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We perform a systematic ab initio density functional study of the superconductivity, electronic and phononic
band structures, electron-phonon coupling, and elastic constants of all four possible structures of niobium nitride
β-Nb2N as well as Nb-rich γ -Nb4N3 and N-rich β ′-Nb4N5. First of all, we find that all four structures of β-Nb2N
are superconductors with superconducting transition temperatures (Tc) ranging from 0.6 to 6.1 K, depending on
the structure. This explains why previous experiments reported contradicting Tc values for β-Nb2N. Furthermore,
both γ -Nb4N3 and β ′-Nb4N5 are predicted to be superconductors with rather high Tc of 8.5 and 15.3 K,
respectively. Second, the calculated elastic constants and phonon dispersion relations show that all the considered
niobium nitride structures are mechanically and dynamically stable. Moreover, the calculated elastic moduli
demonstrate that all the niobium nitrides are hard materials with bulk moduli and hardness being comparable to
or larger than the well-known hard sapphire. Third, the calculated band structures reveal that the nitrides possess
both type I and type II Dirac nodal points and are thus topological metals. Finally, the calculated electron-phonon
coupling strength, superconductivity, and mechanical properties of the niobium nitrides are discussed in terms
of their underlying electronic structures and also Debye temperatures. The present ab initio study thus indicates
that β-Nb2N, γ -Nb4N3 and β ′-Nb4N5 are hard superconductors with nontrivial band topology and are promising
materials for exploring exotic phenomena due to the interplay of hardness, superconductivity, and nontrivial
band topology.
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I. INTRODUCTION

Transition metal nitrides (TMNs) are well known for their
refractory characteristics such as high mechanical strength,
hardness, high melting point, excellent thermal stability, and
resistance to corrosion and oxidation. These superior prop-
erties make them promising materials for many practical
applications, such as wear-resistance surfaces, high pressure,
and magnetic storage devices, and cutting tools [1,2]. Further-
more, TMNs are good metallic conductors and some of them
exhibit superconductivity [3–8]. Interestingly, these materials
were also found to possess nontrivial band topology [9–11].

Among all the TMNs, the binary niobium nitride systems
are of particular interest because they exist in a variety of crys-
tal structures with outstanding electronic and superconducting
properties [12–15]. At ambient pressure, the following crys-
talline structures of the niobium nitrides (see Table I) are
known to exist: (i) cubic α-NbN, (ii) hexagonal β-Nb2N,
(iii) tetragonal γ -Nb4N3, (iv) cubic δ-NbN, (v) hexagonal
ε-NbN, (vi) hexagonal WC-NbN, (vii) tetragonal β ′-Nb4N5,
(viii) hexagonal δ′-NbN, and (ix) hexagonal ε′-Nb5N6.

One interesting feature of these nitride systems is that the
Nb atoms are connected with N atoms through strong cova-
lent bonds, thus resulting in superior mechanical properties
compared to the metal carbides and oxides [16]. The super-
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conductivity of these niobium nitrides depends on both the
Nb/N ratio and the crystal structure [17] (see, e.g., Table I).
For example, δ-NbN, β-Nb2N, γ -Nb4N3 and β ′-Nb4N5 are
known to be superconductors while hexagonal δ′-NbN and
ε′-Nb5N6 structures do not exhibit superconductivity down
to 1.8 K [11,17]. Because of their relatively high supercon-
ducting transition temperatures and high hardness, the δ and
γ phases of NbN have found applications in superconducting
radio frequency circuits [18,19], Josephson junction qubits
[20,21], terahertz wave detection hot-electron-bolometer [22],
superconducting nanowire single-photon detectors [23] and
also in the fabrication of superconducting quantum interfer-
ence devices (SQUIDs) [24–26]. In addition, nitrogen rich
structures β ′-Nb4N5 and ε′-Nb5N6 are candidates for super-
capacitor applications [27].

However, the superconductivity as well as mechanical and
electronic properties of many niobium nitrides have been
rather poorly understood. In particular, a wide range of su-
perconducting transition temperatures (Tc) have been reported
for the β-phase Nb2N (β-Nb2N) [4,5,28–30]. For example,
Gavaler et al. reported that β-Nb2N has a Tc value between
8.6 and 12.1 K [4]. Skokan et al. [5] reported that the thin
films of mixed phases of cubic-NbN and hexagonal β-Nb2N
exhibit two step resistance drop at 9 K and at 2 K. Gajar
et al. [28] reported the transformation of Nb into hexagonal
β-Nb2N which is superconducting only below 1.0 K. Very
recently, Kalal et al. [30] claimed that the hexagonal β-Nb2N
(P63/mmc) films have the electron-phonon interaction
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TABLE I. Crystal structure, space group, and superconducting
transition temperature Tc of some niobium nitrides.

Phase Structure Space group Tc (K)

α-NbN Cubic Pm3̄m 16a

δ-NbN Cubic Fm3̄m 17.3b

δ′-NbN Hexagonal P63/mmc <1.77c

ε-NbN Hexagonal P63/mmc 11.6d, <1.77c

WC-NbN Hexagonal P6̄m2
β1-Nb2N Trigonal P3̄1m 8.6-12.1e, <1f, 4.74g

β2-Nb2N Trigonal P3̄m1
β3-Nb2N Hexagonal P63/mmc
β4-Nb2N Orthorhombic Pnnm
γ -Nb4N3 Tetragonal I4/mmm 7.8-12.2h

β ′-Nb4N5 Tetragonal I4/m 10i, 8-16c

aReferences [31,32] (expt); bReference [34] (expt); cReference [17]
(expt); dReference [14] (expt); eReference [4] (expt); fReference [29]
(expt); gReference [30] (expt); hReference [36] (expt); iReference
[37] (expt).

dominanted superconductivity with a Tc of 4.74 K. Clearly, all
these experimental studies on superconductivity of β-Nb2N
contradict each other.

On the other hand, we note that at least four crys-
talline structures (see Table I and Fig. 1) have been reported
for β-Nb2N [33,35,38–42]. Guard et al. [33] reported that
β-Nb2N adopts a W2C type structure with space group
P3̄m1. However, Christensen [35] reported that β-Nb2N has
a ε-Fe2N type structure with space group P3̄1m. Besides,
β-Nb2N also exists in P63/mmc space group [42]. Recent
ab initio random structure search also predicted that β-Nb2N
can exist in an orthorhombic structure with Pnnm space group

[41]. Unfortunately, unlike niobium nitrides with other Nb/N
ratios such as NbN where one structure is labeled as one phase
(Table I), all the structures of Nb2N have been labeled as
the β-Nb2N. It is well known that the superconductivity and
physical properties of a solid are determined by its crystal
structure, as we have recently demonstrated for NbN [11].
Consequently, we believe that the contradicting superconduct-
ing properties reported for β-Nb2N are caused by the fact that
it has several different structures, as for NbN (Table I). In
this work, therefore, we perform a systematic ab initio study
of the superconducting and also other physical properties of
β-Nb2N in all the four possible structures. Furthermore, to
study how the superconductivity depends on the Nb/N ratio,
we also consider Nb-rich γ -Nb4N3 and N-rich β ′-Nb4N5.
Both γ -Nb4N3 and β ′-Nb4N5 crystallize in the tetragonal
NaCl-type δ-NbN structure, respectively, by removal of half
of either nitrogen or niobium atoms in alternating planes along
the c axis [32]. They are also superconductors with quite high
Tc values (7.8 ∼ 16.0 K) [17,36,37].

Materials that exhibit both superconductivity and non-
trivial band topology are excellent candidates to study the
fascinating phenomena such as topological superconductivity
and Majorana Fermions [43]. In recent years, there is indeed
a growing interest in the search for materials where super-
conductivty coexists with nontrivial band topology [44,45].
In the binary Nb-N systems, the electronic structure [46–49],
mechanical [13,50], phonon and superconducting properties
[51,52] of niobium mononitride (Nb/N = 1) have recently
been extensively studied, and as a result, Dirac and Weyl nodal
points have been predicted in several structures of NbN such
as cubic δ-NbN, hexagonal ε-NbN, δ′-NbN, and WC-NbN by
the ab initio calculations [9–11]. However, for either Nb-rich
or N-rich niobium nitrides (i.e., niobium nitrides with Nb/N

FIG. 1. Crystal structures of (a) β1-Nb2N, (b) β2-Nb2N, (c) β3-Nb2N, (d) β4-Nb2N, (e) γ -Nb4N3 and (f) β ′-Nb4N5. The hexagonal Brillouin
zone (BZ) of β1-Nb2N, β2-Nb2N and β3-Nb2N is illustrated in (g), the tetragonal BZ of γ -Nb4N3 and β ′-Nb4N5 is shown in (h), and the
orthorhombic BZ of β4-Nb2N is plotted in (i).
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ratios different from 1), no theoretical studies on the band
topology and superconductivity have been reported. Finally,
the mechanical properties of either Nb-rich or N-rich niobium
nitrides have been much less investigated and consequently
remain poorly understood. This would certainly hinder their
technological applications as hard superconductors. The rest
of this paper is organized as follows. In Sec. II, we intro-
duce the crystal structures of the considered nitrides, theory
of superconductivity, ab initio calculation methods and com-
putational details used in the present study. In Sec. III, the
calculated physical properties of the niobium nitrides are pre-
sented. In particular, the theoretical elastic constants, moduli
and hardness of the nitrides are reported in Sec. III A. In
Sec. III B, the calculated electronic band structures are pre-
sented and Dirac nodal points are identified. In Sec. III C, the
calculated phonon dispersion relations as well as the contri-
butions from the lattice vibrations and conduction electrons
to the specific heat and Debye temperatures are presented.
Finally, the calculated electron-phonon coupling strengths
and estimated superconducting transition temperatures are re-
ported in Sec. III D. In Sec. IV, we summarize the conclusions
drawn from this work.

II. CRYSTAL STRUCTURES AND
COMPUTATIONAL METHODS

The crystal structures and the corresponding Brillouin
zones of all the considered niobium nitrides are shown in
Fig. 1. Four crystalline structures have been reported for
β-Nb2N, namely, trigonal P3̄1m (No. 162) [35] (β1-Nb2N)
and P3̄m1 (No. 164) [33] (β2-Nb2N), hexagonal P63mmc (No.
194) [42] (β3-Nb2N) and orthorhombic Pnnm (No. 58) [41]
(β4-Nb2N). The crystal structure of β1-Nb2N contains three
formula units (f.u.) per unit cell [35]. Nb occupies the Wyckoff
site 6k ( 1

3 , 0, 1
4 ), N is at 1a (0, 0, 0) and 2d ( 1

3 , 2
3 , 1

2 ). In
β2-Nb2N, Nb is at 2c ( 1

3 , 2
3 , 1

4 ) and N at 2a (0, 0, 0) whereas in
β3-Nb2N, Nb occupies 2c ( 1

3 , 2
3 , 1

4 ) and N is at 2a (0, 0, 0). The
crystal structure of β4-Nb2N has two f.u. per unit cell [41].
Nb occupies 4g (0.2572, 0.3390, 0) and N 2d ( 1

2 , 0, 0). Both
γ -Nb4N3 and β ′-Nb4N5 crystallize in the tetragonal structure
with space group I4/mmm (No. 139) [53] and I4/m (No. 7)
[54], respectively. The unit cell of γ -Nb4N3 contains two f.u.
with Nb at 4c (0, 1

2 , 0) and 4e (0, 0, 0.2521) and N atoms
at 2a (0, 0, 0) and 4d (0, 1

2 , 1
4 ). The unit cell of β ′-Nb4N5

has two f.u. with Nb at 8h (0.4, 0.2, 0) and N at 2b (0, 0, 1
2 )

and 8h (0.1, 0.3, 0). It is worth to mention that all the crystal
structures possess inversion (P) symmetry.

The ab initio structural optimizations, elastic constants,
electronic band structures and density of states (DOS) cal-
culations are based on density functional theory (DFT) with
the generalized gradient approximation (GGA) [55]. The
calculations are performed by using the accurate projector-
augmented wave method [56–58], as implemented in the
Vienna Ab initio Simulation Package (VASP). For the Bril-
louin zone (BZ) integration, the tetrahedron method is used
with �-centered k-point meshes of 8 × 8 × 10, 8 × 8 × 6,
8 × 8 × 6, 8 × 6 × 10, 8 × 8 × 4 and 8 × 8 × 10, respec-
tively, for β1-Nb2N, β2-Nb2N, β3-Nb2N, β4-Nb2N, γ -Nb4N3,
and β ′-Nb4N5. A large plane-wave cut-off energy of 500 eV

TABLE II. Theoretical lattice constants (a, b, c, c/a), volume
(V ) and total energy (Et ) of all the studied niobium nitrides, com-
pared with the available experimental data (Expt).

Phase a (Å) b (Å) c (Å) c/a V (Å3/at) Et (eV/at)

β1-Nb2N 5.341 5.009 0.937 13.75 −10.3743
Expta 5.267 4.987 0.946
β2-Nb2N 3.157 4.858 1.538 13.98 −10.2725
Exptb 3.058 4.961 1.622
β3-Nb2N 2.999 5.605 1.868 14.56 −10.2470
Exptc 3.055 4.994 1.634
β4-Nb2N 4.931 5.455 3.066 0.562 13.75 −10.3536
γ -Nb4N3 4.427 8.707 1.966 12.19 −10.2478
Exptd 4.382 8.632 1.969
β ′-Nb4N5 6.933 4.324 0.624 11.55 −10.0132
Expte 6.873 4.298 0.625

aReferences [35] (expt); bReference [33] (expt); cReference [42]
(expt); dReference [53] (expt); eReference [54] (expt).

is used throughout. The DOS are calculated by using denser
k-point meshes of 16 × 16 × 20 for β1-Nb2N, 16 × 16
× 12 for β2-Nb2N and β3-Nb2N, and 16 × 12 × 20 for
β4-Nb2N, 16 × 16 × 8 for γ -Nb4N3 and 16 × 16 × 20
for β ′ - Nb4N5. In the crystal structure optimizations, the
structures are relaxed until the atomic forces are less than
0.0001 eV/Å. A small total energy convergence criterion of
10−8 eV is used for all the calculations. The calculated lattice
constants and total energies for all the considered structures
are listed in Table II. We notice that the calculated lattice
constants of all the structures are in good accord with the
available experiment data [33,35,41,42,53,54] and previous
theoretical calculations based on GGA. [38–40] Among the
four structures of β-Nb2N, β1-Nb2N is found to be the ground
state structure with β4-Nb2N, β2-Nb2N, β3-Nb2N structures
being, respectively, 0.062 eV/f.u., 0.305 eV/f.u. and 0.381
eV/f.u. higher in total energy.

The elastic constants of the niobium nitrides are calculated
by using the linear-response stress-strain method, as imple-
mented in the VASP code [59]. Under a small strain (εkl ),
according to Hooke’s law, the corresponding stress (σi j) can
be written as σi j = Ci jklεkl , where Ci jkl is the elastic stiffness
tensor that consists of the elastic constants of the crystal. Here,
for each stress, we perform the self-consistent total energy
calculations by applying two strains of −1.5% and +1.5%
[60,61]. The total number of elastic constants depends on the
crystal symmetry. The calculated nonzero elastic constants
for all the considered structures are listed in Table III. For
the hexagonal and trigonal crystals, the bulk modulus B and
shear modulus G are given by B = 2

9 (C11 + C12 + 2C13 +
1
2C33) and G = 1

30 (12C44 + 7C11 − 5C12 + 2C33 − 4C13). For
the tetragonal structures, B = 1

9 {2(C11 + C12) + C33 + 4C13}
and G = 1

30 {4C11 − 2C12 − 4C13 + 2C33 + 12C44 + 6C66}. In
the orthorhombic crystals, B = 1

9 {C11 + C22 + C33 + 2C12 +
2C13 + 2C23} and G = 1

15 {C11 + C22 + C33 - (C12 + C13 +
C23)} + 3

15 {C44 + C55 + C66}. The Young’s modulus Y and
Poisson’s ratio are related to B and G by Y = 9BG/(3B +
G) and ν = (3B − 2G)/2(3B + G). The hardness H can be
estimated by H = 0.1769G − 2.899. [62] From the calcu-

064505-3



K. RAMESH BABU AND GUANG-YU GUO PHYSICAL REVIEW B 108, 064505 (2023)

TABLE III. Calculated elastic constants (Ci j), bulk modulus (B), shear modulus (G), Young’s modulus (Y ), hardness (H ), Poisson’s ratio
(ν) and B/G ratio of all the considered niobium nitrides. For comparison, the previous theoretical elastic constants of cubic δ-NbN [11] and the
experimental elastic constants of the hard sapphire (α-Al2O3) [69,70] are also listed. Also listed are the experimental H values for β3-Nb2N
[74,75]. The quantities Ci j , B, G, Y , and H are in units of GPa. The average longitudinal, transverse and average elastic wave velocities ῡl , ῡt

and ῡm, Debye temperature (�e
D) estimated from the calculated elastic constants are also listed.

β1-Nb2N β2-Nb2N β3-Nb2N β4-Nb2N γ -Nb4N3 β ′-Nb4N5 δ-NbNa α-Al2O3

C11 417 402 555 399 597 508 692 (608b) 497c

C12 167 102 229 177 89 133 145 (134b) 163c

C13 184 173 168 181 187 134 116c

C14 0 0 22c

C16 0
C23 158
C22 420
C33 421 386 619 406 392 643 501c

C44 125 150 163 140 107 154 65 (117b) 147c

C55 126
C66 116 91 125
B 258 232 318 257 280 273 327 (292b) 246d

G 123 140 175 124 136 170 148 (165b) 162d

Y 318 348 443 319 351 422 385
H 18.8 21.9 28.1 (35e, 30.9f) 19.1 21.2 27.2 23 22d

ν 0.29 0.25 0.27 0.28 0.29 0.24
B/G 2.10 1.66 1.82 2.07 2.06 1.61
ῡl 7.24 7.28 8.24 3.93 7.57 8.42
ῡt 3.91 4.21 4.64 7.92 4.11 4.91
ῡm 4.37 4.67 5.16 4.38 4.59 5.45
�e

D 543 545 578 630 594 718 637

aReference [11] (ab initio calculation); bReference [7] (expt); cReference [69] (expt); dReference [70] (expt); eReference [74] (expt); fReference
[75] (expt).

lated elastic constants, the Debye temperature (�e
D) can be

estimated by

�e
D = h

kB

[
3n

4π

(
NAρ

M

)]1/3

ῡm, (1)

where h is Planck’s constant, kB is Boltzmann’s constant, NA

is Avogadro’s number, ρ is the density, M is the molecular
weight, and n is the number of atoms per formula unit. The
average sound velocity (ῡm) of a polycrystalline material is
approximately given by ῡm = [ 1

3 ( 2
ῡ3

t
+ 1

ῡ3
l

)]−1/3 where ῡt and

ῡl are the average transverse and longitudinal elastic wave
velocities, respectively, and are related to polycrystalline bulk
modulus B and shear modulus G via ῡl = ( B+4G/3

ρ
)1/2 and

ῡt = ( G
ρ

)1/2, respectively. The calculated �e
D, ῡt , ῡl and ῡm

are listed in Table III.
For superconductors with the dominant electron-phonon

interaction, the superconducting properties can be analyzed
through calculating the Eliashberg spectral function α2F (ω).
Hence, we calculate the phonon dispersion relations, phonon
DOS and electron-phonon interactions using the ab initio
density functional perturbation theory (DFPT), [63] as imple-
mented in the QUANTUM ESPRESSO code. [64] The calculations
are performed using the scalar-relativistic optimized norm-
conserving Vanderbilt pseudopotentials [65,66], i. e., the
spin-orbit coupling (SOC) is not included in these calcula-
tions. The plane wave cut-off energy is set to 42 Ry and the
electronic charge density is expanded up to 168 Ry. A Gaus-
sian broadening of 0.02 Ry is used for all the calculations.

All the phonon and electron-phonon coupling calculations
are perfomed with a q-grids of 4 × 4×5, 4 × 4×3, 4 × 4×3,
4 × 3 × 5, 4 × 4×2, and 3 × 3 × 4 for β1-Nb2N, β2-Nb2N,
β3-Nb2N, β4-Nb2N, γ -Nb4N3, and β ′-Nb4N5, respectively.

The strength of the electron-phonon coupling in a crystal
is measured by the electron-phonon coupling constant (λ),
which can be extracted from the Eliashberg spectral function
[α2F (ω)] via the Allen-Dynes formula [67,68]

λ = 2
∫

α2F (ω)

ω
dω. (2)

The Eliashberg spectral function is given by

α2F (ω) = 1

2πN (EF )

∑
q j

γq j

ωq j
δ(h̄ω − h̄ωq j ), (3)

where N (EF ) is the electronic DOS at the Fermi level (EF ),
γq j is the phonon linewidth due to electron-phonon scattering,
ωq j is the phonon frequency of branch index j at wave vector
q. Using the calculated λ, one can estimate the supercon-
ducting transition temperature Tc via McMillan-Allen-Dynes
formula [67,68]

Tc = ωlog

1.2
exp

[ −1.04(1 + λ)

λ − μ∗(1 + 0.62λ)

]
, (4)

where ωlog is logarithmically averaged phonon frequency and
μ∗ is the averaged screened electron-electron interaction.
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III. RESULTS AND DISCUSSION

A. Mechanical properties

Elastic constants of a solid provide insight into mechan-
ical stability and bonding characteristics of the material. In
Table III, we list the calculated elastic constants of all the
considered niobium nitrides along with the reported values
of well-known hard material sapphire (α-Al2O3, space group
R3̄c) [69,70]. Table III shows that all the elastic constants
are positive and for each considered structure, satisfy the
necessary and sufficient elastic stability conditions [71,72].
Therefore, all the considered nitride structures should be elas-
tically stable [71,72]. Table III also shows that for β1-Nb2N,
β3-Nb2N, β4-Nb2N and β ′-Nb4N5, C33 is larger than C11,
indicating that the materials are harder to compress along the
c axis while it is softer for both β2-Nb2N and γ -Nb4N3. The
calculated elastic moduli suggest that all the nitrides are hard
materials. In particular, the calculated bulk modulus (B) of the
niobium nitrides is either comparable to or larger than that of
hard sapphire [70]. For example, for β3-Nb2N, the calculated
B value is about 30% larger than the corresponding value of
sapphire [70]. Interestingly, when compared to the niobium
mononitride structures [11], e.g., δ-NbN (B = 327 GPa), both
Nb-rich β-Nb2N, and γ -Nb4N3 as well as N-rich β ′-Nb4N5

possess up to about 20% lower B values. This indicates that
both Nb-rich and N-rich niobium nitrides are softer materials
compared to the niobium mononitride. Furthermore, the B
of all the nitride structures is almost twice that of the shear
modulus G, suggesting that G is the limiting parameter for the
mechanical stability.

Young’s modulus (Y ) of a solid is the ratio of linear stress
to strain and tells us about the stiffness of the material. The
calculated Y of β3-Nb2N and β ′-Nb4N5 is about 25% larger
than that of the other nitrides, indicating their higher stiffness.
According to Pugh’s criteria [73], the value of B/G greater
than (less than) 1.75 would inidcate ductile (brittle) character
of the material. Table III thus shows that β2-Nb2N (B/G =
1.66) and β ′-Nb4N5 (B/G = 1.61) are brittle materials while
the rest (B/G > 1.75) are ductile materials. In particular,
β1-Nb2N (B/G = 2.10) is more ductile than all the other
nitrides. Poisson’s ratio ν measures the stability of a material
against the shear strain. Among the studied nitrides, β ′-Nb4N5

has the smallest value (ν = 0.24) indicating that it is relatively
stable against shear strain compared to the other nitrides.
Hardness (H) is an important elastic property which is re-
sponsible for wear behavior of materials [62]. It is clear from
Table III that β3-Nb2N has the strongest hardness followed
by β ′-Nb4N5, β2-Nb2N, γ -Nb4N3, β4-Nb2N, and β1-Nb2N.
The calculated hardness value of β3-Nb2N (28.1 GPa) is close
to the experimental values of 35 GPa [74] and 30.9 GPa
[75]. Importantly, Table III shows that the hardness H of the
nitrides β1-Nb2N, β2-Nb2N, β4-Nb2N and γ -Nb4N3 is close
to that of hard sapphire [70]. Both β3-Nb2N and β ′-Nb4N5 are
harder than sapphire because of almost 40% larger H values
(Table III).

B. Band structure and Dirac nodal points

The energy bands and DOS spectra calculated without
including the SOC, of all the studied structures are displayed

FIG. 2. Electronic band structures of (a) β1-Nb2N, (b) β2-Nb2N,
(c) β3-Nb2N, (d) β4-Nb2N, (e) γ -Nb4N3 and (f) β ′-Nb4N5 calculated
without SOC. The green boxes indicate the band crossings with
symmetries of the bands labeled.

in Figs. 2 and 3, respectively. Figures 2 and 3 show that all the
considered Nb nitrides are metallic with many bands crossing
EF and also have relatively large DOS at EF (see Table IV).
Interestingly, Figs. 3(a) and 3(d) show that the DOS spectra of
β1-Nb2N and β4-Nb2N are very similar, although their struc-
tures are quite different (Table I and Fig. 1). This implies that
they have similar bonding characterstics. Indeed, this explain
why their elastic moduli (B, G, Y and H) are very similar
(see Table III). In particular, in the lower valence band region
below −4.0 eV, Nb d DOS and N p DOS spectra in both cases
have nearly the same magnitudes, indicating a strong covalent
bonding in these two structures [Figs. 3(a) and 3(d)]. This is
also the case for γ -Nb4N3 [Fig. 3(e)] and β ′-Nb4N5 in the
region below −2.0 eV [Fig. 3(f)]. Nevertheless, the weight of
Nb d states in β2-Nb2N and β3-Nb2N becomes significantly
smaller than that of N p states, indicating that the covalency
in these nitrides decreases. This explains that the tetragonal
γ -Nb4N3 and β ′-Nb4N5 has superior mechanical properties
compared to β1-Nb2N.

On the other hand, Fig. 3 indicates that the upper valence
bands and lower conduction bands from −4.0 to 2.0 eV of
β1-Nb2N, β4-Nb2N and γ -Nb4N3 are Nb d dominated states.
This is also the case for β ′-Nb4N5 from −2.0 to 2.0 eV (see
Fig. 3). Thus, the Nb d states are important for governing
the superconducting and other transport properties of these
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FIG. 3. Total and orbital-decomposed density of states (DOS) of
(a) β1-Nb2N, (b) β2-Nb2N, (c) β3-Nb2N, (d) β4-Nb2N, (e) γ -Nb4N3,
and (f) β ′-Nb4N5.

nitrides. Furthermore, for β1-Nb2N, β2-Nb2N, and β4-Nb2N,
the DOS in the vicinity of the EF is nearly constant and takes
value of 0.585 states/eV/Nb, 0.705 states/eV/Nb and 0.755

states/eV/Nb at EF , respectively (see Fig. 3 and Table IV).
In contrast, in β3-Nb2N [Fig. 3(c)], γ -Nb4N3 [Fig. 3(e)] and
β ′-Nb4N5 [Fig. 3(f)], the DOS monotonically decreases with
energy and at EF has the value of 0.610 states/eV/Nb, 0.698
states/eV/Nb, and 0.813 states/eV/Nb, respectively.

Interestingly, when the SOC is neglected, the band struc-
ture exhibits symmetry protected band crossings in the
vicinity of the Fermi level along k-paths K-�, �-A and �-
Z for β2-Nb2N, β3-Nb2N, and β4-Nb2N, respectively (see
Fig. 2). Such band crossings also occur along �-X for
γ -Nb4N3 and β ′-Nb4N5. For β4-Nb2N, k-path �-Z belongs
to the C2v point group and the bands have two different ir-
reducible representations (IRs) D1 and D3. In β3-Nb2N, �-A
line has the C6v point group symmetry and there exist two
band crossings at 1.0 eV below the EF [Fig. 2(d)]. At about
0.2 eV above the EF , the band crossing is between a non-
degenerate band with IR B1 and a doubly degenerate band
with IR E2. The other band crossing at ∼ 0.6 eV involves two
different bands with IRs B1 and E1, respectively. These two
band crossings are protected by the C3z rotational symmetry.
Another symmetry protected band crossing with IRs D1 (A1)
and D4 (B2) is visible at the high symmetry k-point K which
belongs to the C2v point group. Further, the band structure
of β2-Nb2N shows a band crossing along K-� between the
bands with different IRs A and B, which belong to the C2

point group symmetry and hence are forbidden to mix. For
tetragonal γ -Nb4N3, the linear band crossing between IRs B1

and E is located along the �-X direction and it is protected
by the C4v point group symmetry. In β ′-Nb4N5, the bands
with IRs B and E cross each other along the �-X path and
are protected by the C4 rotational symmetry of the C4v point
group.

Fully relativistic band structures of the nitrides are shown
in Fig. 4. When the SOC is included, significant changes in
the band structure occur. Among other things, the single point
group symmetry changes to the double point group symmetry
and hence the IRs of the bands change as well. Importantly,
since the SOC breaks SU(2) symmetry, some band crossings

TABLE IV. Calculated electron-phonon coupling constant (λ), logarithmic average phonon frequency (ωlog), density of states at the Fermi
level [N (EF )], low temperature specific heat coefficients (γ and β), Debye temperature �D [�e

D] and superconducting transition temperature
(Tc) of all the studied niobium nitrides. The smearing parameter (σ ) used is 0.02 Ry. The screened Coulomb interaction μ∗ is set to 0.10.
Available experimental Tc values are also listed for comparison.

ωlog N (EF ) γ β �D [�e
D] Tc

Structure λ (K) (states/eV/Nb) (mJ/mol-K2) (mJ/mol-K4) (K) (K)

β1-Nb2N 0.36 285 0.585 2.75 0.460 233 [543] 0.57
Expt 8.6–12.1a

β2-Nb2N 0.57 306 0.705 3.32 0.220 298 [578] 6.12
Expt 8.6–12.1a

β3-Nb2N 0.47 398 0.610 2.87 0.163 330 [630] 3.88
Expt 0.54 320b <1c, 4.74b

β4-Nb2N 0.46 289 0.755 3.56 0.270 278 [545] 2.64
γ -Nb4N3 0.58 262 0.698 6.57 0.880 249 [594] 8.48
Expt 7.8–12.2d, 8–16e

β ′-Nb4N5 0.92 249 0.873 8.22 0.824 277 [718] 15.28
Expt 8–16e, 10f

δ-NbN 0.98 269 0.883 2.09 0.518 196 [637] 18.3

aReference [4] (expt); bReference [30] (expt); cReference [29] (expt); dReference [36] (expt); eReference [17] (expt); fReference [37] (expt).
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FIG. 4. Relativistic electronic band structures of (a) β1-Nb2N, (b) β2-Nb2N, (c) β3-Nb2N, (d) β4-Nb2N, (e) γ -Nb4N3, and (f) β ′-Nb4N5.
The right side panels (g), (h), (i)+(j), (k) and (l) correspond to the zoom-in plots of the band crossings in the green boxes in (b), (c), (d), (e)
and (f), respectively. DP in (i), (j), (k), and (l) represents the Dirac point. The irreducible representations (IRs) of the band crossings in (g), (h),
(i)+(j), (k), and (l) are also shown.

would become gapped. For example, the IRs D1 and D3 of the
bands crossing along �-Z in β4-Nb2N as well as the IRs A
and B of the bands crossing along �-K direction for β2-Nb2N
now become �5 [Figs. 4(d) and 4(j)] and �3 [Figs. 4(b) and
4(g)], respectively. Both band crossings are now gapped [see
Figs. 4(g) and 4(j)]. The band crossing at the K point in
β3-Nb2N is now represented by �5 (D5) [Fig. 4(c)] and it
is gapped by ∼0.05 eV. Interestingly, Fig. 4(g) shows that
in β2-Nb2N, the Fermi level falls within the gap opened by
the SOC at the band crossing. As a result, β2-Nb2N could
exhibit large spin Hall effect due to large spin Berry curvatures
induced by such SOC-gap opening [76–78], and thus might
have promising applications in spintronics.

Remarkably, several band crossings remain intact after
SOC is turned-on. These survived band crossings include that
along the �-A line in hexagonal β3-Nb2N [Fig. 4(c)], �-X line
in tetragonal γ -Nb4N3 [Fig. 4(e)] and β ′-Nb4N5 [Fig. 4(f)].
The two band crossings along the �-A line in β3-Nb2N pre-
viously between the bands with IRs B1 and E2, B1 and E1,
are now transformed from B1 to �7, E1 and E2 to �8 and �9

[Figs. 4(h) and 4(i)]. Consequently, there are now three band
crossings which are protected by the mirror plane and C3z

rotational symmetry. The band crossings in γ -Nb4N3 along
�-X are represented by �6 and �7 [Figs. 4(e) and 4(k)] and

are protected by the C4 rotational symmetry. Furthermore, the
band crossings along �-X in β ′-Nb4N5 belong to the IRs �6

and �7 [Figs. 4(f) and 4(l)] and protected by the C4 symmetry.
All the other band crossings become gapped out when SOC is
included. Overall, there exist ungapped band crossings in the
relativistic band structures along �-A for β3-Nb2N [Figs. 4(c),
4(h) and 4(i)] and along �-X for both γ -Nb4N3 [Figs. 4(e)
and 4(k)] and β ′-Nb4N5 [Figs. 4(f) and 4(l)]. This demon-
strates that Nb-rich β3-Nb2N, γ -Nb4N3, and N-rich β ′-Nb4N5

are topological metals. Importantly, all these three structures
have both time-reversal (T ) symmetry and inversion (P) sym-
metry and hence each energy band is twofold degenerate.
Therefore, the band crossings are fourfold Dirac points (DP).
In particular, the DPs in Nb-rich β3-Nb2N and γ -Nb4N3

are conventional type I whereas in N-rich β ′-Nb4N5, the
DPs are of type II because the slopes of the two crossing bands
have the same sign. Finally, Fig. 4(k) shows that in γ -Nb4N3,
the band crossing is just 0.2 eV below the Fermi level, which
could be easily reached by a small amount of hole-doping via,
e.g., substituting some Nb atoms with Zr atoms.

C. Lattice dynamics and specific heat

The calculated phonon dispersion relations and phonon
DOS spectra of all the considered niobium nitrides are
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FIG. 5. Phonon dispersion relations, phonon DOS, Eliashberg
function α2F (ω) and λ(ω) of β1-Nb2N (a)–(c), β2-Nb2N (d)–(f),
β3-Nb2N (g)–(i) and β4-Nb2N (j)–(l).

presented in Figs. 5 and 6. First, the absence of any imaginary
frequencies in the phonon dispersion relations throughout the
Brillouin zone shows the dynamical stability of the niobium
nitride structures, even although some of them are not the
ground state structures (Table II). There are no experimen-
tal data available on the phonon dispersion relations of the
considered nitrides. Second, Figs. 5 and 6 indicate that the
phonon dispersions exhibit a large gap between the Nb atom
dominated low-energy modes and the N atom dominated
high-energy modes. This is due to the large mass difference
between the light N atoms and the heavier Nb atoms. Further-
more, a significant mixing of low-lying optical modes with
the acoustic modes exists, suggesting that a strong bonding
between the Nb and the N atoms.

The calculated phonon DOS is used to obtain the specific
heat [Cv (T )] with the formula [79]

Cv (T ) = γ T +
∫

dω
(h̄ω)2

(kBT )2

g(ω)eh̄ω/kBT

(e(h̄ω/kBT ) − 1)2
= γ T + βT 3,

(5)

FIG. 6. Phonon dispersion, phonon DOS, Eliashberg function
α2F (ω) and λ(ω) of γ -Nb4N3 (a)–(c) and β ′-Nb4N5 (d)–(f).

where the first and second terms are, respectively, the elec-
tron and phonon contributions to the specific heat. Here γ =
π2

3 k2
BN (EF ) is Sommerfeld coefficient [80] which is propor-

tional to the electron DOS at EF , kB is Boltzmann constant
and g(ω) is phonon DOS. To estimate the coefficient β of the
phonon contribution at low temperatures, we first calculate
Cv (T ) as a function of temperature between 4 and 9 K. The
calculated Cv (T ) is then plotted as Cv

T vs T 2 and fitted to Cv

T =
γ + βT 2. The resulting values of γ and β for the considered
niobium nitrides are listed in Table IV. Since γ is proportional
to N (EF ), β1-Nb2N and β ′-Nb4N5 possess the lowest and
highest values of γ among the niobium nitrides, respectively.
There are no experimental γ data available to compare with.
However, if we incorporate the electron-phonon coupling (λ),
the electron specific heat γ takes the form of γexp

γth
= 1 + λ.

Thus, we can expect that γexp

γth
> 1. Finally, the values of β

are used to calculate the Debye temperature �D by using the
relation [79] �D = ( 12π4NAnkB

5β
)

1
3 , where NA is the Avagadro’s

number and n is the number of atoms per formula unit. In
Table IV, we list the calculated values of �D for the niobium
nitride structures. Among the niobium nitrides, β3-Nb2N pos-
sess the largest �D, which is expected because of its smallest
value of β. Only the experimental �D value for β4-Nb2N
has been reported, which agrees well with the calculated �D

value but is only half of the �e
D value estimated using the

calculated elastic constants (see Tables III and IV). We notice
that the �D obtained from the specific heat is generally about
50% smaller than that (�e

D) (Table IV). This discrepancy may
be due to the fact that the �D calculated by fitting the low-
temperature specific heat which is more appropriate for single
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crystals, whereas �e
D obtained from the elastic constants is

more suitable for polycrystalline systems. We also note that
this kind of discrepancy was reported before, e.g., for TiSi2

where �e
D of 788 K estimated from the elastic constants is

over 50% higher than �D of 510 K obtained from the specific
heat measurements at low temperatures [81].

D. Electron-phonon coupling and superconductivity

We display in Figs. 5 and 6 the calculated α2F (ω) and
λ(ω) of the studied niobium nitrides. Equation (2) indicates
that α2F (ω) is essentially the phonon DOS spectrum modu-
lated by the electron-phonon interaction matrix element γq j

divided by the phonon frequency ωq j . As a result, the α2F (ω)
spectrum for each structure roughly follows the corresponding
phonon DOS spectrum (see Figs. 5 and 6). Therefore, the
contribution from the acoustic and low energy lying optical
phonon bands to the α2F (ω) may become dominant. This
is evident by the existence of large peaks in the α2F (ω)
spectrum. Interestingly, among the β-Nb2N structures, the
magnitude of α2F (ω) is highest in the β2-Nb2N [Fig. 5(f)]
and lowest for β1-Nb2N [5(c)]. For tetragonal structures,
α2F (ω) of β ′-Nb4N5 shows the larger peaks than for γ -Nb4N3

[Figs. 6(f) and 6(c)]. Overall, the magnitude of α2F (ω) is
highest for β ′-Nb4N5 and lowest for β1-Nb2N. Note that the
strength of the electron-phonon coupling (λ) is given by an
integral of Eliashberg function α2F (ω) divided by phonon
frequency ω over the entire phonon frequency range (Eq. 1).
This results in the lowest value of λ (0.36) for β1-Nb2N
and highest λ (0.92) for β ′-Nb4N5. In Table IV, we list the
calculated λ values for all the niobium nitrides. Clearly, the λ

value (0.92) of β ′-Nb4N5 is much larger than that of γ -Nb4N3

(0.58), β3-Nb2N (0.47), β2-Nb2N (0.57) and β1-Nb2N (0.36).
Furthermore, the calculated λ(ω) spectra displayed in Figs. 5
and 6, indicate that the Nb atoms have the dominant contri-
bution to λ. Specifically, the contributions from the Nb atoms
and N atoms to the total λ are as follows: Nb 89% and N
11% for β1-Nb2N, Nb 86% and N 14% for β2-Nb2N, Nb 68%
and N 34% for β3-Nb2N, Nb 87% and N 13% for β4-Nb2N,
Nb 83% and N 17% for γ -Nb4N3, Nb 80% and N 20% for
β ′-Nb4N5. In particular, Fig. 6(f) indicates that in β ′-Nb4N5,
the integrated λ(ω) already reaches to 0.75 when ω rises just
above the Nb dominated phonon bands, thus resulting in the
largest total λ and hence the highest Tc among the studied
nitrides.

As mentioned already in Sec. I, the experimental studies
[4,5,28–30] on the superconducting properties of β-Nb2N so
far have reported conflicting results. Gavaler et al. [4] reported
the formation of hexagonal β-Nb2N in a thin film using the
x-ray diffraction data with some additional peaks which were
not indexed, and also a Tc of 8.6 K in the thin films. In addi-
tion, they also reported another film which has mixed phases
of hexagonal β-Nb2N and cubic-NbN with a Tc of 12.1 K
[1]. Skokan et al. [5] reported that the thin films of mixed
phases of cubic-NbN and hexagonal β-Nb2N exhibit two step
resistance drop at 9 and at 2 K. Gajar et al. [28] reported the
transformation of Nb into hexagonal β-Nb2N which becomes
superconducting below 1 K only. However, Kalal et al. [30] re-
cently reported that the hexagonal β-Nb2N (P63/mmc) films

have rather strong electron-phonon interaction (λ = 0.54) with
a Tc of 4.74 K.

As mentioned before, four crystalline structures (see
Fig. 1) have been reported for the β-phase Nb2N
[33,35,41,42]. This is quite unlike other niobium nitrides
with different Nb/N ratios. For example, different struc-
tures of NbN were labeled as different phases (one structure,
one phase) (see Table I). Since the physical properties of
a solid depend significantly on the crystalline structure, the
contradicting superconductivity reported for β-Nb2N could
certainly be attributed to the fact that β-Nb2N has several
different structures. This has motivated us to carry out this
ab initio theoretical study on the superconducting properties
of β-Nb2N in all four reported structures.

By using Allen-Dynes formula [Eq. (3)] and the calcu-
lated λ as well as the other phonon and electron parameters,
we estimate the Tc values for all the considered nitrides, as
listed in Table IV. First of all, we notice that the calculated
Tc values for γ -Nb4N3 (8.48 K) and β ′-Nb4N5 (15.3 K)
agree rather well with the corresponding experimental values
[17,29,36,37] (see Table IV). Second, different structures of
β-Nb2N indeed have rather different Tc values, ranging from
∼0.6 to 6.1 K (Table IV). The calculated Tc of β2-Nb2N
(P3̄m1) (6.1 K) is larger than β3-Nb2N (P63mmc) (3.9 K),
β4-Nb2N (Pnnm) (2.6 K) and β1-Nb2N ( P3̄ 1m) (0.6 K).
These results clearly demonstrate that further experiments
measuring the superconductivity and crystalline structure si-
multaneously on the same sample would be needed to clarify
the current confusing experimental results for β-Nb2N.

It is useful to find connections between the supercon-
ductivity and other physical properties of the nitrides. This
could be helped by McMillan-Hopfield formula [67] λ =
[ N (EF )

〈ω2〉 ]�i(
〈I2〉i

Mi
) where 〈I2〉i is the square of the electron-

phonon coupling matrix element averaged over the Fermi
surface and Mi is the atomic mass of ith atom. Also,
〈ω2〉≈ 0.5�2

D. Clearly, this indicates that λ and hence, Tc

would depend on N (EF ) and would be relatively large for
the electronic bands with a high DOS near the Fermi energy.
The calculated DOS spectra shown in Fig. 3, indicate that the
Nb d-states dominate the DOS near EF for all the structures,
and therefore would make major contributions to the electron-
phonon coupling and superconductivity. Thus, the calculated
N (EF ) per Nb atom for the considered nitrides are listed in
Table IV. As can be seen from Table IV, for the considered
nitrides, roughly, λ and Tc are larger with larger N (EF ) and
smaller �D. For example, δ-NbN has the largest λ, Tc and
N (EF ) but the smallest �D (Table IV).

IV. CONCLUSION

By performing systematic ab initio calculations based on
the DFT and DFPT, we have investigated the superconductiv-
ity, electronic, and phononic band structures, electron-phonon
coupling and elastic constants of all four reported structures
of β-Nb2N as well as Nb-rich γ -Nb4N3 and N-rich β ′-Nb4N5.
First, all four structures of β-Nb2N are found to be supercon-
ductors with Tc ranging from 0.6 K to 6.1 K, depending on
their structure (Table IV). This finding thus clarifies the long
standing confusion that although Nb2N was labeled as the
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single β phase, contradicting Tc values for β-Nb2N have been
reported in previous experiments. Interestingly, γ -Nb4N3 and
β ′-Nb4N5 are predicted to be superconductors with rather high
Tc of 8.5 K and 15.3 K, respectively. Second, all the calcu-
lated elastic constants and phonon frequencies are positive
and also satisfy the necessary and sufficient elastic stability
conditions [71,72], thereby showing that all the considered
niobium nitride structures are mechanically and dynamically
stable. This suggests that although only β1-Nb2N is found to
be the ground state, the other three structures of β-Nb2N could
be grown in, e.g., the β-Nb2N films. Furthermore, the calcu-
lated elastic moduli show that all the niobium nitrides are hard
materials with bulk moduli and hardness being comparable
to or even larger than the well-known hard sapphire. Third,
the calculated electronic band structures reveal that β3-Nb2N,
γ -Nb4N3 and β ′-Nb4N5 are topological metals. Specifically,
β3-Nb2N and γ -Nb4N3 possess type-I Dirac nodal points
whereas β ′-Nb4N5 has type-II Dirac points. Finally, the cal-
culated electron-phonon coupling strength, superconductivity

and mechanical property of the niobium nitrides are discussed
in terms of their underlying electronic structures and also De-
bye temperatures. For example, that β ′-Nb4N5 has the largest
λ and highest Tc among the considered niobium nitrides, could
be attributed to its largest DOS at EF . All these interest-
ing findings indicate that β-Nb2N, γ -Nb4N3 and β ′-Nb4N5

are hard superconductors with nontrivial band topology and
are promising materials for studying fascinating phenomena
arising from the interplay of hardness, superconductivity and
nontrivial band topology.
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