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Paired charge-2 Weyl-Dirac phonons in tetragonal crystals
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Unconventional Weyl and Dirac phonons with topological charges of ±2 have attracted significant attention
due to their exceptional properties. By employing a minimal lattice model, we propose that an ideal topological
quasiparticle coexistence system can be achieved in chiral space groups 92 and 96. This system specifically
incorporates a charge-2 Weyl phonon and a charge-2 Dirac phonon. Notably, the crystal symmetry restricts
these two topological quasiparticles to high-symmetry points within the Brillouin zone, resulting in an ultralong
surface arc that extends across the entire surface Brillouin zone. Moreover, the topological surface arcs exhibit
a unique saddlelike surface feature. Taking BaPt2S3 as a representative example, we validate our prediction and
reveal the interconnected ultralong surface arc and saddlelike topological surface state. Our work establishes a
valuable framework for investigating diverse types of double Weyl nodes and presents a promising approach for
detecting ultralong surface arcs.
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I. INTRODUCTION

In recent decades, the classification of materials based on
topology and symmetry has rapidly advanced into gapless sys-
tems, giving rise to distinct topological phases [1–3], such as
zero-dimensional Weyl points (WPs) [4–7] and Dirac points
(DPs) [8–12], one-dimensional (1D) nodal lines [13–17], and
two-dimensional (2D) nodal surfaces [18–20]. WP and DP
quasiparticles have attracted widespread attention due to their
similarities with high-energy physics counterparts. WPs are
characterized by isolated nodal points of two nondegenerate
bands, acting as magnetic monopoles in momentum space
and carrying a quantized topological charge (i.e., Chern num-
ber C) of ±1. These unique topological features lead to
various fascinating transport properties, including negative
magnetoresistive effects [21–23] and anomalous Hall effects
[24–27]. Specifically, WPs cannot be annihilated but can be
paired with opposite topological charges at the same momen-
tum position, forming a DP.

The discovery of novel quasiparticles in condensed matter
[28] exhibiting a chirality greater than 1 and lacking a direct
counterpart in high-energy physics has sparked intense study.
Among these, double Weyl nodes [29–34] with a topological
charge of ±2 are of particular interest and can be classified
into three types. The first type, charge-2 WPs (CWPs) [see
Fig. 1(a)], are twofold degenerate points carrying a Chern
number C of ±2. The second type, the spin-1 WPs [see
Fig. 1(b)], consist of a linear Weyl cone crossed with an
additional flat band, carrying C values of +2, 0, and −2,
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respectively. The third type, charge-2 Dirac points (CDPs)
[see Fig. 1(c)], are fourfold band crossings with linear dis-
persion in any direction, carrying C = ±2.

Phonons, being bosons, do not adhere to the Pauli exclu-
sion principle, making topological phonons observable across
the entire frequency range in solids. This has led to the discov-
ery of various topological phonon states, such as type-II Weyl
phonons [35], charge-4 Weyl phonons [36], helical nodal line
phonons [37], type-III nodal ring phonons [38], topological
gimbal phonons [39], and phononic obstructed atomic insula-
tors [40]. Recent studies have reported systems with multiple
particles [41–51], confirming that different types of topologi-
cal phonon states can coexist within a single system. However,
studies involving the coexistence of CWPs and CDPs in a
single system are lacking. Moreover, a high number of Weyl
nodes within a system can result in indistinguishable surface
arcs, making experimental observations challenging. Conse-
quently, concise and paired systems with clear surface arcs
are gaining popularity.

In this work, we construct a minimal lattice model and
confirm the existence of single-pair systems featuring a CWP
and a CDP in chiral space groups 92 and 96. By analyzing
the effective Hamiltonian, we confirm that both CWPs and
CDPs are necessarily degenerate due to symmetry protection.
Examining the projected phonon surface states, we observe an
ultralong surface arc connecting the CWP and CDP, spanning
the entire surface Brillouin zone (BZ). Using first-principles
calculations, we propose nine materials as promising candi-
dates for studying single-pair systems of CWPs and CDPs,
featuring ultralong surface arcs. Our work provides an in-
triguing platform for further study of double Weyl phonon
nodes.
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FIG. 1. Three types of double Weyl nodes: (a) charge-2 WP,
(b) spin-1 WP, and (c) charge-2 DP.

II. RESULTS AND DISCUSSION

To better understand the performance of single-pair sys-
tems, the minimal lattice model (tight binding) is preferred
[52–55]. Based on the relationship between Wyckoff position
and band representation, we explicitly construct a four-band
lattice model for P41212 (No. 92), as shown in Fig. 2(a).
The symmetry generators include C̃4z ≡ {C4z| 1

2
1
2

1
4 }, C̃2y ≡

{C2y| 1
2

1
2

1
4 }, and time inversion symmetry T . The unit cell con-

tains four sites located at the 4a Wyckoff position, indicated
by blue balls labeled as Ai (where i = 1, 2, 3, 4) and the four
sites at positions {( 1

2 , 1
2 , 3

4 ), (0, 0, 0), (0, 0, 1
2 ), ( 1

2 , 1
2 , 1

4 )}.
With this basis set, the lattice operator can be represented as
follows:

D(C̃4z ) =

⎛
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D(T ) = K, (1)

where σi, τ j are Pauli matrices, and K is the complex con-
jugate operator. Then, the 4 × 4 lattice Hamiltonian can be
constructed using the above symmetries [56]:

H = (t1 − t2)

[
sin

kz

4

(
cos

kx

2
sin

ky

2
�31 + sin

kx

2
cos

ky

2
�13

)

+ cos
kz

4

(
cos

kx

2
sin

ky

2
�02 − sin

kx

2
cos

ky

2
�20

)]

+ (t1 + t2)

[
cos

kx

2
cos

ky

2
cos

kz

4
(�01 + �10)

− cos
kx

2
cos

ky

2
sin

kz

4
(�32 − �23)

]
+ t3cos

kz

2
�11

+ [t4 + t5(coskx + cosky)]�00, (2)

where t1,2,3,4,5 are real parameters and �i, j = σi ⊗ τ j . It can
be verified that the Hamiltonian (2) remains invariant under
the above operations.

We calculate the phonon dispersion for this lattice model
and plot them in Fig. 2(c). The corresponding bulk BZ is
shown in Fig. 2(b), where the green and orange squares de-
pict the BZ projections in the (001) and (010) directions,
respectively. Here, we focus on the � point and A point with
highlighted squares. Clearly, the two middle bands degenerate
at the � point, featuring quadratic dispersion in the kx-ky

plane and linear dispersion in the kz direction. Two doubly
degenerate states along the high-symmetry line converge to
form a fourfold degenerate point at the A point, displaying

FIG. 2. Four-band lattice model for space group 92: (a) perspec-
tive view of the primitive unit cell, (b) bulk BZ and surface BZs,
(c) calculated band structure, (d) evolution of Wannier charge centers
(WCCs) for the CWP, (e) WCCs for the CDP, and (f) degradation
modes between the two middle phonon spectra with red and cyan
dots representing CWP and CDP, respectively. In the calculation,
t1 = 4, t2 = −0.6, t3 = −1.2, t4 = 10, t5 = 0.2.

linear dispersion. To confirm the topological charge of these
topologically protected nodes, the Wilson loop approach [57]
is performed to calculate the Chern numbers of nodes. As
shown in Figs. 2(d) and 2(e), we can verify that the double
degenerate point at � contributes a Chern number C = +2
and the Chern number of the four-band degenerate point at A
is C = −2, which confirms a CWP at the � point and a CDP
at the A point.

We further examine the degenerate nodes of the middle
two bands, as shown in Fig. 2(f). Each CDP at the A point
contributes 1/8 of the topological charge, and the total topo-
logical charge of the CDP is −2, in contrast to the CWP
at the � point with a topological charge of +2. The total
topological charge is zero, in accordance with the “no-go”
theorem. Furthermore, the system has only one pair of de-
generate points belonging to different double Weyl types with
opposite topological charges. Such a simple yet feature-rich
system fits perfectly into the mindset of physics with “mini-
mum numbers,” inspiring further exploration. The degenerate
properties of the phonon band at the � and A points are
extremely stable and exhibit necessary degeneracy. Thus, we
can randomly select parameters within a reasonable range and
ensure that the degenerate case appears as a natural result. To
identify topologically protected phonon states, we construct
the low-energy effective Hamiltonian model for the � point
and A point. The little group at the � point is D4, which has
an intrinsic two-dimensional irreducible representation (IR)
R5 [58], thus enforcing a doubly degenerate band point. At
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FIG. 3. Topological phonon surface states of the lattice model:
phonon LDOS projected on the (a) (010) and (c) (001) surfaces;
isofrequency surface arcs projected on the (b) (010) and (d) (001)
surfaces. In (b) [(d)], the isofrequency surface arcs are plotted at the
frequency of 10.18 (9.98) THz, and the right panels are plotted at the
frequencies of 10.18 (9.98), 10.195 (10.00), and 10.21 (10.02) THz,
from top to bottom, respectively.

the A point, there is a pair of two-dimensional conjugate IRs
that can be connected to each other under T , forming a four-
dimensional IR and resulting in a fourfold degenerate point
(see more details in the Supplemental Material (SM) [59]).

The topological phonon nodal points with nonzero Chern
numbers lead to unique nontrivial surface arcs. We employ the
iterative Green’s function method to calculate phonon surface
states. Unlike the conventional pair of WPs with opposite
topological charges exhibiting internally linked performance,
the phonon local density of states (LDOS) projected on the
(010) surface shows that the surface arc connects the pro-
jection point �̃ of the CWP and the projection point Ã of
the CDP, further extending continuously across adjacent BZs
[see Fig. 3(a)]. Due to the requirement of topological charge
conservation, the surface arc at the boundary of the origi-
nating CDP at the A point shares the CWP of neighboring
Wigner-Seitz cells, further confirmed by the isofrequency sur-
face of (010) shown in Fig. 3(b). The surface arc resembles
an ultralong chain that spans the entire surface BZ without
terminal. Notably, the surface states exhibit a saddlelike char-
acteristic, highlighted by the enlarged surface arc panels on
the right-hand side of (b). From the bottom to the top, with
a gradual increase in frequency, the surface arcs of the two
branches intersect and then separate along another direction, a
typical feature of saddlelike contours. Additionally, the (010)
projected surface reveals that both CWP and CDP are linearly
dispersive along the kz direction. We also plot the LDOS
and isofrequency surface projected on the (001) surface in
Figs. 3(c) and 3(d), respectively. Similar to the (010) case,
the ultralong surface arc connects the CWP (projected to �)
and CDP (projected to A) and also displays the saddlelike
characteristic. The single pairs of CWP and CDP discussed
above are fascinating, and more cases are anticipated. The

FIG. 4. (a) Crystalline structure of BaPt2S3. (b) Phonon spectra
along high-symmetry lines and (c) schematic illustration of phonon
dispersion in the R1 region. (d) Distribution of Berry curvature in
the kx-ky plane with red and cyan points denoting CWP and CDP,
respectively.

lattice model for space group (SG) 96 exhibits the coexistence
features of CWP and CDP, akin to the topological behavior for
SG 92, which can be viewed in the SM [59]. Also, two phonon
branches with different eigenvalues that satisfy certain rela-
tions intersect along the C̃4z invariant path � − A, supporting
a CWP. This is an accidental case and not easily demonstrated
directly by the lattice model. Therefore, we discuss it using
the k · p method in the SM [59].

Based on the above theoretical analysis, we confirm that a
series of materials satisfy the single-pair system using first-
principles calculations. Here, we mainly focus on BaPt2S3,
with other candidates provided in the SM [59]. As shown
in Fig. 4(a), the crystal structure belongs to the chiral space
group P42212 (No. 92), and each unit cell contains 12 Ba,
24 Pt, and 36 S atoms. The optimized lattice constants are
a = 11.19 Å and c = 13.31 Å. BaPt2S3 has already been
synthesized from a flow of sulfur-containing argon from
BaPt(CN)4-2H2O [60]. The corresponding BZ is the same as
in Fig. 2(b).

As shown in Fig. 4(b), we plot the phonon spectrum for
BaPt2S3. There are no imaginary vibrational modes in the BZ,
confirming its dynamical stability. Interestingly, the material
contains two frequency ranges that correspond to the single-
pair system, identified as the R1 and R2 regions. Here, we
observe a single-pair system in the R1 region with frequencies
of 10.10–10.20 THz, and the features of the R2 region are
demonstrated in the SM [59]. In Fig. 4(c), we present an
enlarged view of the phonon spectrum within the R1 region.
At the A point, a crossing point with linear dispersion is
formed by four phonon branches, covering modes ranging
from the 177th to the 180th. The two middle branches cross
at the � point, exhibiting linear dispersion along the kz direc-
tion and quadratic dispersion in the kx-ky plane. The crossing
frequencies at the � and A points are ω� = 10.14 and ωA =
10.19 THz, respectively. We have examined the degeneracy
of the phonon spectrum across the entire BZ and verified
the absence of any additional quasiparticles. Furthermore, the
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FIG. 5. Phonon LDOS projected on the (a) (010) and (c) (001) surfaces. Isofrequency surface arcs at 10.15 THz projected on the (b) (010)
and (d) (001) surfaces. In (c), the white line indicates the selected frequency range for observing the evolution of the saddlelike surface states
with increasing frequency, as shown in (e).

significant separation between the CWP and CDP at both
the center and boundary of the BZ provides an excellent op-
portunity for further observations. Chiral charge calculations
reveal that the twofold degeneracy at the � point possesses
a topological charge of +2, corresponding to CWP, and the
fourfold degeneracy at the A point has a topological charge
of −2, corresponding to CDP. In Fig. 4(d), the distribution
of Berry curvature in the kx-ky plane is plotted, revealing that
the CWP at the � point can be considered as the “source”
point, while the CDP at the A point acts as the “sink” point in
momentum space, respectively.

As shown in Fig. 5(a), a visible surface arc on the LDOS
projected (010) surface links the projection points �̃ and Ã.
Further evidence of this ultralong link performance is pro-
vided by the isofrequency contour of the (010) surface at
10.15 THz in Fig. 5(b). The alternating connections between
the origin and end projection points cause the surface arc to
span the entire momentum space. Similarly, ultralong surface
arc features can be observed on the (001) projection surface of
the LDOS in Fig. 5(c) and isofrequency contour in Fig. 5(d),
respectively. In Fig. 5(e), we observe the evolution of saddle-
like surface states with increasing frequency by choosing five
contours projected onto the (001) surface. The two branch
surface arcs gradually intersect and then separate, with the
critical isofrequency surface corresponding to the occurrence
of the Lifshitz-like transition at ω = 10.145 THz, confirming
the saddlelike feature. As expected, all topological properties
discussed above for BaPt2S3 in the R1 region are consistent
with our lattice model. Additional topological properties of
the material are shown in the SM [59]. Furthermore, the ul-
tralong phonon surface arc traversing the entire BZ provides a

robust nontrivial one-way phonon propagation channel, which
holds great promise for experimental implementation and fur-
ther applications.

III. CONCLUSIONS

In summary, we propose a single-pair system consisting
of a charge-2 Weyl phonon and a charge-2 Dirac phonon in
chiral space. Using minimal lattice model calculations, we
determine that the charge-2 Weyl phonon and charge-2 Dirac
phonon occupy separate high-symmetry points � and A, re-
spectively. To explain the formation mechanism, we construct
effective Hamiltonian models for each point. Moreover, our
results reveal an ultralong surface arc spanning the entire
surface Brillouin zone, exhibiting a distinctive saddlelike fea-
ture. Utilizing first-principles calculations, we identify nine
materials with ultralong and clear surface states as candidates,
confirming the widespread availability of single-pair systems
in solid materials. Our work sheds light on the interplay be-
tween charge-2 Weyl phonons and charge-2 Dirac phonons,
providing a platform for investigating the coexistence of vari-
ous types of double Weyl phonon systems.
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