PHYSICAL REVIEW B 108, 075114 (2023)

Different temperature dependence for the edge and bulk of the entanglement Hamiltonian
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We propose a physical picture based on the wormhole effect of the path-integral formulation to explain the
mechanism of the entanglement spectrum (ES), such that our picture not only explains the topological state with
bulk-edge correspondence of the energy spectrum and ES (the Li and Haldane conjecture), but is generically
applicable to other systems independent of their topological properties. We point out it is ultimately the relative
strength of bulk energy gap (multiplied with inverse temperature § = 1/7) with respect to the edge energy
gap that determines the behavior of the low-lying ES of the system. Depending on the circumstances, the ES can
resemble the energy spectrum of the virtual edge, but can also represent that of the virtual bulk. We design models
both in one and two dimensions to successfully demonstrate the bulklike low-lying ES at finite temperatures,
in addition to the edgelike case conjectured by Li and Haldane at zero temperature. Our results support the
generality of viewing the ES as the wormhole effect in the path integral and the different temperature dependence

for the edge and bulk of ES.
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I. INTRODUCTION

More than a decade ago, Li and Haldane [1] proposed that
the entanglement spectrum (ES) is a direct measurement of the
topological properties of quantum many-body systems, in that
the low-lying ES are closely related to the true energy spectra
on the edges of open boundary systems. Entanglement entropy
(EE) as another important measure of quantum correlation has
been studied carefully over the years. It is pointed out that
EE at finite temperatures obeys a volume law and resembles
the thermal dynamic entropy of small subsystems [2—4]. Al-
though the generality of Li and Haldane’s statement has been
questioned [5], it is still believed by many that overall the ES
reveals more entanglement information and other nonlocal ob-
servables [6—19]. Later, Qi, Katsura, and Ludwig analytically
demonstrated the bulk-edge correspondence between the ES
of (2+1)-dimensional [(24-1)D] gapped topological states and
the energy spectrum on their (1+1)D edges [20]. However,
apart from these gapped topological states, the universality
of the Li and Haldane conjecture still remains an open and
intriguing question. Previous works on EE [2—4] and the re-
duced density matrix [21] suggest a resemblance between the
bulk spectra of the subsystem and the entanglement spectra at
sufficiently high temperatures, while the relationship between
the edge mode and bulk mode is somehow unknown so far.
What is more, besides the abstract mathematical proofs, an
intuitive and transparent physical picture that could penetrate
the barrier between the microscopic lattice models and the
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field-theoretical continuum description and to explain these
phenomena in simple language is missing.

Part of the reason that the Li and Haldane conjecture still
remains a conjecture is because it is very hard to compute the
ES for generic two- or three-dimensional (2D or 3D) quan-
tum many-body systems. Due to the exponentially growth
of computation complexity and memory cost [6,7,10,22-26],
systems with long boundaries of the entanglement region and
at higher dimensions are in general prohibited. Besides a few
exactly solvable limits, most of the ES studies by exact di-
agonalization (ED) and density matrix renormalization group
(DMRG) so far have focused on (quasi-) 1D quantum systems.
For 2D, several ED/DMRG studies have extracted the ES of
systems with small width [21,27,28]. In fact, many of the ES
studies target topological phases [10,23,29-36]. Methods that
can probe generic ES information in more common systems
at high dimensions and with larger sizes are still in demand.

Quantum Monte Carlo (QMC), on the other hand, usually
stands out as a powerful tool to explore quantum many-body
systems with larger sizes and at higher dimensions, as the
importance sampling scheme can in principle reduce the expo-
nential complexity into a polynomial one [37—43]. Although
QMC in a path-integral formulation accesses the partition
function instead of the ground state wave function, it has
been shown that the computation of the Rényi EE can be
achieved by sampling the partition function in a replicated
manifold with different boundary conditions for the entangle-
ment region A and the environment A of the system [8,44—
49]. Consequently, the entanglement signature and scaling
behavior of many novel phases and phase transitions in EE
have been reliably extracted in QMC simulations in higher-
dimensional systems [15-17,19,50-59].

©2023 American Physical Society
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FIG. 1. (a) Graphical representation of the partition function Zf‘”)
in the replicated manifold. The shaded area is the entanglement
region A in which all the replicas are glued together along the
imaginary time and has length 84 = nf. In the environment region A,
replicas are independent along the imaginary-time axis and each has
length B. (b) Two different worldline paths along the imaginary time.
The yellow one travels inside the bulk while the blue one goes into
the environment and experiences the wormhole effect. Black circles
are the wormholes which teleport a worldline to the other side of a
replica in A via the virtual path (blue dashed line).

II. THE WORMHOLE PICTURE OF ES

Recently, some of us extended the QMC computation of
the EE to that of the ES and have successfully reduced the
computational complexity and made the computation of ES
with long entanglement boundaries and in higher dimensions
possible [60,61]. The basic idea is that in the replicated mani-
fold with a partition function [as shown in Fig. 1(a)]

2" =Tr[p}] = Tr[e "], (1)

where p4 = Trz p is the reduced density matrix (RDM), de-
fined as the partial trace of the total density matrix p of
Hamiltonian H over a complete basis of A and H, is the
corresponding entanglement Hamiltonian (EH), one can de-
fine the effective imaginary time 4 = n for the EH at integer
points n =1,2,3,.... It is worthwhile to note that the 8,
shall be integer points in the QMC simulation because we can
only simulate the whole RDM py = Tr;(e’ﬁH ) instead of a
fractional one. One can then compute the dynamic correlation
functions G(t4) at these integer time points. The ES can be
readily obtained from the imaginary-time correlations of EH
via numeric analytic continuation methods, such as stochastic
analytic continuation (SAC) [62-71].

The physical picture of the above process of computing the
ES in the path integral is described clearly via the schematic
diagrams in Fig. 1, where Fi% 1(a) is the replicated mani-
fold of the path integral of ZA") in Eq. (1), and a wormhole
effect emerges at the entangled edges in Fig. 1(b). During
QMC simulation, there are two typical paths of the world-
line [37,72-74,74-76] in the path integral in Fig. 1(b): The

yellow one deep in the bulk goes through all the replicas with
an imaginary-time length ~ng; the blue one at the entangled
edge can take a much shorter path because of the periodic
boundary condition (PBC) of length 8 of every replica in A.
The dashed blue line shows how the wormholes [the black
circles in Fig. 1(b)] teleport the worldline from the bottom
to the top of one replica without propagating through 8 due
to such a PBC, so that the total imaginary-time length of the
wormhole path is only about ~n. We therefore dubbed this
shorter path effect caused by the different connections of the
ZIS‘") in the space-time as the “wormhole” picture of ES [60].

In the path integral, the shorter path always leads to a
more important contribution. The spectral function S(w) for
a physical observable, represented as O, can be written by
the eigenstates |n) with the eigenvalue E, of the Hamil-
tonian H, S(w) = nl > e PE(m|On) *8(w — [En — Eu)).
Therefore, there is a relation between the energy spec-
trum S(w) and imaginary-time correlation G(t) as G(t) =
fooo dwK(w, 7)S(w). The K(w, ) is a kernel with slightly
different expressions for bosonic/fermionic O. Obviously, the
imaginary-time correlation G(t) is the summation of all the
gap modes. The important modes have larger weights in the
summation. When the temperature is low enough (8 = 00),
the S(w) can be treated as G(t) ~ ¢~ 72, where the A is the
first-excited gap and t is the length of imaginary time. In
our wormhole picture, the time length is different for the
edge and bulk, thus the wormhole path plays the important
role. As pointed out in Ref. [60], we can simply estimate
the ratio of the exponential factors deep inside the bulk and
that at the edge to be roughly SA; : A.. At the ground state,
B — oo renders A, > A, and the edge path will dominate
over the path integral and be more important for the low-
energy ES, which is the Li and Haldane conjecture. But one
immediately sees from here that the Li and Haldane conjecture
is not only limited to the topological phase (gapped bulk
and gapless edge), but also works in the cases where both
the bulk and edge are gapped [77]. Moreover, since finite-
size systems always acquire finite-size gaps, the low-lying
ES can resemble the edge spectra when the temperature is
low enough, but for systems at finite temperatures, when the
edge exponential factor is much larger than the bulk one,
the low-lying ES will resemble the bulk energy spectra. It is
surprising that one can also obtain the bulklike low-lying ES
at finite temperature, hinted at in Ref. [60], and the wormhole
mechanism offers a direct and lucid picture to understand the
appearance of bulk information at finite temperature implied
in previous works [2—4,21]. In this paper, we focus on a
systematic demonstration of such a wormhole picture and the
different temperature dependence for the edge and bulk of an
entanglement Hamiltonian via QMC simulations in 1D and
2D quantum spin systems.

II1. 1D HEISENBERG CHAINS

Here, we employ the stochastic series expansion QMC
method [37,72-76] to simulate the RDM of the entanglement
region A via a replicated manifold of 1D antiferromagnetic
(AFM) Heisenberg spin chains. The lattice models are shown
in Figs. 2(a) and 2(b), with varying coupling strength on the
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FIG. 2. Schematic lattice models and ES results for 1D Heisen-
berg chains. (a) 1D chain with dimers inside the bulk. (b) 1D chain
with stronger bonds at entanglement boundaries. (c) Decay of the
correlation function along the imaginary time for the bulk-gapped
chain as in (a). (d) Decay of the correlation function along the imag-
inary time for the edge-gapped chain as in (b). Subpanels (i)—(iii)
correspond to cases with decreasing temperature 7" (increasing ).

edge and in the bulk,

H=Y"JSiS; 2
(i, ))

where (i, j) denotes nearest neighbors and the strength of
each bond J; ; is chosen to tune the gaps of Ay, so that the
wormhole effects can be demonstrated prominently by the
correlation functions in the bulk and on the edge of A.

From the partition function of Eq. (1), we measure the
imaginary-time correlation function

Tr[ei(nirA)HA SieirA,HA Sj]
Tre—"Ha]

G(ta) = (Si(za) - S;(0)) = , (3
where 74 € [0, B4] and must be an integer. In the spectral
representation, the long-time decay of the bulk/edge corre-
lation function becomes G(t4) ~ e~ 2¥<™ where Ay, are the
lowest-energy gaps of bulk/edge in the ES. Therefore, a larger
gap results in a faster decay of G(t4) along the imaginary
time. By observing the decay rate of the correlation function
at both entanglement edges (i, j € dA or i, j € dA) and in
the bulk (i, j € A), we identify the relative gap size between
the edge and bulk. Since we focus on the Heisenberg spin

model with SU(2) symmetry, all of the correlation can be
further simplified in the S basis on the same site, i.e., G(t4) =
(S (za)S:(0)).

We have also calculated the correlation functions inside
each replica measured at a continuous imaginary time to
demonstrate the wormhole effect. We note that the time inside
replicas is not the imaginary time for the evolution of Hy,
but that of the original Hamiltonian H, which means the
entanglement Hamiltonian experiences a different effective
temperature than 1/8. In Figs. 2(c) and 2(d), the dotted lines
represent the correlations measured at continuous-time points
while the dashed lines are those measured at integer-time
points 74 = 1,2, ..., n which contribute to the ES. It is in-
teresting to see that the continuous-time correlation functions
on edges have valleys (red dotted line) between the two inte-
ger 14 points, whereas those of the bulk spins (green dotted
line) coincide with the correlations measured at integer-time
points (orange dashed line). Such phenomena exactly reflect
the working of the wormhole effect, in that the worldlines at
the edge sites can easily go into the environment A and reach
the next 74 with a fewer attenuation compared with a path
inside the bulk of A.

We simulate a 1D L = 32 chain with a spatial PBC and
different bond settings as schematically shown in Figs. 2(a)
and 2(b). At first, we reproduce the normal Li and Haldane
conjecture from a dimerized chain with bond strength J; = 1
and J, = 2, as shown in Fig. 2(a). The dimerized bulk state
favors a gapless edge state when the strong bonds are cut at
the boundary. According to the conjecture, ES in this case
would resemble the gapless edge mode of the energy spec-
trum. Then we measure the imaginary-time correlations G(z4)
on the replicated manifold. In Fig. 2(c)(i), at T = 1.25, the
correlation functions of the bulk sites (orange dashed line)
decay rapidly along the imaginary time, which manifests a
large energy gap A, inside the bulk according to G(t4) ~
e~2%_On the other hand, the blue dashed line which are the
correlations of the edge spins, decays very slowly, indicating a
gapless mode. It means the low-lying mode of the ES is from
the entangled edges, which is highly consistent with the Li
and Haldane conjecture.

As discussed above, we present two decaying modes: One
is measured along continuous-time points and another is ob-
tained at T4 = 1,2, ..., n. When decreasing temperature to
T =0.625 and T = 0.3125 in Figs. 2(c)(ii) and 2(c)(iii) to
approach the ground state, the continuous-time correlations in
the bulk tend to decay faster, however, the continuous-time
correlations on the edge bounce back at the integer 74 points
to meet the G(t4) and leads to a even flatter decaying mode on
theedge at ty = 1, 2, ..., n, manifesting a gapless ES. There-
fore, an exactly gapless edge mode in this case is guaranteed
at the ground state 8 — oo by the wormhole effect.

More interestingly, according to our path-integral picture,
the low-lying ES can represent the bulk mode when A, <
A,.. We design such a situation in Fig. 2(b) whose bulk is a
normal AFM Heisenberg chain with a gapless mode [7,78],
but utilize stronger bonds near the entanglement boundaries
to gap out the edge spins. The obtained correlation func-
tions are shown in Fig. 2(d). At low temperature [T = 0.1
in Fig. 2(d)(iii)] the correlation of the edge spins decays
slower than that of bulk spins, again consistent with the Li and
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FIG. 3. Schematic lattice model and ES results for 2D Heisen-
berg models. (a) 2D square lattice with stronger bonds J, = 2 inside
the bulk and weak bonds J; = 1 at the entanglement boundaries.
(b) 2D square lattice with stronger bonds at the entanglement bound-
aries but weak bonds inside the bulk. (c) Decay of correlation
function along the imaginary time for the bulk-gapped model as in
(a). (d) Decay of correlation function along the imaginary time for
the edge-gapped model as in (b). Subpanels (i) and (ii) correspond to
cases with decreasing temperature 7 (increasing ).

Haldane conjecture as BA, > A.. But when we increase the
temperature 7 (decrease B) to weaken the wormhole effect,
the reversal of BA, < A, happens and our data clearly exhibit
a bulklike ES. In Fig. 2(d)(i) at T = 1.25 and Fig. 2(d)(ii) at
T = 0.2, we can see that the edge mode decays faster than the
bulk mode and therefore becomes much more gapped at larger
T (smaller B). Therefore, ES resemble the bulk energy spectra
at high enough temperatures.

IV. 2D HEISENBERG MODEL

The picture based on the wormhole effect in the path
integral is independent of the details of the models and dimen-
sions. The different temperature dependence of edge and bulk
EH can also be demonstrated in 2D systems. To this end, we
design a two-dimensional AFM Heisenberg model on a square
lattice with different coupling bonds, as shown in Figs. 3(a)
and 3(b). The linear system size is L = 32 and the simulation
geometry of the lattice is a torus with the entanglement region
A and the environment A offering the bipartition.

Similar as in the 1D case, we first reproduce the normal
Li and Haldane conjecture with the setting in Fig. 3(a). The
stronger bonds J, = 2 generate dimers in the bulk such that
the bulk is gapped and the virtual edge with J; = 1 is gapless,

and the ES must be like the edge modes. The correlation
functions are shown in Fig. 3(c). At T = 2.5 [Fig. 3(c)(i)], the
imaginary-time correlation G(t4) of EH at the edge decays
much slower than that in the bulk and it is even more so at
lower temperature 7 = 0.3125 [Fig. 3(c)(ii)]. The bounce of
the continuous-time correlation on the edge (the red dotted
line) to meet the G(t4) at the integer-time points (the blue
dashed line) is also seen at lower temperature.

For the case of Fig. 3(b), the bulk is a normal AFM Heisen-
berg model which has a gapless Goldstone mode at the ground
state [79-82], while the edge is gapped by stronger bonds.
As shown in Fig. 3(d)(ii), the Li and Haldane conjecture is
still tenable at low temperature 7 = 0.078 125 because of the
wormhole effect, although the long-time G(t4) on the edge
(the blue dashed line) has a lower value compared with that
in the bulk (the orange dashed line), suggesting a smaller
spectral weight in the ES due to the setting of the gapped
edge. More importantly, similar to the 1D case, the role of
the bulk and edge interchanges as we increase temperature T
in Fig. 3(d)(i) with T = 2.5 to weaken the wormhole effect.
Here, one sees the bulk G(z4) (the orange dashed line) decay
much slower than the edge G(t4) (the blue dashed line), and
consequently the bulklike low-lying ES manifest.

With the 1D and 2D examples, we have demonstrated the
working of our wormhole picture based on the path inte-
gral of a replicated manifold. These results strongly support
the generality of our picture, in any dimension, and the Li
and Haldane conjecture is one limiting case, 8 — 0o in our
framework.

V. DISCUSSION

It is well accepted that the understanding of the information
encoded in the ES, especially for interacting systems at 2D or
higher dimensions, is of fundamental value and still far from
complete. In this context, our work points out that it is the
wormhole effect of the path integral on a replicated manifold
that could unlock the mechanism of ES. The famous Li and
Haldane conjecture is one limiting case in our general physical
picture, in that the low-lying ES will always be like the edge
energy spectra at low temperatures, independent of whether or
not the system is topological. What is more, via engineering
the coupling strength and temperature according to our phys-
ical picture, a bulklike ES can be easily realized. Guided by
such a generic picture and the computation scheme presented
in this paper, it is expected that the desired entanglement
properties for 2D or higher-dimensional quantum many-body
systems can be accessed to broaden our understanding of ES.
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