e) one- and three-photon resonances of the interband process corresponding to the first term in Eq. (1), respectively.

the first and third denominators are not resonant, and the
product of the remaining two denominators in the first term of
Eq. (1) is 1/[(h̄ω)(−h̄ω)] [Fig. 6(b)]. Similarly, considering
that E3,0 = 3h̄ω for the combined process [Fig. 6(c)], the
product of the two nonresonant denominators in the first term
of Eq. (1) is 1/[(2h̄ω)(h̄ω)]. For the imaginary component
of the combined model, the resonant components of the first
term at E1,0 = h̄ω, E2,0 = 2h̄ω, and E3,0 = 3h̄ω have a ratio of
1 : −2 : 1. Similarly, if we calculate the resonance processes
for all four terms in Eq. (1) and calculate the integral con-
cerning q, the ratio is 1 : −2 : 1. Therefore, in Eq. (1), the
one-photon resonance and three-photon resonance terms have
the same sign and are constructive with each other, whereas
that of the two-photon resonance has the opposite sign and
is destructive to the one-photon and three-photon resonances.
Therefore, when all three resonances operate, χ (3) is expected
to be suppressed.

In our experimental results, the phase is 330 ° (fourth
quadrant in the complex χ (3) plane) at h̄ω = 0.57 eV
[Fig. 4(b)], and the imaginary component of χ (3) has a neg-
ative value [Fig. 5(a)]. This experimental result indicates that
two-photon resonance is the most significant in the THG
process of the considered graphene in the Dirac electronic
system [Fig. 6(b)]. This effective two-photon resonance is
explained by the ratio of the energy denominators in Eq. (1).
The more noticeable two-photon resonance at h̄ω = 0.57 eV

compared to the other excitation energies can be understood as
follows. When the EF value of graphene is nonzero, electronic
transitions with a transition energy of less than 2|EF | are
suppressed by Pauli blocking. The 2|EF | value of the as-grown
sample was estimated to be approximately 0.5 eV. When h̄ω

is equal to 0.57 eV, h̄ω is relatively close to 2|EF |(= 0.5 eV)
within the measurement range. Because the damping energy
γ is 0.2|EF | [31] and the electron temperature is 300 K, a
portion of the contribution from the one-photon resonance of
χ (3) less than 2|EF | is effectively restricted. Consequently, the
cancellation of χ (3) is weakened and the contribution from
the two-photon resonance with a negative imaginary value
is elicited. When h̄ω increases to 0.81 eV, the two-photon
resonance is canceled by the one-photon resonance because
Pauli blocking does not occur, and χ (3) is suppressed. Conse-
quently, the χ (3) value decreases from 7 × 10−10 to 2 × 10−10

esu as h̄ω increases from 0.57 to 0.81 eV [Fig. 4(a)].
We also considered the contribution of the interband pro-

cess to χ (3) at a fixed h̄ω. χ (3) exhibits a one-photon resonance
and three-photon resonance when E1,0 and E3,0 are, respec-
tively, equal to h̄ω and 3h̄ω [Figs. 6(d) and 6(e)]. In such
cases, the products of the two nonresonant denominators
in the first term of Eq. (1) are 1/[(−2h̄ω)(−2h̄ω)] and
1/[(2h̄ω)(−2h̄ω)]. For the imaginary component of the in-
tegral of the four terms in Eq. (1) for the interband model,
considering the transition matrix elements, the ratio of the
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resonant components at E1,0 = h̄ω and E3,0 = 3h̄ω is 1 : − 1
27 .

Equation (1) for the three-photon resonance has a small value
compared to that for the one-photon resonance. Therefore, the
imaginary part of χ (3) is expected to be positive [Fig. 5(b)].
Because the dipole matrix elements of Eq. (1) for the com-
bined process are greater than that for the interband process,
the contribution of the interband process could be weak and
was not observed in the experiment.

We compared our experimental results to those for other
materials. For the THG process in graphene with |EF | = 0,
one-, two-, and three-photon resonances occur simultane-
ously, resulting in the self-cancellation of THG, whereas such
simultaneous resonance does not occur in conventional insu-
lating materials. In the latter case, a band gap exists and a clear
resonant structure related to the optical gap can be observed
[2,5,6]. For example, the χ (3) spectra of polysilanes, which
are known to be a typical one-dimensional insulator, exhibit
three-photon resonance and two-photon resonance peaks cor-
responding to the excitonic states in the modulus spectra [6]
when 3h̄ω and 2h̄ω are equal to the energies of the one-photon
allowed excited state and one-photon forbidden state relative
to the ground state, respectively. These behaviors contrast
with those of graphene. χ (3) of graphene remains in the fourth
quadrant, suggesting that the two-photon resonance in the
combined process dominates THG of graphene in a wide en-
ergy range. Therefore, this study demonstrates the peculiarity
of the electronic states of graphene from the perspective of
NLO responses.

B. Fermi energy dependence

To clarify the relationship between the resonance effects
described above and Pauli blocking, we measured the EF

dependence of THG from graphene. Figure 7 shows the Maker
fringe patterns of an ion-gel/graphene/ITO/ SiO2 device at
an excitation energy of 0.60 eV. The observed TH signal
from the doping device contains four components of THG
from an ion gel, graphene, ITO, and SiO2. Here, as THG
from an ion gel was too weak to be observed, we ignored
the TH components from an ion gel in the following (see
Supplemental Material, Fig. S2 [24]). To extract TH compo-
nents from graphene, ITO, and SiO2, we prepared bare areas
of each layer on the device. Figure 7(a) shows the fringe
pattern of SiO2 observed where the SiO2 surface is exposed
(see embedded graphics). The black line in Fig. 7(b) shows
the fringe pattern for the ITO/SiO2 area. The amplitude of
the fringe pattern of ITO/SiO2 is larger than that of SiO2.
Additionally, the rotation angles at which the intensity was
minimized were different between SiO2 and ITO/SiO2. This
can be attributed to the interference of the TH electric fields
generated in ITO and SiO2. The red line in Fig. 7(b) shows the
fringe pattern for the graphene/ITO/ SiO2 zone. Further, the
amplitude and period of the fringe pattern were different from
that of ITO/SiO2. Clearly, there is a contribution from the TH
electric field generated in graphene. The TH signal from the
graphene/ITO/ SiO2 zone is explained by the superposition
of TH electric fields generated in graphene, ITO, and SiO2.

To extract the TH signal of graphene from the fringe pat-
tern of graphene/ITO/ SiO2, we analyzed the fringe patterns
using the following method. The fringe pattern of TH intensity
from the SiO2 substrate is given by Eq. (2), as described

FIG. 7. Maker fringe patterns of the TH intensity as a function
of the incident angle. (a) Black solid line shows a fringe pattern of
the SiO2 zone IS, and broken line shows the envelope of the fringe
pattern. (b) Black and red lines show the fringe patterns of ITO/SiO2

II+S and graphene/ITO/SiO2 IG+I+S, respectively. (c) Difference of
the fringe pattern between IG+I+S and II+S.

in Sec. IV A. The complex TH electric field generated from
a thin ITO film is given by Ẽ3ω,I = iE3ω,Iexp(iφI ). Here, φI

is the phase difference of Ẽ3ω,I concerning Ẽ3ω,S. The TH
intensity of the fringe pattern of ITO/SiO2 is given by [34]

I3ω,I+S ∝ |Ẽ3ω,I + Ẽ3ω,S|2

= E2
3ω,I + E2

3ω,S

2
− E3ω,IE3ω,SsinφI

+ E3ω,IE3ω,ScosφIsin

(
π

l

lC,S

)

+
(

E3ω,IE3ω,SsinφI − E2
3ω,S

2

)
cos

(
π

l

lC,S

)
. (5)

From the analysis using Eq. (5), we obtained E3ω,I/E3ω,S

and φI (see Supplemental Material, Fig. S3 [24]). Here,
the complex third-order nonlinear susceptibility of ITO χ

(3)
ITO

varies by approximately 30% depending on applied volt-
age. In the Supplemental Material [24], we discussed χ

(3)
ITO

and its doping concentration dependence. Additionally, the
complex TH electric field generated from graphene is given
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FIG. 8. Experimental THG efficiency η̃3ω,G with respect to the Fermi energy (x axis) and the incident laser power (y axis) for the real part
of (a) 0.60 eV and (b) 0.72 eV and the imaginary part of (c) 0.60 eV and (d) 0.72 eV. White dots show the measurement points.

by Ẽ3ω,G = iE3ω,Gexp(iφG) as φG is the phase difference of
Ẽ3ω,G concerning Ẽ3ω,S. The TH intensity of fringe pattern of
graphene/ITO/ SiO2 is given by

I3ω,G+I+S ∝ |Ẽ3ω,G + Ẽ3ω,I + Ẽ3ω,S|2

= E2
3ω,G + E2

3ω,I + E2
3ω,S

2
− E3ω,GE3ω,SsinφG

− E3ω,IE3ω,SsinφI − 2E3ω,GE3ω,Icos(φG + φI )

+ (E3ω,GE3ω,ScosφG + E3ω,IE3ω,ScosφI )sin

(
π

l

lC,S

)

+
(

E3ω,GE3ω,SsinφG + E3ω,IE3ω,SsinφI − E2
3ω,S

2

)

× cos

(
π

l

lC,S

)
. (6)

Subtracting Eq. (5) from Eq. (6), we obtained the following
expression:

I3ω,G+I+S − I3ω,I+S ∝ E2
3ω,G − E3ω,GE3ω,SsinφG

− 2E3ω,GE3ω,Icos(φG + φI )

+ E3ω,GE3ω,Ssin

(
π

l

lC,S
+ φG

)
. (7)

The calculation result of I3ω,G+I+S − I3ω,I+S is presented in
Fig. 7(c). The analysis using Eq. (7) with the values of
E3ω,I/E3ω,S and φI obtained above provides E3ω,G/E3ω,S and
φG. Here, φG corresponds to the difference of the angle of the
local minima in the Maker fringe pattern between I3ω,S and
I3ω,G+I+S − I3ω,I+S.

We defined the complex THG efficiency of graphene as
η̃3ω,G = E3ω,G

E3ω,S
exp(iφG). Here, the TH electric field from SiO2

is used as reference. In this experiment, we measured Maker
fringe patterns for each Fermi energy and incident laser power.
EF was controlled from +133 to −568 meV by applying
voltage to the electrodes. Incident laser power was fixed at
3.3, 2.8, 2.3, and 1.8 mJ/cm2 per pulse using neutral density
filters. The experimental fringe patterns were analyzed using
Eqs. (5)–(7), and E3ω,G and φG were obtained. The complex
η̃3ω,G converted from E3ω,G and φG are shown in Fig. 8. Here,
the EF dependence of η̃3ω,G, which varies with the incident
laser power, was observed. Figures 8(a)–8(d) show the real
and imaginary parts of η̃3ω,G at 0.60 eV (0.72 eV) concerning
EF and the incident laser power. In Figs. 8(a)–8(d), the real
and imaginary parts are positive and negative, respectively,
regardless of EF and the incident laser power. The magnitude
of experimental η̃3ω,G at 0.60 eV is approximately twice as
much as that at 0.72 eV. For the results at 0.60 eV, η̃3ω,G

varies widely concerning EF and the incident laser power.
1.8 mJ/cm2 was strongly dependent on EF and the magnitude
of η̃3ω,G.

To discuss the electronic processes of THG from these
experimental results, we introduce the third-order nonlinear
susceptibility χ (3). Referring to Eq. (4), the susceptibility of
graphene χ

(3)
G is given from η̃3ω,G as

χ
(3)
G = 2

π

χ
(3)
S lC,S

dG
η̃3ω,G. (8)

The values of χ
(3)
G converted from the experimental η̃3ω,G

using Eq. (8) are in 10−10 esu order of magnitude [right axis
in Fig. 9(a)]. The absolute values of χ

(3)
G are comparable to

those reported in a previous study [18].
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FIG. 9. (a) Experimental results of the THG efficiency η̃3ω,G

for 3.3 mJ/cm2 (open circles) and 1.8 mJ/cm2 (filled circles) of
0.60 eV. The right axis shows the converted third-order nonlinear
susceptibility χ

(3)
G using Eq. (5). (b) Electron temperature depen-

dence of the calculated spectra based on the combined process for
Te = 300, 600, 900, and 1200 K.

Figure 9(b) shows the results of the model calculations
of χ (3) using Eq. (1) for the combined process. First, we
considered resonance effects from the EF dependence of the
complex χ (3). The model calculation at Te = 300 K shows
a peak structure in the real part and a steplike structure in
the imaginary part at EF = −300 meV. The drastic changes
of χ (3) are due to the restriction of one-photon resonance
effects above |EF | = h̄ω/2. In the combined model, while
one-, two-, and three-photon resonances coexist, the one-
and three-photon resonances cancel the two-photon reso-
nance. Due to the restriction of one-photon resonance by
Pauli blocking, the canceling relationship is relaxed, and
χ (3) is enhanced at |EF | = h̄ω/2 [inset image in Fig. 9(b)].
The change of χ (3) at |EF | = h̄ω/2 in this model calcula-
tion coincides with our experimental result in Fig. 9(a) and
clarifies the restriction effect of one-photon resonance in our
experiments.

Second, we focus on the laser power dependence of THG.
The laser power dependence is explained by an increase in
Te [18–20], which is induced by one-photon absorption at
h̄ω > 2|EF |. When the laser pulse is irradiated to graphene,
the electrons in the VB are excited to the CB. The generated
photocarriers are relaxed through electron-electron interac-
tion in a few tens of femtoseconds, and the hot electrons
are thermalized [39]. Consequently, the photoabsorption con-
tributes to an increase in Te within the pulse time width of
100 fs [40]. In the calculation model described above, we

considered Te in f0[E0(q), EF , Te]. When Te increases, the
q dependence of the distribution function of initial states
f0[E0(q), EF , Te] becomes gradual, and χ (3) changes. When
the linear absorption α0 is 2.3%, the peak intensity of the
incident pulse I is 33 GW/cm2, the theoretical saturation
intensity IS is 0.07 GW/cm2 [41], and the optical ab-
sorption α [= α0/(1 + I/IS )] is about 4.87 × 10−3 (%). At
EF = −250 meV, the electronic specific heat is Ce = 1.4 ×
10−9Te (J/m2 K) [42]. Te (= T0 + αF/Ce [20]) is estimated
as ∼1200 K for F = 3.3 mJ/cm2. Here, we assumed that Te

increases to 1200 K by photoabsorption and calculated χ (3).
Figure 9(b) shows the Te dependence of the calculated χ (3).
As Te is increased from 300 to 1200 K, the peak structure
of the real part and the steplike structure of the imaginary
part around EF = −300 meV are smoothed. This smooth-
ing reproduces the behaviors in the experimental results of
−400 meV < EF for an increase in the laser power from 1.8
to 3.3 mJ/cm2 [Fig. 9(a)]. In the energy range of 0 < |EF | <

h̄ω/2, smoothing of the distribution function at high Te re-
duces the one-photon resonant χ (3) component, leading to the
reduction of the cancellation of two-photon resonance. Con-
sequently, the absolute value of Im χ (3) at 1200 K becomes
larger than that at 300 K. Moreover, the calculated Im(χ (3) )
of 1200 K approaches zero with a decrease in |EF |, while
the experimental Im(χ (3) ) of 3.3 mJ/cm2 deviates from zero.
The difference is explained by the change of Te concerning
EF . Because Ce is proportional to |EF |, Te increases as the
|EF | decreases even for the constant laser power [42]. In the
range of 0 < |EF | < h̄ω/2, the calculated |Im χ (3)| decreases
in response to a decrease in |EF | [Fig. 9(b)]. Owing to these
competing factors, the experimental Im(χ (3) ) of 3.3 mJ/cm2

would be constant concerning |EF |. Focusing on the range of
h̄ω/2 < |EF |, the experimental results of the imaginary part
at EF ∼ −443 and −568 meV do not match the calculated
results. For these Fermi energies, the experimental results of
the imaginary part for 1.8 and 3.3 mJ/cm2 have close values.
This behavior shows that Te is not significantly affected de-
pending on excitation density at EF ∼ −443 and −568 meV.
The reason for this behavior is because the electron tempera-
ture is not increased due to the restriction of the one-photon
absorption by Pauli blocking at h̄ω/2 < |EF |.

We explained the laser power dependence of the THG
efficiency η̃3ω,G by converting η̃3ω,G to third-order suscepti-
bility χ (3) in the above paragraph. Generally, the susceptibility
χ (3) is the proportional coefficient of the third-order nonlinear
polarization to the incident electric field E3

ω. It should also
have no laser power dependence within the third-order non-
linearity. However, our experimental results confirmed that
the laser power dependence of χ (3) is non-negligible. There-
fore, we considered the possibility of other contributions,
such as THGs due to the fifth-order nonlinear susceptibil-
ity χ (5)(−3ω; ω,−ω,ω,ω, ω). However, this explanation is
denied by the fact that the fifth-harmonic generation (FHG)
χ (5)(−5ω,ω,ω, ω, ω, ω) is not observed in our experiment
(see Supplemental Material, Fig. S4 [24]). THG and FHG
in the fifth-order nonlinear process should use the common
electronic states; the transition matrix elements involved in
χ (5)(−3ω; ω,−ω,ω,ω, ω) and χ (5)(−5ω; ω,ω,ω, ω, ω) are
common. Therefore, the contribution of THG due to χ (5)

is negligible because FHG is not observed. Therefore, the
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above-mentioned explanation of the laser power dependence
of THG is based on third-order nonlinearity and implies the
importance of effects of increased Te in χ (3). Recently, high-
harmonic generation (HHG) based on not perturbative, but
nonperturbative, treatment has been considerably discussed.
Such nonperturbative theories mainly stem from the exper-
imental observation of the breakdown of the power law.
Meanwhile, our above-mentioned experimental results of the
laser power dependence of complex χ (3) propose that an
increase in Te can break the power law in THG. This in-
dicates that the HHG experiments using a high-power laser
pulse of a few TW/cm2 [12] could induce an increase in
Te, which should be considered on the basis of perturbative
treatment.

Finally, we discussed the differences in real parts of
χ (3) between the experimental results of Fig. 9(a) and the
calculated results of Fig. 9(b). In the experimental result,
Reχ (3) has positive values regardless of EF in the region of
|EF | � 568 meV. Conversely, the sign of Reχ (3) changes
from positive to negative with doping in the calculated re-
sult. Here, as one possible reason for this difference, we
propose a contribution from nonresonant χ (3). In our calcu-
lation, the contribution from the nonlinear region of band
dispersion beyond 3.2 eV is not included. In a previous
study on absorption spectra, graphene showed strong absorp-
tion by the transition at the M point above 4.5 eV [43].
The strong absorption is due to the Van Hove singularity
of density of states at the M point. Similarly, in the THG
process, the TH intensity enhancement by three-photon res-
onance at the M point was reported [15]. The overall Re(χ (3) )
comprises resonant χ (3) using the band of linear dispersion
and nonresonant χ (3) related to the Van Hove singularity
at the M point. Assuming the combined process at the M
point, Re(χ (3) ) and Im(χ (3) ) have positive values at h̄ω =
0.60 eV from the first term of Eq. (1). Under a nonresonant
condition below the transition energy of the M point, the
decrease of the energy denominator of [E−3h̄ω−iγ ]−1 con-
cerning h̄ω is milder for the real part than for the imaginary
part. This ensures that the contribution of the real part is
larger than that of the imaginary part at h̄ω = 0.60 eV. Con-
sequently, the nonresonant contribution is added to Re(χ (3) ),
and the sign of experimental Re(χ (3) ) has positive val-
ues regardless of EF . This finding could be the basis for
understanding the resonance process of other third-order non-
linearity in graphene, such as two-photon absorption [44],
optical Kerr effect [45–47], four-wave mixing [18,48,49], and
NLO waveguide [50]. Additionally, these insights provide
fundamental information to understand third-order nonlinear

responses in other three-dimensional Dirac materials, such as
Bi2Se3 [51] and TaAs [52].

V. CONCLUSION

We measured the complex third-order nonlinear suscepti-
bility χ (3) of as-grown single-layer graphene using the Maker
fringe method. The modulus of χ (3) exhibits a monotonic
decrease with an increase in h̄ω from 0.57 to 0.81 eV, and
its values change from 7 × 10−10 to 2 × 10−10 esu. The χ (3)

phase gradually increases from 330 ° to 360 ° in the corre-
sponding energy range. These phase values were discussed
based on three dominant resonance processes. Through model
calculation, we revealed that two-photon resonance is the
most significant in THG of graphene. Furthermore, using the
ion-gel-gated graphene device, we investigated the EF de-
pendence of THG and obtained χ (3), converted from the TH
efficiency as a function of EF . For both the real and imaginary
parts of χ (3), their absolute values increase without changes
in the sign around |EF | = h̄ω/2. As EF shifts from −106 to
−568 meV, the χ (3) modulus changes from 5.4 × 10−11 to
6.4 × 10−10 esu. This behavior clarifies that the one-photon
resonance effect by Pauli blocking is suppressed and that two-
photon resonance dominates THG in graphene. Moreover, we
observed a smoothing of the EF dependence of χ (3) with in-
creasing incident laser power. The laser power dependence is
explained by the effect of the increase in electron temperature
due to one-photon absorption. Moreover, we proposed the
presence of a contribution of nonresonant χ (3) using the Van
Hove singularity at the M point from the comparison between
experimental and calculated results. The presented results
suggest the importance of resonance effects in revealing har-
monic generation mechanisms in graphene. χ (3) depending
on h̄ω and EF indicates that the phase rotates clockwise in
a complex plane as 2|EF |/h̄ω increases (see Supplemental
Material, Fig. S5 [24]). Therefore, the resonance process in
graphene is dominated by Pauli blocking of 2|EF |. A study of
resonance effects in lowest-order nonlinear processes, such as
THG, can provide crucial information regarding higher-order
NLO responses in novel electronic materials.
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