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First-principles investigation of the origin of superconductivity in TlBi2
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The intermetallic compound TlBi2 crystallizes in the MgB2 structure and becomes superconducting below
6.2 K. Considering that both Tl and Bi have heavy atomic masses, it is puzzling why TlBi2 is a conven-
tional phonon-mediated superconductor. We have performed comprehensive first-principles calculations of the
electronic structures, the phonon dispersions, and the electron-phonon couplings for TlBi2. The 6p orbitals of
bismuth dominate over the states near the Fermi level, forming strong intralayer px/y and interlayer pz σ bonds
which are known to have strong electron-phonon coupling. In addition, the large spin-orbit coupling interaction
in TlBi2 increases significantly its electron-phonon coupling constant. As a result, TlBi2, with a logarithmic
phonon frequency average one-tenth that of MgB2, is a phonon-mediated superconductor.
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I. INTRODUCTION

The discovery of phonon-mediated superconductivity in
MgB2 with a transition temperature of 39 K was an important
breakthrough in the search for high-temperature superconduc-
tivity [1]. Theoretical calculations based on density functional
theory suggest that boron p states are dominant near the
Fermi level and they form two types of bonds, the in-plane
σ bonds between nearest-neighbor (NN) px/y orbitals and
the out-of-plane π bonds between NN pz orbitals [2–4].
The in-plane σ bonds are strongly coupled to lattice vibra-
tions, resulting in large electron-phonon coupling (λ ∼ 1)
and the high superconducting transition temperature (Tc =
39 K). In contrast, the coupling between the pz-π bonds
and high-frequency boron vibrations is relatively weak. The
disparity in terms of coupling strength between σ and π

bonds leads to the well-known two-gap superconductivity in
MgB2 [4,5].

Since the discovery of MgB2, there have been efforts to
design MgB2-like superconductors by searching for light-
element compounds with p states near the Fermi level. The
rationale is that having light elements helps increase phonon
frequencies, while having the in-plane σ bonds among p or-
bitals near the Fermi level enhances electron-phonon coupling
strength. Over the years, many MgB2-like compounds have
been discovered and they can be broadly divided into two
groups: compounds that crystallize in the MgB2 structure and
compounds that have σ states near the Fermi level. Exam-
ples in the former group include vanadium-doped HfB2/ZrB2

(8.33/7.31 K) [6], and silicon-doped YbGa2 (2.4 K) [7]. A
recent high-throughput study by Yu et al. systematically ana-
lyzed the structural stability and the electron-phonon coupling
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of many binary compounds that crystallize in the MgB2 struc-
ture under ambient pressure and several candidate MgB2-like
superconductors were proposed [8]. For the latter group, one
prominent example among many others is the hole-doped
diamond (Tc ∼ 4 K) [9–11] which becomes superconduct-
ing after the carbon σ bands become partially occupied via
hole doping. Finding superconductors by searching for the
metallization of σ bands has also inspired a recent study on
La3Ni2O7 (80 K under pressure) [12].

So far, efforts to design MgB2-like superconductors are
centered around light-element compounds, while compounds
that consist of heavy elements are usually considered unfa-
vorable for phonon-mediated superconductivity. However, a
recent experiment by Yang et al. [13] found that TlBi2 which
crystallizes in the MgB2 structure becomes superconducting
below 6.2 K. Given that both Tl and Bi have relatively large
atomic masses, superconductivity in TlBi2 is unexpected. Un-
derstanding the origin of the superconductivity in TlBi2 is
therefore important for future theoretical and experimental
searches for MgB2-like superconductors.

As the atomic number increases, the spin-orbit coupling
(SOC) strength increases as well. The atomic numbers of thal-
lium and bismuth are 81 and 83, respectively, which are fairly
large. Therefore, the spin-orbit coupling interaction is ex-
pected to have important impacts on the electronic structures,
the electron-phonon coupling constants, and the topological
properties of TlBi2. Lead (Pb), which sits between thallium
and bismuth in the periodic table, is known to have a SOC-
enhanced electron-phonon coupling constant [14]. Whether
SOC has a similar impact on TlBi2 is still unknown and
we will explore it in this paper. In addition, SOC is also
known to lift band degeneracies and to create topological band
composites that could possibly host nontrivial topological
states. These topological states are especially important in
superconductors because of their potential to host Majorana
fermions [15].
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FIG. 1. (a) Top and (b) side view of the crystal structure of
TlBi2. (c) Brillouin zone of TlBi2. Bi atoms form two-dimensional
honeycomb layers interlaced with Tl atoms.

In this paper, we present a comprehensive first-principles
study of TlBi2, in the hope of uncovering the origin of its
strong electron-phonon coupling. In addition, the topological
properties of TlBi2 are calculated and we point out possible
nontrivial topological states in this conventional phonon-
mediated superconductor.

II. CRYSTAL STRUCTURE AND METHOD

The intermetallic compound TlBi2 crystallizes in the AlB2-
type structure with Tl interlaced between two-dimensional
Bi honeycomb layers, as shown in Figs. 1(a) and 1(b). Its
space group is P6/mmm (No. 191) and the calculated lat-
tice constants are a = 5.749 Å and c = 3.457 Å, which is
consistent with experimental parameters [13]. The Tl and
Bi atoms occupy 1a and 2d Wyckoff positions, respectively,
namely, Tl : (0, 0, 0), Bi : (1/3, 2/3, 1/2). This crystal struc-
ture is known to host high-temperature superconductivity,
e.g., MgB2 (39 K). However, unlike MgB2 which has a weak
interlayer interaction, bismuth atoms in TlBi2 form strong
interlayer bonding due to the relatively small c/a ratio.

Density functional theory calculations are carried out
using the plane-wave code QUANTUM ESPRESSO [16,17].
The exchange-correlation potential is approximated us-
ing the generalized gradient approximation (GGA) as
parametrized by Perdew, Burke, and Ernzerhof [18]. We use
the optimized norm-conversing pseudopotential proposed by
Hamann [19,20]. The kinetic energy cutoff and the charge
density cutoff of the plane-wave basis are chosen to be 60
and 240 Ry, respectively. Self-consistent calculations are car-
ried out using a �-centered mesh with 24 × 24 × 24 k points
and a Methfessel-Paxton smearing width of 0.02 Ry. Struc-
tural optimization is performed as well, with the convergence
threshold on total energy at 1.0 × 10−7 Ry and that on forces
at 1.0 × 10−5 Ry/bohrs.

Phonon dispersions, electron-phonon couplings (EPCs),
and superconducting transition temperatures are calculated
using the density functional perturbation theory (DFPT) with

a 3 × 3 × 3 mesh of q points. Given that both Tl and Bi have
large atomic numbers, the spin-orbit coupling (SOC) effect
is important. Therefore, calculations both with and without
SOC are carried out to help understand the impact of SOC.
Wannier functions of Bi 6p and Tl 6p are constructed to
obtain an effective tight-binding Hamiltonian and to study the
low-energy physics of TlBi2.

Superconducting transition temperatures of conventional
phonon-mediated superconductors can be estimated by using
the Allen-Dynes equation [21],

Tc = f1 f2〈ωlog〉
1.20

exp

(
− 1.04(1 + λ)

λ − μ∗ − 0.62λμ∗

)
, (1)

where f1 and f2 are the strong-coupling correction and the
shape correction, respectively [21],

f1 = [1 + (λ/�1)3/2]1/3, (2)

f2 = 1 + (ω2/ωlog − 1)λ2

λ2 + �2
2

, (3)

�1 = 2.46(1 + 3.8μ∗), (4)

�2 = 1.82(1 + 6.3μ∗)(ω2/ωlog), (5)

The electron-phonon coupling constant λ is

λ = 2
∫

α2F (ω)

ω
dω, (6)

and α2F (ω) is the Eliashberg function which is defined as

α2F (ω) = 1

NF

∑ ∣∣gν
mn

∣∣2
δ(εmk )δ(εn,k+q)δ(ω − ων,q). (7)

III. RESULTS

A. Electronic structure

The band structures and the density of states (DOS) of
TlBi2 both with and without SOC are shown in Fig. 2. In
both cases, the low-energy physics of TlBi2 is dominated by
the Bi 6p states with a small amount of contribution from the
Tl 6p states. In the absence of SOC, two bands (four if spin
degeneracy is considered), mostly of px/y characters, become
degenerate near −1.8 eV at the � point [2]. When the SOC
effect is included, the degeneracy at � is lifted resulting in a
SOC-induced splitting ��

SOC of around 1 eV. Interestingly, the
SOC-induced gap opening produces a small gap between band
65 and band 67 in the whole Brillouin zone. In Fig. 2(c), the
band structure near the A point in the energy range from −1.3
to −0.7 eV is shown to indicate the SOC-driven gap opening.
Although the gap opening due to SOC seems to be small,
applying external compressive or tensile strain can effectively
increase or decrease the gap, thereby fine tuning the electronic
structure of TlBi2.

To identify the topological character of TlBi2, we calculate
the Z2 invariants by assuming a “curved chemical poten-
tial” [the red dashed line in Figs. 2(b) and 2(c)] through the
gap [15]. The Z2 topological indices for three-dimensional
materials with inversion symmetry can be calculated by in-
specting the inversion symmetry operator eigenvalues for
the wave functions at the time reversal invariant momenta
(TRIM) [22]. In Table I, the parity eigenvalues of TlBi2 for
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FIG. 2. The electronic band structures and the density of states of TlBi2 (a) without and (b) with SOC. (c) Zoom-in view of the solid red
box area in (b). (d) The electronic band structures of TlBi2 with SOC along the K-H path.

bands 61 to 66, along with the Z2 invariants, are given. The
Z2 invariant of TlBi2 using the curved chemical potential
is (1000), which suggests that topologically protected states
could exist between band 65 and band 67.

Two studies by Jin et al. [23] and Zhou et al. [24] reported
that the electronic structure of MgB2 has symmetry-protected
nodal lines along H → K when the effect of spin-orbit cou-
pling is neglected. The electronic structure of TlBi2 without
considering SOC appears to have degenerate states around
−2 eV at the K point and 0.2 eV at the H point that could po-
tentially correspond to the nodal line states. However, due to
the large spin-orbit coupling interaction in both thallium and
bismuth atoms, these degeneracies are lifted [see Fig. 2(d)],
and a full gap opens up between band 65 and band 67 at every
k point in the Brillouin zone.

B. Fermi-surface nesting

The importance of Fermi-surface nesting in understanding
high-temperature superconductivity was discussed exten-
sively in the past [25–27]. It is often noted that large
sections of flat regions of Fermi surfaces indicate sharp
peaks in the nesting function and consequently large electron-
phonon coupling. The Fermi surfaces of TlBi2 without and
with SOC are shown in Figs. 3(a)–3(d) and Figs. 3(e)–3(h),
respectively, and they are colored by the corresponding orbit
weights, from low (blue) to high (red). Although the spin-orbit
coupling has a significant impact on the band structures of
TlBi2, it nonetheless leaves the Fermi surfaces almost intact.

The Fermi surfaces of TlBi2 consist of three types of sur-
faces which we label as FS 1, FS 2, and FS 3 [see Fig. 3(a)].
FS 1 has the shape of a hex nut and its orbital character is

TABLE I. Parity eigenvalues of band 61, 63, and 65 at time
reversal invariant points and the product of parity eigenvalues for all
the occupied states.

TRIM Parity δ TRIM Parity δ

� (0, 0, 0) + + − −1 A (0, 0, 1/2) − + − +1
M1 (1/2, 0, 0) − + − +1 L1 (1/2, 0, 1/2) − + − +1
M2 (0, 1/2, 0) − + − +1 L2 (0, 1/2, 1/2) − + − +1
M3 (1/2, 1/2, 0) − + − +1 L3 (1/2, 1/2, 1/2) − + − +1

mostly of Bi px + py without SOC and |J = 1/2〉 states when
SOC is included. FS 2 has a cylindrical surface in between
two flat disks, and it is dominated by Bi |J = 3/2〉 states as
shown in Fig. 3(h) [pz if SOC is not included; see Fig. 3(d)].
FS 3 seems to have a lotus leaf shape and it is mostly of Bi
|J = 3/2〉 character (px/y if SOC is not included). Overall,
TlBi2 has multiple sections of flat surfaces that are likely
to give rise to strong Fermi-surface nesting. We therefore
calculate the Fermi-surface nesting function of TlBi2 using the
EPW code on a 100 × 100 × 100 k mesh [14,28]. In Figs. 4(a)
and 4(b), the nesting functions of TlBi2 on the kc = 0 plane
and the ka = 0 plane are plotted. In Figs. 4(c) and 4(d), we
plot the nesting function inside the regions in the dashed white
boxes in Figs. 4(a) and 4(b). Near the middle point between
� and M on the kc = 0 plane, there are two nesting function
peaks [see Fig. 4(c)], which might originate from FS 1 and FS
2. There are multiple stripes of nesting function peaks on the
ka = 0 plane, notably at kc = 0.3 and 0.4. Their origin is likely
due to the disk-shaped parts of FS 2 and the flat base of FS 3.

C. Hopping parameters

To gain a microscopic understanding of the electronic
structures of TlBi2, we have obtained the hopping parameters
of the states near the Fermi level by calculating the maximally
localized Wannier functions (MLWFs) using the WANNIER90
code [29]. The initial projections are chosen to be the Tl
and Bi p orbitals. To verify that the Wannier functions can
faithfully reproduce the density functional theory (DFT) elec-
tronic structures, we compare the Wannier-interpolated band
structures with the DFT band structures in Fig. 5 which shows
that the interpolated bands are consistent with the DFT results.
The Wannier functions that are localized at the Bi atoms
are shown in Fig. 6. These MLWFs retain the Bi p-orbital
characters, suggesting that hybridization between Bi p states
and its neighboring Tl states is weak.

In Table II, the hopping parameters of TlBi2 with SOC and
MgB2 are given. The on-site energies of the bismuth px,y,z

in TlBi2 are around 0.36 eV, while the on-site energies of
the boron pz and px/y states in MgB2 are 3.57 and 5.62 eV.
Compared with MgB2, the intralayer σ bonding among Bi
px/y orbitals is slightly weaker. But the interlayer σ hopping
between the pz orbitals of the Bi atoms sitting at different
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FIG. 3. The Bi p-orbital characters of the Fermi surfaces of TlBi2 (calculated without SOC), are presented in (a) and (b), while the
relativistic orbital characters of the Fermi surfaces calculated with SOC are presented in (e) and (f). [(c), (d)] and [(g), (h)] show FS 1 and FS
2 without and with SOC, respectively. The intensities of the projected orbitals are indicated by color, from low (blue) to high (red) values.

layers is as large as 1.37 eV, which is in sharp contrast to
the negligible interlayer hopping among boron pz orbitals in
MgB2.

D. Phonon dispersion and electron-phonon coupling

By using the modified McMillan formula, Yang et al. esti-
mated the electron-phonon coupling constant of TlBi2 to be

FIG. 4. (a) and (b) are the Fermi-surface nesting functions of TlBi2 on the kc = 0 and ka = 0 planes, respectively. In (c) and (d), the nesting
functions inside the dashed white boxes in (a) and (b), respectively, are shown.
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FIG. 5. Band structure of TlBi2 with SOC. Interpolation with
WANNIER90 (red dots) and DFT reference band structure (solid
black). The Wannier-interpolated band structures are in agreement
with the DFT band structures, which indicate that the Wannierzation
procedure has converged.

FIG. 6. MLWFs in TlBi2 describing the Bi p orbitals with SOC.

TABLE II. The hopping parameters among X p and M p Wannier
orbitals of TlBi2 and MgB2, where X = Tl, Mg and M = Bi, B. The
interlayer σ hopping among the pz orbitals of the Tl/Bi atoms at
different layers of TlBi2 are highlighted in bold, in sharp contrast
with the negligible interlayer hopping among the pz orbitals of the
Mg/B atoms in MgB2.

Hopping parameter
(eV)

Wannier orbitals TlBi2 MgB2

On-site X pz X pz 2.79 10.71
X px,y X px,y 1.92 8.72
M pz M pz 0.37 3.57

M px,y M px,y 0.36 5.62

Intralayer M px M px 1.15 2.79
M px M py −0.70 −2.91
M py M py 0.34 −0.53

X -M X pz M pz 0.30 0.83
X pz M py 0.35 1.39
X py M pz 0.52 1.54
X py M py 0.87 0.75

Interlayer X pz X pz 1.70 0.05
M pz M pz 1.37 −0.27

FIG. 7. The phonon dispersion relation, the total and projected
phonon density of states (PHDOS), and the Eliashberg function
α2F (ω) of TlBi2 (a) without and (b) with SOC are shown.

around 1.38 [13]. In this paper, we calculate the electron-
phonon coupling constant of TlBi2 by running linear-response
calculations using the QUANTUM ESPRESSO code. Two calcu-
lations, one without SOC and the other with SOC, are carried
out. The phonon dispersions, the phonon density of states,
and the Eliashberg function α2F (ω) without and with SOC
are shown in Figs. 7(a) and 7(b), respectively. The Tl phonon
partial DOS has the majority of its weight in the 30–40 cm−1

range, while Bi vibrations dominate the phonon DOS from 40
to 70 cm−1. Therefore, Tl and Bi atoms are active in different
phonon frequency ranges.

At the � point, the irreducible representations of the six
optical modes are B1g (1), A2u (1), E1u (2), and E2g (2). The
integers inside the parentheses indicate the degeneracy of
the corresponding phonon mode. In the absence of SOC, the
vibrational frequencies of the A2u, B1g, E1u, and E2g modes are
around 30, 32, 48, and 71 cm−1, respectively. When SOC is
included, the vibrational frequencies of B1g, A2u, E1u, and E2g

at the � point become 22, 28, 42, and 68 (cm−1), which indi-
cates that the spin-orbit interaction has the effect of phonon
softening in TlBi2. As a result, the logarithmic average of
the phonon frequencies of TlBi2 decreases from 44 (cm−1)
to 37 (cm−1). The electron-phonon coupling constant, on the
other hand, increases from 1.1 (without SOC) to 1.4 (with
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TABLE III. The structure parameters, the intralayer and inter-
layer distance of Bi/B atoms, the DOS at the Fermi level N (EF ), λ,
ωlog, and Tc for TlBi2 and MgB2.

TlBi2

w/o SOC w/ SOC MgB2

a (Å) 5.749 3.086
c/a 0.601 1.142
din (Å) 3.319 1.78
dout (Å) 3.457 3.52
dout/din 1.04 1.98
N (EF ) (eV−1) 1.5 1.6 0.74
λ 1.1 1.4 0.87
ωlog (cm−1) 44 37 504
Tc (K) 4.4–5.1 5.0–5.5 40
Reference This paper [30]

SOC). Using the Allen-Dynes equation and the μ∗ ranging
from 0.1 to 0.13, we obtain Tc = 4.4–5.1 K (without SOC)
and 5.0–5.5 K (with SOC).

IV. DISCUSSION AND SUMMARY

In comparison with MgB2, the logarithmic average of
phonon frequencies of TlBi2 is low, about an order of
magnitude lower than MgB2 (see Table III). However, its
electron-phonon coupling is as large as 1.4 which helps

improve its Tc. Several factors are at play which help enhance
the electron-phonon coupling strength of TlBi2 and conse-
quently its Tc. (1) The interlayer Bi-Bi σ bonding among Bi pz

orbitals is strong and it gives rise to large Fermi-surface nest-
ing at a few qz planes. (2) Although bismuth is heavier than
thallium, the phonon modes in the frequency region above
40 cm−1 are dominated by Bi vibrations. Also, the phonon
modes in this region contribute about one-third of the total
electron-phonon coupling strength. (3) The linear-response
calculations without and with SOC indicates that SOC can
significantly increase the electron-phonon coupling constant
λ from 1.1 to 1.4.

Another interesting aspect of TlBi2 is that TlBi2 is a strong
topological “insulator” using a curved-chemical-potential ap-
proach. The relatively large spin-orbit coupling interaction
opens up a small gap between band 65 and band 67 over the
whole Brillouin zone, and the size of the gap can be controlled
by applying external strain. Given that there is growing inter-
est in studying the topological properties of MgB2 and similar
compounds in recent years [23,24,31–33], TlBi2 could be an
interesting candidate for future studies.
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