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Magnon energy renormalization in yttrium iron garnet
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Yttrium iron garnet (YIG) has been a prototype material for the study of the basic physics in magnonic and a
key material for spintronics and some technological applications. For this reason, its detailed characterization is
crucial for a more complete knowledge of its properties and for the understanding of phenomena in which it is
involved. Here, we report a study of magnon energy renormalization on YIG utilizing Brillouin light-scattering
(BLS) technique to observe the temperature dependence of the acoustic magnon mode frequency. A numerical
calculation performed considering the magnon energy renormalization due to four-magnon exchange scattering
shows a quite good fit to the experimental data obtained with BLS.
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I. INTRODUCTION

The ferrimagnetic insulator yttrium iron garnet (Y3Fe5O12,
YIG) has played a key role in magnetism, mainly due to
its very low magnetic and acoustic losses and long spin-
lattice relaxation time. For several decades YIG has been
the prototype material for studies of the basic physics of
a variety of magnonic phenomena, such as spin-wave reso-
nances and relaxation [1–9], propagation and processing of
coherent magnon packets [6–11], microwave spin-wave insta-
bilities [1,2,9,12], solitons [13,14], nonlinear dynamics and
chaotic behavior [12,15,16], Bose-Einstein condensation of
magnons [17–19], cavity magnonics [20], among others. YIG
also has attracted technological attention for its possible use
in many devices, such as parametric microwave amplifiers
[1,21], variable delay lines [22], tunable microwave filters
[23], magnetic bubble memories [24], magneto-optical de-
vices [25], magnon transistor and logic gates [8,26], some of
which led to commercial products. In the last decade YIG has
gained tremendous attention as a key material in insulator-
based magnon spintronics for revealing unique features of
various effects, such as the spin-pumping and spin-Hall effects
[27–34], spin-Seebeck, spin-Peltier, and other thermal effects
[35–48], and spin-Hall magnetoresistance [49,50].

The theoretical interpretation of thermal properties and
dynamic magnetic phenomena requires detailed knowledge
of the magnetic excitations of the material. YIG has a com-
plex cubic crystal structure, with 20 magnetic ferric Fe3+

ions occupying two inequivalent positions in the conven-
tional body-centered cubic unit cell, with 12 pointing in one
direction and 8 in the opposite one, forming a ferrimag-
netic arrangement [4,51–54]. Thus, there are 20 spin-wave
modes, one of them corresponding to an excitation that has
all spins precessing in phase, which is called the acoustic
mode, in analogy to the elastic vibration modes. The other 19
modes have higher energies and are called optical modes. The
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acoustic mode behaves like spin waves in a ferromagnet, and
can be probed by microwave techniques and inelastic light
scattering only for wave numbers k � 5 × 105 cm−1. The full
dispersion relations over the whole Brillouin zone for all
magnon modes can only be measured by inelastic neutron-
scattering techniques. This was first done in YIG four decades
ago [52,53] and comparison with the calculated dispersions
[55,56] allowed determination of the exchange-interaction pa-
rameters between the spins. The initial measurements were
done with limited techniques that allowed measurements of
some but not all optical modes, so that only a few parameters
were determined. More recently, data obtained in a modern
neutron-scattering facility made possible the determination
of a larger number and more precise values of the exchange
parameters [54,57].

In the early calculations of the thermal magnetic properties
at low temperatures, YIG was treated as a ferromagnet with a
single, parabolic spin-wave dispersion [3,7]. Clearly, the cor-
rect calculation of the thermal magnetic properties at elevated
temperatures has to consider that the optical magnon mode
states are also populated. Such calculation has recently been
done for complex ferrimagnets by computing the atomistic
spin dynamics in the long (ergodic) time limit [58,59]. The
calculations consider the numerically determined dispersion
relations of all magnon modes and the results are in excellent
agreement with experimental data. However, calculations of
the thermal properties of YIG considering only the acoustic
magnon mode with an improved, nonparabolic, temperature-
dependent dispersion relation, give surprisingly good results
even at relatively high temperatures [9,45,60]. The advantage
of this approach compared to the sophisticated numerical
methods is that it is accessible to a broader audience.

In this paper we present a calculation of the magnon energy
renormalization based on the simple approach of Refs. [9,45]
considering only the acoustic magnon mode with an im-
proved, nonparabolic, dispersion relation. The results are used
to calculate the temperature dependence of the magnetization
in yttrium iron garnet and compare to the experimentally
measured values. We also present the temperature dependence
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of the low wave-number magnon frequency measured with
Brillouin light-scattering techniques and show that the data
are well explained by calculations considering the magnon
energy renormalization and the temperature dependence of the
magnetization

II. THEORY FOR THE MAGNON ENERGY
RENORMALIZATION

We consider the magnon system described by the Hamilto-
nian

H = E0 +
∑

k

h̄ ωkc†
kck + Hint, (1)

where the first term is a ground-state energy, the second term
represents a collection of independent boson excitations, in
which c†

k and ck are, respectively, the magnon creation and
annihilation operators, ωk is the frequency of a magnon with
wave number k, and the last term represents the interactions
of magnons among themselves and with other elementary ex-
citations in the crystal, such as phonons, electrons, plasmons,
etc. The magnon interactions are responsible for the scattering
processes that account for the magnon energy renormalization
and relaxation, or damping, and consequently for its finite
lifetime. In addition, they provide the means for the nonlinear
dynamic interactions among magnons and other excitations,
leading to very interesting phenomena [9,12]. For the renor-
malization of the magnon energies the important interaction
is the one describing four-magnon scattering due to the ex-
change interaction, given by [3,9]

H(4)
exc = zJ

4N

∑
k1,k2,
k3,k4

�(�k) [γ (�k1) + γ (�k2) + γ (�k3) + γ (�k4)

− 4γ (�k4 − �k1)] c†
k1

c†
k2

ck3 ck4 , (2)

where z is the number of nearest neighbors of a spin, N is
the number of spin in the crystal, J is the parameter of the
exchange interaction, and γ (�k) is the structure factor defined
by

γk = 1

z

∑
�δ

ei�k·�δ, (3)

where �δ denotes the vector connecting a spin to its z nearest
neighbors. Due to the 1/N factor in Eq. (2), the interaction
energy is much smaller than the free-magnon energy. How-
ever, magnons are bosons, and in thermal equilibrium they
have population given by the Bose-Einstein distribution:

〈nk〉 = 1

eh̄ωk/kBT − 1
, (4)

where kB is the Boltzmann constant and T the tempera-
ture. As the temperature increases and becomes a sizable
fraction of the Curie temperature, the number of magnons
increases and the magnon interaction becomes appreciable.
Thus, one effect of the increase in temperature is a change
in the magnon energy. The magnon energy renormalization
can be calculated by writing the four-magnon Hamiltonian
in Eq. (2) approximately in the quadratic form that contains
the energy correction. Consider the Hamiltonian (2) for only

two modes, the magnon of interest with wave vector �k and
another magnon �k′. Since �k and �k′ can be any of the four wave
vectors in Eq. (2), using the random-phase approximation,
c†

k′ck′ → 〈c†
k′ck′ 〉 = 〈nk′ 〉, we can write the Hamiltonian (2) as

H(4)
exc =

∑
k

h̄�ωk c†
kck, (5)

where

h̄�ωk = −2zJ

N

∑
k′

(1 + γk−k′ − γk − γk′ ) 〈nk′ 〉 (6)

is the energy renormalization of the k magnon due to the
four-magnon interaction. Notice that the random-phase ap-
proximation in a Hamiltonian for three-magnon interaction
does not lead to a form like Eq. (5), so that it does not
contribute to the energy renormalization [3,9]. For this reason,
we did not consider in Eqs. (5) and (6) the three-magnon inter-
action arising from the dipolar energy. Equation (6) shows that
as the temperature increases, the k magnon energy decreases
because the number of thermal magnons k’ increases. We shall
make calculations assuming a spherical Brillouin zone and
considering for the acoustic magnon branch the approximate
dispersion relation

ωk = ωZB

(
1 − cos

πk

2km

)
, (7)

where ωZB is the zone boundary frequency and km is the radius
of the spherical Brillouin zone. As shown in Refs. [9,45],
expression (7) represents quite well the dispersion relation
of the acoustic branch in YIG measured by inelastic neu-
tron scattering with ωZB/2π = 8 THz. Since the sphere is
an approximation to the actual Brillouin-zone boundary, km

can be considered an adjustable parameter, so as to provide
good fits of theory to experimental data. Replacing the sum
over wave vectors by an integral in k space in Eq. (6), using
2zJ = h̄ωZB/S, and considering a spherical Brillouin zone
with radius km, the change in energy of the k magnon becomes

h̄�ωk = h̄ωZB (kma)3

2π2S

∫ 1

0
q2 dq

(1 + γk−q − γk − γq)

ex − 1
, (8)

where x = h̄ωk/kBT is the normalized energy and q = k/km

is the normalized wave number, which varies from 0 to 1.
In order to obtain Eq. (8), the dependence of the integrand
on the angle between the wave vectors was neglected and
the integration on the polar and azimuthal angles was freely
evaluated. For each temperature the integral in (8) was evalu-
ated numerically by a discrete sum over a spherical Brillouin
zone, considering the unrenormalized frequencies given by
the dispersion relation in Eq. (7) and the corresponding ge-
ometric factor, and with the approximation γk−q = γkγq. The
numbers used for YIG are S = 5/2, ωZB/2π = 8.0 THz, and
kma = 3.0 (a is the lattice parameter), which are the values
that give a good fit of theory to the magnetization data, as will
be shown later.

In the first cycle of the evaluation of �ωk , the frequencies
and the Bose factors are calculated for each point k in the Bril-
louin zone without renormalization. In the following cycles
the Bose factors are calculated with the magnon frequencies
ωk (T ) = ωk (0) + �ωk , using �ωk from the previous cycle.
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FIG. 1. Acoustic magnon dispersion relations in YIG at various
temperatures, calculated with renormalization due to four-magnon
exchange scattering.

The process is repeated until the change in frequency at all
points is smaller than 0.1%. Figure 1 shows the calculated
dispersions for three temperatures. Note that the curve for
T = 0 K corresponds to the dispersion without magnon en-
ergy renormalization. From 0 to 300 K the zone-boundary
magnon frequency reduces by about 12%, and from 300 to
500 K it reduces by an additional 18%. This variation is very
similar to the one calculated for YIG with the full magnon
dispersion and the exact Brillouin zone [58,59] that agrees
with the neutron-scattering data [52]. As shown in Ref. [45],
it is crucial to consider the renormalization of the magnon
energies in the calculation of the temperature dependence of
the magnetization to explain the experimental data.

III. TEMPERATURE DEPENDENCE OF SMALL
WAVE-NUMBER MAGNON FREQUENCY AND

COMPARISON WITH THEORY

Inelastic light-scattering techniques, Brillouin and Raman,
provide powerful tools to measure the temperature depen-
dence of the energy of zone-center magnons, phonons, and
other elementary excitations in solids [61–64]. Here, we have
used Brillouin light scattering (BLS) to measure the varia-
tion of the energy of small wave-number magnons in YIG.
The experiments were performed with a bulk single-crystal
YIG sample, cut into the shape of a rectangular prism with
edges along 〈100〉 crystal axes, with dimensions 6.0 × 3.0 ×
1.0 mm3 having the two large surfaces optically polished.
The BLS measurements were done in the backscattering
configuration, using a single-mode-stabilized Spectra Physics
Excelsior diode pumped laser operating at 532 nm, with power
300 mW, attenuated by filters so that the power impinging on
the sample was reduced to 15 mW. The laser beam was fo-
cused on one of the large sample surfaces by an f /1.7 camera
lens that also collected the scattered radiation. The collimated
scattered beam passed though a crossed analyzer and was fo-
cused into the entrance pinhole of a Sandercock TFP-1 tandem
Fabry-Perot interferometer, operating in a (2 × 3)-pass con-
figuration, with automatic control and data-acquisition board
and software package.

To perform these measurements in a large temperature
range it was necessary to build a temperature-control stage
inside a vacuum chamber with a quartz optical window to
allow transmission of the light from the laser beam and from
the backscattering from the sample. Vacuum was necessary
to prevent sample deterioration in measurements at high tem-
peratures and condensation in cold ones. The sample was
assembled tilted at an angle of 45 ° with respect to the incident
laser beam and the temperature was measured through a ther-
mocouple attached to the sample mount. The laser beam was
focused onto the polished sample surface and the scattering
light was collected to compose a spectrum at each temper-
ature. Thermal equilibrium was reached after about 15 min
for each temperature before starting scanning to acquire a
spectrum. To ensure that the laser power had negligible effect
on the sample temperature and did not generate a measur-
able change in frequency, we performed measurements to the
laser-power dependence of the magnon frequency. The result
was that in the laser power utilized in the experiments, the
changes in frequency were negligible, being less than the error
bars. All measurements were performed in the presence of an
external magnetic field of 1.4 kOe applied along the larger
sample edge and perpendicularly to the laser beam.

Figure 2(a) shows a typical spectrum measured with 5000
interferometer scans obtained with the sample temperature
at 423 K and under an external magnetic field of 1.4 kOe.
The full spectra in Fig. 2(b) show the frequency change of
the Stokes and anti-Stokes peaks with sample temperature.
Figures 2(c) and 2(d) show the data and Lorentzian function
fits for Stokes and anti-Stokes peaks for some temperatures,
demonstrating clearly the decrease in the magnon frequency
with increasing temperature. For each temperature value one
spectrum was acquired and fit with a Lorentzian function. The
data points in Fig. (3) represent the frequencies extracted from
the fittings of the peaks. Since the frequencies of the Stokes
and anti-Stokes peaks are a little different due to the noise in
the spectra, the data in Fig. 3 were determined by the averages
of the Stokes and anti-Stokes frequencies and their differences
are expressed by the error bars. In the backscattering configu-
ration, the probed magnons have wave vector �k perpendicular
to the sample surface and to the applied magnetic field. The
corresponding wave number is k = 4πn/λL, where n is the
index of refraction and λL the laser wavelength. For the laser
at 532 nm, with n = 2.2 for YIG, the magnon wave number is
k = 5.2 × 105 cm−1, which corresponds to only 0.023 km. For
this small wave number, in addition to exchange one has to
consider the dipolar interaction. For spin waves propagating
perpendicularly to the magnetic field, the free-magnon fre-
quency is [1–9]

ωk = γ [(Hz + Dk2)(Hz + Dk2 + 4πM )]
1/2

, (9)

where γ = gμB/h̄ is the gyromagnetic ratio, Hz is internal
static magnetic field, related to the applied external field H0

by Hz = H0–NzM, where Nz is the demagnetizing factor, M
is the magnetization, and D = 2JSa2/γ h̄ is the exchange pa-
rameter. In Eq. (9) we have neglected the magnetic crystalline
anisotropy considered in Ref. [63] because its contribution to
the magnon frequency in YIG is smaller than the error bars in
Fig. 3.
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FIG. 2. (a) Full BLS spectrum measured with 5000 interferometer scans with the sample temperature at 423 K under an external magnetic
field of 1.4 kOe. (b) Full BLS spectra for all measured temperatures. (c), (d) Zoom of some Stokes and anti-Stokes peaks with corresponding
Lorentzian function fits.

Clearly, since the magnetization varies with temperature,
the free-magnon frequency given by Eq. (9) also changes with
temperature. The change in the magnon frequency measured
by BLS in Ref. [65] was shown not to be completely ac-
counted for by the temperature variation of the magnetization.
This was interpreted as due to a nonequilibrium in the magnon
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FIG. 3. Temperature variation of magnon frequency. Symbols
represent data obtained with Brillouin light scattering. Dashed curve
is a plot of Eq. (9) for k = 5.2 × 105 cm−1, H0 = 1.4 kOe, and
M(T ) measured experimentally in Refs. [66,67], and blue solid
curve represents calculation taking into account magnon energy
renormalization.

system introduced by the probe laser. Here, we show that
actually, the difference between the measured change in the
magnon frequency with temperature and the one expected
from the change in the magnetization is due to the magnon
energy renormalization resulting from four-magnon scatter-
ing, as presented in Sec. II.

The dashed curve in Fig. 3 was obtained with Eq. (9) using
for YIG the exchange parameter D = 5.4 × 10−9 Oe cm2 and
the temperature dependence of the magnetization measured
experimentally and fit with a molecular-field model [66,67].
The magnetization data in the temperature range 0–500 K can
also be explained quite well by spin-wave theory [9,45]. The
value of the demagnetizing factor at the center of the large
surface of the prism was obtained by the best fit of the full
theory to data, as in the solid blue curve in Fig. 3, which gives
Nz = 0.1632. Notice that this value is a little smaller than the
one (0.1983) given by an analytic expression for the body
center of a rectangular prism with aspect ratio c/a = 2 [68].

The solid curve in Fig. 3 represents the magnon frequency
calculated with Eq. (9), added to the change in frequency
due to renormalization evaluated numerically with Eq. (8) for
the wave number of the magnon probed by BLS. Clearly,
the magnon energy renormalization is crucial to explain the
temperature dependence of the experimental data.

IV. CONCLUSION

In summary, we have presented an experimental study per-
formed by Brillouin light-scattering technique to investigate
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the temperature dependence of the acoustic magnon mode
frequency in YIG over a wide temperature range. The change
in the magnon frequency with temperature when just consid-
ering temperature dependence of the magnetization does not
account for the full variation. In order to explain the experi-
mental data it is necessary to use the theory of magnon energy
renormalization. According to the theory, when the system
temperature increases there is a distribution of magnon pop-
ulation through states, implying a correction in the magnon
frequency due to magnon interactions. With this approach we
obtain a quite good fit to the experimental data, confirming
that the frequency change is not only governed by the temper-

ature dependence of magnetization but also by magnon energy
renormalization.
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