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We propose an unconventional bulk-edge correspondence for two-dimensional Stiefel-Whitney insulators and
Euler insulators, which are topological insulators protected by the PT symmetry. We find that, although the
energy spectrum under the open boundary condition is generally gapped, the entanglement spectrum is gapless
when the Stiefel-Whitney or Euler class is nonzero. The robustness of the gapless spectrum for Stiefel-Whitney
insulator can be understood through an emergent antiunitary particle-hole symmetry. For the Euler insulators,
we propose a conjecture, which is supported by our numerical calculation, that the Euler class is equal to the
number of crossings in the entanglement spectrum, taking into account the degree of the crossings. We also
discuss that these crossings of the entanglement spectrum are related to the gap-closing points in the cutting
procedure, which is the energy spectrum as the magnitude of the boundary hopping is varied.
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I. INTRODUCTION

Chern insulators are two-dimensional energy bands whose
Bloch states exhibit nontrivial shape in momentum space,
characterized by the topological invariant called the Chern
number. Mathematically, Chern number is defined as a con-
sequence of Bloch states being generally complex vectors
in a certain Hilbert space. For Chern insulators, an impor-
tant relation known as the bulk-edge correspondence holds,
which states that the Chern number is equal to the number
of chiral edge modes around the system, which is at the
heart of various phenomena such as the integer quantum Hall
effect [1].

Recently, a new class of topological phases whose Bloch
states are real vectors has been proposed [2-9]. Physically,
such real Bloch states are relevant for PT -symmetric systems,
where P is the space inversion and 7 is the time reversal. In the
presence of PT symmetry, one can show that the momentum-
space Hamiltonian is real, H(k)* = H(k), implying that the
Bloch wave functions can be taken real. For such real Bloch
bands, topology is not characterized by the Chern number, but
by other topological invariants such as the Stiefel-Whitney
(SW) classes and Euler classes. SW classes are Z, invari-
ants taking either O or 1. The first SW class w;, multiplied
by 7, corresponds to the quantized Berry phase in one di-
mension. In two spatial dimensions, insulators with bands
having nonzero second SW class w, are called the Stiefel-
Whitney insulators. Furthermore, if the number of occupied
bands is two and w; = 0 in both directions, the bands can
be characterized by the Euler class x, which can take any
integer value [10]; the Euler insulators refer to situations with
x # 01[4,5,10-12].

Various consequences of having nonzero SW and/or Euler
classes have been found in bulk physics. In three dimensions,
non-Abelian braiding of nodal lines was found to be related
to the SW classes [13—-15]. In two dimensions, nonzero Eu-
ler class leads to Wannier obstructions [5,16] and nonzero
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SW class implies the obstructed atomic insulator [12], and
they are relevant for physics of flat bands in the twisted
bilayer graphene. Experimental signature to detect the Euler
insulator from quench dynamics has also been proposed [6].
Experiments in acoustic systems [14] and trapped ions [9]
reported detection of nontrivial Euler number through bulk
properties.

While the bulk topological properties of PT-symmetric
insulators have been investigated from various perspectives,
little work on the bulk-edge correspondence exists, apart from
studies of higher-order topology in such systems [12,17]. One
simple reason for the absence of works on bulk-edge corre-
spondence is that the edge spectrum under open boundary
condition is generally gapped even when w, # 0 or x # 0
because the PT symmetry is broken on the edges, and thus the
bulk-edge correspondence in the usual sense does not hold in
these systems.

In this paper, we establish an unconventional bulk-edge
correspondence for two-dimensional SW and Euler insulators.
We find that, even though the edge spectrum is generally
gapped, the entanglement spectra of these systems have gap-
less edge-localized eigenstates which are protected by PT
symmetry. We also show that these edge-localized entangle-
ment eigenstates are related to spectral flow as one varies
the magnitude of the hopping at the boundary, known as the
cutting procedure [18-22].

II. ENTANGLEMENT SPECTRUM

The entanglement spectrum is defined as the eigenvalue
spectrum of the reduced density matrix, and was proposed as
the tool for identifying topological order [23,24]. In noninter-
acting systems, the entanglement spectrum can be determined
from the spectrum of the correlation functions [25], called
single-particle entanglement spectrum, which corresponds
to the edge spectrum of spectrally flattened Hamiltonian

©2023 American Physical Society
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[26-30]. The spectrally flatted Hamiltonian is defined in mo-
mentum space by

I
Hya(K) = 5 = Poce (k). Poce(k) = D () (k)] (1)

irocc

where k = (ky, k) is the momentum, P, (K) is the projector
to the occupied bands for a given K, |¢;(k)) is the cell-periodic
part of the ith Bloch wave function, the sum is over the
occupied bands, and I is the identity matrix. From the PT
symmetry, |u;(K)) can be taken as a real vector, and Py (K) is
an N x N real symmetric matrix, where N is the total number
of bands.

The real-space representation of the spectrally flattened
Hamiltonian is obtained by Fourier transformation of Hy, (K).
We consider the case where the y direction is periodic so
that the momentum k, is taken as a good quantum number,
whereas the x direction can have an open boundary condition.
For a given value of k,, the real-space Hamiltonian in the x
direction with a periodic boundary condition is obtained by

1 —
[ 0] s = 7 2 MHra )l @)
‘X
ke

where L, is the number of sites in the x direction, namely, 1 <
x < L, and the same for x’, and we take L, to be an even num-
ber. The sum over k, is for k, = 0, Znle, 2711%, e, ZJTLXL—:].
In order to impose an open boundary condition, we divide
the lattice in two parts; the first part, which we call A, is
for 1 < x < L,/2 and the second part, which we call B is for
14 L,/2 < x < L. We then write H3:PB€(k,) in the follow-
ing block form:

AA
Hiey) = (M) M) 3)
Hia (k) Hig (k)

where, for example, H{Z (k,) is a matrix obtained by restrict-
ing [H3PBC(ky)wp to 1 <x < Ly/2and 1+ L,/2 <x' <
L,. The flattened Hamiltonian for an open boundary condition
in the x direction is obtained by only looking at the AA part of

H{PBC (k,), namely,

Hi™ k) = Hi k). @
Since the spectrum of Hi:9BC(k,) is directly related to the
entanglement spectrum of the reduced density matrix of the A
part, we refer to the energy spectrum of H;.2BC (k,) as the en-
tanglement spectrum. Interestingly, it was previously known
in the context of inversion-symmetric topological insulators
that the entanglement spectrum can be gapless even if the edge
spectrum of the original (not flattened) Hamiltonian is gapped
[27,28,30].

The entanglement spectrum, which is bounded between
—% and %, is symmetric around 0, and this is due to the
emergent antisymmetry, as we shall explain now. For a fixed
ky, the flattened Hamiltonian with open boundary condition

! Although we assume A and B to have the same length in order
to derive analytical results, results remain essentially the same even
when A and B do not have the same length, as long as both A and B
are large enough.

H0BC(ky) has %N eigenvalues and eigenstates. Some eigen-

values are exactly at :I:%, but some others distribute between

—% and % We collect all eigenstates with eigenvalues not

equal to £3 as [¥,): HiOPC (k)W) = i), € # £5.
Then, as we show in Appendix A, the operator E defined
by

E= ) 1oi)(vil, )

BA
_iji) (6)

J1/4—¢

serves as an antisymmetry for states with €; # j:%. Namely,
Hpo(ky)E|Yi) = —€:E|Y;). We note that |¢;) = E|y;) is nor-
malized as shown in Appendix A. Generally, the operator =
changes the side of edge states. If the state |;) is localized on
the right edge, E|v;) is localized on the left edge. Existence
of such an antisymmetry E is a general property of flattened
Hamiltonians.

In the presence of the PT symmetry, since PT operation
switches the side of edge states but does not change the
energy, one can further construct a state (PT)ZE|y;), which
has the energy —e; and localized at the same edge as |v;).
As shown in Appendix A, (PT)E is an antiunitary antisym-
metry which squares to one in the subspace spanned by |;).
Namely, we can regard [(PT)E]* = +1 as long as we only
consider states with €; # j:%. This particle-hole-like symme-
try will play a key role in the robustness of linear crossing of
entanglement spectrum as we see below.

i)

III. STIEFEL-WHITNEY INSULATOR

Now we study entanglement spectrum of Stiefel-Whitney
insulators and show that there is nontrivial linear crossing
protected by the PT symmetry. As a concrete example, we
consider the following model [4]:

Hgw (k) = sin k,o, + sin k7,0,
+ (1 — cosk, — cosky)o, + %0 + 3.
2 4

Here, t; and o; (i = x, y, z) are Pauli matrices. This is a four-
band model (N = 4), and we assume that the lower two bands
are occupied. It is known that the model has w, = 1, which
can be confirmed by calculating the Wilson loop spectrum as
demonstrated in Appendix B; we note in this case the Euler
class can also be defined and y = 1.

In Fig. 1(a), we show the edge spectrum of the original (not
flattened) Hamiltonian as a function of k,. In this case, the
spectrum is clearly gapped; the gapless edge spectrum char-
acteristic of conventional topological insulators is absent. On
the contrary, the entanglement spectrum, plotted in Fig. 1(b),
is gapless and shows linear crossing at € = 0. Here, the en-
tanglement spectrum is symmetric around € = 0 because of
the antisymmetry E defined in Eq. (5). Even if we add more
terms to the Hamiltonian preserving the PT symmetry, the
linear crossing of the entanglement spectrum does not gap out,
as exemplified in Fig. 1(c)]. If we add PT-breaking terms to
the Hamiltonian, w, and x are no longer well defined, and

(N
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FIG. 1. Numerical calculation for Stiefel-Whitney insulator
model and its perturbation. (a) Edge spectrum and (b) entanglement
spectrum for Hgw. [(c),(d)] Entanglement spectrum with (c) PT-
preserving mass term [—M,7,0,] and (d) PT-breaking mass term
[M,(—1y0y + 10 + T, — 0,)]. Here, (M, M,) = (0.8, 0.4). [(e),()]
Eigenvalue distribution at k, = 0 in (b) and (c). Colors in (a), (e),
and (f) represent the squared amplitudes of the states in the unit
cells on either end. While the edge spectrum of the original (not
flattened) Hamiltonian [(a)] is gapped, the entanglement spectrum
[(b), (c)] exhibits a gapless spectrum, and it becomes gapped under
PT -breaking term [(d)].

the entanglement spectrum can become gapped, as shown in
Fig. 1(d).

This linear crossing in the entanglement spectrum is the
bulk-edge correspondence unique to the SW insulators. In
fact, such a linear crossing of the entanglement spectrum
was already experimentally observed in trapped ions [9]. We
now show that this linear crossing is indeed robust against
PT -symmetric perturbations. The linear crossing of the en-
tanglement spectrum is the consequence of the antiunitary
particle-hole symmetry (PT)E. To see how this symmetry
protects the linear crossing, we consider an effective model
around the crossing describing edge states on one side. [Note
that, while acting with E changes the side of the edge
states, (PT)E keeps the side.] First, we rearrange the basis
appropriately so that (PT)E = K, where K is the complex-
conjugation operation. (We explain in Appendix C how one
can find such a basis.) In this basis, since (PT)E = K must
anticommute with the effective Hamiltonian, the effective
Hamiltonian must take the form

Heff (kv) = Ckyo'yy (8)

with some nonzero constant c. Here, without loss of gener-
ality, we took the crossing point to be at k, = 0. Any pertur-
bation one can add to the system keeping the PT symmetry
should also anticommute with (PT)E = K and thus the only
form of the allowed mass term is moy, and thus the resulting
effective Hamiltonian Hegr (ky) = (ck, 4+ m)o, is still gapless
but the position of the gapless point is shifted to k, = —m/c.

We can generalize the above discussion of 2 x 2 effec-
tive model to include more states using the Pfaffian. Taking
(PT)E = K as before, from the same argument, the effective
Hamiltonian Hef (k,) describing modes localized on one edge
should be a skew-symmetric matrix. Then, we can construct a
real skew-symmetric matrix 7 by

Ty, = iHeg(ky). )]

Since T, is a real skew-symmetric matrix, for each momen-
tum, the Pfaffian Pf(7} ) can be defined. Taking the linear
crossing of the entanglement to be at k, =0, we take two
momenta ky < 0 and k; > 0, and consider their respective
Pfaffians Pf(7,) and Pf (7}, ). Even though the overall sign of a
Pfaffian is ambiguous, the sign change of the Pfaffian between
ko and k; is a valid invariant of the linear crossing, assuming
that the effective Hamiltonian is defined continuously in the
region ko < ky < ki as discussed in [31]. To see that the sign
change of the Pfaffian is related to the protection of the linear
crossing, first we note that the effective Hamiltonian can be
written in block-diagonal form, and then the Pfaffian can be
simply calculated as product of €;’s:

Pf(diag[i€ 0y, ..., ien,0y]) = €1 X -+ X €. (10)
Thus, the sign change of the Pfaffians is the same as the sign
change of [];€i(ky) between ko and k;. Bands that do not
close the gap between ko and k; do not contribute to the sign
change, and thus the change of the sign of the Pfaffian implies
that two eigenvalues with opposite values cross somewhere in
ko < ky, < ki. Moreover, even if a perturbation that hybridizes
different bands is added, the sign change is preserved as long
as the spectral gap at ko and k| remains open. Thus, the linear
degeneracy cannot open a gap with a perturbation which keeps
the PT symmetry.

Finally, we comment on the model independence of our
results. The discussion given in Ref. [7] shows that the homo-
topic classification of the PT -symmetric gapped Hamiltonians
coincides with the classification based on the SW and Euler
classes. This implies that if two Hamiltonians have the same
SW class, they can be continuously transformed to each other,
up to addition of trivial bands, without closing the gap. There-
fore, since we have shown that a crossing in the entanglement
spectrum remains robust under continuous deformations, we
can conclude that a linear crossing of entanglement spectrum
exists for any two-dimensional P7-symmetric models with
nontrivial SW class.

IV. EULER INSULATOR

Next, we consider the Euler insulator with x = 2. We
find that there is either one quadratic crossing or two linear
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FIG. 2. Entanglement spectrum for (a) Hgyer, (b) Hpyer —

0 1 0
k(10 o), and that for Hgyersn1 With (¢) Vo = 1.5 and (d) Vy =
0 0 0
—0.5. These systems have [(a)—(c)] two and (d) three occupied bands,
and have topological numbers [(a)—(c)] x = 2 and (d) w, = 0 (mod
2), respectively.

crossings in the entanglement spectrum. We first consider the
following three-band model [6,8,9]:

& didy dids
Hpger = | dida  d3 dads
dids dods &2

& —dids 0
+c | —-didy d12 01, (11
0 0 0

(d1, d», d3) = (sink,, sink,, m — cosk, — cosk,), (12)

where m, c| are real parameters, which we take to be (m, ¢;) =
(1.2, 0.1). Considering the lower two bands to be occupied,
the Euler class can be defined, and it is x = 2. (We note
that SW class is given by w, = x mod 2 = (0.) We plot the
entanglement spectrum in Fig. 2(a); the entanglement spec-
trum shows a quadratic degeneracy. By adding PT -symmetric
perturbations to the Hamiltonian, the position of the quadratic
degeneracy can shift, but we have numerically confirmed
that a gap never opens unless the bulk band gap is closed
[Fig. 2(b)].

We can further understand the nature of this crossing of the
entanglement spectrum by coupling an additional trivial band
to the model:

H, Euler (D%

HEuler+NI (k) = ® V() ) (13)

1
P = A(sin <k)r + %), 0, 3 sin (kx — %)) (14)

where & is the coupling term and we set A = 1.0. The origi-
nal Hgyer has a band gap around E = 0.2 to 0.65. By turning
on A, one can add a band either in the occupied or unoccupied

band by adjusting Vj to be below or above the band gap. First,
we consider adding a trivial band to the occupied bands by set-
ting Vo = —0.5. We consider the lower three bands, instead of
the two bands, to be occupied. Since defining the Euler class
requires the number of occupied bands to be two, the Euler
class in this new model is no longer defined. The SW class
can be still defined, and since the trivial band considered here
can be added adiabatically without closing the gap, SW class
remains to be w, = 0. As a band is added, the entanglement
spectrum gaps out, as shown in Fig. 2(d), which suggests that
the quadratic band crossing of the Euler insulator is protected
by the Euler class x = 2.

Next, we consider adding a trivial band to unoccupied
bands by setting Vy = 1.5. Considering two lower bands to
be occupied, the Euler class remains to be x = 2. In Fig. 2(c),
we show the entanglement spectrum. We see that the quadratic
crossing is now split into two linear crossings. We have
numerically checked that, adding any perturbations up to
next-nearest-neighbor hoppings, the entanglement spectrum is
always gapless as long as the bulk energy gap is kept open, and
either one quadratic crossing or two linear crossings exist.

From our numerical calculation, we conjecture that the
Euler class equals to the total number of band crossings in
the entanglement spectrum, taking into account the order of
crossings:

xI=>_ pN,, (15)

peN

where N, is the number of band crossings with degree p in
the entanglement spectrum; in particular, p = 1 corresponds
to linear crossings and p = 2 to quadratic crossings. To fur-
ther support our conjecture, we analyzed three more models
of Euler insulators in Appendix D. We have confirmed that
Eq. (15) is indeed obeyed by all the models we analyzed.

We note that the robustness of linear crossings in Euler
insulators, such the ones in Fig. 2(c), can be understood from
the same reason as in the SW insulator. However, the rea-
soning we used for the SW insulator does not explain why
the quadratic crossing, around which the Pfaffian (10) does
not change the sign, is robust against PT-symmetric perturba-
tions; further investigation is required to fully understand the
origin of this robustness.

V. CUTTING PROCEDURE

Finally, we discuss that the crossing of the entanglement
spectrum of SW and Euler insulators is related to the de-
generacy of edge spectrum upon one varies the magnitude of
the hopping at the boundary, a process known as the cutting
procedure [18-22]. In the cutting procedure, we continuously
connect the original (nonflattened) Hamiltonian with periodic
boundary conditions Hpgc and the one with open boundary
conditions Hopc by one parameter A:

H, = AHppc + (1 — A)Hogc. (16)

(We note that Hpgc and Hopc differ just by the boundary
hopping, and in particular share the same size.) The cutting
procedure has been used to analyze the bulk-boundary corre-
spondence of higher-order topological insulators and fragile
topological insulators, which do not have gapless edge states
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FIG. 3. Spectral flow of (a) Stiefel-Whitney insulator and (b) Eu-
ler insulator with cutting procedure. Positions of the gap-closing
points are (al) (X, 0) and (bl) (£ko, £A;), where A; = 0.2, A, =
0.28, and ky = 0.44. As the bulk Hamiltonian is flattened, these
degeneracy points approach (4, k,) = (0, 0), eventually reproducing
the degeneracy point of the entanglement spectrum. [(a2),(b2)] The
Berry phase distribution of (al) and (b1).

in the simple open boundary condition [19-22]. We numer-
ically found that SW and Euler insulators exhibit nontrivial
spectral flow with 2w, or 2 band-crossing points. The spec-
tral flow of the SW insulator Hgw is shown in Fig. 3(a),
which have 2w, = 2 gap-closing points. The energy disper-
sions around the gap-closing points are linear in both A and
ky. In the presence of the PT symmetry, one can show that the
Berry phase calculated along any closed path in A-k, space is
quantized either to O or = [32]. Moreover, the Berry phase
around each of these gap-closing points is quantized to 7,
and thus they are protected because one cannot continuously
change the Berry phase from 7 to 0 as shown in Fig. 3(a2).
As a result, the Berry phase in the k, direction changes by 7
across the degeneracy point as shown in Fig. 3(a2). Here, the
Berry phase in the k, direction is defined as follows:

2w
Q‘FerrY()\’) — Im[/ dkyTr[Ay(kyy )V)]} ) (17)
- 0

. 9 .
[Ay(kya )\)]ij = <ul(kya X)‘ﬁuf(ky, )\)>, (18)
y

where |1/ (ky, 1)) is the ith eigenstate of H), (k,) below the gap,
and A, (k,, A) is the Berry connection matrix. We note that the
size of A, (ky, ) is 2Ny x 2Ny, where N, is the number of unit
cells along the x direction, and 2 accounts for the number of
occupied bulk bands.

As one flattens the Hamiltonian, the gap-closing points
move and merge at A = 0 line.? The limit of perfectly flattened

2Here, we need to consider a parametrized Hamiltonian of the form
Hpy o = MHEPEC + (1 — M)HZOBC. However, our construction of the
flattened Hamiltonian around Eqs. (3) and (4) implies that the size of
HEPBC is twice larger than that of Hyi;OBC. In order to correctly define
Hipa ., we calculate H:PBC with half the system size so that the sizes

x-PBC x-OBC
of Hi;/** and H{; """ match.

Hamiltonian corresponds to the gap-closing point at A = 0;
thus, the edge crossing of the entanglement Hamiltonian can
be understood as a limit of the gap-closing points in the
spectral flow of the cutting procedure.

We also calculate the spectral flow of the Euler insu-
lator Hgyer in Fig. 3(bl), which have 2y =4 gap-closing
points, which are all linear crossings in both A and k, di-
rections. In this case, the Berry phase 6;°"™ () changes by
2m = 0 (mod 27) at A = A, because there are two degenerate
points at A = A,, and for each degenerate point the Berry
phase should change by m. The same holds for A = —A,.
The Berry phase thus remains unchanged as one crosses
A = %A, as shown in Fig. 3(b2). We numerically find that
these band-crossing points are robust as long as the Euler
class y =2 is unchanged. We have also checked that, by
flattening the Hamiltonian, these gap-closing points merge
along the line A = 0, recovering the result of the entanglement
spectrum.

VI. CONCLUSION AND DISCUSSION

In this paper, we found an unconventional bulk-edge cor-
respondence for two-dimensional lattice models with PT
symmetry. For the insulator characterized by the second SW
class, there is either one or zero linear edge crossing in
the entanglement spectrum depending on either w, = 1 or
0. This edge crossing is protected by the emergent antiuni-
tary particle-hole symmetry in the entanglement spectrum.
For the Euler insulator, we proposed a conjecture that the
Euler class equals to the sum of the number of crossings
in the entanglement spectrum taking degree into account,
which is supported by our numerics. We have also found
that the crossings of entanglement spectrum have precursors
in the gap-closing points of the spectral flow of the cutting
procedure.

In recent years, there is an increasing interest in experi-
mentally detecting the entanglement spectrum using various
engineered quantum materials such as ultracold atomic
gases [33-35]; experimental measurement of the entangle-
ment spectrum was already demonstrated using the IBM
quantum computers [36]. In trapped ions, the entanglement
spectrum of Euler insulators was also experimentally re-
constructed from the measurement of bulk eigenstates [9].
The parameter(})-dependent Hamiltonian we introduced for
the cutting procedure is also experimentally accessible in
metamaterials [20]. In light of these rapid experimental de-
velopments, the features of the bulk-edge correspondence of
SW and Euler insulators discussed in this paper should be
experimentally verifiable in the near future.

Our results show that the PT-symmetric topological
models have unconventional bulk-edge correspondences. In
three-dimensional bulk spectra, examples where the charge
of the Weyl point and the degree of the band crossing are
related are known [37], but, to our knowledge we are not
aware of any other systems where the degree of edge crossing
should be taken into account upon considering the bulk-edge
correspondence. While the SW insulator case can be clearly
understood, the Euler insulator requires further investigation;
more rigorous proof of the bulk-edge correspondence of the
Euler insulator is left for future works. It is also of interest to
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extend the entanglement-spectrum analysis of the bulk-edge
correspondence to other symmetry classes in the AZ+Z clas-
sification [10], which is an extension of the AZ classification
that includes PT symmetry. We expect that similar analysis
of the bulk-edge correspondence through the entanglement
spectrum and/or cutting procedure will be of use for further
analysis of fragile and delicate topological insulators.
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APPENDIX A: EMERGENT PARTICLE-HOLE
SYMMETRY

To understand the emergent particle-hole symmetry in the
flattened Hamiltonian, it is convenient to introduce the follow-
ing correlation matrix Cx [9,28,30]:

I
Cx (ky) = = — Hy BC(ky). (A1)

2
Each element is defined by

1 : !
[Crth)lawp = 7= D MPocK)lg. (A2)
T ke

The reason we want to introduce Cx (k,) is that this is a pro-
jector, that is, Cx (/’cy)2 = Cx(ky) holds. We define four blocks
of Cx (ky) by

Cyalky)

A3
Cpa(ky) A9

CAB<ky)>

Cx(ky) = ( Cgp(ky)

Here, as in the main text, we divided the x direction in two
parts A and B. Since Cy is a Hermitian matrix, we see that
Cap = C};,. Assuming that A and B regions have the same
number of lattice sites, one can also generally show that C4y =
Cpp and Cyp = Cpy. The spectrally flattened Hamiltonian in
the open boundary condition and the upper left block of the
correlation matrix are related by
x-OBC I
Hp, oo (ky) = 7~ Caa(ky). (A4)
Therefore, they share the same eigenstates.

We first show that PT symmetry relates two eigenstates of
Cya with the same eigenvalue. As in the main text, we assume
that the PT operation is represented by complex conjugation
K in the Bloch basis. Then, the projection to occupied states
is invariant by complex conjugation:

P:cc(k) = Pocc(K). (AS)
This leads to the following symmetry for Cx:
1 —iky (x—x'
(Cx o) iwp = - ;e MO P (K)o
= [Cx (k)@ +1-x)ar, Lo+ 1-x)8- (A6)

Writing this equation in a matrix form (and suppressing ex-
plicitly writing k, dependence), it looks like

(0 P\ (0 Po
XTA\p, o) \py 0/

Po = ,
1,

(A7)

where
(A8)

where 1, is a unit matrix in the unit cell. Looking at each
block, we find the following relations:

Caa = PoCy, Po, (A9)

CpaPo = PoCyy- (A10)

Therefore, if we have an eigenstate |Yg) of Caa, Caaltho) =
&|vo), we can obtain another eigenstate of Caq, by Pol|vro)*
with the same eigenvalue because

CaaPolo)* = PoCy s PoPol o)
= Po(Caalho))*
= EPo|vo)".

Note that since Py flips the position in the x direction, if |y)
is localized on the right edge, Py|vo)* is localized on the left
edge.

We can also define an operation E that changes both the
eigenvalues and on which side of the edges the eigenstates are
localized, by using Cga [28,30]. (We note that we do not need
to require PT symmetry to have E; the existence of E is a
general property of the correlation matrix.) Using the property
C3 (ky) = Cx (ky), the following relations hold:

(A11)

Cha(ky)Ca(ky) = Can(ky)[1 — Can(ky)], (Al12)
Caa(ky)Cpa(ky) = Cpalky)[1 — Cpa(ky)]. (A13)

For an eigenstate ;) of Cas(ky) with an eigenvalue §;(k,),
Caalky)|ri) = &i(ky)|r;), the following relation holds from
Eq. (A13):

Caa(ky)Cpa (k)| Wi) = Cpalky)[1 — Caa(k)]|Vs)

= [1 = &(k)]Cpa(ky)|¥i).
The norm of Cps(k,)|v;) is calculated by using Eq. (A12):
|1Ca (k)| ri) [1* = Ei(hey )1 — &i(ky)].

Therefore, for &;(k,) # 0, 1 we obtain the eigenstate E[v;) of
Caa(ky) with the eigenvalue [1 — &;(k,)]:

Cpa(ky)

(Al4)

(A15)

Ely) = i) Al6
i &ilky)[1 — &i(ky)] Vi (Al0)
The operator E can be expressed as
- Ca(ky)
&= ) (Wil Al7
2 e "V (A1
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In particular, noting that ¢; =1/2 —§&; from Eq. (A4),
Eq. (A17) is equivalent to Eq. (5). Furthermore, for an eigen-
state |;) with an eigenvalue €; of H:0%C(k,), E|y) has an
eigenvalue €/ = [1/2 — (1 — )] = —¢;.

We note that Cpy (k) as a matrix has nonzero components
typically at lower left and upper right regions. As a result,
E changes the side of localization of eigenstates; if |i;) is
localized at the right edge of A region, E|y;) is localized at
the left edge of A region.

Combining the two operations of PT and E, we get the
following antilinear operation (PT)E:

E ’POCEA(ky) .
Es i) (Wil K.
( ) Xz: Si(ky)[l — Ei(ky)] (W/ )(Iﬂ |)

Note that this operation is defined only if the C; eigenvalue &;
of ;) is neither 0 nor 1. The Cy, eigenvalue of (PT)E|y;) is
1 =8&).

We prove that (PT') E is an antiunitary operator and squares
to +1. We again take |1;) to be an eigenstate of C44 with an
eigenvalue &;, and |v;) := (PT)E|Y;). First, (PT ) E preserves
the norm

(Wil )

(A18)

1
= T = £ ey (il Coa k) Po PoCia k)1
L\vy i\Ry

1
&k~ &iky)]
= (Yilvn)- (AL9)

Here in the second line, we used Eq. (A12). Also, (PT)E
preserves orthogonality:

(Wil ) VE ) — Ei(ky)]/E ()1 — &5 (ky)]
= [(i|Can (k)1 — Can (k)Y )T
= (Vi) =0 (& #&)).

Therefore, (PT)Z is an antiunitary operator. Finally, we show
that (PT )& squares to 1:

[(ilCan(ky)[1 — Caa(kp)]lYi)T*

(A20)

PT)EY) = ———
PR = o =& o))

1
" &)1 — &i(ky)]
_ 1
&k — &iky)]
_ 1
kI — &iky)]
=[¥i).
Since both PT and E change the side of localization, the com-
bined operation (PT)E thus transforms one state localized at

one edge to another state with an opposite energy localized at
the same edge.

PoCip (ke Y(PoCiy (k)W) *)*
C} Uy YPo Py Ca () |W71)
C}, (e )Cia (k) 1)

Caalky)[1 — Caa(ky)11¥3)

(A21)

APPENDIX B: WILSON LOOP SPECTRA

The Euler class topology can be detected from the Wil-
son loop winding [4,7,13]. Specifically, Wilson loop winding
gives the absolute value of the Euler class | x| [7]. Since the

a (b)
o A |
§0< > 2o
_n—n E({ T _n-n 0 £ T
ky ky
(© (d),
‘£o< : > 2o
_7T '4':: .".’-.' _n
- koy m -1 koy m

FIG. 4. Wilson loop spectra for (a) Hsw, (b) Hgye and that for
Hgyersni With (¢) Vp = 1.5 and (d) Vy = —0.5. By counting the
Wilson loop windings, we find (a) x = 1, (b) x =2, and (¢) x = 2,
respectively. In (d), w, is O from the number of 7 crossings in the
Wilson loop spectra.

sign of the Euler class is ambiguous, unless otherwise stated,
we assume that the Euler class x is positive by taking an
appropriate basis [13]. Figure 4 shows Wilson loop spectra for
several models used in the main text. Figures 4(a)—4(c) show
that they all have nontrivial Euler classes.

The case of Fig. 4(d) with three occupied bands is char-
acterized by the second Stiefel-Whitney class w, instead of
the Euler class. From the number of m-crossing Wilson loop
spectra, wy, = 0 (mod 2) in this case [4].

APPENDIX C: EFFECTIVE HAMILTONIAN

Since (PT)E is an antiunitary operation that squares to
+1, we can take a basis in which (PT)E is expressed as the
complex conjugate K. (Note that, in this new basis, PT is no
longer expressed by K.) Here, we briefly explain how we can
obtain a basis such that (PT)E = K. From a pair of eigen-
states of H}:0B€ localized on one edge, |¢;) and (PT)E|y;),
we construct the following two states:

, 1
) = )+ PTIE) (e}
, 1
Dy = —[1¥;) — (PTHE[Y))]. C2
=) ﬁi[le) (PT)EIY))] (C2)
These states are invariant under (PT)E, that is,

PTHEWY) = ¢y and  PTHE[YY) = [yY). This
invariance combined with the fact that (PT ) E is an antiunitary
operator implies that, in the space spanned by Wj’) and
|1p(_f)), (PT)E acts as a simple complex conjugation K.
Taking all the pairs of eigenstates we consider to build an
effective Hamiltonian and considering the following basis:

Oy, 1wy, 1w @y, L [ 8, (C3)
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-1 )\33\ A3 1 m koy T

FIG. 5. Numerical calculation for the model Hy;. (a) Edge spec-
trum. Colors represent the squared amplitudes of the states in the
edge unit cell. (b) Entanglement spectrum. (c) Spectral flow with
cutting procedure. Here, A; = 0.18 and k; = 0.66. (d) Wilson loop
spectrum.

where Ny is the number of pairs of eigenstates, or half the
number of all the eigenstates, one wishes to include in the
effective Hamiltonian. In this basis, (PT)E acts as K. Since
the effective Hamiltonian should anticommute with (PT)E =
K, the effective Hamiltonian should be a purely imaginary
matrix, and thus it should be a skew-symmetric matrix of the
form

€10y
x-OBC .
Heff = :. ) (C4)
€Ny Oy

which is the desired form.

APPENDIX D: ANALYSIS OF MORE MODELS

Here, we perform numerical calculations for more models
to give further support to our conjecture.

1. Kobayashi-Furusaki model

First, we use the model introduced by Kobayashi and Fu-
rusaki in the study of fragile topological insulators [38]. The
restriction of their model to k, = 0 corresponds to an insulator
with Euler class | x| = 2:

Hs, (k) = (3 -2 Z cos(k,)) 100,

i=x,y
+ (2[cos(ky) — cos(ky)] + M)T.0,
+ (2sin(ky) sin(ky) + My)t0 + Ateop, (D)

where M; = 0.1, M, = 0.08, and A = 0.2. The PT opera-
tion is represented as complex conjugation K. Here, the term
At,00, which is absent in [38], is added to open a gap in
the edge spectrum as shown in Fig. 5(a). The Wilson loop
spectrum [Fig. 5(d)] confirms that the model has Euler class

(@am (a2) T
05 s
.,
o, e - ~ .,
€0 P Lo < >
) e . ““«.\ ., ,f'
05 18 =N v
-1 0 7 g 0 m
ky ky
b2 2
(b1) (02— x4
A ><
05 iy "'~..-".: !'
-1 0 m - 0 m
kx kx

FIG. 6. Numerical calculations for the models (a) Hg; and
(b) Hss. [(al),(b1)] Entanglement spectra, and [(a2),(b2)] Wilson
loop spectra.

|x| = 2. Unlike the edge spectrum, the entanglement spec-
trum is gapless as shown in Fig. 5(b). There are two linear
crossings at € = 0, consistent with our conjecture for | x| = 2.
Furthermore, from the spectral flow of the cutting procedure
[see Fig. 5(c)], we can see that there are four crossings as we
anticipate.

2. Cs-symmetric models

Next, we confirm that our results also hold for systems
other than square lattices. As examples, we consider two
models of Cs-symmetric lattices.

The following honeycomb lattice model is an effective
model for the nearly flat bands in twisted bilayer graphene
at the magic angle [16]:

3ke K,
Hg, (k) =(1 +2cos ‘/; cos E’) (0.40, + 0.67.0,)

X

+ 2 sin

k
cos %(0.40y +0.67,0y)

3k, . k .
+ (4 cos i sin Ey -2 sm(ky)) 0.17,).

D2)

Here, the PT operation is represented as o, K. Figures 6(al)
and 6(a2) show the entanglement spectrum and Wilson loop
spectrum of Hs,(k). The Wilson loop winding in Fig. 6(a2)
shows that the Euler number is |x| = 1. The entanglement
spectrum [Fig. 6(al)] shows one linear crossing point at € =
0, which is in agreement with our conjecture with | x| = 1.
The final model is on a triangular lattice, originally used in
the study of triple nodal points in [17]. Restricting the model

075129-8



BULK-EDGE CORRESPONDENCE OF STIEFEL-WHITNEY ... PHYSICAL REVIEW B 108, 075129 (2023)

to k, = O results in the following model:

ky 3k, ky 3k,
Hg(k) = —[tl + tz(cos k. + 2 cos 5 cos C ") + t3]tzao —t4(—1, + 1,0;) — t5[<cos k, — cos 5 cos \/; 2 )(—txaz —Ty)
ke . ~/3k k, 3k
++/3 sin — sin V3 Y-, — o) | — V21| [ cosk, — cos = cos V3 i
2 2 2 2
ke . 3k
x (1,05 — T,0¢) — v/3 sin 7 sin € Y (e00 + tzax)i|, (D3)
wheret; = 4,1, = —%, =-314= —%, ts = —%, andtg = g. Here, the PT operation is represented as complex conjugation K.

Figures 6(b1) and 6(b2) show the entanglement spectrum and Wilson loop spectrum of Hg3 (k). The Wilson loop spectrum shows
that the Euler class is |x| = 2. The entanglement spectrum [(b1)] has two linear crossing points at € = 0, which is consistent

with our conjecture with | x| = 2.
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