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Ab initio overestimation of the topological region in Eu-based compounds
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An underestimation of the fundamental band gap values by the density functional theory within the local
density approximation and associated approaches is a well-known challenge of ab initio electronic struc-
ture computations. Motivated by recent optical experiments [D. Santos-Cottin et al., arXiv:2301.08014], we
have revisited first-principles results obtained earlier for EuCd,As, and extended the computational studies to
the whole class of systems EuCd, X, (X = P, As, Sb, Bi), to Euln, X, (X =P, As, Sb), and to nonmagnetic
AEIn,As, (AE = Ca, Sr, Ba) employing a hybrid functional method. We find that our approach provides the
magnitude of the energy gap for EuCd,As, in agreement with the experimental value. Actually, our results
indicate that EuSn,As,, Baln,As,, EuCd,Bi, and EuCd,SbBi are robust topological insulators, while all
other compounds are topologically trivial semiconductors. The trivial band gaps of EuCd,P,, EuCd,;As,, and
EuCd,Sb, are in the range of 1.38-1.48 eV, 0.72-0.79 eV, and 0.46-0.49 eV, respectively. The topologically
trivial Eu-based systems are antiferromagnetic semiconductors with a strong red shift of the energy gap in a
magnetic field caused by the exchange coupling of the band states to spins localized on the 4 f-shell of Eu ions.
Additionally, the Euln,X, (X = P, As) compounds show altermagnetic exchange-induced band spin-splitting,

particularly noticeable in the case of states derived from 5d-Eu orbitals.

DOI: 10.1103/PhysRevB.108.075150

I. INTRODUCTION

Surprising physics of magnetic topological materials and
possible applications in sensors, metrology, computing, and
catalysis [1] have triggered experimental and computational
search for compounds with robust topological functionalities
coexisting with or brought about by a magnetic order. In
particular, high-throughput first-principles calculations, im-
plementing the density functional theory (DFT) within the
generalized gradient approximation (GGA) + Hubbard U, in-
dicated that 130 compounds out of 430 magnetic materials
studied have topological phases when scanning U [2]. This
outcome is encouraging and makes timely the question to
what extent more computationally expensive but more reliable
approaches will modify the theory predictions. In particular,
it has been established that Hedin’s GW approach [3] or the
hybrid functional method [3-5] describe correctly band gaps
of semiconductors and insulators, alleviating the deficiency of
the conventional DFT implementations predicting too small
or even negative fundamental energy gaps for narrow-gap
semiconductors.

One of the relevant material families is EuCd,X,; (X = P,
As, Sb) pnictides that show antiferromagnetic (AFM) or-
dering below 11 K [6] and crystallize in the CaAl,Si,-type
structure (space group P3ml), in which Cd,As, layers are
separated by the trigonal Eu layers. According to experimental
and theoretical results, the ground state of the considered
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systems shows an in-plane A-type AFM ordering [7,8].
Within GGA + U, if the Néel vector is out-of-plane, we have
a Dirac band [7,9,10], which becomes gapped for the in-plane
spin directions [7-11]. The resulting gap is in a single meV
range, and the system can then be classified as an antifer-
romagnetic crystalline topological insulator characterized by
the topological index Z, = 2 [10]. Interestingly, if nonzero
magnetization appears, the GGA + U computations indicate
that the Dirac states evolve into a pair of Weyl bands [10-15].

Experimentally observed colossal negative magnetoresis-
tance, showing a sharp maximum at Néel temperature, was
usually linked to that topological phase transition and the
chiral anomaly specific to the Weyl systems [14]. The pic-
ture implied by the GGA + U computations appeared also
consistent with angle resolved photoemission spectroscopy
(ARPES) results, though only the valence band portion
of the band structure was visualized in available samples
[10,11,13,15]. Furthermore, EuCd,As, in a form of ferro-
magnetic quintuple layers was theoretically studied, and the
presence of a topological transition between the quantum
anomalous Hall insulator and quantum spin Hall insulator
under an electric field predicted [16].

Motivated by the recent optical studies on high-purity
EuCd,As; [17], we have carried out ab initio computations for
EuCd,X, (X = P, As, Sb, Bi) employing the Heyd-Scuseria-
Ernzerhof (HSE) hybrid functional [18] and compared the
results to those obtained within the standard GGA + U ap-
proach or with the use of the strongly constrained and
appropriately normed (SCAN) functional [19]. Our findings
confirm that the system energy is lower for the AFM spin
configuration compared to the ferromagnetic spin arrange-
ment in the whole pnictide series. Furthermore, we find that
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EuCd;Bi, and EuCd,SbBi are antiferromagnetic topological
semimetals, whereas the remaining three compounds are mag-
netic semiconductors with a direct gap E, at the Brillouin
zone center, and with the 4 f band at least 1.5 eV below the
top of the valence band. Importantly, the determined range
of E; = 0.72-0.79 eV for EuCd,As, within HSE + U, is in
good agreement with the experimental value E, = 0.77 eV
[17]. Finally, we show that a change of E, on going from
AFM to FM spin arrangements is in accord with the observed
redshift of the band gap in a magnetic field [17]. We conclude
that DFT results within GGA + U approach tend to overes-
timate the abundance of topological materials as shown for
other material classes [20,21]. At the same time, however,
the material family of EuCd,X, (X =P, As, Sb) pnictides
constitutes a worthwhile playground for studying the interplay
of localized magnetism and quantum localization in semicon-
ductors, which results in colossal negative magnetoresistance
that is not well understood [22], despite that several decades
have elapsed since its observation in AFM EuTe [23]. At the
same time, encouraging results found here on the topological
robustness of EuCd;,Bi, in either bulk or 2D form [24], call
for experimental verifications.

Furthermore, we have also investigated other materials
with similar compositions and magnetism but different space
groups. In particular, Euln,As, (space group P63/mmc) is
known to be one of the few bulk axion insulators not pro-
tected by inversion symmetry proposed until now [25,26].
Nonmagnetic AEIn;As, (AE = Ca, Sr, Ba) compounds (also
space group P63/mmc) were found to be topological insula-
tors within GGA [27,28]. EuSn,As, (space group R3m) was
shown experimentally to be an axion insulator [29,30]. Es-
tablishing topological classes of those compounds is certainly
relevant for future investigations. If not mentioned otherwise,
the calculations presented here include the spin-orbit coupling
(SOC). Further details on the computational methodology are
given in Appendix A.

II. ELECTRONIC PROPERTIES OF Eu Cd;As,
WITHIN GGA +U

Regarding Eu Cd;,As,, we have used the experimental lat-
tice constants a = b = 4.44 A and ¢ = 7.33 A and the atomic
positions reported in Ref. [7]. We start by investigating the
electronic properties of EuCd,As, in the AFM ground state
within the standard GGA + U approach employing, however,
alarger U value than in the previous studies, U = 7 eV, which
appears more appropriate for open 4f shells, as discussed
in Appendix B. As shown in Fig. 1, for this value of U =
7 eV, the f states of Eu form flat bands located at around
1.5-2.0 eV below the Fermi level. Furthermore, the system
is in a trivial phase, though the band gap is rather small,
E, =40 meV.

Because of the exchange and spin-orbit interactions, the
band gap strongly depends on the magnetic configuration
of Eu spins. Therefore, we consider four different collinear
magnetic configurations: AFM and FM orderings with the Eu
spins oriented in the a-b plane (denoted as AFMa and FMa)
and along the ¢ axis (AFMc and FMc). Figure 2 shows the
calculated band gap E,(I") = EXCd(F) —E ﬁS(F) as a function
of the Coulomb repulsion energy U for the four magnetic
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FIG. 1. Band structure in the AFMa configuration of EuCd,As,
by using GGA + U with U =7 eV on the f orbitals of Eu. The
Fermi energy is set to zero. The k path is described in Appendix A.

configurations. In the trivial phase, the E; value is positive
and indicates the trivial band arrangement such that E, =
E, — Ey,, where E, is the energy of the conduction band
bottom and Ej, is the heavy-hole energy at the valence band
top. If E, is negative, we are in the topological phase and
E, indicates the magnitude of the band inversion. For all the
magnetic configurations, the gap increases as a function of
U. For the AFMa ground state, there is a transition from the
topological to the trivial phase for U = 6.0 eV, while it occurs
around 5.5 eV for the AFMc case. For the FM phases, the
transition is around U = 9.0 eV. For all values of U, the FMc¢
phase has a lower gap than the AFM phases, therefore, an
applied magnetic field along the c-axis will always decrease
the band gap. Within GGA + U, the low energy bands are of
s-Cd, s-As, and p-As orbitals that are treated within a simple
GGA. Therefore, additional effort is required to improve the
band gap problem for these wide bands.
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FIG. 2. Energy gap E, for EuCd;As, as a function of the
Coulomb repulsion energy U. The solid red line, the dot-dashed cyan
line, the dashed orange line, and the dotted green line are obtained
in GGA + U approximation and they are in the AFM phase with
the spins oriented in the a-b plane and along the ¢ axis and in the
FM phases with spins oriented in the a-b plane and along the c axis,
respectively. For the negative values of E, we are in the topological
phase, while for positive values we are in the trivial phase.
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FIG. 3. Electronic properties of EuCd,As, within different
exchange-correlation functionals with the same U = 7 eV. (a) E, ob-
tained within GGA + U, SCAN + U, HSE + U for the AFMa and
FMc phases. The dashed red horizontal line indicates the experimen-
tal band gap [17]. (b) Total energy difference per formula unit AE
between the FMc and AFMa phases for different approximations.

III. ELECTRONIC PROPERTIES
OF Eu Cd;As, BEYOND GGA +U

To handle the energy gap problem for wide bands orig-
inating from s, p, and d cation and anion orbitals, we use
the HSE and SCAN functionals. Within our approach, strong
correlations within the f shell are additionally described by
the Coulomb repulsion energy U. In Fig. 3(a), we report E,
magnitudes obtained within different computational methods
at the same value of U = 7 eV. We show the results in both
AFMa and FMc spin configurations. Our value of E, within
the GGA + U approach matches previous computational re-
sults. However, the E, value within the HSE method is larger
by 0.7 eV compared to the GGA + U outcome. Interestingly,
in the case of topologically nontrivial quintuple layers of
XMnY AFM materials series, the magnitude of the inverted
bandgap appears also larger within HSE than that obtained
employing the GGA + U method [31,32].

We also report the energy difference per formula unit AE
between the FMc and AFMa spin arrangements in Fig. 3(b),
where we show that the AFMa is always the ground state,
as observed experimentally. However, the value of AFE is
relatively small allowing to manipulate the magnetic phase
from AFM to FM under the applied magnetic field along the ¢
axis. We note that the size of the gap is related to the energetic
stability of the magnetic phases. When the difference between
the gaps E, of the AFM and FM phases becomes larger for
a given method, the energy difference AE configurations
becomes larger too, attending 2 meV for the SCAN + U
approach.

Assuming U = 7 eV, the band gap of 0.79 eV, obtained
within HSE + U, matches the experimental value from optical
measurements, E, = 0.77 eV [17]. The band gap decreases
by 125 meV in the magnetic fields of 2 T at which Eu
spin magnetization saturates [17]. In our calculations with
HSE + U we have a AE, = 102 meV between the AFMa and
FMc phases. In the SCAN + U approach, we have AE, =
186 meV while in GGA + U we find AE; = 112 meV. This
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FIG. 4. E, for (a) EuCd,As,, (b) EuCd,Sb,, (c) EuCd,Bi,
and (d) Euln,As, as a function of the Coulomb repulsion in the
AFMa configuration by considering HSE + U (blue solid line) and
SCAN + U (purple dashed line). The horizontal dashed line for
EuCd,As, represents the experimental value [17].

gap reduction can be entirely attributed to the exchange spin-
splittings at the I point of the highest valence band and lowest
conduction band due to the presence of 4 f-Eu in the highest
valence band and 6s-Eu in the lowest conduction band (see
Appendix C for more information). Regarding the directions
of Eu spins, in agreement with experimental observations
[7,14], we find that the Néel vector is rather in-plane than par-
allel to the c axis, E(AFMa) < E(AFMc), with a tiny magne-
tocrystalline anisotropy of 0.2 meV per the formula unit.

In Fig. 4(a), we report E, for the AFMa configuration
as a function of U obtained combining the HSE exchange-
correlation functional with the addition of the Coulomb
repulsion energy U for f electrons. For comparison, we also
report the results within the SCAN + U approach. We can
see that for all the investigated U values we are in the trivial
phase. Within SCAN + U approach even a small value of
U = 3.0 eV leads to a sizable trivial band gap. The use of the
SCAN without U produces f electrons very close to the Fermi
level which is an unphysical result, therefore, we do not report
the band gap for SCAN only. With the use of the HSE func-
tional, we have a trivial band gap of 0.59 eV. This band gap
increases up to 0.72-0.79 eV within the HSE + U approach
and the 4f band moves down in energy (see Appendix D).
Therefore, we have a sizable trivial band gap for all values
of U which means that EuCd,As, is a robust trivial insulator.
The HSE method opens the trivial band gap between s-Cd,
s-As, and p-As wide bands, however, it misses the position
of the 4 f levels and the band gap becomes slightly underesti-
mated. Thus, we need to use the HSE functional to correctly
describe the wide bands and add U for positioning properly
the f-levels. However, U as small as 1.5 eV is sufficient to
reproduce the experimental positions of f levels’ within the
HSE + U approach (see Appendix D).

IV. OTHER MEMBERS OF THE Eu Cd,As, FAMILY

We performed the calculations also for EuCd,P,,
EuCd,Sb,, and Equ_zBiz that have the same space group as
EuCd;As;, namely P3ml.
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FIG. 5. Phonon dispersion curves of EuCd,Bi, for the fully re-
laxed crystal structure within GGA + U withU =7 eV.

Regarding EuCd,P,, we have used the lattice constants
a=b=432A and c = 7.18 A and the atomic positions re-
ported in Ref. [33]. For EuCd,Sb, we have used the lattice
constants ¢ = b = 4.69 A and ¢ = 7.72 A and the atomic po-
sitions reported in Ref. [34], while for EuCd,;Bi, we have
relaxed the volume and the atomic positions since the experi-
mental values are not available. We have used a = b = 4.92 A
and ¢ = 7.95 A with a reasonable ratio of ¢/a = 1.62 while
for the experimental volume of the other compounds we get
c¢/a = 1.64-1.66. In this material class, the theoretical vol-
umes are larger by 1-2% than the experimental volumes and
larger volumes produce more topology. Therefore, heavier
atoms increase volume, SOC and bandwidth, all properties
that increase the band inversion.

In Fig. 4(b), we show E, for EuCd,Sb, as a function
of U by considering HSE + U and SCAN + U functionals,
EuCd,Sb; is trivial in the HSE + U case while it is topologi-
cal in the SCAN + U implementation. Moving to EuCd;Bi,,
we find this material to be topological. The inverted band
gap is 0.11 eV within the HSE approach. The ground state
is always AFM with AE = 2.05 meV within GGA + U,
AE = 4.35 meV within SCAN + U; AE = 1.71 meV within
HSE + U, with U =7 eV, the easy axis is in-plane as for
EuCd,As, with the magnetocrystalline anisotropy of 0.5 meV
per formula unit. In Fig. 4(c) we show E, for EuCd,Bi, as
a function of U by considering HSE + U and SCAN + U
functionals.

To check the structural stability of EuCd,Bi,, we per-
formed phonon calculations within density functional pertur-
bation theory approximation. The phonon dispersion curves
are reported in Fig. 5 which indicate the absence of imaginary
frequencies in the entire Brillouin zone. This implies that
the calculated crystal structure of EuCd,Bi; is dynamically
stable. In the literature, there is also a calculation of the
phonons for nonmagnetic phase with f levels in the core for
the EuCd,As; [35,36].

The band structure of EuCd,Bi, for different exchange
functionals is plotted in Fig. 6, we can see how there are very
few differences between GGA + U and HSE + U.

There is a change in the band order at the I" point in
EuCd;Bi,; compared to EuCd,As,. The band gap as a function
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FIG. 6. Band structure of EuCd,Bi, in the AFMa configuration
by considering (a) GGA + U and (b) HSE 4+ U with U =7 eV be-
tween —3 and 2 eV. The Fermi level is set at zero energy.

of U band gap increases as a function of U and suggests a
topological behavior. We plot the band structure along I'-M
and I'-K of the EuCd,Bi, without and with SOC in Fig. 7.
We can observe that the SOC disentangles valence bands
from the conduction bands as usual in topological systems
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FIG. 7. Band structure of EuCd,Bi, in the AFMa configuration
without [(a) and (b)] and with spin-orbit coupling [panels (c) and
(d)] along the I"-M [(a) and (c)] and I"-K directions [(b) and (d). The
valence bands are plotted in blue, while the conduction bands are
plotted in red. The Fermi level is set at zero energy.
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FIG. 8. Band structure of (a) EuCd,As, and (b) Euln,As, along
the path L,-I"-L; in the AFM phase without spin-orbit coupling and
with the HSE functional. We plot in blue the spin-up channel and
in red the spin-down channel. In panel (a), the red and blue lines
perfectly overlap along both k-paths. The Fermi energy is set to zero.

creating in this case a topological semimetal. The trivial band
gap decreases as the anion becomes heavier until the system
becomes topological semimetal for the case of Bi.

Due to the large band inversion in the Bi compound, the
topological band arrangement persists substituting Bi with Sb.
Indeed, properties of EuCd,SbBi are similar to EuCd;,Bi,, as
shown in Appendix F.

Plotting the band structure along particular k paths, includ-
ing L; and L, directions (see the Appendix A), we can look for
altermagnetic signatures, i.e., for the exchange-induced spin-
splitting of bands in the AFM phase [37,38]. The compounds
with space group P3ml are not altermagnetic as shown in
Fig. 8(a), while according to the data presented in Fig. 8(b)
the compounds with the space group P63/mmc show alter-
magnetism.

As a summary, we report in Fig. 9(a) the obtained band gap
values for EuCd,X, (X = P, As, Sb, Bi) compounds within
the HSE approach. As seen, the trivial band gap decreases as
the X element becomes heavier and relativistic effects, such as
spin-orbit splitting and the mass term, larger. The compound
with the lightest atom P is the most trivial (see Appendix E).
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FIG. 9. E, for different compounds belonging to the same family
by considering HSE and SCAN. (a) The band gap of EuCd,X,
(X =P, As, Sb, Bi) in the AFMa phase, since SCAN does not return
realistic results we plot SCAN + U with U = 3 eV. (b) Band gap of
AEIn,As, (AE=Ca, Sr, Ba).

V. OTHER SIMILAR FAMILIES OF COMPOUNDS

We move now to Euln,As, [25,39,40] that crystallizes in
a hexagonal Bravais lattice with the space group P63/mmc
[41-43]. We have used the lattice parameters a = b = 4.21 A
and ¢=17.89 A and the atomic positions reported in
Ref. [41]. In Fig. 4(d), we show E, for Euln;As; as a function
of U. It was proposed that Euln;As; could host higher-order
topology [29], however, within the HSE approach this
material is a trivial insulator. For all the investigated U
values, the system is trivial within the HSE + U approach
but topological employing the SCAN + U method, so that
Euln;As, is closer to the topological regime compared to
EuCd;As,. Regarding the band structure, the P63/mmc
symmetry shows altermagnetism [37] on the contrary to
P3ml, as depicted in Figs. 8(a) and 8(b). Interestingly, the
largest altermagnetic spin-splitting, reaching 150 meV in the
conduction band, appears for band states derived from 5d
orbitals of Eu, which reflects a relatively strong intra-atomic
d-f exchange. In general, we note that it is difficult to find
magnetic topological insulators showing altermagnetism and
this material class appears as a worthwhile candidate.

We have studied also the Eu-based systems in the R3m
phase. We have found that Euln,Sb, is always trivial, while
EuSn;As; is topological within the HSE approach. For
Euln,Sb,, we have used the lattice constants a = b = 4.58 A
and ¢ = 27.79 A [44]. For EuSn,As,, we have used the lat-
tice constants a = b = 4.21 A and ¢ = 26.46 A [45]. A more
extended discussion is presented in Appendix E.

Regarding nonmagnetic compounds with space group
P63 /mmc, the lattice constants that we have used are a = b =
4.22 A and ¢ = 17.97 A for CalnyAsy; a = b = 4.31 A and
¢ = 18.36 A for StInyAsy; a=b =439 A and c = 18.83 A
for Baln,As, obtained from Ref. [27]. As shown in Fig. 9(b)
both Baln,As; and SrIn,As,; are topological insulators within
the HSE and SCAN methods, while Caln,As; is topological
only employing the GGA [27]. Also in this case, the inverted
band gap increases with the atomic weight of the atoms. Thus,
GGA overestimates the abundance of topologically nontrivial
systems also in nonmagnetic materials but less severely com-
pared to the case of Eu-based compounds.

Topological phases implied by our results are summarized
in Table 1 for the compounds analyzed in this paper.
The compounds that future a topological band gap within
both SCAN and HSE functionals are considered as robust
topological insulators, while the compounds that are
topological within SCAN + U and trivial within HSE + U are
considered to be either trivial or on the verge of the topological
regime. As SrlnpAs; has a very small topological gap, the
only robust topological systems among the compounds
considered in our work are EuCd,Bi,, EuSn,As,, Baln,As,,
and the new proposed compound EuCd,SbBi. We could
expect to find other topological compounds replacing light
elements by heavier elements.

VI. CONCLUSIONS

We have investigated the materials family EuCd,;X,
(X =P, As, Sb, Bi) and related compounds with a focus
on EuCd,As,. We have shown that the DFT with local
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TABLE I. Summary of topology classes for selected materials and computational methods. We divide the compounds into three columns:
in the first column there are the compounds trivial within GGA + U, SCAN/SCAN + U and HSE/HSE + U, in the second column there are
the compounds that are trivial within HSE/HSE + U, in the last column there are compounds topological within any exchange-correlation
functional. Going from left to right in the table, one of the atoms becomes heavier and the systems become more topological.

Space group Robust Trivial Insulator

Trivial in HSE/HSE + U Topological in HSE/HSE + U

Topological in SCAN/SCAN + U

P§m1 (NO 164) Equ2P2, EUCdzASQ

P63 /mmc (No. 194) Euln, P,
P65 /mmc (No. 194) nonmagnetic Caln,As;
R3m (No. 166) FM phase Euln, Sb,

EuCd,Sb, EuCd,SbBi®, EuCd,Bi,"
Euln,As, -
- SrIn, As,?, Baln,As,
- EU.SHQASZ

2This compound has a tiny topological band gap of 13 meV within HSE, so it is not considered as a robust topological material.
"These compounds are topological semimetals within both GGA + U and HSE.

functionals, such as GGA + U, overestimates the topologi-
cal region for the Eu-based compounds while the HSE + U
method constitutes a more realistic tool for predicting topo-
logical classes of particular materials and to determine ener-
gies of both wide and narrow bands. Considering EuCd,As;
as an example, we obtain a band gap in the range 0.72-0.79 eV
within HSE + U versus the experimental value of 0.77 eV
[17] and we obtain a gap reduction in the magnetic field
AE, = 0.102 eV to compare with the experimental value of
AE; = 0.125 eV [17]. Within the same approach, the trivial
band gaps of EuCd,P, and EuCd,Sb, are 1.38-1.48 eV and
0.46-0.49 eV, respectively. From the calculation of the mag-
netocrystalline anisotropy, the Néel vector is in-plane for both
topologically trivial EuCd,As; and nontrivial EuCd,Bi, com-
pounds belonging to the space group 164. While the use of
local functionals strongly overestimates the topological region
in the case of Eu-based compounds, it only slightly overes-
timates the topological region in the corresponding nonmag-
netic materials AEIn, As, (AE= Ca, Sr, Ba). We conclude that
the two robust topological systems among those investigated
are EuSn;As, and Baln,As;. Additionally, we propose other
two topological systems as EuCd,Bi, and EuCd,SbBi, which
are antiferromagnetic topological semimetals.
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APPENDIX A: COMPUTATIONAL DETAILS

We have performed DFT first-principles calculations using
the VASP package [46—48] based on plane-wave basis set and

projector augmented wave method [49]. Except for altermag-
netism studies, our calculations take into account SOC. The
relevant SOC in EuCd,As; is one of the p-As that is reported
to be 164 meV [50].

We mainly focused on EuCd;As;, which grows in a trigonal
crystal structure (space group No. 164, P3ml1). This space
group has inversion symmetry, some of the inversion symme-
try points are on the positions of the Eu atoms. To simulate
the A-type AFM configuration with spins in the a-b plane, we
have doubled the primitive cell along the ¢ axis.

The experimental lattice constants of EuCd;As,, which we
used for our calculations, a = b = 4.44 A and ¢ =7.33 108,
were quoted in studies of AFM spin ordering by resonant
elastic x-ray scattering [7]. To see how the lattice parameters
change for different functionals, we fixed a to the experimen-
tal value and checked the trend of the energy as a function
of Ac/c employing GGA 4 U and HSE + U approaches in
the experimental AFMa spin configuration. In the GGA + U
case we fixed the value of U = 10eV to be sure that we
are in the trivial phase. In HSE4+ U we used U =7 eV,
which correctly reproduces the experimental energies. The
energy minimum is found for ¢ = 7.49 and 7.43 A in the
GGA + U and HSE + U approach, respectively, to be com-
pared to the experimental value ¢ = 7.33 A. We have also
checked for the case of HSE + U with U =7 eV that the
band gap, for the experimental lattice constants, is 0.79 eV,
while for the theoretical value of ¢, E, = 0.74 eV. The other
compounds that we have studied belong to the same family
and the results are similar. Therefore, the results only slightly
change if we use the theoretical lattice constants instead of the
experimental ones.

We have used a plane-wave energy cutoff of 300 eV and a
11 x 11 x 3 k-point grid centered at the I point with 363 in-
dependent & points in the first Brillouin zone for the GGA + U
and SCAN + U approaches. The k path of the Brillouin zone
is depicted in Fig. 10. Increasing the energy cutoff up to
500 eV just rises the trivial band gap by a very few meV
but creates a problem in the convergence when employing the
hybrid HSE functional without U. For the HSE method, we
have used an 8 x 8 x 3 k grid. Increasing the k grid, the trivial
band gap decreases by a few meV. To verify the structural
stability of the newly proposed compound EuCd;Bi,, we have
performed investigations of the lattice dynamics using phonon
dispersion curves obtained within the density functional per-
turbation theory approximations using the PHONOPY interface
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Ak,

kﬂ M

FIG. 10. Irreducible Brillouin zone of a typical hexagonal prim-
itive cell with the high-symmetry momentum path for electronic
structure highlighted in green. Dashed magenta line indicates the
high-symmetry momentum path used to show the altermagnetism in
space group P6;/mmc in which the points L; and L, have the same
eigenvalues but opposite spin.

to VASP [51,52]. A 2 x 2 x 1 supercell of the AFM ground
state was generated to compute the force constants within the
GGA + U approach with a k mesh of least 6 x 6 x 2.

APPENDIX B: VALUES OF U FOR 4f ELECTRONS

We first consider the GGA) of Perdrew, Burke, and Ernz-
erhof [53] with the Hubbard energy U for the 4 f-orbitals of
Eu. A number of previous GGA + U studies of EuCd,As;
in the in-plane AFM ground state employed U up to 5 eV
[7,10,12-14,54,55] or 6 eV [56], and found this compound to
be topologically nontrivial.

However, according to several works, the value of U for 4 f
electrons in Eut? is well above 5 eV,eg,Us—Jr=T71¢eV
[57] and Uy = 7.397 eV, J; = 1.109 eV [58]. For the topo-
logical system EuBg, the value of U = 7 eV has been used
[59], while even larger values of U were used in the literature
for the topological EuCd,Sb, [60]. Thus, as reported in the
main text, to evaluate the energy gap magnitude for EuCd,As;
with various magnetic orders, we have scanned U from 5 to
11 eV assuming Jy = 0.15U.

The use of U improves the description of correlations
within 4 f-Eu narrow band but GGA is not effective in de-
scribing wide bands. We could add U to all orbitals close
to the Fermi level including s-Cd, s-As, and p-As states, as
suggested by the linear response [61] and the ABCNO [62]
methods. However, GGA + U approach is not effective if the
wide band is close to the Fermi level just in one k point (the I'
point in our case) [20].

As underlined in the main text, the underestimation of the
band gap value within DFT with local functionals is a well-
known issue in ab initio studies of semiconductors. Within
the k-space topology, the problem of the underestimation
of the trivial band gap turns into the overestimation of

the topological band gap [20,21] meaning that we have
an overestimation of the topological region in the phase
diagram.

To go beyond GGA + U, we have used the SCAN [19] and
HSE hybrid functionals [18]. Using SCAN 4 U and HSE +
U, we take into account the Coulomb repulsion energy U
acting on 4 f electrons and SCAN or HSE functionals acting
on electrons in wide bands derived from sp orbitals. Indeed,
it was proposed to combine the HSE hybrid functional with
the Hubbard U, and, by analyzing a set of II-VI semiconduc-
tors, it was shown that HSE 4 U calculations reproduce the
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FIG. 11. Local density of states of the Eu atoms in the AFMa
configuration by using (a) GGA + U with U =7 eV on the 4f-
orbitals of Eu, (b) HSE hybrid functional and (c) HSE 4+ U with
U =15¢eV. The s, d, and f states are plotted in green, blue,
and pink, respectively. The DOS of the f states is divided by
20. The Fermi level is set at zero energy. The band gap seems
larger because we are plotting just the Eu states without Cd and
As states.
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FIG. 12. E, for EuCd,P, with SOC as a function of the Coulomb
repulsion in the AFMa configuration by considering HSE + U (blue
solid line) and SCAN + U (purple dashed line).

experimental band gap [63]. It was shown that also SCAN
functional requires a Hubbard U correction to reproduce the
properties of some compounds [64,65]. Within SCAN + U
and HSE + U, we have usually used U = 7 eV with the Hund
coupling Jy = 0.15U, if not mentioned otherwise. However,
our conclusions concerning the topological phase diagram are
weakly dependent on the U value.

APPENDIX C: WAVEFUNCTION AND SPIN-SPLITTINGS
IN VALENCE AND CONDUCTION BAND FOR Eu Cd,As,

We consider the AFMa configuration within the HSE ap-
proach with U = 7 eV and SOC. In this case, the fractional
contributions of atomic orbitals at the I" point are 75% 4 p-As,
11% 4d-Cd and 14% 4f-Eu at the valence band top and
12% 6s-Eu, 34% 5s-Cd and 54% 4s-As at the bottom of the
conduction band. The Eu-4f states are coupled to 6s-Eu via
the intra-atomic potential exchange interaction Jg,—47. There-
fore, the conduction band is sensitive to the position of the
4 f-levels. The 5d electrons of Eu are absent at the I" point

Energy (eV)

BN

FIG. 13. Band structure of Euln,Sb, in the FMc configuration by
considering HSE + U with U = 7 eV. The Fermi level is set at zero
energy.

y E/E/H

1.2- HSE+U = ]
% SCAN:U -
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___________ . |
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FIG. 14. Band gap E, for Euln,Sb, as a function of the Coulomb
repulsion energy U in the FMc configuration by considering HSE +
U (blue solid line) and SCAN + U (purple dashed line).

but their weight rises quickly with k in both conduction and
valence band band.

In the FMc configuration, the exchange spin-splitting of
the valence band at the I" point with respect to Eu spin direc-
tion is antiferromagnetic, AE, = —107 meV, which points to
the exchange energy J, = 2AE,/S = —61 meV for § = 7/2,
whereas the interaction is ferromagnetic in the conduction
band, where the spin-splitting is AE, = +114 meV and J, =
465 meV. Therefore, the sum of the two spin splittings is
221 meV, implying the a gap reduction of 110 meV that is
comparable with the value of AE, = 102 meV for HSE + U
discussed in the main text.

We have qualitatively similar results within GGA + U.
At U =10eV with SOC, AE, = —44 meV and AE. =
104 meV. Therefore, the exchange spin splittings have the
same signs as in Mn-doped CdTe [66]. Thus, it appears that J,,
is predominantly determined by hybridization of valence band
states with 4 f orbitals, i.e., by the kinetic exchange, whereas
the nonzero J, value mainly results from the intra-atomic po-
tential exchange described by Jss—4r = 52 meV and, possibly,
Tsa—ar = 215 meV [67].

APPENDIX D: ENERGY OF THE 4f-ELECTRONS

It was shown that the HSE hybrid functional does not
reproduce well the position of the f orbitals [4,68]. Even
when we use HSE, an additional U is required to reproduce
the position of the f bands. We report the local density of
states (DOS) of the Eu-orbitals in the AFMa phase by using
GGA + U, HSE, and HSE + U in Fig. 11. Experimentally,
the position of the majority 4 f-Eu narrow bands is in the
range 1.2-1.6 eV [10]. To reproduce the position of the f
levels within HSE + U, we need a Coulomb repulsion around
1.5 eV as we can see from the local DOS in Fig. 11. Therefore,
we conclude that HSE alone is not able to reproduce the
experimental position of the f states.

Using just SCAN, we have a gap opened between Cd and
As states at Fermi, however, once the gap is open this is filled
by the f bands and we do not report the results for SCAN
without U.
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FIG. 15. Band structure of EuSn,As, in the FMc configuration
and with U = 7 eV by considering (a) GGA + U and (b) HSE 4+ U
in the Fermi level vicinity. (c) HSE + U in a broader energy range.
The Fermi level is set at zero energy.

APPENDIX E: OTHER MEMBERS OF THE Eu Cd,As,
FAMILY AND OTHER FAMILIES OF COMPOUNDS

We performed the calculations also for EuCd,P,,
EuCd,Sb, and EuCd;Bi, that have the same space group
of EuCd,As;, namely P3ml (No. 164). In Fig. 12, we
show E, for EuCd,P, with SOC as a function of the
Coulomb repulsion in the A-type AFM ground state con-
figuration with spins in the a-b plane by considering
HSE + U and SCAN + U functionals. The system is trivial
for all the functionals used. Heavier atoms increase volume,
SOC and bandwidth, all properties that increase the band
inversion.

-0.14 | EuSn,As,

<-0.15

L

LUCD

-0.16 | .
HSE+U -5 e

017} scanwy -m- W
o 1 2 3 4 5 6 7

U (eV)

FIG. 16. Band gap E, for EuSn, As; as a function of the Coulomb
repulsion energy U in the FMc configuration by considering
HSE + U (blue solid line) and SCAN + U (purple dashed line).

Going beyond EuCd, X, compounds, we investigated also
other similar materials. EulnyAs, is particularly known to
be one of the few bulk axion insulators not protected by
inversion symmetry proposed until now. Establishing its topo-
logical properties would be relevant for future investigations.
Euln;As, crystallizes in a hexagonal Bravais lattice with
space group P63;/mmc (No. 194) [41-43]. It was proposed
that Euln, As, with space group P63 /mmc could host higher-
order topology [29], however, within HSE this is a trivial
insulator.

FIG. 17. Crystal structure of EuCd,SbBi. Purple, yellow, brown,
and red balls denote Eu, Cd, Sb, and Bi atoms, respectively. In this
crystal structure, the inversion symmetry is preserved.
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FIG. 18. Band structure of EuCd,SbBi in the AFMa configura-
tion by considering HSE + U with U = 7 eV between -3 and 2 eV.
The Fermi level is set at zero energy.

1

Adding heavier atoms in search of topology, going from
Euln, As; to Euln,Sby, it was predicted a change of the space
group to R3m [44,69]. In this structural phase, we are able to
study just the FM configuration within HSE due to compu-
tational limitations. We find that Euln,Sb, in this structural
phase is a robust trivial semimetal as we can see from the
plot of the band structure in Fig. 13 and from the direct gap
at the I' point in Fig. 14. An alloy of Euln;As,;_,Sb, that

would keep the P63;/mmc (No. 194) space group could be
topological.

Another compound in the R3mc phase is EuSnyAs,. We
report the band structure in Fig. 15. We plot the band gap
as a function of U and we obtain that we have an inverted
band gap even within HSE. While in GGA + U, EuSn;As,
is a topological semimetal, in the HSE approach the system
becomes an insulator. This system is the only one without s
electrons in the conduction band bottom. As shown in Fig. 16,
the band gap of EuSn; As; shows a nonmonotonic dependence
on U, which can be attributed to the increased complexity due
to the presence of several different manifolds of orbitals near
the Fermi level.

APPENDIX F: Eu Cd,SbBi PRESERVING
INVERSION SYMMETRY

We propose a compound EuCd,SbBi preserving the inver-
sion symmetry with the inversion center on the Eu atoms. The
lattice constants that we get are a = 4.85 A and ¢ = 7.85 A
which are close to the average of the lattice parameters of the
two pristine compounds. The crystal structure is reported in
Fig. 17. This is a different topological semimetal. The band
structure shown in Fig. 18 has the same features of the topo-
logical phase of EuCd,Bi, and very likely the same topology
within HSE.
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