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Realization of charge-four Weyl point in fermionic systems
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Unconventional quasiparticles of a twofold band degeneracy with |C| = 4, named as charge-four Weyl point
(CFWP), have been revealed in bosonic and artificial systems, while it is challenging in fermionic systems
because of nonnegligible spin-orbit coupling. Herein, we propose a carbon allotrope, termed cP-C24, as an
ideal platform to realize CFWP in the nonrelativistic limit. Besides one CFWP (C = +4), there are also eight
type-I Weyl points (C = +1) and twelve type-II Weyl nodes (C = −1), making the topological charge in the
whole Brillouin zone to be neutral. The characteristic quadruple helicoid surface states of CFWP are presented.
Our work offering the avenue of CFWP in fermionic systems would absolutely advance the research on the
chirality-dependent physical properties associated with unconventional topological quasiparticles.
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I. INTRODUCTION

The crystallographic space group (SG) symmetry in con-
densed matter physics is much lower than the Poincaré
symmetry in high energy physics [1,2]. Consequently, un-
conventional quasiparticles without high-energy counterparts
have been proposed in the past decade [1–4]. Systems
with conventional quasiparticles, such as Dirac and Weyl
fermions, are experimentally reported to possess novel phys-
ical properties, e.g., chiral zero sound [5,6] and negative
magnetoresistance caused by chiral anomaly [7–12]. Distinct
from Dirac and Weyl fermions, unconventional quasiparticles
with larger topological charge [1–4,13–17] are particularly
attractive because they have unique physical properties, such
as larger quantized circular photogalvanic effect (CPGE)
[18–20], longer Fermi arc surface states [21–27], quan-
tum criticality and phase transition [28,29], non-Fermi-liquid
interaction effects [30,31], etc. With the consideration of crys-
tallographic SG symmetry, the largest topological charge for a
twofold degenerated point is proven up to |C| = 4 in spinless
systems [32–36]. Thus, this kind of twofold charge-four Weyl
point (CFWP) is mainly realized in bosonic and artificial
systems [32,33,37–39], while there is still a lack of natural
material to achieve CFWP in fermionic systems.

The main obstacle here is that the spin-orbit coupling
(SOC) is usually nonnegligible in fermionic systems. Thus,
described by the double-valued representation of SG, the
charge-four twofold degenerate point is not allowed in elec-
tronic systems [32,35]. Fortunately, compounds composed of
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light atoms are viewed as an ideal platform for achieving
topological states permitted in systems with SU(2) spin-
rotational symmetry [40]. Over the past decade, various
topological states, such as nodal points, nodal lines, and
nodal surfaces, have been revealed in light-atom-composed
compound, e.g., boron and carbon allotropes both theoreti-
cally and experimentally [41–54]. Especially carbon, the most
abundant and versatile element with negligible SOC [55], pos-
sesses a rich variety of allotropes [56]. The carbon allotropes
are reported to have various crystalline symmetries [57,58],
which leaves the carbon allotropes being ideal candidates
to reveal symmetry-protected unconventional quasiparticles.
Therefore, it is feasible to search for a class of carbon
allotropes with the relevant SGs that allow the existence
of CFWPs.

Here, based on the symmetry arguments and first-
principles calculations, we identify a carbon allotrope, namely
cP-C24, as an ideal material candidate to host CFWP in the
nonrelativistic limit. This carbon allotrope is crystallized in
SG P4132 (No. 213) with an sp2 hybridized network. The
analysis shows that one CFWP with C = +4 emerges at the
center of the Brillouin zone (BZ) protected by cubic sym-
metry. Additionally, there are also eight type-I Weyl points
(WPs) with C = +1 along four diagonals and twelve type-II
Weyl nodes with C = −1 in the BZ, leading to the neutral
topological charge. Due to the bulk-boundary correspondence,
the topological charge of +4 results in the quadruple helicoid
surface states, linking one CFWP and four type-II WPs, which
is considered as evidence of CFWP. The results show the
carbon allotrope cP-C24 is a promising platform for exploring
various topological fermions, including CFWP, type-II Weyl,
and conventional Weyl fermions.
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FIG. 1. (a) Side and (b) top views of cP-C24 with an sp2 hy-
bridized network. The carbon atoms occupy three types of Wyckoff
positions: 12d(0.125, 0.205, 0.455), 4b(0.875, 0.875, 0.875), and
8c(0.501, 0.501, 0.501), denoted by C1 (red balls), C2 (green balls),
and C3 (blue balls), respectively. (c) The bulk BZ and the projected
(001) surface BZ, respectively. The marked dots in red (big and
small) and blue (small) in the BZ are the WPs characterized by the
topological charges of +4, +1, and −1, respectively.

II. THE STRUCTURE, STABILITY,
AND ELECTRONIC PROPERTIES

First, we employ the first-principles calculations based on
the density functional theory [65,66] [see the computational
method in the Supplemental Material (SM) [67]] to elucidate
electronic properties of cP-C24. As illustrated in Figs. 1(a)
and 1(b), cP-C24 possesses 24 carbon atoms in the cubic unit
cell with SG P4132 (No. 213). Its optimized lattice parameter
is estimated to be |a| = 5.96 Å. The carbon atoms occupy
three types of Wyckoff positions: 12d (0.125, 0.205, 0.455),
4b (0.875, 0.875, 0.875), and 8c (0.501, 0.501, 0.501), de-
noted by C1 (red balls), C2 (green balls), and C3 (blue balls),
respectively. These agree well with previous publication [64].
One can find that each C1 atom is bonded to one C2 and
two C3 atoms, while each C2 (or C3) atom is only connected
to three C1 atoms. Thus, it reveals that cP-C24 is an sp2

hybridized network. In contrast to the unique sp2 bond lengths
in graphite (1.42 Å), there are two distinct carbon-carbon bond
lengths, i.e., d1 = 1.43 Å for C1-C2, and d2 = 1.46 Å for
C1-C3. In addition, compared with the sp2 bond angles in
graphite (120◦), there are four different bond angles, i.e., θ1

= 120◦ for C1 − C3 − C1, θ2 = 117.8◦ for C3 − C1 − C2,
θ3 = 119.2◦ for C1 − C2 − C1, and θ4 = 124.4◦ for
C3 − C1 − C3.

FIG. 2. (a) The bulk electronic band structure of cP-C24 along
high-symmetry paths. The crossings of two bands near the Fermi
level are marked quadrangles of A, B, and C. (b)–(d) The enlarged
drawings of energy dispersion around WPs, i.e., WP1 (CFWP), WP2

(type-II WP), and WP3 (type-I WP). The relevant IRs are marked
with the corresponding PGs O, C2, and C3, respectively.

To investigate the stability of cP-C24, the calculated total
energies as functions of volume per atom for different carbon
allotropes are plotted in Fig. S1 in the SM [67]. The volume-
dependent total energies of Diamond, T carbon, and cP-C24
keep the great agreement with that given in Ref. 64 [64].
For comparing with reported data [48,59–63], the calculated
lattice parameters, total energies per atom Etot, and energy
gaps Eg are also listed in Table I. The Etot for cP-C24 is
−8.453 eV/atom, which is 0.534 eV/atom lower than T car-
bon. Since T-carbon nanowires were successfully synthesized
[53], it is anticipated that cP-C24 can also be synthesized
experimentally under favorable conditions. Furthermore, the
phonon dispersion calculation and density-functional-based
ab initio molecular dynamics (AIMD) simulations provide
evidences of the dynamical and thermal stabilities of cP-C24,
respectively [64].

We next discuss the electronic properties of cP-C24. In
Fig. 1(c), we show the bulk BZ and the projected (001) surface
BZ, in which high-symmetry points are marked. As carbon
exhibits the negligible SOC effect [55], a carbon allotrope
can be treated as an ideal spinless system. Thus, in the main
text, we only focus on the band structure without considering
SOC and the discussion of SOC effect is presented in the SM
[67]. The bulk electronic band structure along high-symmetry
paths is shown in Fig. 2(a). The marked quadrangles of A,
B, and C show three nonequivalent types of WPs, termed as
WP1, WP2, and WP3. Through carefully screening energy
differences between the lowest conduction and the highest
valence bands, we find that there are a total of 21 WPs over
the whole BZ, including one WP1 (CFWP) at the � point,
twelve WP2 (type-II Weyl) located at the kx = 0, ky = 0
and kz = 0 planes, and eight WP3 (type-I Weyl) along four
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TABLE I. The calculated structural parameters, volumes per atom V0, total energies per atom Etot and energy gaps Eg for different carbon
allotropes, compared to reported data [48,59–64].

Allotrope SG Method a (Å) b (Å) c (Å) V0 (Å3/atom) Etot (eV/atom) Eg (eV)

cP-C24 P4132 This work 5.960 8.84 −8.453 Semimetal
GGA [64] 5.960 8.84 Metal

tP-C24 P4/mmm GGA [59] 7.350 3.941 8.39 −8.052 2.68
oP-C24 Pnna AM05 [48] 4.905 12.007 3.276 8.04 −8.723 Semimetal
ort-C24 Cccm GGA [60] 12.890 4.004 4.991 10.76 −8.678 Semimetal
C24 Cmm2 GGA [61] 4.472 9.212 3.910 6.54 −8.613 2.94
Diamond Fd 3̄m GGA [62] 3.552 5.69 −9.092 5.36

Expt. [62] 3.567 5.67 5.47
T-carbon Fd 3̄m GGA [63] 7.493 13.16 −7.919 2.25

diagonals [see their locations in the BZ in Fig. 1(c)]. To
further explore the band topology depending on the crystal
symmetry, we plot the enlarged drawings of energy dispersion
around each of the WPs and mark the relevant irreducible
representations (IRs) in Figs. 2(b)–2(d). The related symbols
of IRs are listed in Tables SI–SIII in the SM [67]. The little
group at the � point belongs to point group (PG) O, which
possesses a two-dimensional (2D) IR �3 corresponding to the
twofold CFWP. According to compatible relations between
group and subgroup (see Table SIV in the SM [67]), one can
find that the 2D IR �3 decomposes into two one-dimensional
(1D) IRs �1 and �2 in PG C2 along �-M direction. This allows
the WP2 to occur along the �-M path, which shows tilted
linear dispersion, namely type-II WPs, see Fig. 2(c). Along
the �-R direction, we consider two decomposed modes (see
Table SIV and Fig. S2 in the SM [67]), (i) the 2D IR �3 in
PG O breaks into two 1D IRs �2 and �3 in PG C3, and (ii)
the three-dimensional IR �4 turns into three 1D IRs �1, �2,
and �3. The crossing between the �1 and �3 bands results in
the formation of WP3, showing a conventional Weyl fermion
(type-I WP), as drawn in Fig. 2(d). The detailed information
on the WPs is listed in Table II.

III. THE SYMMETRY ARGUMENTS AND TOPOLOGICAL
SURFACE STATES

To confirm the twofold CFWP in cP-C24, we perform
the symmetry arguments and construct the low-energy ef-
fective model at �. We first give the matrix representations
of the symmetry operators. The chosen generators are the
twofold screw symmetries {C2,001| 1

2 0 1
2 } and {C2,010|0 1

2
1
2 }, the

threefold screw symmetry {C+
3,111|000}, the fourfold screw

symmetry {C+
4,001| 1

4
3
4

1
4 }, and time-reversal symmetry (T ). The

basis state is chosen as ϕ = {|c3 = e i2π
3 〉, |c3 = e−i2π

3 〉} with
c3 as the eigenvalue of C+

3,111. Under this basis, the matrix

representations are given by

D(C2,001) = σ0, D(C2,010) = D(C2,001),

D(C+
3,111) =

[
ei 2π

3 0

0 e−i 2π
3

]
,

D(C+
4,001) = σx, D(T ) = σxK, (1)

where σ0 is a 2 × 2 identity matrix, σi (i = x, y, z) are three
Pauli matrices, and K is the complex conjugate operator. The
generators constrain the Hamiltonian as follows:

D(O)H� (k)D−1(O) = H� (Ok). (2)

Hence, the effective Hamiltonian up to the third order is de-
rived as

H� (k) = D + Ek2σ0 + F (k2
x + k2

y − 2k2
z )σx

+ F
√

3(k2
y − k2

x )σy + Gkxkykzσz, (3)

where k2 = k2
x + k2

y + k2
z and D, E , F , and G are real

coefficients related to specific materials. This Hamiltonian
(3) exhibits cubic dispersion along the [111] direction and
quadratic band dispersion for any other directions. The Wan-
nier charge centers (WCCs), by employing the Wilson-loop
method [68], confirm that it is exactly the twofold CFWP with
C = +4 (see Fig. S3 in the SM [67]).

We next examine the topological charges of different types
of WPs in cP-C24 by the first-principles calculations. To
proceed with this, we constructed a tight-binding (TB) Hamil-
tonian by projecting the Bloch states into maximally localized
Wannier functions using the WANNIER90 package [69,70].
As shown in Fig. 3(a), the evolution of WCCs shows that the
WP1 possesses a topological charge of C = +4, which is con-
sistent with our low energy effective Hamiltonian and further
confirms the twofold CFWP. A large topological charge indi-
cates lower energy dispersion near the critical point, which

TABLE II. The corresponding energies, positions, topological charges, types, and multiplicities of the inequivalent WPs in cP-C24.

Material WP E -EF (meV) Coordinate (k1, k2, k3) Charge Type Multiplicity

WP1 87.5 (0, 0, 0) +4 CFWP 1
cP-C24 WP2 −29.2 (0.21, 0.21, 0) −1 II 12

WP3 −60.3 (0.31, 0.31, 0.31) +1 I 8
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FIG. 3. (a)–(c) The evolutions of WCCs of the WPs for WP1,
WP2, and WP3, respectively, where ϕ ∈ [0, π ] is the polar angle
and θ ∈ [0, 2 π ] is the azimuthal angle in spherical coordinate. The
WPs are characterized by the topological charge of +4, −1, and +1,
respectively. (d) The Berry curvature distribution on the (001) surface
BZ. The WP1 (C = +4) and WP3 (C = +1) as the “source” flow into
the “sink” generated by the WP2 (C = −1).

provides an alternative avenue to investigate the electron-
electron interactions in chiral fermions [71]. In Figs. 3(b)
and 3(c), it shows that the WP2 (WP3) has a topological
charge of C = −1 (C = +1). As drawn in Fig. 1(c), the red
(blue) dots represent WPs with positive (negative) topological
charge. Summing up all of the topological charges in the
whole BZ, one can find it obeys the no-go theorem [72,73].
We also calculate the Berry curvature distribution as plotted
in Fig. 3(d). It shows that the WP1 (C = +4) and WP3 (C =
+1) as the “source” flow into the “sink” generated by the WP2

(C = −1), which is in agreement with the signs of topological
charges.

The symmetry-guaranteed twofold CFWP in cP-C24
should possess unique nontrivial quadruple helicoid surface
states according to the bulk-boundary correspondence. To
prove this, we compute the local density of states (LDOS)
and Fermi arcs by employing the iterative Greens function
method with the WannierTools package [74–76]. Here, the
semi-infinite surface is constructed to obtain the LDOS on
the (001) surface BZ. There are several topological surface
states (TSSs) connecting different types of WPs, as shown in
Fig. 4(a), while other TSSs are hidden in the projection of
bulk states. To clearly show all the nontrivial surface states,
three isoenergy contours are plotted at the energy levels of
the three types of Weyl points. The isoenergy contour cut1 at
E = 87.5 meV is shown in Fig. 4(b). It shows the quadruple
helicoid surface states: four surface sheets wind around the
CFWP. We further compute the LDOS along a clockwise loop
with �̄ at its center, which shows that the four right-moving
chiral edge modes appear inside the band gap [see the inset
in 4(b)]. These are all the evidences of CFWP. Unlike spin- 3

2

FIG. 4. (a) The LDOS along X̄-�̄-M̄ on the (001) surface BZ.
Topological surface states are marked by TSSs. The red and blue
lines represent the different isoenergy contours at E -EF. (b) The
isoenergy contour cut1 at E = 87.5 meV on the (001) surface
BZ. The inset shows the four right-moving chiral edge modes con-
necting two regions. The two isoenergy contours (c) cut2 (E =
−29.2 meV) and (d) cut3 (E = −60.3 meV) on the (001) surface
BZ and the positions of the WPs associated with the topological
charges.

systems, in which the TSSs depend on the strength of SOC,
the quadruple helicoid surface states in twofold CFWP are
distinct and wellseparated, making them easier to be detected
by experiments. The other two isoenergy contours cut2 (E =
−29.2 meV) and cut3 (E = −60.3 meV) are also illustrated
in Figs. 4(c) and 4(d), respectively. The positions of the WPs
associated with topological charges are marked. There are two
TSSs coming out from the projections of WP2 since this sur-
face double Weyl point projected from two WPs with negative
topological charge. Similarly, the projection of WP3 on the
(001) surface also exhibits two TSSs due to the projected dou-
ble Weyl point. The nontrivial Fermi arcs are highly visible
and long, indicating their potential for experimental observa-
tion. Since the CFWP is protected by crystalline symmetry, it
will evolve into different types of WPs under symmetry bro-
ken. Here, we prove that the number and topological charge of
the WPs and the TSSs can be tuned by applying 1% uniaxial
strain along the [001] and [111] directions, respectively (see
Figs. S8 and S9 in the SM [67]).

IV. SUMMARY

In summary, based on the symmetry arguments and first-
principles calculations, we identify a carbon allotrope cP-C24
as an ideal material to hold twofold CFWP. The CFWP,
located at the � point, can generate visible quadruple he-
licoid surface states on the (001) surface BZ due to the
bulk-boundary correspondence. Because the twofold CFWP is
independent of SOC, the induced quadruple helicoid surface
states are well separated from each other compared to that
in spin- 3

2 fermions, making them easier to be detected by
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experiments. Besides, due to the large topological charge,
the near-flat band around the CFWP provides a platform to
study the electron-electron interactions in chiral fermions. A
large topological charge can also give rise to a significant
quantized CPGE, making it a promising avenue for potential
applications. Our findings not only identify an ideal candidate
to design CFWP but also provide a platform to explore novel
properties in carbon allotropes.
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