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We investigate the pseudo-Hermitian properties of a ferromagnet|normal-metal|ferromagnet heterojunction,
where the two ferromagnets are subjected to two independently tuned magnetic fields and dissipatively coupled
with one another through the ultrathin normal-metal film. The three-dimensional parameter space constituted
by functions of the Gilbert damping, the enhanced damping, and the effective magnetic fields enables us to
obtain the two-dimensional pseudo-Hermitian regions with different phases and an exceptional line. We find
that the coalescence of two spectra occurs in one of the pseudo-Hermitian phases. Furthermore, the spin-wave
excitation is highly enhanced on the exceptional line via a small circularly polarized microwave driving and
the spin transfer torque induced negative Gilbert damping. Particularly, the intensity of spin-wave excitations in
two subsystems could be imbalanced and adjustable to show a certain ratio through anti-parity-time (anti-P7’)
symmetry breaking. Through anti-P7T symmetry breaking, additional degrees of freedom will be generated.
The method for imbalanced excitation of particles at exceptional points is also applicable to other dissipatively

coupled physical systems.
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I. INTRODUCTION

In recent years, non-Hermitian physics [1-4] has attracted
considerable attention for its unprecedented phenomena
and applications in optical systems [5—14], superconducting
qubits [15-23], magnon-cavity systems [24-34], molecules
[35-38], and other hybrid systems. Non-Hermitian systems
usually have complex spectra and bi-orthogonal bases, how-
ever, some of them have real spectra when certain parameters
are satisfied. As early as 1966, it was discovered that non-
Hermitian systems have a unique real energy spectrum on
the exceptional points (EPs) [39,40]. In the last two decades,
PT symmetry theories have been proposed to explain the
real spectra in coherent coupled (the off-diagonal coupling
terms are real and positive) non-Hermitian systems [41-43].
Subsequently, more general concepts known as pseudo-
Hermiticity (Hn~' = H' in which 7 is a Hermitian invertible
operator) associated with real eigenvalues and diverse sym-
metries [described as [U, H] =0 ({U, H} = 0) where U is a
(anti-)unitary operator] have been revealed [44—46] in both
coherent coupled and dissipative coupled [12,24,28-31,47]
(the off-diagonal coupling terms has imaginary parts) non-
Hermitian systems. The EP is included in the concept of
pseudo-Hermiticity as a special situation when the two real
spectra are coalescent. Recent studies have indicated that, in
some particular systems, EPs can even form an exceptional
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line (EL) or an exceptional surface (ES) [33,48] creating an
adequate range of parameter adjustment.

The dynamic exchange coupling of spin waves in the
ferromagnet|normal-metal|ferromagnet (F|N|F) heterojunc-
tion driven by external fields [49-52] is an important system
in spintronics. Since the wavelength of spin waves is as
low as nanometers [53,54], the properties of the F|N|F
spin-pumping system, such as the synchronicity and the
enhancement of spin-wave excitation at the EPs have the
potential to make it a good candidate for nanoscale quan-
tum devices [55-57]. As the first dissipative coupled system
realized in spintronics [Heinrich, Tserkovnyak, Woltersdorf,
Brataas, Urban, and Bauer (2003); Tserkovnyak, Brataas,
Bauer. (2002)], the system is usually described by the
widely studied coupled Landau-Lifshitz-Gilbert (LLG) equa-
tions [50,58,59]. So far, there has been no investigation
into the theoretical characterization of its pseudo-Hermiticity.
Thus, we propose a scheme for analyzing the non-Hermitian
properties, especially the pseudo-Hermiticity of the system.
The non-Hermitian Hamiltonian of the F|N|F spin-pumping
system is constructed with a complete symmetry analysis
and phase identifications of states in the three-dimensional
(3D) parameter space. The 3D parameter space composed
of Gilbert damping, enhanced damping [58], and effective
fields enables us to obtain the two-dimensional (2D) pseudo-
Hermitian planes containing an EL. In our analysis, the spin
pumping manifests as a dissipative coupling through dynamic
exchange interaction, resulting in the coalescence [34,60-
67] of energy levels in one of the pseudo-Hermitian phase.

©2023 American Physical Society


https://orcid.org/0000-0003-2002-7510
https://orcid.org/0000-0003-4383-4745
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.108.064428&domain=pdf&date_stamp=2023-08-24
https://doi.org/10.1103/PhysRevB.108.064428

PAN, GRIGORYAN, YANG, AND XIA

PHYSICAL REVIEW B 108, 064428 (2023)

3

FIG. 1. The schematic picture of the system. The precession
of spins in ferromagnetic films F; and F, occurs under the ef-
fective magnetic fields (green arrows). The precessing magnetic
moment (lilac arrows in F;) of spins from one ferromagnet pumps
a negative damping torque oca/m; x my (short blue arrow in
F}) into the normal metal N which finally redistributed in both
ferromagnets.

We find that the endpoints of the level coalescence (the re-
gion with collective dynamics) are EPs which form an EL in
the pseudo-Hermitian phase plane with enhanced spin-wave
excitations when negative Gilbert damping is induced. Partic-
ularly, the spin-wave excitation of two ferromagnets can be
regulated unequally by enhanced damping-induced anti-PT
symmetry breaking, while in previous times, people usually
paid attention to the dynamic properties of states with unrec-
ognized anti-PT symmetry. The pseudo-Hermitian analysis
allows us to see the full picture of dynamics of the F|N|F
spin-pumping system. Our analysis may also gain insight
into relevant experiments [24,50,56,68,69] through the non-
Hermitian analysis.

II. MODELING

We study the F|N|F structure in which two ferromagnetic
films are driven by two magnetic fields, respectively, and

J
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We consider a general case when «; are positive or
negative [the negative damping can be achieved by elec-
trically [71-73] or thermally [74,75] induced spin transfer
torque (STT)], while «; are positive, |o;], o] < 1, wjws > 0,
lw; — ws]/|wi| < 107!, Based on the above assumptions, we
construct the Hamiltonian of the system as

w1 + (a1 + a))wi —iojwy
H= e b it b o)
10,1 (©)) IA%) oy )W)

H-T1®w~Q, 0 3)

coupled through a middle normal-metal layer. The schematic
picture of the system is depicted in Fig. 1. Here, we focus
on purely dissipative coupling in a collinear magnetic equi-
librium configuration with small-angle excitations. On the
typical timescales for electron transfer over the spacer, the
magnetization dynamics are slow [50,59] due to the rela-
tively thin N layer. The thickness for F; represented by d;
should be thicker than transverse-spin coherence length A,
but thinner than A/J in which A is the magnetic bulk exchange
stiffness and J is the Heisenberg coupling constant. Thus,
F; can completely absorb transverse spin currents [50,59].
The thickness for N should be thinner than the electron
mean-free path to guarantee the ballistic electron motion,
but thick enough to suppress the Ruderman-Kittel-Kasuya-
Yosida (RKKY), pin-hole, and Néel-type magnetostatic
interactions [50,54].

We start from the dynamic equations of the magnetization
directions m; described by coupled LLG equations [50]:

dm; Jm; dm;
p v <Hef'f,i + Ms,idi> +om; X —=
+oﬂ<m,~ X am; —m; x dﬁ)
’ dt P de
i, j=12, i#], @8

with spin-orbit interaction induced Gilbert damping for a
single ferromagnet given by «; [59] and enhanced damping
[58,59,70] given by o characterizing the intensity of dy-
namic exchange interactions between two ferromagnets. ) =
yihg™ /(8m ;i) [59], where g't is the dimensionless mixing
conductance of the F/N interfaces, u; is the total magnetic
moment of F; which scales linearly with the volume of F;. We
take Hcg ; as magnetic-anisotropy-dependent effective driving
fields acting on F;. The static coupling term Jm;/M ;d; to-
gether with H; determines effective fields experienced by
the ferromagnets. The saturated magnetization for F; is M ;,
and the gyromagnetic ratios are y;.

Setting m; ~ 2 + m;, e~™, where m;, e~ denotes small
deviations with precession frequency w of the magnetization
direction from its equilibrium value Z, the linearized dynamic
equations read

—v —id'w
L ) @)

Wy + vy +ionw + ithw — w

(

where we take into account v; = 0 due to the short-range
nature of static coupling compared with dynamic exchange
interaction when the thickness of N spacers is thick enough to
weaken the static coupling but still thinner than the electron
mean-free path [50,59] (the electron mean-free path of Ag,
Cu, Au, Al is 53.3, 39.9, 37.7, 18.9 nm, respectively [76]),
see the Supplemental Material [77] for the situation when
the thickness of N spacers is thin enough so that the static
coupling is sizable. The spectral matching of Eqgs. (1) and (3)
is also provided in the Supplemental Material [77]. By set-
ting A = (01 — @2)/2, x = [(a1 + apw; — (a2 + a))w,]/2,
& = —ajajwiw; (in our system, ¢ < 0 because of wjw, > 0,
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FIG. 2. Simulation of the real and imaginary part of energy levels as a function of «,, w,/w; with different o, and «; according to Eq. (5).
Level coalescence occurs when (o) 4 a))w; — (a2 + 3w, = 0 (i.e., x = 0). The coalescent length conforms to A, =~ 4,/ajc.

o) > 0), Eq. (3) reduces to
H=H)+1® [(w1 +@)/2+iA]
A+ixy —idawn
Hy = ( » ) )
—lywp  —A—iy

with A = [(a) + oo + (a2 + a))w2]/2 being the global
damping of the overall system, I is the 2 x 2 identity matrix.
The eigenvalues of H read

0=%VA2— x2 4+ 2Ax + (0 +02)/2+iA. (5)

III. LEVEL ATTRACTION, COALESCENT LENGTH,
PSEUDO-HERMITICITY, AND SYMMETRIES

We first recall the dynamic collective behavior in the sys-
tem by focusing on the effects of «; and o on spectrum
attraction. From Eq. (4), the coupling terms —iojw, and
—iobw; are imaginary, leading to a purely dissipative cou-
pling between F;. We depict the real (imaginary) component
Re(w)/w; (Im(w)/w;) of the spectrum as a function of «y,
wy/w; with distinct o, o in Fig. 2. From Eq. (5), the level
coalescence (for the real part of spectrum) occurs when

Ax =0, (6)

A2 — x24+£<0, (7

which  results in Re(w)= (w; +wy)/2, Im(w)=
(=A% + 5?2 — )2+ [(a1 + o)y + (a2 + o))w2]/2.
The coalescence of energy levels discussed in this
section refers to the same real part and different imaginary
part, except for exceptional points which has the same
real part and imaginary part, as indicated in Fig. 2(a).
By comparing the subplots, when x =0, namely,
(o1 + awi — (a2 + ah)wy = 0, the level attraction is most
obvious; while A = 0 (w; = w,) has no level coalescence on
the degree of w,/w;. The coalescent length (the length of the
section where the real parts of energy levels are equal, i.e.,
the distance between the two EPs in the subplots) of spectrum
follows the rule (see Supplemental Material [77] for detailed
derivations)

Ae 4 Jaqa), ®)

as indicated in Fig. 2 by the coalescent part of the yellow lines.
The synchronization efficiency of the system can be controlled
by adjusting o].

Ignoring the scalar matrix part, the essence of H depends
on the pseudo-Hermiticity and symmetry of Hy. The eigen-
value of Hj reads

wo =+ A2 — x2 + &+ 2iAy. )

As a 2D non-Hermitian Hamiltonian with discrete spectra
and a complete bi-orthogonal system of eigenbases, H is
pseudo-Hermitian if and only if its spectrum is either real or
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TABLE I. (Anti-)Pseudo-Hermiticities, symmetries, and EL of H, in the pseudo-Hermitian regions. 7., n_ represent pseudo-Hermitian

and anti-pseudo-Hermitian metrics, respectively.

Condition (Anti-)pseudo-Hermiticity Symmetry

Exceptional line

Phase 1 Phase 2 (Anti-)PT symmetry condition

Anti-pseudo-Hermiticity ~ Anti-TRS' symmetry

Anti-PT symmetry

x=0 n-Hon~' = —H,, T_HIT~! = —H,, A’+e=0 A’4+e>0 A’+e<0 {PT,Hy} =0, P = oy,

(e <0) n_ = oy T =o0,T for o\ w, = dhw;
Pseudo-Hermiticity TRS' symmetry

A=0 n+Hon:' = H{, T H{T ' = Ho, None None All None

(e <0) Ny =oy T, =o,T

complex-conjugate pairs [46,78—80]. Thus, from Eq. (9), the
conditions for Hy to be pseudo-Hermitian is

2xA = 0. (10)

For x = 0or A = 0, the real part in the square root of Eq. (9)
determines whether wy is real (to be called “phase 1" through-
out this work) or complex-conjugate pairs (to be called “phase
27):

AZ—X2+8>O:>phase1,
A% — x? + & < 0 = phase 2. (11)

The implications of A =0 and x = 0 in Eq. (1) are as fol-
lows: for A = 0, it means —yimp X Heff’] = —)ymp X Heffqz,
indicating the equatability of pressing torques; for x =0,
it means (o; + op)my X dm; /dt = (o + of)my X dmy/dt,
implying the balance of damping torques in both subsystems
(notice that |m; x dm;/dt| o |dm;/dt| < w; for small o; ;
and o], i)

For A =0, the Hamiltonian holds TRST symmetry (see
Table I), and the spectrum is always complex-conjugate pairs
because ¢ < 0, therefore, there is no phase transition in the
A =0 plane. For y =0, the Hamiltonian holds anti-TRS'
symmetry, and the phase transition is shown in Fig. 3(a),
where the pseudo-Hermitian phase 1 (phase 2) are shown by
yellow (blue), and the red line between them denotes the EL.
We show the real and imaginary components of the spectrum
for x = 0in Figs. 3(b) and 3(c).

H, is n-pseudo-Hermitian when it satisfies Eq. (10), where
the metric  does not have to be unique [81]. In phase 1, Hy

(@ o (b)

0001 Phase 1
-0.002
0003 EL

p— . ©

1

satisfies nHon™" = HJ , and one of the expressions of 7 is

n= (DD,
—XHA—i/T  —x+iA+IJT
D= ayw o) ,
1 1
T = A" — 2 +2iAx — ajdbwi o, (12)

with D being the diagonalizing matrix for Hy. In phase 2, Hy
satisfies HHyH ™! = HOT , one of the forms of the metric 7 is

i = (Do,D") . (13)

For simplicity, we use Pauli matrix to describe the
(anti-)pseudo-Hermiticity and the corresponding (anti-)TRS'
symmetry [78] for x = 0 and A = 0, respectively, as shown
in Table I. The (anti-)TRS™ symmetry also gives rise to (anti-
YPT symmetry [46,81] (where P =0, and T = Ky, Ky is
the complex-conjugation operator) with |ojw,| = |ejw | (itis
ojwy = ahw; in our system resulted in anti-P7 symmetry)
being a special case.

IV. EQUALLY (UNEQUALLY) ENHANCED SPIN-WAVE
EXCITATION ON THE EXCEPTIONAL LINE WITH
ANTI-PT SYMMETRY UNBROKEN (BROKEN)

As indicated in the last section, the EL acts as a dividing
line between the pseudo-Hermitian phase 1 and phase 2. Dis-
crete spectra of an n-pseudo-Hermitian Hamiltonian would
merge into one at EL for both real and imaginary parts. Unlike
the general degenerate points, the eigenstates of the two levels
become one at the EP (EL). Thus, physical properties are
usually more sensitive to the parameter changes at EP (EL)

0004
€ -0005
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-0.006

Re(e,)

-0007

-0.008
-0.009

004 0,05 0 0.05 0.1
A

-06 08
€

FIG. 3. (a) Pseudo-Hermitian phase diagram for x = O: phase 1 (blue), phase 2 (yellow), EL (red). The (b) real and (c) imaginary parts of

the spectrum for x =0
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FIG. 4. The Petermann factor PF,, PF_ near EL, evaluated at
[A] = 0.05, |ojws| & |ahw|. § = A% + ¢ denotes the difference be-
tween the calculated state and EL in x = O plane.

[6,82—84]. In our system, the EL reads

A’+e=0 x=0, (14)

where the detuning equals to the enhanced damping in order
of magnitude, resulting in a full compensation mechanism.
Now, we focus on the physical properties of the pseudo-
Hermitian states near EL.

For x = 0, Hy becomes

where
(@L1o%) = (9" 19%) =0,

5@ 1ok ) (@R
+ ~I
(¢hlof)

(BL19%)
The two eigenstates becomes self-orthogonal on EL:
(¢4 1¢R) [e= 0. To characterize the properties near EL,
we calculate the Petermann factor (a measure of non-
orthogonality, which so far has been shown to diverge at
the EPs of optical systems [84,85], and we find that its
mathematical expression is also applicable to non-Hermitian
spin-wave systems), i.e., the excess spontaneous emission fac-

tor [84,86,87] of the system

(@hloL) (@R IpR)
PFp = —————F———, 18
* [(PL|pR)|? (18)

as a function of § = A2 + ¢, where & describes the “distance”
of the state from EL in the x = O plane. The result is shown
in Fig. 4, where PF. diverges at EL (the § = O point). The
divergence of Petermann factor is usually associated with the
enhanced excitations of particles [84,85,88]. Upon discover-
ing the EL, we regress the analysis of pseudo-Hermiticity
and symmetries of Hy to the entire dynamics of the system.

arn

A —iajw, Thus, we calculate m;; as a function of precession frequency
Holy=0 = | _ iohw, A ) (15) by introducing a small circularly polarized resonance field
) ) ) ) hie'" into F;. The effective magnetic fields becomes Heg; +
with the bi-orthogonal basis being h;e”™", and the dynamic equations becomes
iAEiVA te
R A miL —vih
%) = %01 , Q = ) (19)
1 my —V2m2
. —iAFi(VATTe) We plot the corresponding resonance in Fig. 5, for states at
l¢3) = ajen , (16)  EP, phase 1 and phase 2, respectively, by slightly different
1 w1 = 1.08, 1.1, 1.12, when other parameters are identical.
(a) 014 (b) 010 (c) 010
0.12 + EP 0.08 + Phase 1 0.08 + Phase 2
__0.10 [mi, 1 anti-PT (s anti-PT [ anti-PT
- . i H4 -
Joos===Imai| & unbroken I unbroken unbroken oy o+
£ o006 :! £ oo £ om e
0.04 H
0.02 ’ 0.02
0.02 "l II‘.. 4"'“‘“ A k- - - - - )
0.95 1.00 1.05 0.95 1.00 1.05 0.95 1.00 1.05
w w w € 3 EL
Phase 2
(d) 035 (e) 012 (f) 012 3
0o +ep 00 #Phase1  O7° + Phase 2
jOIZO anti-PT jO 08 anti-PT = 0.08 anti-PT _(;_02 20.01 0 0.01 0.02
20 broken =006 broken = 006 broken A
£0.15 = 3
_0.10 0.04 0.04
0.05 ""‘ 0.02 "“-‘ 0.02 PA
0.95 1.00 1.05 0.95 1.00 1.05 0.95 1.00 1.05
w w w

FIG. 5. The perpendicular component of magnetization direction |m; | as a function of frequency of the circularly polarized resonance
field w when resonance occurs. Panels (a)—(c) describe the situations when o/jw, /ayw; = 1 (anti-PT symmetry unbroken): (a) Resonance at an
EP (w; = 1.01). (b) Resonance at phase 1 (w; = 1.012). (c) Resonance at phase 2 (w; = 1.008), with the same w, = 0.99, o} = 0.0101, &} =
0.0099, &; = —0.9¢}, y;h; = 107 for panels (a)—(c). Panels (d)—~(f) describe the cases when o/ w, /ayw; = 10 (anti-PT symmetry broken), with
the same w;, y;h; as in panels (a)—(c) but of = 0.0319, o; = 0.0031, oy = —0.0309, o, = —0.0021. The above parameter settings satisfy y >~ 0
(pseudo-Hermitian), and a global damping of i./A = 0.001 is induced in all six modes. Here, (a), (d) § = 0; (b), (e) § = 4.4 x 1073; (c), (f)
8 = —3.6 x 1073 determines the different phases of these states, which we mark by purple, dark-green, and blue signs in the pseudo-Hermitian

(x = 0) phase diagram (g), respectively.
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anti-PT
unbroken |

FIG. 6. The perpendicular components of magnetization di-
rection |my | (left) and |m, | (right) as functions of w,/w;
and w/w, when ¢ = —107*, y;h;/w; = 107>, (a) ajwyfabw; =1
(anti-PT symmetry unbroken), o} = 0.01/w,, o5 = 0.01/w;, o; =
—0.9a!. (b) ajw;/ajw; =10 (anti-PT symmetry broken), of =
(0.01/w2)2/10, o = (0.01/w1)V/10, o) = —a, +0.001 /ey, oy =
—a) 4+ 0.001/w;.

A small global damping iA is induced in all cases in order
to conform to actual possible interferences. Here we have
introduce a negative Gilbert damping (o; < 0) to ensure a
small enough iA4 when x =0, which can be realized via
STT. From Figs. 5(a)-5(c), the response is grossly sensitive
to slightly adjustment of w;, and the spin-wave excitation is
enhanced at EPs. Possible applications of this result are, for
example, high-sensitivity sensors for magnetic-field fluctua-
tion, coherent perfect absorption of spin waves, detection of
weak electromagnetic signals, magnon generators with stable
frequency and extremely narrow linewidths in quantum cir-
cuits, magnetic-field-controlled binary signal switching, etc.
A more intriguing result can be obtained by compar-
ing Figs. 5(a)-5(c) with Figs. 5(d)-5(f): The system holds
anti-PT symmetry for ojw, = ajwy, |mi 1|/|my | =1 as
shown in Figs. 5(a)-5(c), while the anti-P7 symmetry is
broken for ajws # ajwi, |my 1|/|my 1| # 1 as shown in
Figs. 5(d)-5(f). The perpendicular (to Hes;) component

of magnetization direction |m; ;| which characterize the
intensity of the spin-wave excitation follows the rule
that [my 1 |/|mo 1| = \/ojwr /i for small-angle excitations
around EL. By adjusting the ratio of «| and «] properly, the
spin-wave excitation can be imbalanced in the two subsys-
tems, or even occurs only in one of the ferromagnets when
oo — oo.

Figure 6 shows |m; | as a function of w;/w; and w/w
when the state changes along the doted line in Fig. 5(g), for
anti-P7T symmetry unbroken case and the anti-P7T symmetry
broken case, respectively. The anti-P7 symmetry unbroken
case in Fig. 6(a) and the anti-P7 symmetry broken case in
Fig. 6(b) have the same energy level but different excitation
status. This result can be applied to the distribution and am-
plification of monochromatic spin-wave signals.

Although only two EPs are selected for discussions, the EL
can provide a wide range of parameter adjustment in experi-
ments. Experimentally, ! can be adjusted through changing
d;, the F/N interface area, and the material, to achieve dif-
ferent EPs, where the state only needs to satisfy Eq. (14). A
feasible plan is to first determine «; of the system, and then
adjust Hegr; and o; as necessary.

V. CONCLUDING REMARKS

In summary, we have study the pseudo-Hermitian prop-
erties of a two-tone driving F|N|F system. The geometric
property of spectra and the status of spin-wave excitation can
be characterized by pseudo-Hermiticity phase and symmetry
of the Hamiltonian. The EL appears between the two phases
of the pseudo-Hermitian region with divergently enhanced
spin-wave excitation when the negative Gilbert damping is
induced. In particular, anti-PT symmetry unbroken (broken)
of the Hamiltonian can result in equally (unequally) spin-wave
excitation in two ferromagnets. The results possess an innate
physical essence which has the potential to be applied to other
physical systems.
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