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We investigate the energy band structure and energy levels of a heterojunction composed of two antiferromag-
netic graphene nanoflakes with opposite in-plane antiferromagnetic orderings, in which the modified Kane-Mele
model is employed. Before forming an antiferromagnetic graphene heterojunction, the energy gap of helical
edge states in each isolated graphene nanoflake are opened by the antiferromagnetic ordering and there is no
the in-gap corner state. We find that when two opposite antiferromagnetic graphenes are coupled to form a
heterojunction nanoflake, topologically protected zero-dimensional in-gap states can be induced. In addition, we
demonstrate that the in-gap states locate at the end of the interface and are robust against magnetic disorder,
Anderson disorder, and interfacial magnetic defects. The position and number of the in-gap interface end states
in the heterojunction sample can be precise quantum controlled.
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I. INTRODUCTION

Higher-order topological insulators (HOTIs) have received
great interest and rapid development both theoretically and
experimentally in the past six years [1-21]. An nth-order
topological insulator (TI) has protected gapless edge states
of codimension d. = n. For example, a two-dimensional
second-order topological system hosts zero-dimensional (0D)
corner states of codimension d. = 2. The conventional TIs,
which host codimension d. = 1 gapless edge states are also
called first-order TIs [22-31]. The gapless edge states with
codimension d. > 2 have been observed in a variety of
systems experimentally such as electrical circuits [32-37],
acoustic [38—42], photonic crystals [43—49], mechanical [50],
and solid-state materials [51]. Although HOTIs in elec-
tronic systems have not yet been experimentally realized,
there have been extensive theoretical explorations, includ-
ing consideration of disordered [52-54], non-Hermiticity
[55-57], electron-electron interactions [58-60], electron-
phonon interaction [61], periodic [62—69], or magnetic driving
[14,16,70-73].

It is well known that the phase transition from first-order
TIs to HOTIs needs to break the symmetry protecting first-
order topological states by taking advantage of the properties
of anisotropy [74]. Applying an in-plane magnetic ordering
to the Kane-Mele model, several studies have shown that a
second-order topological phase occurs hosting the topological
in-gap OD corner states [14,16,19,72,75]. However, the zigzag
edges in graphene nanoribbons are one of the necessary condi-

“sunqf @pku.edu.cn
fzhangyt@mail hebtu.edu.cn

2469-9950/2023/108(7)/075401(11)

075401-1

tions in their proposals. The reason is that the one-dimensional
gapless edge states could be gapped on the zigzag edges
by the in-plane ferromagnetic or antiferromagnetic ordering,
but it remains the gapless edge states on the armchair edges
[16,73,76-78]. This indicates that the properties of anisotropy
are necessary but insufficient conditions for realizing HOTTIs.

Usually, the OD corner states are localized at sharp corners
where two boundaries form a Dirac-mass domain wall with
opposite signs in a two-dimensional system [14,79,80]. To
overcome the constraints of boundary conditions, Yang et al.
have proposed domain wall-induced topological corner states
in the coexistence of sublattice symmetry breaking and lattice
deformation in an artificial graphene system [81]. Zhu et al.
have predicted the emergence of topological corner states at
a sensitive sublattice dependence domain wall [73,82]. How-
ever, these proposals are still heavily dependent on the choice
of boundaries.

In this paper, we consider a heterojunction composed of
two modified Kane-Mele graphene nanoflakes with opposite
in-plane antiferromagnetic orderings, as shown in Fig. 1,
where the zigzag (armchair) edge is along the y (x) axis. The
magnetic ordering directions of the sublattice sites A and B in
the blue (green) region are respectively along the +x(—x) axis
and —x(+x) axis, and two graphene nanoflakes with opposite
antiferromagnetic orderings are coupled to form a heterojunc-
tion. For each isolated antiferromagnetic graphene nanoflake,
the helical edge states open the gap by the antiferromagnetic
ordering and there is no in-gap corner state. We find that
when they are coupled to form a heterojunction nanoflake,
topologically protected OD in-gap states can be induced by
the formation of the heterojunction and they locate at the
end of the interface. These OD in-gap interface end states are
very robust against magnetic disorder, Anderson disorder, and
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FIG. 1. Schematic of a heterojunction composed of two graphene
nanoflakes with opposite in-plane antiferromagnetic orderings. The
graphene lattice with unit cell (dashed square) consists of two dis-
tinct sublattice sites, A (white ball) and B (grey ball) that prefer
to localize opposite magnetic orderings, making the whole system
antiferromagnetic with the same number of A and B sublattice sites.
The magnetic ordering directions of the sublattice sites A and B in
the blue (green) region are respectively along the +x(—x) axis and
—x(+x) axis, as indicated by red arrows. Under the calculation of
the energy band, it is periodic along the y direction with the super
unit cell (pink box). y is the coupling strength of the two graphene
nanoflake regions.

interfacial magnetic defects. The origin of the 0D in-gap states
is explained by using the effective mass terms of the helical
edge states. In addition, we also study other heterojunction
configurations and irregular coupling boundaries. The results
show that multiple topologically protected 0D in-gap states
emerge at the sample interface and are tunable independent of
boundary conditions.

The rest of the paper is organized as follows. In Sec. II,
we derive the tight-binding Hamiltonian for the heterojunction
composed of two graphene nanoflakes with opposite in-plane
antiferromagnetic orderings. In Sec. III A, we show the band
structure and energy levels of the heterojunction and demon-
strate the emergence of the topologically protected OD in-gap
interface end states. Then in Sec. I[II B-III D, we verify the ro-
bustness, show the origin, and discuss the tunability of the 0D
in-gap interface end states, respectively. Finally, a summary is
presented in Sec. IV.

II. MODEL AND HAMILTONIAN

We consider a heterojunction composed of two graphene
nanoflakes with opposite in-plane antiferromagnetic order-
ings, as shown in Fig. 1. This graphene heterojunction system
can be described by the following tight-binding Hamiltonian:

H = Hy + Hy + H, (1)

where Hj, Hy, and H; are the Hamiltonian of the blue region,
the green region, and the coupling between them, respectively.
In the tight-binding representation, Hy/, can be written by
modified Kane-Mele model as follows [75]:

Hy)p = Z Z‘CLC.,'U + Z l'l‘sl),'jCLqu/[gz]Ud/

(i,j)o ((i,j))0.0'
b
+ > Al cior Biloor ©)
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Here ¢;, and c; are the annihilation and creation operators
for an electron with spin o at the ith site, ¢ denotes the
nearest-neighbor hopping amplitude. The second term is the
intrinsic spin-orbit interaction with an amplitude of #;, which
is associated with the next-nearest-neighbor hopping. It de-
pends on clockwise (v;; = —1) or counterclockwise (v;; = 1)
hopping paths from site j to i. The last term in Eq. (2) is the
in-plane antiferromagnetic ordering along the x direction. Ah/ &
is the staggered-sublattice antiferromagnetic ordering magni-

tude in the blue/green region (A7/¢ = —1%/¢). Moreover, the
magnetization directions of the blue region and green region
at sublattice site A keep opposite (A} = —1%). 8y, are Pauli

matrices denoting spin space.
The coupling Hamiltonian H, between the two regions is
described by

H, = Z WCZ!"UCEJ'"’—’_ Z 1Y 15VijCh0 Cgjro (82
(i",j"),0 (i, j"),o,0’

+ He., 3

where C;"a (¢qi5) is the creation (annihilation) operator for an
electron with spin o at the i'th near-interface site of the blue
(green) region. y is the coupling strength of the two graphene
nanoflake regions. Without loss of generality, we set t = 1
as an energy unit, and 7, = 0.17, A} = —1§ = 0.2¢, Ab/g

—AZ/ ¢ and y = 1 in our calculations unless otherwise noted.

III. RESULTS AND DISCUSSION

A. Topologically protected 0D in-gap interface end states
induced by heterojunction

First, we study the energy band structure of the individual
antiferromagnetic graphene, which is described by the Hamil-
tonian Hj, in Eq. (2). Figure 2(a) shows the energy bands
of the graphene nanoribbon with armchair-type edges and
the parameters A4 = 0.2¢, g = —0.2¢, and nanoribbon width
N = 80. One can see that the helical gapless edge states are
gapped in the presence of the antiferromagnetic ordering. The
reason is that the time-reversal symmetry and the additional
mirror symmetry along the armchair edges are broken by
the inducing of antiferromagnetic ordering [73]. It has also
been shown in Ref. [16] that the helical gapless edge states
are also gapped out along zigzag edges in the presence of
antiferromagnetic ordering. In Fig. 2(b), we plot the energy
levels of a square-shaped nanoflake with y (x)-direction zigzag
(armchair) edge, where the nanoflake size is set to be 16 x 25.
It can be seen that a full energy gap occurs near the zero
energy, and there is no states in the gap. This indicates no in-
gap corner states in the individual antiferromagnetic graphene
nanoflake.

Naturally, the heterojunction could form when two
graphene nanoflakes with different antiferromagnetic order-
ings couple together. We construct a heterojunction composed
of two graphene nanoflakes, where the magnetic ordering
directions are shown in Fig. 1. In Fig. 2(c), we select the super
unit cell (pink box) in Fig. 1 to plot the energy band structure
of the zigzag graphene heterojunction nanoribbon. One can
see that the helical gapless edge states of heterojunction are

gapped by the antiferromagnetic orderings )\Z//%. In addition,
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FIG. 2. (a) Band spectra for the armchair nanoribbon with
x-direction antiferromagnetic ordering. (b) Energy levels of square-
shaped nanoflake with antiferromagnetic ordering. (c) Band spectra
for the heterojunction zigzag nanoribbon with the x-direction oppo-
site antiferromagnetic orderings. (d) Energy levels of square-shaped
heterojunction sample with both x and y directions taking open
boundary conditions. (e) Probability distribution of the in-gap states.
The area of the red circles are proportional to the charge. The
alternating red and blue lines in (a) and (c) represent the gapped
edge states. The black and red dots in (b) and (d) correspond to the
eigenenergies of the gapped edge states and in-gap states. Chosen pa-
rameters are 1 = 1,1, = 0.11, A5 = 0.2, A8 = —0.21, A)/¢ = —A//%,
and y = 1. The size parameters are nanoribbon width N = 80 for
(a) and (c), the nanoflake size 16 x 25 for (b), the nanoflake size
32 x 25 for (d) and (e). The gray dots in (e) represent the carbon
atoms and their number are 32 x 25.

we calculate the energy levels of the heterojunction composed
of two square-shaped graphene nanoflakes with opposite in-
plane antiferromagnetic orderings, where the finite size is set
to be 32 x 25. It is interesting that two zero-energy in-gap
states arise, as displayed by the red dots in Fig. 2(d). It is worth
emphasizing that there is no in-gap state in each graphene
nanoflakes when two nanoflakes are uncoupled, see Fig. 2(b).
But when they are coupled, two zero-energy in-gap states
appear. The wave function probability distributions of the in-
gap states at half-filling are highlighted in Fig. 2(e). One can
see that the zero-energy in-gap states with fractional charge
e/2 are almost (due to finite-system size) localized at both
ends of the interface in the square-shaped heterojunction. In
particular, the zero-energy in-gap states still appear at the ends
of the interface even if the antiferromagnetic ordering am-
plitude changes smoothly across the interface. This indicates
that the in-gap interface end states induced by heterostructure
are the OD and zero-energy states. In addition, topologically

FIG. 3. The energy spectrum of square-shaped finite-size het-
erojunction nanoflake with opposite antiferromagnetic orderings vs
(a) coupling strength y and (b) ferrimagnetic strength n for )»Z/ § =
—nkz/ ¢, The black and red lines indicate the gapped edge states and
in-gap states, respectively. The nanoflake size is set to be 40 x 101.
Other parameters are the same as those in Fig. 2(d).

protected OD zero-energy in-gap end states can be induced
by heterostructure with antiferromagnetic orderings in any
in-plane direction. Without loss of generality, we set the an-
tiferromagnetic orderings direction along the x axis in the
following calculations.

To verify that the formation of heterojunction induces
the emergence of 0D in-gap interface end states, we plot
the energy spectrum of the finite-size 32 x 25 heterojunction
composed of two square-shaped graphene nanoflakes as a
function of coupling strength y in Fig. 3(a), and the energy
band structure of the heterojunction graphene nanoribbon for
the different coupling strength y in Figs. 4(a)-4(d). Aty =0,
the two graphene nanoflakes (nanoribbons) building the het-
erojunction system are completely separate. In this case, the
gapless edge states of the nanoribbon system could be gapped
by the antiferromagnetic orderings as shown in Fig. 4(a), and
for the nanoflake system there is no states in the edge gap,
see Fig. 2(b) or Fig. 3(a) at y = 0. As the coupling strength y
increases, the energy gap of edge states gradually decreases,
as shown by the red lines in Fig. 3(a) or 4(b). When y = 0.19,

k, ()

K, (m)

FIG. 4. Energy band structures for the heterojunction zigzag
nanoribbon with x-direction opposite antiferromagnetic orderings.
The coupling strengths are respectively y = 0 for (a), y = 0.1 for
(b), y = 0.19 for (c), and y = 0.3 for (d). Other parameters are the
same as those in Fig. 2(c)
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energy gap of edge states is completely closed [Fig. 4(c)],
and the gap reopens with the further increase of the coupling
strength y [see Fig. 4(d) with y = 0.3 and Fig. 2(d) with
y = 1]. In particular, as the energy gap of the edge states
reopens at the large y, two in-gap zero-energy states appear
[see the red lines in Fig. 3(a) and the red dots in Fig. 2(d)].
These results can clearly illustrate that the OD in-gap interface
end states appear in the coupling graphene heterojunction
nanoflake and they should be topologically protected from the
close and reopen of the energy gap.

When the antiferromagnetic ordering magnitudes AZ//% re-
duce from £0.2¢ to 0, the gap of the gapped edge states
gradually decreases and the in-gap interface end states gradu-
ally diffuse over a relatively large range. While )»z//‘% reaches
zero, the edge states recover gapless and the interface end
states smoothly evolve into the continuous helical edge states.

Actually, the magnetic orderings of sublattices A and B are
opposite in direction and maybe different in magnitude, which
has a net ferrimagnetic ordering and can be induced by spon-
taneous magnetization in graphene [76,83]. Based on this, we
set kg/ 8 = —nkz/ ¢ Figure 3(b) shows the energy levels of the
heterojunction graphene nanoflake as a function of 1. Here the
coupling strength y = 1 and other parameters are the same
as Fig. 3(a). One can see that the topologically protected 0D
in-gap interface end states (red lines) remain stable in the
process of n change. With the decrease of n from 1 to O,
the energy gap of the edge states gradually becomes smaller,
but the in-gap states hold always. Until n = 0, the energy gap
closes and then the in-gap states disappear. Thus, our results
validate topologically protected OD in-gap interface end states
can be induced by the formation of heterojunction as long as
the magnetic orderings of sublattices A and B are in opposite
directions, regardless of whether the magnitudes are equal or
not.

Furthermore, we construct another type of heterojunction
composed of two square-shaped graphene nanoflakes with
their interface along the armchair edge, as shown in Fig. 5(c).
Here the magnetic ordering directions of the sublattice sites A
and B in the blue (green) region are still along the +x(—x) axis
and —x(+x) axis. Figure 5(a) shows the energy band structure
of the armchair heterojunction graphene nanoribbon. One can
see that the helical gapless edge states are gapped out along
armchair edges also. In addition, we plot the energy levels
of square-shaped finite-size 51 x 16 heterojunction nanoflake
in Fig. 5(b). The topologically protected zero-energy in-gap
states exist, as displayed by the red dots. The wave function
probability distribution of the zero-energy in-gap states at
half-filling is highlighted in Fig. 5(c), they are still localized
at both ends of the interface in the heterojunction. It is further
indicated that topologically protected 0D in-gap interface end
states can be induced by heterostructure independent of the
interface edge type.

B. Effects of magnetic disorder, Anderson disorder, and
interfacial magnetic defects on the in-gap interface end states

In this subsection, we study the robustness of the in-gap
interface end states. The effects of various disorders, including
magnetic disorder, Anderson disorder, and interfacial mag-
netic defects, on the in-gap states are investigated.
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FIG. 5. (a) Band spectra for the heterojunction armchair nanorib-
bon with x-direction opposite antiferromagnetic orderings. It is
periodic along the x direction with the super unit cell [pink box in
(c)]. The alternating red and blue lines represent the gapped edge
states. (b) Energy levels of square-shaped heterojunction nanoflake
with the coupling along the armchair edge. The black and red dots
correspond to the eigenenergies of the gapped edge states and in-gap
states. (c) Probability distribution of the in-gap states. The area of
the red circles are proportional to the charge. The size parameters are
nanoribbon width N = 80 for (a), and the nanoflake size 51 x 16 for
(b) and (c). The other parameters are the same as those in Fig. 2(c).

It is shown that the magnitude of edge antiferromagnetic
induced by spontaneous magnetization is inhomogeneous in
several studies applying the mean field theory calculations
and quantum Monte Carlo simulations [84—-88]. In Fig. 6, we
calculate the energy levels and probability distribution of the
square-shaped heterojunction system with different magnetic
disorder strength W,,. In the presence of the magnetic disorder,
the disorder term ), . a))f/ gc;;c,-ar[ﬁl’ -§],67 1s added to
Hamiltonian in Eq. (2), where w is randomly distributed in the
interval [0, W,,] and the unit vector m’ = (cos@’, sin6’) with
angle 6’ being randomly distributed in the interval [0, 27].
Thus, the numerical magnitude of the magnetic disorder is
distributed in the interval [0, kaf/ #], and the direction of the
magnetic disorder is arbitrarily random in the plane. All the
curves are averaged over 1000 random configurations, which
is enough to obtain reasonable results. From Fig. 6(a), one can
see that the topologically protected 0D in-gap interface end
states still emerge at the magnetic disorder strength W,, = 0.1,
which are highlighted by red and blue dots. At W,, = 0.4, the
energy degeneracy of the in-gap interface end states is slightly
broken in Fig. 6(b). Figures 6(c) and 6(d) show that the energy
value distribution of the two in-gap interface end states with
different magnetic disorder strength W,,. The red and blue
histograms of energy distribution in Figs. 6(c) and 6(d) cor-
respond to the in-gap states highlighted in red and blue [see
Figs. 6(a) and 6(b)], respectively. In Fig. 6(c), one can see that
the energy values are clustered around zero with W, = 0.1.
At W,, = 0.4, the energy values of the two in-gap states are
slightly diffused [see Fig. 6(d)], but they still distribute at
a small range (—0.02¢, 0.02¢), which is much smaller than
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FIG. 6. (a) and (b) show the energy levels of square-shaped
finite-size heterojunction with different magnetic disorder strength
W,, = 0.1 for (a) and W,, = 0.4 for (b). The in-gap states are high-
lighted in red and blue. (c) and (d) are the energy distribution of
two in-gap states. (e) and (f) show the wave function distributions
of in-gap states under average calculation. The magnetic disorder
strength W, = 0.1 for (a), (¢), and (e), and W,, = 0.4 for (b), (d), and
(f). Other parameters are the same as those in Figs. 2(d) and 2(e).

the edge gap (—0.15¢,0.15¢). The wave function distribu-
tions of in-gap states under average calculation are shown in
Figs. 6(e) and 6(f) with different magnetic disorder strength
W.n. Whether W,, = 0.1 or W,, = 0.4, the in-gap states are
uniformly distributed at two ends of the interface of het-
erojunction. The above results show that moderate magnetic
fluctuation does not suppress the appearance of topologically
protected 0D in-gap interface end states, but could slightly lift
their degeneracy. It can be concluded that the topologically
protected OD in-gap interface end state is robust against the
magnetic disorder.

To verify the robustness of the topologically protected 0D
in-gap interface end states, we also calculate the energy levels
and probability distribution of the heterojunction system with
different Anderson disorder strength W, in Fig. 7. The An-
derson disorder term Zi,(, wic;acig is added to Hamiltonian
in Eq. (2) with w; being uniformly distributed in the interval
[—W,, W,]. All the curves in Fig. 7 are averaged over 1000
random configurations, which is enough to obtain reasonable
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FIG. 7. (a) and (b) show the energy levels of square-shaped
finite-size heterojunction nanoflakes with different Anderson disor-
der strength W, = 0.1 for (a) and W, = 0.4 for (b). The in-gap states
are highlighted in red and blue. (c) and (d) are the energy distribution
of two in-gap states. (e) and (f) show the wave function distributions
of in-gap states under average calculation. The Anderson disorder
strength W, = 0.1 for (a), (c), and (e), and W, = 0.4 for (b), (d), and
(f). Other parameters are the same as those in Figs. 2(d) and 2(e).

results. It is seen that there are two in-gap states with nonde-
generacy and nonzero-energy values, the degeneracy of in-gap
states is slightly broken at the Anderson disorder strength
W, = 0.1 in Fig. 7(a), which are highlighted by red and blue
dots. There still are two in-gap states with nondegeneracy and
nonzero-energy values and the energy values of the gapped
edge states (black dots) tend to the zero energy at W, = 0.4
in Fig. 7(b). Figures 7(c) and 7(d) show the energy value
distribution of the two in-gap states with different Anderson
disorder strength W,. The red and blue histograms of energy
distribution in Figs. 7(c) and 7(d) correspond to the in-gap
states highlighted in red and blue [see Figs. 7(a) and 7(b)],
respectively. In Fig. 7(c), one can see that the energy values
are clustered around zero with W, = 0.1. The energy values
of the two in-gap states are highly diffused with W, = 0.4
[see Fig. 7(d)], but they are still smaller than the edge gap.
The wave function distributions of in-gap states under average
calculation are shown in Figs. 7(e) and 7(f) with different
Anderson disorder strength W,. Whether W, = 0.1 or W, =
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FIG. 8. Energy levels and wave function distribution of square-
shaped finite-size heterojunction nanoflakes with different interfacial
magnetic defects width D = 4 for (a) and (c), and D = 8§ for (b) and
(d). The in-gap states are highlighted in red. The magnetic ordering
directions of the sublattice sites A and B in the blue (green) region
are along the +x(—x) axis and —x(+4x) axis, respectively. The lattice
sites in the white region are not magnetic. Other parameters are the
same as those in Figs. 2(d) and 2(e).

0.4, the in-gap states are perfectly distributed at two ends of
the interface of heterojunction. It can be concluded that the
topologically protected OD in-gap interface end state is robust
against the Anderson disorder.

Interfacial magnetic defects are also a common perturba-
tion, so we consider the atoms with an intermediate interface
width of D without magnetism. We plot the energy levels of
square-shaped heterojunction nanoflakes with different mag-
netism defects covering the intermediate interface width of D
in Fig. 8. Figures 8(a) and 8(b) show that the red zero-energy
degenerate in-gap states are both stable at D = 4 and D = 8.
As is shown in Fig. 8(c), the zero-energy in-gap states at the
interface diffuse from magnetic lattices in a certain range in
the x direction, and there are also localized at nonmagnetic
lattices with D = 4. The bound states have a larger transverse
diffusion range for D = 8, and the lattices at two ends of the
intermediate junction with the zero magnetism have the large
wave function distribution [see Fig. 8(d)]. This indicates that
the topologically protected OD in-gap interface end states in-
duced by heterojunction coupling are robust against interfacial
magnetic defects.

C. The origin of topologically protected 0D in-gap
interface end states

To gain an intuitive understanding of the topologically
protected OD in-gap interface end states, we study the helical

(@) (b) ©

1 ot

=2
+++t++t

++++++

+HttEt

FIG. 9. (a) Illustration of rectangular graphene, with / — IV de-
noting the four boundaries. (b) Graphene in the blue and green
regions exhibits opposite in-plane antiferromagnetic orderings. The
+/— signs at the boundaries represent the signs of the effective mass
terms. (¢) 0D in-gap interface end states (indicated by red circles)
emerge at the attachment points of the blue and green regions.

edge states in the antiferromagnetic graphene system. When
the system is a Kane-Mele model in the absence of the fer-
romagnetic orderings, boundary states at zigzag and armchair
boundaries can be resolved analytically [89]. We label the four
edges of a square as I, I1, I1I, and IV in Fig. 9(a), and the
corresponding spin-helical edge states (spinor part) are given
by [90]

o~ sl ol
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[x,) _mi\/ﬁg@)l;

1 1
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1 1
avy —
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with =1+ 8’722) —4 /(1 + %)2 — 1, o, and s represent

sublattice and spin. We focus on the edge I first. The effective
mass term M; of the edge I can be obtained by projecting the
in-plane antiferromagnetic ordering term onto the subspace

spanned by |X%I)) and |Xi1));

o "y D 0
M, =Af‘/g<<XT lozse|x) (x3 lozse x| ))

O s ) (o Plozse|x ()

:)Lb/gl+|ﬂ| 01 :)\b/g 01
A 14p \10 4\10

=my (? (1)> 4)

where o; and s; are Pauli matrices in the sublattice (A, B) and
spin (1;{). So we obtain the effective mass for the edge 1,
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m; = )LZ/ ¢ Similarly, the effective mass term for the remaining
three edges can be obtained as m;, = 215/%, m,,; = 1”/%, and

my, = ZAZ/ &. Due to the mass term for four edges have the
same sign, it follows that gaps will open along all four edges
of both the blue region and the green region, and no in-gap
corner states exist. On the other hand, the effective mass
terms in the blue and green regions have the opposite signs
because they have the opposite antiferromagnetic orderings
[see Fig. 9(b)]. Therefore if the blue region and the green
region are attached, a mass domain wall is obtained on the
edge, resulting in the emergence of topologically protected 0D
in-gap states at the ends of the interface [see Fig. 9(c)].

D. Tunability of topologically protected 0D in-gap interface
end states

The coupling length and strength between two graphene
nanoflakes can be tuned by stain and substrate experimentally
[91]. In addition, the use of laser scribing and STM to cut
off at different coupling positions of the heterojunction is able
to achieve 0D interface end states. In Fig. 10(a), we plot the
energy levels E of the square-shaped finite-size heterojunc-
tion nanoflake as a function of coupling length L. Within
the coupling width of the interface, the coupling strength is
y = 1, otherwise y = 0. The other parameters are the same as
Fig. 2(d). We plot energy levels and wave function distribution
of in-gap states with different coupling length L = 3 for (b)
and (e), L =7 for (c) and (f), and L = 15 for (d) and (g).
At L = 1, the two graphene nanoflakes building the hetero-
junction system are almost separate, and the energy gap exists
as shown in Fig. 10(a). At L = 3, two nonzero-energy in-gap
states (red dots) appear [see Fig. 10(b)] and interact in the
middle of the heterojunction interface [see Fig. 10(e)]. In this
case, two in-gap states are partially overlapping in space. As
L increases, the energy value of the in-gap states gradually
approach the zero-energy Fermi level. At L = 7, there is still
a small energy difference between the two in-gap states, as
shown in Fig. 10(c). Their wave function distributions have
decoupled in space to form topologically protected OD in-
gap interface end states [see Fig. 10(f)]. Until L = 15, two
topologically protected 0D in-gap interface end states with
zero-energy degenerate are induced in the heterojunction, as
shown in Fig. 10(d). Figure 10(g) shows the topologically
protected OD in-gap interface states in space are well localized
near the end of the lattices in the heterojunction coupling
region. The above results and analysis indicate that the small
L = 3 is sufficient to induce the in-gap interface states. When
two topologically protected in-gap interface states are very
close to each other, they will not disappear but diffuse within
a certain range. The larger the coupling region is, the energy
values of the in-gap states tend to zero-energy degenerate.
Interestingly, the position of the topologically protected 0D
in-gap interface end states is tunable by tuning the coupling
length.

In order to adjust the number of topologically protected
0D in-gap interface end states, we build a heterojunction with
four different antiferromagnetic orderings regions, and the
direction of the antiferromagnetic orderings can be adjusted
separately in Fig. 11. For convenience, the top left, top right,
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FIG. 10. (a) Energy levels of square-shaped finite-size hetero-
junction nanoflakes as a function of coupling length L along y axis.
The coupling strength y equal to 1 within the coupling length L,
otherwise y = 0. [(b)—(g)] Energy levels and wave function distri-
butions of the in-gap states for the heterojunction nanoflakes with
different coupling lengths L = 3 for (b) and (e), L = 7 for (c) and
(f), and L = 15 for (d) and (g). The black lines in (e), (f), and (g)
represent the uncoupled interface region. The parameters are the
same as those in Figs. 2(d) and 2(e).

bottom left, and bottom right regions are labeled in turn as
region-1, region-2, region-3, and region-4 with staggered-
sublattice antiferromagnetic ordering A!, A?, A3, and A?. We
calculate the energy levels of heterojunction nanoflake con-
sisting of four regions in Figs. 11(a), 11(b), 11(e), and 11(f)
with different magnetic orderings and hollows. The corre-
sponding density distributions of in-gap states are shown in
Figs. 11(c), 11(d), 11(g), and 11(h). The main parameters dif-
ference are A} = A% = A5 =021, 23 = A} = 2§ = 0.2
for Figs. 11(a), 11(c) and 11(e)-11(h), and )\/14 = AZ =0.2¢,
A3 = A= A} = A5 = —0.2¢ for Figs. 11(b) and 11(d). In
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FIG. 11. Energy levels and wave function distribution of square-
shaped finite-size 32 x 51 heterojunction nanoflake consisting of
four regions with different antiferromagnetic fields and central

hollows. The parameters are t = 1, #, = 0.1¢, y = 1, and the antifer-
romagnetic ordering magnitude A5 = —1% = 0.2¢ in the blue region
and 1§ = —A% = —0.2¢ in the green region. There are no central

hollows in (c) and (d). The size of the central hollows is 16 x 25
for (g) and 8 x 13 for (h). The parameters in (a), (b), (e), and (f)
are the same as those in (c), (d), (g), and (h). The in-gap states are
highlighted in red and blue.

Fig. 11(a), the direction of the antiferromagnetic orderings in
the two nearest-junction regions remain opposite, four zero-
energy degenerate topologically protected OD in-gap states
appear and are localized at the four edge interfaces not the
middle interface point of the heterojunction [see Fig. 11(c)].
The charges of four in-gap states all are e/2 regardless of at the
armchair and zigzag edges. In Fig. 11(b), only the magnetic
ordering direction of blue region-1 is opposite to the other
three green regions, there are two zero-energy degenerate 0D
in-gap states. As plotted in Fig. 11(d), the two in-gap states
are located at the end of the interface between region-1 and
region-2, or between region-1 and region-3 where the anti-
ferromagnetic orderings between them are opposite. There is
no in-gap state at the center of the nanoflake although there
the interface orientation changes by 90 degrees. The square-
shaped finite-size 16 x 25 central hollows are introduced in
Figs. 11(e) and 11(g). There are eight topologically protected

in-gap states present at the ends of four interfaces of the
heterojunction [see Figs. 11(e) and 11(g)]. While the size of
the central hollows is reduced to 8 x 13 in Figs. 11(f) and
11(h), Eight in-gap interface end states evolve into four zero-
energy and four nonzero-energy in-gap states, as displayed
by the red and blue dots in Fig. 11(f). The zero-energy and
nonzero-energy in-gap states are localized at the outer and in-
ner ends of four interfaces of the heterojunction, respectively
[see Fig. 11(h)]. The deviation from the zero energy for the
four inner end states originates from their couplings each other
in case of the small central hollow. With the decreasing of
the hollow’s size, the four inner in-gap end states gradually
deviate from the zero energy. Until the central hollows dis-
appear, the four nonzero-energy in-gap states are completely
transformed into the gapped edge states [see Fig. 11(a)]. That
is, the four inner end states couple to each other and then
vanish. This is similar to that two Majorana zero modes
couple and then they evolve into two nonzero-energy normal
states [92,93]. It can be concluded that multiple topologically
protected OD in-gap interface end states can be induced by
multiple region coupling and hollows as long as the antifer-
romagnetic ordering directions on both sides of the interfaces
are opposite.

Finally, we construct an irregular interface in a heterojunc-
tion by changing region-1 to the shape of a right triangle on
the premise of Fig. 11(d). In this way, the interface between
region-1 and the other three regions is along neither zigzag nor
armchair edge and is more generic. In Fig. 12(a), we plot the
energy levels E of the finite-size heterojunction nanoflakes as
a function of coupling length L. The parameters are the same
as those in Figs. 11(b) and 11(d) except for the uncoupled
region y = 0. In addition, we plot energy levels and wave
function distribution of in-gap states with different coupling
lengths L = 2 for (b) and (f), L = 8 for (c) and (g), L = 16
for (d) and (h), and L = 26 for (e) and (i). When L =0,
the two regions completely separate and there is no state in
the energy gap. At L = 2, one can see from Figs. 12(a) and
12(b) that the heterojunction system has two in-gap states,
although they deviate heavily from the zero energy. These
two in-gap states are highly overlapping in space as shown
in Fig. 12(f). As the increasing of L, the energy value of
the in-gap states gradually approaches the zero energy. They
almost are zero-energy degenerate when L = 10. At L = 8§,
there is still a small energy gap between the two in-gap states,
as shown in Fig. 12(c). The wave function distributions of
two in-gap states have decoupled in space to form topologi-
cally protected OD in-gap interface end states [see Fig. 12(g)].
At L = 16, two topologically protected 0D in-gap interface
end states with zero-energy degenerate are induced in the
heterojunction, as shown in Fig. 12(d). They in space are
well localized at the end of the lattices in the heterojunction
coupling region in Fig. 12(h). At L = 26, the two parts of
regions are completely coupled, and two topologically pro-
tected OD in-gap interface end states with zero energy appear
in Fig. 12(e). In Fig. 12(i), the two in-gap states are located
in the interface ends between blue region and green region,
which is no different from Fig. 11(d). It indicates that even if
the interface is not strictly zigzag or armchair boundary, topo-
logically protected OD in-gap interface end states can still be
induced by the construction of heterojunction. The appearance
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FIG. 12. (a) Energy levels of finite-size 32 x 51 heterojunction
nanoflake consisting of right-triangle blue region and pentagon green
region with different antiferromagnetic orderings as a function of
coupling length L along inclined interface line. The coupling strength
y equal to 1 within the coupling length L, otherwise y = 0. [(b)—(1)]
Energy levels and wave function distributions of finite-size hetero-
junction nanoflake with different coupling lengths L = 2 for (b) (f),
L =8 for (c) and (g), L = 16 for (d) and (h), and L = 26 for (e)
and (i). The area of the red circles in (f)—(i) are proportional to the
charge. Other parameters (including the antiferromagnetic ordering
magnitudes in the blue and green regions) are the same as those in
Fig. 9(d). The black lines in (f), (g), and (h) represent the uncoupled
interface region.

of the topologically protected 0D in-gap interface end states
is independent of the shape and size of the two nanoflakes in
the heterojunction. Besides, L = 2 is enough to induce in-gap
interface states, and L = 10 is enough to induce zero-energy
degenerate in-gap interface end states. The location of the

in-gap interface end states can be adjusted randomly with the
coupling regions and coupling length.

IV. SUMMARY AND DISCUSSIONS

In summary, we investigate the antiferromagnetic graphene
heterojunction by using the Kane-Mele model. We find that
the helical edge states open the gap by the antiferromagnetic
ordering and there is no the in-gap corner state for individual
antiferromagnetic graphene. When a heterojunction consists
of two antiferromagnetic graphenes with opposite in-plane an-
tiferromagnetic orderings, topologically protected 0D in-gap
states can be induced by the formation of the heterojunction
and they locate at the end of the interface. We also show that
the 0D in-gap interface end states are robust against magnetic
disorder, Anderson disorder and interfacial magnetic defects.
The origin of the OD in-gap interface end states is that for
the individual antiferromagnetic graphene, the effective mass
terms of the helical edge states have the same sign for the
sample’s four edges, but they have the opposite signs on
the two sides of the heterojunction with the opposite anti-
ferromagnetic ordering. Interestingly, the position of the 0D
in-gap states in the heterojunction sample is highly adjustable
by changing the coupling length. Furthermore, several other
heterojunction configurations are considered including multi-
region heterojunction and irregular interfacial heterojunction.
The multiple OD in-gap states are induced at the sample edge
interface. Meanwhile, the topologically protected 0D in-gap
interface end states can freely tunable in the whole sample by
changing the coupling region and length without relying on
zigzag or armchair boundaries.

At last, let us discuss whether there exists a topological
index of bulk that is corresponding to the presence of the 0D
in-gap interface end states. It is well known that there is the
bulk-boundary correspondence in the topological insulator,
and the presence of the gapless edge states is determined
by the properties of the bulk bands. However, in our anti-
ferromagnetic heterojunction graphene system, the 0D in-gap
states locate at the end of the interface of two opposite anti-
ferromagnetic graphenes. So if there exists the bulk-boundary
correspondence for the OD interface end states, the topolog-
ical index will relate to the bulk bands of two systems (two
opposite antiferromagnetic graphenes). This is essentially dif-
ferent from the conventional bulk-boundary correspondence
in the topological insulator, in which its topological index
only relates to the bulk band of one system (the topological
insulator).
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